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HENKIN-RAMIREZ FORMULAS
WITH WEIGHT FACTORS

by B. BERNDTSSON and M. ANDERSSON

Introduction.

The method of explicit formulas for solving the d-equation has
been much in use in later years, starting with the work of Henkin [5]
and Ramirez [8]. These formulas are based on the construction of
integral kernels, the so called Henkin-Ramirez or Cauchy-Leray kernels,
which can be constructed in any strictly pseudoconvex domain,
although more elementarily so for the case of a convex domain.

Notwithstanding the great success of this method, the resulting
kernels are not always well suited in applications. This is perhaps

most clearly seen in one complex variable where the Henkin-Ramirez

de —
kernel always becomes K(¢,z) =c¢ -—u, i.e. the classical
-z

Cauchy kernel. It is of course only very rarely that this kernel gives
good estimates. Therefore it could be of interest to find modifica-
tions of the kernels which contain “weight factors”. One type of
such kernels has been given by Dautov and Henkin [4]. They use
weights which behave like a power of the distance to the boundary
(see also [2] and [1] for the case of the ball).

The aim of this note is to show a rather general (and simple)
method for constructing formulas with weights. The method is
based on a representation of the kernels as “Laplace transforms”
of “oscillatory integrals”. This was inspired by a similar represen-
tation of the Bergman kernel as a Fourier integral operator by
Boutet de Monvel and Sjostrand. Our construction is however much
more elementary, and we don’t know the theory of Fourier integral
operators well enough to know-whether there is more than a super-
ficial analogy.
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As special cases we obtain weights of the Dautov-Henkin type,
weights with polynomial decrease in C” and weights which behave
roughly like exp-¢ where ¢ is a convex function. The plan of the
paper is this: In section 1 we give the basic construction. In section 2
we write out the formulas more explicitly and modify the construc-
tion to find more general weights. Finally in section 3 we study some
examples in C" and show that we get minimal solutions in certain
L%-spaces, and also indicate some (known) estimates in other norms.
We have no essentially new estimates, but believe that the construc-
tion in itself may have some interest and hope to come back to the
question of estimates later.

As general background references we quote [11] and [7]. The
latter reference also contains a good bibliography.

The authors wish to thank the referee for several comments
which hopefully have made the exposition clearer.

Section 1.

First we briefly recall the classical construction. In the space
C'"xC'= {({,n); £E€C", n€C"} we consider the differential
form u = (£, n) "w'(§) A w(n). Here

W® =Y 1y dE
j=1

w(n) =dn, A...dn, and (§,n)= Z g -

1
The form pu is well defined on E= {(§,n); (¢,n)# 0}, and
one can readily verify that du = 0. Next, let D be domain in C”,
and consider a map s = (§;,...,S5,): DxD— C” satisfying the
condition (s, ¢ —z)# 0 for §{#z (weuse ({,z) ascoordinates
on D x 5).

To be more precise, we assume s to be of class C! and satisfy
Is(¢,2)I<SClt—z| and I{s,§ —z)=clE —zI? )

uniformly for geﬁ ind_z in any compact subset of D. Then
we definethemap ¢ : DxD —A — E, Y(§,2) = (s(§,2), §—2)
(where A is the diagonal in D x D), and set K = y*u, the pullback
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of u to DxD\A. Let K, , be the component of K of bidegree
(p,q) in z and (n—p, n—q—1) in ¢. If we suppose that s
also satisfies the condition

s(¢,+) isfor ¢€ 0D fixed holomorphicin D, 2)
then the following theorem holds:

THEOREM (see e.g. [11]). — Let f be a (p, q)-form in CY(D)
such that 5f_= 0, g=1. Then u= Cp’q’"LtEDA K, q_1 satisfies
the equation du = f (provided s satisfies (1) and (2)).

One sees that for n =1 K,, = { regardless of the choice
’ -z

of 5. Thus we get the classical Cauchy formula

- 1 fadg
=9 — 3

! 2wi fD §—z 3)
if f is a (0,1) form. One obtains other solution formulas simply
by multiplying with a function F(¢,z), if F is holomorphic in
z, F=1 for { =z and of, say, class C'. Thus

- 1 fade
f=2 27i DF(K’Z) ¢ —z
This is seen writing F({,z) =1+ (¥ — z) g(¢,z) and comparing
with (3). In several variables such a simple procedure is clearly not
possible, since the singularities of the kernel K, ¢, are more com-
plicated. It turns out that one has to add lower order terms, although
we shall do this in an implicit way.

We start by considering the form on C” x C"
A =exp (&, n) w®)Awn).

Let s=(s;,...,8,): DxD—C" satisfy condition (1) as before.
We introduce another map Q: (Q,,...,Q,): D xD — C", which
is to satisfy the sole condition of being holomorphic in z€ D for
¢ €D fixed (and be of, say, class C!). Then define

¥: (DxD\A)x(0,») — C"xC"
by W(§9z’t):(Q+ts,§—z)
and put N = y*A. We can write N =N, + N' where N, is that
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component of N which contains df. As A is a holomorphic form
of maximal degree dA = 0. It follows that dN =0 (for ¢ # z),
and sorting out the terms that contain dr we get

dg,th = —d, N'. “4)
Next we define K as
K =j(; N, . 5)

In order for this definition to make sense we make the temporary
assumption that Re (s, ¢ —z)<0 (for ¢ +#1z), but we will see
later that this is not necessary. Then we can differentiate under the
sign of integration and get

_ oo _ oo ' ,
de—fo d, , N, = fo d,N' = N'|,_, )
=exp(Q,§—2) wQ)rw( —2)=
outside the diagonal in D x D. (We use the convention of putting
dt to the far right side when integrating). The point is that P does
not contain s, so it is by the assumption on Q holomorphic in
z, and the components of positive degree in dz are zero. Note that
for Q =0 we get
N, = —expt{s,§—z)t" w'(s) Aw(t — 2) adt)

so that K is —(n —1)! times the usual Cauchy-Leray form. In
general

N, =—exp (Q,¢—z) expt(s,{—2) ("W (s)r w(— 2) ndt

n-2
+ Y fka adt)y ()
k=0
where a, are forms that do not contain #. Hence K is essentially
exp(Q, ¢ — z) times the Cauchy-Leray form plus “lower order terms”
(ie. terms whose singularity (s, ¢ — z)~**1 is of lower order).
We can now prove

THEOREM 1 (Koppelman’s formula). — Let f be a (p, q)form
in C1(D). Then

gf fA B ®)
[)P+at+1 (fD - az‘/]; f/\Kp'q_l)%
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for ¢ > 0 and
f=¢C,, ,‘/;Df/\Kp’o+(_1)p+1 j};gf/\Kp,o—jl;fAPp,o‘ 9

for q = 0. Here Kp’q is the component of K which is of bidegree
(p,q) in z and (n—p,n—q—1) in §, and similarily for P.

Proof. — The proof is of course completely parallell to the proof
of the classical Koppelman’s formula. However we think it is simpler

to repeat the whole proof, rather than just indicate the necessary
modifications.

Let ¢ be a smooth (p,q) form with compact support in D.

We have to show that the integral f ¢ Af equals the integral of the
D

right hand side of (8) (or (9)) against ¢. We may then replace K, ,

(resp Pp, q) by K (resp P), since no other component gives a con-
tribution for bidegree reasons. Put

D,=DxD— {(¢(,2)€DxD; |§—z|<e},
and consider

[ 6@ afAKE, D) =1,
9(D xD)

If € is small enough compared to the distance from supp¢ to oD,
we can apply Stokes theorem to D, and get

1=fD€ dp afaK + (- 1)P*4 fl)E¢AdeK+fDe $AfAP (0
+f oAfAK.

I¢—zl=e€
It is easy to see that in (7) all the forms @, , and w'(s), have coeffi-
cients that are O(|s|) = 0(|¢ — z|). Hence

K=0(sl/I{s;§—2)I") = 0(|§ — z|'7%")

according to (1), uniformly for all z in the support of ¢. Hence
the integrals in the first three terms in (10) are absolutely integrable
when € — 0.To see how the fourth term behaves we first need
to study K more carefully.

From (7) follows that

=—(n—1D!(exp(Q,§—zN (s, z- "W rw—2)+T,

(11)

where the coefficients in T, are O(|¢ — z|>~27). The first term in
(11) can be written
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—(n—DMs,§ 2" W'(Drw —2z)+ T, (12)

where T, = 0(|§ — z|>~2"). Hence, to compute

eh—lz}) ‘/l;’—-zl=e $rfrK,

we can replace K by the first term in (12), i.e. the classical Cauchy-
Leray form times a constant. But then it is well known that the limit

equals Cp,q'n \/1;¢Af'

This fact, under the sole assumption (1), is implicit in [11],
and also in [9] where however only the boundary values are consider-
ed. Since there appears to be no proof published we give one at the
end of this section.

Finally, an application of Stokes theorem with respect to the
variable z yields

fDXD d¢AfAK=(—1)P+q+1fDqud,foAK.

We also notice that we can replace d by 3 everywhere since K
is of degree at least n in d¢ and dz together, and so is ¢~ f.
Coliecting, we have then

fD¢AfanAK=fD¢A{(—1)P+" fo'a"fAK_sz foAK}
+‘/[')¢Ajl;fAP+Cp'q’njl;¢Af_

This completes the proof of Theorem 1 if we remember that

P,, =0 for ¢g>0.

From Koppelman’s formula we get in the usual way:

THEOREM 2. — Suppose s satisfies (1) and (2), and that f is
a (p,q)form with coefficients in C'(D), with q > 1, such that
of = = (— 1)P*9 ) .
if 0. Then u=(-1) Cp'q,n ijA Kp,q—l solves the equa
ou=f.

Proof. — Because of condition (2) the pullback of Kp,q to

¢ € 0D is zero for g = 1. Hence the theorem follows from Koppel-
man’s formula.

As seen in the proof our kernel K is
K=—mn—1)!e¥-2K'+T
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where K' is the classical Henkin-Ramirez kernel and T is “lower
order terms”. This type of weights is however too special for many
purposes. We shall see that, essentially, the exponential function can
be replaced by any holomorphic function. This we will do in section
2 after having written K more explicitly.

Proof that
lim OAfAk=Cpo, [Sn].

€—>0 It—zi=e€
As mentioned before it suffices to consider the case Q=0.
Suppose s satisfies (1). We may also assume (s,¢ —z)>0 for
(s, —2)
¢ # z since otherwise we replace s by s I_(%_g'—;—l which does
not change the kernel (see [11] or Lemma 4, section 2). We still have
ds = 0(1).

Now, let b =¢ —z be the “Bochner-Martinelli section”, and
put s, =As+ (1 —Nb, 0<A<L1. Consider the map

h(¢,z,N): DxDx[0,1] — C"

defined by_ h(§,2,N) =s5,,2). Put H=h*u, the pullback of
4 to DxDx[0,1]. Then dH =0 for ¢ #z.

Applying Stokes theorem to the integral

I = ¢ /\f/\ H
€ ‘/t';({l&’—zl=€}><[0’1])
we get
I, = dloaf)aH. (*
f{«r—z|=e}xlo,u>

On the other hand, since the boundary of {|¢{— z]|= €} is zero
(remember ¢ has compact support) we have

- - *k
e ‘/l‘i‘vz!=e #AS A K(s) ‘/|;—zl=e oAfAKD) ()
where K(s) = k and K(b) isthe kernel defined by the choice s = b.

Observe that in (*) only occur terms of H which contain dX\.
This shows that

_Isddsi+ 16D
((Ms,;—z) +A-NI1§-z?)

IH| < =0(|§—z|2-2")).

Since the surface measure of {|{ —z|l=¢€} is 0(e?*~!) we get
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lim I, = 0. In view of (**) this shows that it suffices to prove our
€0

claim for the case s =b. Then it is proved easily by making the
substitution ¢ — z = x or consulting the litterature [11].

It is clear from the proof that (1) actually can be relaxed consi-
derably.

Section 2.

Remember that K = ./; ) N, where

N=exp({Q, ¢ —2)+ (5, —2)) Ww(Q + ts)rw(§ — 2)

and N, is the component of N which contains d¢. With Q and s
we associate the (1,0)-forms

n

X 5d@E —z) and ¥ Qd@; — zp)
1

1
which we also denote by s and Q respectively.

LemMMA 3. — Let (a,,...,a,) be complex numbers and set
w'(a,§)=Z(—1Y"'a A df,. Then
T i
w'(a, §) rwn) = C, Ta;dn; A(Zdg; adn; )"~ ? (13)
where C, = (= 1)""=Y2/(n _ 1)1,
0 '
Proof. — Define a vector a = Z g; 3{ . Then w'(@, &) =a Jw(¥)

where _| denotes interior multip]jcatio]n of a form with a vector.
Now

n! w() Awmn) = (- 1Y% (T dg adny) .

Taking the interior product of both sides with ¢ and using the fact
that interior multiplication is an antiderivation we get

n! w'@,§)arw(n) = (1""=Y2nTa;dn A (Zdg adyy .
This is the assertion.

Now observe that

N, =exp(Q, ¢ —2)+1t(s,§—zNdt rnw'(s,Q + ts) hew(§ — 2)
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so Lemma 3 gives

N, =C,exp({Q, § —z)+ t{s,§ —2z))dt AsA(dQ + tds)"~!

n—1 —1

= C, exp(Q,§ —2) + 14, — 2N dtasa X (") (dQF

k=0
A (ds)n —1-k tn—k— 1
The definition of K now shows that

nst (n—1)! s (dQYF A(dsy—1-*

K=~Cnexp(Q,§‘—z),§o 2 TR - (14)
For the associated ‘‘projection kernel”, P, we get
P=exp(Q,§—2) w(Qrw(—2) (15)

= (= 1y'==D2/p) exp(Q, ¢ — z) (dQ)".

Before continuing let us note that since we are only interested in
components of bidegree = n in d{ and dz together we can replace
d by 0 everywhere in (14) and (15).

LEMMA 4. — Let ¢: DxD — C\{0} be any C!'-function.
Then if we replace s by s in (14) we obtain the same kernel.

Proof. — os A (dps)y = s a(dpas + pdsy = ¢/*1s A (dsy since
sas=20.

This shows that our kernels have the same homogeneity property
as the usual Henkin-Ramirez kernels, and thus we can remove the
previous assumption Re (s, ¢ — z) <O0.

One simple choice of Q is as follows. Let ¢ be a convex func-
tionin D and put Q; = — 23y/d{; . The inequality
dp
3,
shows that in this case the weight exp(Q, ¢ — z) satisfies

¢(z) —9(§) > 2Re Z (z; — §p) (16)

lexp(Q, § — z)| < expy(z) exp — ¢(§).

Hence our kernel gives a solution u to ou = f for which we can
estimate |u|exp —¢ with |f|exp — ¢. Of course, the precise
form of the estimates will depend on the choice of s and also involve
the Hessian 90y and we shall not pursue these questions here.
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Instead we shall look for more general weights. Replace Q in
(14) by AQ where A is a positive parameter and denote the result
K®™ _  Let g be a function, or even a distribution, on [0, ) and

set K =‘/Om KMe-*g(\)d\/a where a= /om e *g(\)d\. Here
of course we have to assume that the integrals converge and that
a#0. Let G(o) =jom e"**g(\)d\ be the Laplace transform of
g, and normalize so that a = G(1) = 1. Then (14) gives

s A (dQ)* A (ds)r 1k

(s,t —zmk
amn

=—C, 2 G""((Q z—§)+1)

and if we define P ina corresponding way, (15) gives
P= (= D)re=D2/pt G ((Q,z — &)+ 1) (dQ)". (18)

Now, conversely, suppose G is a holomorphic function of one
variable in a simply connected domain that contains the image of
D x D under the map (§ z) /™ {Q,z—-¢)+ 1, and that G(1)=1.
Then we can define K and P using (17) and (18) We then get the
principal result of this paper.

THEOREM 5. — With G as above Koppelman’s formula (Theo-
rem 1) holds with K and P replaced by K repectively P.

Proof. — In case G is a nice entire function, e.g. a polynomial,
this is clear from the above. Namely if we take g to be a combination
of derivatives of the Dirac measure at the origin, and use Koppelman’s
formula for each K® . The general case follows since G can be
approximated by polynomials uniformly on the image of

(£,2) —(Q,z-0 +1.

Of course, one could also verify by direct computation that K and P
satisfy the required identities and then repeat the proof of Koppelman’s
formula.

Since the kernel K is the special case of the above construction
with G(a) = exp(l — ), we will drop the tildes in the sequel and
write simply K and P for the kemels in (17) and (18).

For each _choice of Q and G Theorem 5 gives a solution ope-
rator for the d-equation and representation formulas for holomorphic
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functions (provided s satisfies (1) and (2)). We shall now consider
some concrete examples.

Example 1. — Let o be a negative convex function in D and

1 Ehp
set Qj " a;
(Q’Z_§>+1=<a¢,z;§>+¢
so by inequality (16)
¢(z) + ¢(§)
Re({Q,z - +1) =2 ———=>0.
(UQz -0+ b=

Hence G(a) = a~N; N> 0, will do in Theorem 4, and we obtain
the kernel

K=-C, 2 Ya

v )N+k s A(dQYF A (s 1k

-(1
(0p,z -+ o (s,z— ¢y k (19

Note that

(dQ)* [ a3 2 aq, - z)— — doaz 22 ag, - ]
= ——— —_— —— ‘p A ——-

ag; @2 of;
so that all coefficients in this form are O(|p| ¥~1). Hence we can
relax the assumption that ¢ be strictly negative on D, and only
assume ¢ < 0, (replace ¢ by ¢ — € and let €| 0). In particular,
if D is a convex domain with C2-boundary we can choose ¢ = p — €
where D= {€C*; p®) < 0} where p is convex defining func-

tion for D. Then dQ = — dZ E d(§ z,.) when restricted to
z€ 9D, since dp = 0 there

Hence the coefficients of (dQ)* are then O(|¢|~%), which
implies that after letting e — 0 we get a kernel, K, which res-
tricted for ¢ € 0D vanishes, even if s does not satisfy condition 2.
Moreover in this case the representation formula for holomorphic
functions which we get from Koppelman’s formula will contain only
the kernel P and no integral over the boundary.

One way to make suitable choices of s is as follows. Let
A=(A;,) bea C!function from D x D with values in the space
of positively semidefinite hermitian matrices. Suppose A is (uni-
formly) positively definite on compacts in D x D and moreover
that for ¢ € 9D
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A& —2z) (5 —2,)>0 for zED.
Then 5 = EAJ-,‘(?,, — z,) will satisfy (1). As A we can take:

i) A=1=identity, s=¢ —7z

op 9
i) in D ={§; p@) <0 A=AG) = —p@) 1+ (o =2-).

a§ 19

Then for {€9D s=(dp; ¢ —z) dp which by Lemma 4 is equiva-
lentto 0p, and so is holomorphicin z€D.

ap ap>

i) A = A(z)—-p(z)1+( =
i k

The matrices in ii) and iii) have for ¢ resp z near dD roughly the
same behaviour as the coefficient matrix of the Bergman metric. ii)
always gives a solution operator, whereas iii) will do in case the weight
is zero on 90D. To conclude this example let us show that iii) gives
a particularily simple formula in case of (0, 1)-forms. Thus we shall
consider K, ,, the component of K of bidegree (0,0) in z. Then

(38)0,0 = — ZA; dfy ndl, = —

- — 1
(aQ)O,O = — 39 lOg“ ‘; P
(5,8 —2)=ZA,¢—2) G —Z) = IIs—zI2
and So0 = OgllE —zI3.
Hence (19) becomes 1
Y ¥ 4 n—-1-k
=5l o 2115 — 2113 n (93 log —) et
2 (dp, z—§)+p 1§ —zl2¢=* 20)
3 p
For z€dD A =2 — — d§; Adg‘k
8z, 3z,
p — d
and s=o s -zl =2 32 (G -F) To-df; .
Z, 0z;

This implies s A& =0 so .

— 1
3l § — 2113 A (aa log — ;)"
It — zII%

p )N+n ~1

K,, =C
00 dp,z—-8)+p @1
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The corresponding projection operator is

Po =c(<ap’zf§)+p)m" (93 log — %) 22)

It is not difficult to see that, if D is strictly convex, we can take
limits when z — 9D in Koppelman’s formula and so obtain

PROPOSITION 6. — Let D be a convex C*-domain with defining
function p. Let f be a d-losed (0,1)-form in C2(D), and u a
holomorphic functionin C}(D). Then

u(z)=c,,foAKoo (*)

is a solution to the equation w=f and u(z) = C, j{; ubPy for
z€D. Ky, and Py, are given in (20) and (22). If D is strictly
convex, v has boundary values given by (*) with K, as in (21).

This kernel easily gives the L!-estimates on the boundary, that
first were obtained by Skoda [9] and Henkin [6]. Notice that the
difference in dependence on the “tangential” and “normal” parts of

— 1 -1 — 1 _
f s exhibited by the form 30 log — = ;Laap + =500 ATp.

When D istheunitballand p = |{|2 — 1
p 1= gP?

(Bp,z—¢2+p 1-¢t-z

— 1
and (33 log — ;)" = const. (1 — |¢|2)~(+D)

Hence, for N=1, Py o is just the Bergman kernel, and the
solution to the 5—equation given by (20) in the interior and (21)
on the boundary is the minimal solution in L?. This solution has
been found earlier by Charpentier [2], in the interior and on the
boundary already in [9]. Intuitively (22) (N = 1) could be viewed
as an approximate Bergman kernel, in the same way as the Cauchy-
Leray kernel is an approximate Szego6 kernel.

As mentioned in the introduction, kernels with similar behaviour
as (20) have been found earlier in [4]. See also [3] for a different
method.
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A similar proposition also holds for strictly pseudoconvex do-

h,
mains, just put Q; = ;L » where {h,-} is the section of Henkin and

Ramirez (see [11]), and proceed in the same way,

_Example 2. — Let f,...,f, be holomorphicin D and of class
CY(D). Then one can write

d
L@ = f@) = [ hHE e - d =Tghe -5 Q3

(if D is convex), where the g]’.‘:s are holomorphic in ¢ and z.
Then set o
o - 3504
TSIt e
We get
TRE ) e
)P +e

If we then take G(a) = o, we get weights which may be of use
in two connections. Firstly, if w is a o-closed form which vanishes
to a high enough degree on the set of common zeros of fi,..., >
we can let e—> 0 and get a solution to ou = w which also
vanishes there (we even get u = Z f, u, for some forms u, ).

(Q,z—-s)+1=

Secondly, we can use the representation formula for holo-
morphic functions to solve a division problem. Namely Koppelman’s
formula gives in this case

f=c, % LKoo = [ fPO,o% 24)
provided f vanishes sufficiently rapidly on the common zeros of
fisoves fp . This gives an explicit representation of f as f=f, g,

with g, holomorphic.

Similar formulas exist for strictly pseudoconvex domains,
although (23) then must be replaced by a less elementary analog.
Finally, the boundary integral in (24) can be suppressed if we combine
this method with the one in Example 1, but we don’t go into details
since we only aim at indicating possible applications.

Added in proof. — This choice of Q also turns out to give
kernels supported on the set of common zeros of f, ,...,fp. A



HENKIN-RAMIREZ FORMULAS WITH WEIGHT FACTORS 105

more detailed analysis will be the object of a forthcoming paper
“A formula for interpolation and division in C"”, by one of the
authors.

Section 3.

In this section we use Theorem 5 to derive some kernels, by
means of which we obtain explicit solution formulas for the equation
du =f, where f isa d-closed (p,q + 1)form in C". Such for-
mulas have previously been obtained by Skoda in [10]. Our kernels
give roughly the same estimates as in [10], which are essentially the
best possible. Moreover in the case when f is a (0,1)-form, the solu-
tions will be minimal in certain LZ2-spaces. At the end of this section
we briefly discuss the case when f has growth of infinite order.

Now, consider formula (17). We choose Qj = l_-fllw and

5 =?j —z_l.. Furthermore, for each non-negative integer m, we
may take G(a) = o™

We define the kernels K™ as those which are obtained from
formula (17), with the special choices of Q, s and G stated above.

m! o™k
Since G*(o) equals ———k)—'— when j < m and zero otherwise,
$rz+1 . . .
and (Q,z - )= Wl—, the explicit expression for K™ is
min(m,n—1) 1+§ka
K™ =c )
& Crvier |§|2>
Al§ —zIPA(A3IE —z 2 ~1-* A (BQ)F

1§ — 2|2k
Keeping in mind formula (18), the associated projection forms P™
can be written _
1+¢-2
1L+ |8
when m =n. When m <n the projection forms are identically
zero. A simple computation shows that the component P:)",o of
bidegree (0,0) in z has the simple appearence

o (L +¢zymn \
Poo T W gy (21D

" @or

when m =2 n.
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Now we shall see that the Koppelman’s formula is still valid in
this case although D, being C”, is not bounded. Since

1818 —zPI<I¢—z|, 13QI< (1 + ¢
and |0d|¢ —z[|*| <1 K™ can be estimated by
min(m,n-1) |] +?Z|m-k 1
= (LHEPY" |§ -zt

For a smooth (p,q)-form f the following “Koppelman’s for-
mula” holds.

R,(§,2)=C

PROPOSITION 7. — Suppose
S R™ ¢, 2) < oo 25)

for every fixed z.

a) If q > 0 and flf(;‘)l R™(¢, z) < oo for every fixed z, then

f@ = [FQO AK€ 2 =3, [ FOAKT (&, 2)

BYIf ¢=0 and [If©)]IP™E,2)| <o for every fixed z,
then

f@ = [F@ KT, €. 2)+ [ £&) APy, 2) .

In particular (25) is satisfied when [ is 9-closed, and hence
ff/\ KZ';,’q_l) is a solution to du =f if the hypothesis of a) is
satisfied.

Proof. — Choose a € Cj(C") such that =1 for |{]| <1

and ¢=0 when [$|>2. Put 6, (§) = ¢(3)- The Koppelman’
formula implies,if ¢ > 0

«pr=f«pR5fAK;,':q+f3apRAf/\K;”,q—5z f<prAK;'fq_l.

Since |3¢R| < const % the assumptions about f and 9f imply that

pg S and the first two integrals converge uniformly to f, f Af A Ky,
and 0, respectively when z belongs to a compact set. Hence a)
follows. In a similar way b) is proved.
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aN(z)
By I—'2n+l we denote the space L2 (W) and by

A, , the intersection of L2, and the space of entire functions.

THEOREM 8. —
a) II,, u(z) = fu(i‘) Pg”,o(f,z) is the orthogonal projec-
tionof L%,, onto A,,,.

b) Assume f is a smooth (0,1)-form satisfying
S 1@ 1R, 2) < o0

Jor every fixed z. If = f has a solution in L2, the minimal
one v isgivenby v(z) = ff({) AKS (8, 2).

Proof. — a) In fact A,,,, is nothing but the space of polyno-
mials of degree at most m —n. Since {— (1 + ¢, z)" " belongs
to L2,,, II,u is defined and is in A,,, when u isin L2,,.

d\(z)

(1 + |z]2y"*
an application of the Fubini Theorem shows that II,, is self-adjoint.
Hence u — II,,u isorthogonalto A, ., .

By the appearent anti-symmetry property of Py,

b) Suppose u is a solution in L2 By Prop. b)

m+1 °

u=[3urks,+ [upy o= [ Fakz,+ [up,,,

and hence from a) we get that v = f A K':,o is the minimal
solution.

As was mentioned above, when fE€C/, ., oreven fELy_, one
gets essentially the same estimates as in [10], with appropriate choices
of m. We state two theorems to this effect, the first of which is
formulated in terms of the growth-function

E(r) =t~ f.; e,
which is useful in many applications.

THEOREM 9. — Suppose fEL! (p,q+1), 9f=0, and for
some o= —2n Ef(t) < (1 + t)*. Then there exists a solution u,
uell to du = f satisfying

loc(p,q) ?
Eu(t) < An,a(l + %L1 + log(l +1)).
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THEOREM 9'. — Suppose f is in C(‘p,qﬂ) , of =0, and for
some o = — 2_n [ f(D)I < (1 + |z|)*. Then there exists a solution
u GC(‘p,q) to du = f satisfying

lu(z2)| <A, (1 + [z2))*1(A + log( + [z]).

The proofs are nothing but straight-forward estimates, and we
omit them. Given « =2 — 2n, one only has to choose m such that
m>a+n=2m+min(n-1,m) —n.

The logarithm actually occurs only when o« is an integer, and
the forms 52", log(l1 + |z]?) show that the logarithm cannot be
dispensed with. When n>1 and f is a (0, 1)-form a small addi-
tional argument shows that Theorem 9’ holds for all « €R .

As was pointed out in section 2, if ¢({) is convex in C", then
2Re {0y, z — $) < p(z) — p(§). With the same proof as in Pro-
position 6 we obtain

ProrosITION 10. — If fEC] ..\, is o-closed and
e—*®) |30p|?
fpgn ) e

for every fixed z, then a solution u to wu = f, satisfying

—o®) |23
lu(z)|<ew(2)f y LF()] e ¥ |200p]P

p<n p! [g- . z|2n—2p-1

is given by
2 Y 5y 2\yn -1~
w(z) = [ eammen y n2UE 20N Q0PN @DIE —zPe

2n—
< p! ¢ — z|Pn-2P

In the special case when ¢ = [{|?)/2 the solution is minimal
in Lz(e""zd)\), as one can see by inspection of the corresponding
projection operator. However, in general these estimates are quite
awkward, and the problem to obtain good estimates in the case of
growth of infinite order remains.
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