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Null electromagnetic fields
in algebraically special Petrov type spaces

par

S. KICHENASSAMY

Laboratoire de Physique Théorique associé au C. N. R. S.,
Institut Henri Poincaré, Paris.

ABSTRACT. — An analysis is made of the properties of the null congruence
C(k) tangent to the multiple principal null vector £* of the Weyl tensor
C,py5 When: a) we are given the field of null vectors k* and not a field of
null tetrads associated with k*; b) we postulate the Robinson-Schild type
conditions on C,z,; and not on C,p,s5 = C,pys + iCyp,s» ¢) We assume that
k® is at the same time the principal null vector of a null electromagnetic
field. It is shown that the shear-free character of C(k) resulting from the
generalized Goldberg-Sachs theorem must then be qualified.

1. In a recent paper [I], we established the following result: A null
electromagnetic field ¢,z on a riemannian manifold V,:

(1.1a) Ok’ = (¢ + ip)k? =0 Kk, =0
(1.18) V0% =0

is propagated in its domain of existence, along the null geodesic congruence
C(k) defined by the null vectors { k* } so that:

(l.2a) 5®dﬁ = kdvd‘Qaﬁ = a_@aﬁ - ﬂ@aﬁ
(1.20) d=m'm’ V k,, n& = eA e = m’m° V k,
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the amplitude # and the null vector m® being determined by:

1.30) ®,; = a(kgny — kym,)

(1.3p) m® = complex conjugate of m*  m’m, =0

The shear-free character of the congruence C(k) results from (1.2) when
one postulates the Robinson’s conditions of normalized propagation [2]:

(1.4 5(1)13 = ‘—lq)aﬂ

However, in the general case the propagation law (1.2) of the null field
preserve the orthogonality of k* and m® but not the null character of m*;
the geodesic congruence C(k) is no more shear-free :

1.5) e = mfom, = — K'm’V ,m,

and the law (1.2) determines the variation of the generalized Stokes para-
meters (1) of hte light described by ¢,5. Anyhow, when we give as usual,
physical meaning only to the real part of complex quantities, we may
continue to use at each point of V, the representation of the real ¢,z by
the complex antiself-dual bivector @, Note d¢j; # (50

The same trend of ideas leads to investigate:

a) the incidence of the non-conservation of the antiself-dual character
of a bivector such as @,; by differentiation, on the generalized Goldberg-
Sachs (g. G. S.) theorem [3],

b) the consequences of weaker field equations than those adopted in the
(g. G. S.) theorem,

¢) the consequences of a null electromagnetic field energy distribution
in V,, the principal null vector of which is at the same time the multiple
principal null vector of the Weyl tensor.

2. THE ARGUMENT

The (g. G. S.) theorem relies mainly on the following facts:
i) Let (k*, m®, m*, I?) be a field of null tetrads given in a domain D of V:

(2.15) Kk, =0

2.16) kI, = —m’m, =1, Ul = m°'m, = kK’'m, = I’m, = 0



NULL ELECTROMAGNETIC FIELDS IN ALGEBRAICALLY SPECIAL PETROV TYPE SPACES 275
and let the antiself-dual bivectors:

‘faﬁ = Uy = lamﬂ - lﬁmz
(2.2a) :ﬁz,,, = V5 = kmg — kym,

lgaﬁ = M,y = kg — kl, + mgmz — mgm,

(2.2b) V= —i, a=1273

and their complex conjugates ¥,z induce a basis for the 2-forms at each
a

point M of D. Then at M, the real Weyl tensor C,,; of V, is such that:
(2.30) C,M‘, = Czﬁy& + iC:ﬁya = eab!)baﬁ(fyﬁ eab = Cba
or equivalently:

(2.3b) Cgps = C°U,,U,; + CH(U,M,; + MU,
+ ca(MaﬁM)'& — U,Vys — VosUys) + Cz(vapMya + MgV,
+ CV,,V,,

ii) As the null tetrads are given a priori, the bivectors ¥,z and l7/a,, preserve
a a

under differentiation their self-dual or antiself-dual character:
2.9 V¥ = Avb‘bpaﬁ vr'z;ﬁ = Kvb?aﬁ

Now, for these relations to be valid, the propagation of C,,; according
to the Bianchi identities must preserve the relations (2.1) defining the null
tetrad associated with C,,; at each point; this invariance is however not
obvious as far as (2.1b) is concerned.

3. SOME MATHEMATICAL RELATIONS

Let us assume therefore:

a) that the vector field { k*} is given, as C,p,5 is determined at each
point;

b) that the relations (2.15) associating a null tetrad with C,s,5 are not
preserved under differentiation.



276 S. KICHENASSAMY
Then, we get:
VyUss = 4,Usp + ,Myp + 0,Myp + 1,V + p, Uy
(B.1) V,Vyp =¢Vy + My, + t,My + p,V,,

VM = — 20Uz — 21, Vo + x,(Myp + Muﬁ) + Zt—rﬁ—aﬁ + 20 7\741?

where

A, = kY1, — m° V. m,, &, =1°V,k, — m°Vm,

l o c 1 o o
By =5V, = 'V m,) vy =5 (KVymg — m°V,k,)
1 a ¢ 1 o vy -

(3.2) o, = — -2(m Vl, + I°V.,m,) T, = ‘2(k V,m, + m°V,k,)

py=—m’V,m, n, =1V,

to = KT, + Iy — 7 i, — 0V m,)
From (2.36) and (3.1) we get:

(3.3) V(Cupskk%) = Ak,k, + Blkym, + km,) + Clkm, + kym,)
+ DUm, + Lmy) + E(k,l, + k1) + F(mgm, + mm,)

where:
(3.4a) vV =¢V, £* = an arbitrary direction
and
A= —=2C1°Vm, + %C3(7l"vk,, +3k°VI) + vC?
+ C*(k°Vm, + 3m°Vk,)
B = C’I°Vm, — C*(2k°V1, — 3I°Vk, + 2m°Vm, + m°Vm,)
(3.4p)

— VC* + C3Q2k°Vm, + m°Vk,)
C=Cm"VYm, — C(kSVm, + 2m°Vk,)
D= —C’m°Vk, E =C*'m°Vk,
F=—Cm°VYm, + C*k°Vm, + 2m°Vk,)

On the other hand, the Bianchi identities give:

3.5 V,C#° = év,(eaﬂw + C*#%) = poby
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1 1
(36) P¢ﬁ1 = i (V¢Rﬁ}' - vﬂRar) - 1'_2(gﬂyvaR - gayvﬁR)

We are now in a position to elucidate the properties of the null congruence
C(k) when k* is a multiple vector of C,,;.

4. & IS A DOUBLE PRINCIPAL VECTOR

The Weyl tensor is of Petrov type II or D; at each point M, there exist
two null vectors /* and m* (I* being another double principal vector in the
case D) so that:

(4.1a) Capysk’K° = %(c3 + Cokk,
(4.1b) C°=C*=0 VC°=VC*=0

From (3.3), C,,s has its type preserved if and only if:

(4.2) (2C? — CHk°Vm, — (2C* — CHYm°Vk, =0
for all &~

On the other hand, if:
(4‘3) V;_),\’ﬂaI)aﬁy = 0

We get, using (4.2):

(4.49) (2C* — CHk%m, — (C* + Cm°6k, =0  6=k"V,

(4.4b)

(C? + CYm®sm,, + (2C* — CHYM*m®V k, + Cm°(k*V jm, + m*V ,k;) = 0
whence :

4.5) m°sk, =0 — 6k*=0

The congruence C(k) is therefore geodesic, but not shear-free.
Had we postulated with I. Robinson and A. Schild:

(4.6a) V,, V8% =

(4.6b) gabr _ pby 4. jpraby

the shear of C(k) would be vanishing as (4.6) gives:
(4.7 V.,V VP —2V,%y, =0

ANN. INST. POINCARE, A-1X-3 19
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5. &* IS A TRIPLE PRINCIPAL VECTOR

The Weyl tensor is of Petrov type III; at each point /* and m* can be
choosen so that:

(5.1a) C,p,skPk? = 0
(5.1b) CS=C*=C*=0 VC’=VC*=VC’=0
C,s,s has then its type preserved if and only if:
(5.2) k°Vm, + 3m°Vk, =0
for all &,
Now if:
(5.3) Vg, P =
We get:
(5.4) C*Vy, — C*V"1, =0
whence:
(5.5a) kv, =0 k’t, =0 — m°Sk, = k°6m, =0
(5.5b) 2C% - C%d=0

therefore we get in this case also the geodesic character of C(k) and not
‘the vanishing of its shear.
On the other hand, with Robinson-Schild weak equations:

(5.6) VpI# =0
the Bianchi identities give:
¢.7 V%, =0

i. e. the geodesic and shear-free character of C(k).

6. & IS A QUADRUPLE PRINCIPAL VECTOR

Cqpys is of Petrov type N, /* and m* being chosen so that:
(6. la) Caﬁ.,aka = 0
(6.1) C’=C*=C*=C?*=0 VC’'=VC*'=VC’=VC*=0
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C,pys has its type preserved if and only if:

(6.2a) C'Vk,t, + CVk,t, =0
or equivalently:

(6.2b) 2t, = K*V m, + m*V k, =0

i. e. k* and m® remain orthogonal.
On the other hand, the Bianchi identities give taking into account (6.2):

6.3) kP# = — (C'V”v, + CV"y)Kk*

(6.4 mP?* = — (C'V°y, — CV*y,)m*
+ [C'V”p, + C(V, + V, V) + V°V Ck*

whence, if:
6.5) V,.P*#" =0
(6.6) kv, =0 m’v, =0

From (6.2) and (6.6) we derive easily the geodesic and shear-free character
of C(k); so, in the case of Petrov type N Weyl tensor, the (g. G. S.) type
theorem results with weaker field equations than those assumed by Robin-
son and Schild i. e.

6.7) V, %7 = 0

7. NULL ELECTROMAGNETIC FIELDS
IN AN ALGEBRAICALLY SPECIAL PETROV TYPE SPACE

In the light of the above considerations, it appears useful to investigate
the properties of the null geodesic congruence C(k) of a null electromagnetic
field ¢,4, the principal null vector of which is at the same time a multiple
principal vector of the Weyl tensor. These properties follow from the
structure of the energy-momentum tensor of this field:

(7.1) Taﬁ = tkakp T = 0

this tensor giving, by virtue of the Einstein’s field equations:
(7.2(1) Paﬂ’ = ta)aﬂk, - Qap(tk).)

(7.2b) wap = V,k, - kaa, Qaﬁ = kGVﬁ - kﬁva
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whence we derive, using 6k* = O:

(7.3a) kP = StkPk?

(7.3b) mP*" = tw®mk’ + kPm® 7 ,(tk)
and

(7.4 VP = 0

i) If C,p,5 is of Petrov type II or D, (1.5) and (4.4b) give:
7.5 e=0
C(k) is geodesic and shear-free.

ii) If C,pys is of Petrov type II1, (1.5) and (5.2) give again (7.5), i. e. the
shear-free character of C(k).

iii) If C,4,5 is of Petrov type N, (6.5) is no more true in general [4]. From
(6.3), (6.4) and (7.3) we get:

(7.6) Ce=—1td
and:

ot
7.7 7= —(d+4d)

The geodesic character of C(k) is compatible with (6.3), whereas its shear
vanishes if ¢,; is covariantly constant.

8. DISCUSSION

The results of the present investigation may be summarized as follows:
Let the null vector k* be at each point of V,, the multiple principal vector
of the Weyl tensor C,,; and C(k) the congruence of null curves tangent
to k%

i) When Cu,; is of Petrov typ II or D, C(k) is a) geodesic if
V., V5.V, C#7° = 0, b) shear-free if either V,,V,,V,C*#" =0 or k* is at
the same time the principal vector of a null electromagnetic field ¢,p
present in V,:
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ii) When C,,; is of Petrov type III, (k) is a) geodesic if V,,,V,,C“”"" =
0, b) shear-free if either V;,V,C¥"° = 0 or k* is the common multiple

principal vector of ¢, and @g;.

iii) When C,g,; is of Petrov type N, C(k) is geodesic and shear-free
if V,V,C*#7° = 0 However, when k* is at the same time the
common multiple principal vector of ¢,z and go:ﬂ C(k) is geodesic and no
more shear-free; the interaction of the free gravitational field with the electro-
magnetic field becomes manifest as for instance in C'e = — td

Conversely, a reciprocal theorem concerning these results can be easily
established.

The above results are based on the view which seems to be a natural one,
that in differential considerations the Weyl tensor alone is fundamental
and not its dual (important as it is in algebraic considerations); this view
appears to us as fundamental for studying the interaction of the algebrai-
cally different parts of the curvature tensor, and for investigating the pro-
perties of any quantity along a submanifold of V,.
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