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On functional linear partial differential equations
in Gevrey spaces of holomorphic functions®

STEPHANE MALEK (D)

ABSTRACT. — We investigate existence and unicity of global sectorial
holomorphic solutions of functional linear partial differential equations in
some Gevrey spaces. A version of the Cauchy-Kowalevskaya theorem for
some linear partial g—difference-differential equations is also presented.

RESUME. — Nous étudions 'existence et 'unicité de solutions globales
holomorphes sectorielles d’équations fonctionnelles linéaires aux dérivées
partielles dans certains espaces de fonctions Gevrey. Une version du théo-
reme de Cauchy-Kowalevskaya pour des équations linéaires aux q—diffé-
rences-différentielles partielles est également présentée.

0. Introduction

In this paper, we study linear functional partial differential equations of
the form

BEX(t,2) = D ()08 X)(Br(t), 27 ™) (0.1)
k=(ko,k1,l)€S

where ¢ > 1 is a real number, S > 1 is a positive integer and S is a finite
subset of N3. The coefficients b, and the deviations ¢, are holomorphic
functions on some open domain G U D, where G is an open sector with
infinite radius centered at 0 and D, an open disc centered at 0 with radius p
and mq > 1 are positive integers. To fix the notations, in the formula (0.1)
the partial derivatives 9f°0%' X are evaluated at the point (¢ (t), z2g~™*).

Several authors have studied this kind of equations (0.1) in the situation
where the deviations ¢y, are shrinking maps, meaning that |0;¢x(t)] < 1

(*) Recu le 23 juin 2005, accepté le 21 novembre 2005

(1) Université de Lille 1, UFR de Mathématiques Pures et Appliquées, Cité Scientifique
- Bat. M2, 59655 Villeneuve d’Ascq Cedex France.
Stephane.Malek@math.univ-lillel.fr
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on some domain, see for instance [2], [9],[10],[19]. Moreover, there are some
results when this assumption is missing, see for instance [11],[23].

Here, we focus on the case when each deviation (¢, z) — (¢g(t), zg~™1:)
satisfies the property that the modulus of the determinant of its jacobian
matrix is smaller than 1 on GU D, x C, which is equivalent to the fact that
the deviations ¢y (t) satisfy

|0k dr(t)] < g"F

on GU D, for all k = (ko, k1,1) € S. In particular, if the variables t, z were
real, these deviations would be volume shrinking maps.

The goal of this paper is to provide an approach to construct actual
holomorphic solutions X (¢, z) of (0.1) with estimates on the I-th derivative
of X(t,z) with respect to t on G, for given initial conditions (8 X)(t,0),
0 < j <8 —1, be holomorphic functions of some Gevrey type on G (see
Definition 3.1). To achieve this goal, we will have to make several additional
assumptions on the form of the equation (0.1), see Theorem 1.

Due to the presence of g—difference operators in the functional equation
(0.1), we are led to work in spaces of holomorphic functions whose I-th
derivative rate of growth is like 6(12/2)(105((1))2(l!)S for s > 0 (see Definition
3.2).

Such phenomenon of fast growing derivatives appears in a natural way in
the study of g—difference equations for which general results on g—Gevrey
asymptotic expansions of actual holomorphic solutions have been obtained,
see [6], [8], [18], [21].

The leading idea will be the same as in the paper [12], where we have
dealt with linear partial differential equation, with an additional difficulty
because of the presence of the deviations ¢y. To this aim, we will use a
higher order chain rule which has been introduced by T. Yamanaka, see [20],
and which is much more suitable than the classical Faa di Bruno formula
to deal with Gevrey estimates. Moreover, instead of the classical Cauchy-
Kowalevskaya theorem for partial differential equations, we will need a sim-
ilar result for some linear partial g—difference-differential equations of the
form

85V(t7x) = Z U«k(t)xl(af‘)afl‘/)(qm“*kt,xq_ml”“)7
k=(ko,k1,l)€S

where ¢ > 1 is a real number, mg i, my > 1 are positive integers and a ()
are holomorphic functions on a neighborhood of the origin. The method
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of proof uses functional analysis in Banach spaces of formal series. We no-
tice that a similar result has been obtained by C. Zhang for general linear
and non-linear ordinary g—difference-differential equations in one complex
variable, see [22].

1. A Cauchy-Kowalevskaya theorem in a class of ¢-Gevrey
formal series

DEFINITION 1.1. — Let q, X, T, s be real numbers such thatq > 1, X, T >
0 and s > 1. We define a vector space G1(X,T,s) which is a subspace of
the formal series C[[t,z]]. A formal series U(t,z) € C[[t,z]],

Pt
U(t71') = Z uﬁ’lﬁl_!
3,1>0
belongs to G1(X,T,s), if the series
lug,i Bl
> o
P, ] ’
50 @A) (sl + B)!

converges, where P(l,3) denotes the polynomial

PG =16~ 5(5 ~ )

and where x! stands for I'(1 4+ z) for all x = 0 to simplify the notations. We
also define a weighted L' norm on G4(X,T,s) as

lug,i !
Ut - — 5l XAt
|U(t,2)||xT g;o PP (s + )]

One can easily show that (G1(X,T,s),||.||x,r) is a Banach space.
Remark.— Let U(t, x) be in G(Xo, Ty, s) for given X, Ty > 0 and s > 1.
Then, U(t,x) also belong to the spaces G4(X,T,s) for all X < Xy and

T < Tp. Moreover, the maps X +— ||U(t,z)||x,r and T — ||U(¢,z)||x,r are
increasing functions from [0, Xo] (resp. [0,Tp]) into R.

We define the integration operator 9, ! : C|[t, z]] — C[[t, z]] as

o U(t,x) == /Ox Ul(t, ¢)dC.

By convention, given two functions f,g: R — R, we will write f(x) ~ g(z)
as x tends to +oo if lim,_, o f(z)/g(x) = 1.
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LEMMA 1.2. — Let p, hy,ho,my,ms = 0 be non negative integers. As-
sume that the following inequalities hold:

h2+,u>m1, m2>h1+h2+u, ha > shi. (11)
Then, there exists a constant C' > 0 such that
|24 (0,200 U (g™ 8, g~ ™2 ) || x,r < OXMF2T MU (8, @) x r,

for allU(t,x) € G1(X,T,s).

Proof.— For U(t,z) € G1(X, T, s) we have

_ m _m B! I a2t
(0 h28thlU)(q g M) = E UG hy—p i+ 4 G ma (B —
T ’ | 27 Hy 1 Al

o (8 —p)! ol

By definition, we have

[l (97207 U) ("™ ¢, g~ ™) | x,7

= XlH-hzT—hl Z |u5—}L2—H7l+h1 |(6'/(ﬂ - M)!)qmllq_MQ(ﬁ_H) Xﬁ—hz—MTl+h1
qgPGP) (sl + B)!

Byl
So that
|20, "0/ U) (g™ t, g~ ™ )| x.1

— X#JrhzT*hlZA(l?ﬂ) |U6—hz—u,l+h1| X B—ha—prplthy
8,1

qPUFP Ao =) (5(1+hy ) +B—hy— )]

where

(s(l+h1) + B — hy — u)!3! 1

AL ) = (sl + )NB — p)! q(P(lwﬁ)*P(l+h1ﬁ*hzfﬂ)*m1l+m2(5*#)) '

By construction, we have

P(laﬂ) 7P(l+h’1767h2 *.u) 7m1l+m2(ﬂ7:u)
:l(h2+u—m1) —i—ﬁ(—hl — ho —;H—mg) —|—h1(h2+,u)
+(1/2)((ha + 1)* + ha + p) — map.

We recall the classical estimates
[(z+b)/T(z) ~ 2’ (1.2)
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for any b > 0, as = > 0 tends to +o00. From (1.2) we deduce that
(sl+ B+ shy — ha — p)!B!

(sl + BB — )
as [, 0 tend to infinity. By these latter estimates and the assumptions (1.1)

we get a constant C' > 0 such that A(l,5) < C, for all I, 8. This gives the
lemma. g

~ (sl + @) hamr g,

LEMMA 1.3. — There exists a constant C' > 0 such that for all « € N,
[t U, 2)llxr < CT*||U, )| .7,

forallU(t,z) € GUX,T,s). Leta(t) =3, a;jt! be a holomorphic function
on a neighborhood of the origin in C. We define |a|(t) = >, la;|t?. We
deduce that there exists a constant C > 0 such that

la(OU(t, 2)l|x,r < Cla|(T)||U(E, )| x.1,
for allU(t,z) € G1(X,T,s).

Proof.— Let U(t,z) € GY(X,T,s). We have

I Bt
taU(t, l‘) = Z 3 l—« .
e L]

By definition, we have

e, x)||xT_Taz'“ﬂl ol/( = 0)1) 551

P (sl + )]

s(l—a) +5)vl| 1 lug,i—al B
9 X T «
Z{ (sl + (I — a)! gP AP~ aﬁ)} P(l=a.B)(s(l — a) + B3)!

By construction, we have that P(l,3) — P(l — a,3) = «f. Moreover,
from the estimates (1.2), we also get that

(s(l —a) + )N
l+ SOtht
(sl + BN — a)! ~ e+ A
as [, B tend to infinity. So that there exists a constant C' > 0 such that
(s(l —a)+ N 1

(LT AN —a)l Pap—Pi—ap SC

for all [, 8. This gives the lemma. O
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LEMMA 1.4. — Let §1, 02 > 0 be positive real numbers and let U(t,x) be
in GY(Xo,To,s). Then, there exist X,T > 0 small enough (depending on
01,02) such that the formal series U(d1t, i) belongs to G4(X, T, s).

Proof.— Let U(t,xz) € GY(X,T,s). We have

51' t
(Slt ﬁgouﬁlél 52 ﬁ' l'

By definition, we have

lug,i Je] l
1T (01, )||XT > —qP(lﬂ)(SHﬁ)!(X/éz) (6, 7).

Due to the fact that U(¢,z) € G?(Xo, To, s), this latter series converges if
X/62 < X() and 51T < TO. So that7 if X/52 < Xo and (SlT < To, then
U(it, 2) € GUX,T,s). O

LEMMA 1.5. — Let o € N and let U(t,z) be in G4(Xo,To,s). Then,
there exist X, T > 0 small enough (depending on 1) such that the formal
series x#U (t, z) belongs to G4(X, T, s).

Proof.— Let U(t,x) € GY(X, T, s). From the proof of Lemma 1.2, we
get a constant C' > 0 such that

U 1 _
||2U (L, )| x.7 < C(g"X )" Z s Lﬁ$lu+|ﬁ il ( MX)ﬂ ppl

Due to the fact that U(t,z) € G4(Xo,To,s), the series on the right hand
side of the latter inequality is convergent if ¢ X < Xy and T < Tjy. So that
if "X < Xg and T < Ty, then z#U(t,z) € G1(X, T, s). O

LEMMA 1.6. — Let hy € N and let U(t,z) be in G4(Xo,To,s). Then,
there exist X, T > 0 small enough (depending on hy) such that the formal
series O U (t, ) belongs to G4(X, T, s).

Proof.— Let U(t,z) € G1(X,T,s). Like in the proof of Lemma 1.2,
we get
H(ah1 )(t o)l|xr =

s(lth)+B)! 1 [ug,im |
—h ptrha Brpl+h
IZ{ (sl +8)!  qPUB)—P(th, B)} P(l+h1,8) (s (l+h1)+g)1X =
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By the estimates (1.2), we have

(s(l+ h1) + B)!
(sl + p)!

as [, 8 tend to infinity. By construction, we also have P(l, 3) — P(l+hy,3) =
—h13. So that there exist K, Cq,Cy > 0 such that

185 0)(t, @)l x.r

h |[ug,i+h | h 8 I+h
<T- IKZ T l+1h1)+ﬂ)( g CoX)P(CL )

~ (sl 4 B)*h,

Due to the fact that U(t,z) € G4(Xo,To,s), the series on the right hand
side of the latter inequality is convergent if ¢"1CyX < Xy and C1T < Tp.
Finally, if ¢"CyX < Xo and C1T < Ty then 'U(t,z) € GI(X,T,s).
O

Let D be the linear operator from CI[t, z]] into C[[t, z]] defined as

D(u(t,x)) = 05 u(t, ) — Z ap ()2 (980 Ok ) (qmort, wg~ 1w,

k=(ko,k1,1)ES

where S is a finite subset of N® and a(t) are holomorphic functions on a
neighborhood of the origin in C. Moreover, the integers S, mg g, m1 5 > 1
satisfy the following assumption.

Assumption (A). —
i) S — ki = skg, S> ki,
ii) S—ki+l>2mop, migp=ko+S—k +1,

for all k = (ko, k1,1) € S.

We consider the following operator from C[[t, z]] into C[[t, z]],
Dod;® =id — A,
where

A(u(t@)) = Z ak(t)xl(85035175u)(qm“=kt, xqul,k)v

k=(ko,k1,1)€S

for all u(t,z) € C[[t,z]], and id is the identity operator. As a consequence
of Lemma 1.2, 1.3 we get the following lemma.
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LEMMA 1.7. — There exist real numbers X, T > 0 small enough (that
depend on the coefficients ap(t) for k = (ko,k1,1) € S) such that A is a
bounded linear operator, from (GU(X,T,s),||.||x ) into itself. Moreover the
estimates hold,

1 Autt, 2)l|xr < (1/2)]ut,)llx.r,

for all u(t,z) € GYX,T,s).

COROLLARY 1.8. — There exist real numbers X, T > 0 small enough
(that depend on the coefficients ai(t) for k = (ko,k1,1) € S) such that
D o 9, is a bounded invertible operator from (GU(X,T,s),|.||xr) into
itself. In particular, there exist a constant C > 0 such that

(D00, %)~ b(t, @)l x.r < Cllb(t, 2)|x.7,
for all b(t,xz) € GU(X,T,s).

The main result of this section is the following.

THEOREM CK.— Consider a functional partial differential equation

dJu(t,x) = Z ar ()2 (DFF 1 u) (qmokt, g™ k), (1.3)
k=(ko,k1,l)ES

where S is a finite subset of N3 and ax(t) are holomorphic functions on a
neighborhood of the origin in C.

We make the hypothesis that the integers S, mg, m1y = 1 satisfy the as-
sumption (A).

We impose the initial conditions : For all 0 < j < 5 —1,
(D3u)(t,0) = ;(t), (1.4)
where ¢;(t) € GY(Xo, Ty, s), for given Xo, Ty >0 and s > 1.
Then, there exist X, T small enough such that the problem (1.3), (1.4)

has a unique solution u(t,z) in GY(X,T,s).

Proof.— Every formal series u(t,z) € C[[t, z]] can be written in the
form
u(t,x) = 9, %v(t, x) +w(t, ),
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where
S—1 i
w(t,z) = Z %(t)ﬁ'
=0

From the initial conditions (1.4) and Lemma 1.5, let us assume that w(t, )
belongs to G4(X,T,s) for X,T > 0 small enough. Then, the formal series
u(t, x) is a solution of (1.3), (1.4) if and only if v(¢, x) satisfies the equation

Do d;%v(t,z) = —Dw(t, x). (1.5)

From the fact that w(t,z) € GY(X, T, s) is a polynomial in z of degree less
than S — 1, we deduce from the lemma 1.3, 1.4, 1.5, 1.6 that —Dw(¢, x) also
belongs to G4(X, T, s), for all X, T > 0 small enough. From the corollary 1.8,
we deduce that for X, T small enough, there exists a unique solution v (¢, x)
of (1.5) which belongs to G9(X, T, s). It remains to show that u(t, z) belongs
to G1(X,T,s) for X, T small enough. From Lemma 1.2 and 1.4 we get that
the formal series v(t,x) = u(qt,zq~%) = 9;%v(¢t, q%) + w(q®t, xzq™9)
belongs to G4(X, T, s) for X, T small enough. Finally, again by Lemma 1.4,
we deduce that u(t,z) = V(q%7qsm) belongs to GY(X,T,s) for X, T small
enough. O

2. Formal series solutions of functional linear partial differential
equations

In the sequel we consider a functional linear partial differential equation

BX(tz)= Y be(t)2 (008 X)(gr(t), 2g7 ™), (0.1)
k=(ko,k1,1)ES

where ¢ > 1 is a real number, S > 1 is a positive integer and S is a finite
subset of N3, the coefficients by (t) and the functions ¢ (t) are holomorphic
on a common domain G U D, where G is an open sector with infinite radius
centered at 0 and D, an open disc centered at 0 with radius p. Moreover,
we assume that ¢;(0) = 0 and that ¢;(G) C G, for all k = (ko, k1,1) € S.
Notice that by convention 0 does not belong to the sector G.

We study formal series X (¢, z) in the variable z of the form

with holomorphic coefficients X, (t), n > 0, on G.
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In the next lemma we describe formal series solutions of (0.1) in term of
differential relations.

LEMMA 2.1. — The formal series X (t,z) is a solution of (0.1) if and
only if the following differential relation is satisfied,

Xongs(t) Z (0 X)) (B(t) 1
m! - ult) n! gk 32
=(kg,k1,1)€S
l+n=m

for all m > 0.

In the next proposition, we give sufficient conditions for the existence
and uniqueness of formal series (2.1) that are solutions of (0.1).

PROPOSITION 2.2. — We assume that the finite set S satisfies
S C {(kﬁo,kl,l) S N3 k1 < S — 1}

Moreover, assume that holomorphic functions X,,(t), for 0 < p < S—1, are
given on G. Then, there exists a unique sequence (X, (t))u=o0 of holomorphic
functions which satisfies the differential recurrence (2.2). As a result, for
given holomorphic functions X, (t), for 0 < u < S —1 on G, there exists a
unique formal series (2.1), solution of (0.1).

3. Global sectorial holomorphic solutions to functional linear
partial differential equations in Gevrey spaces

First of all, we recall the definitions of the Gevrey spaces of analytic
functions in which we will choose our initial conditions and expect to find
our solutions.

Let €2 be an open sector centered at the origin in C with bisecting di-
rection d € R and with infinite radius. Consider a bounded holomorphic
function w(t) from € into C* with the property that for all closed sector of
infinite radius Sy 5 = {t € C : |d — arg(t)| < 6} included in €, there exists a
constant M > 0 such that

[w(®)]

sup — —— - < M,
t€S4 5 lw(or(t))]

for all k = (ko, k1,1) € S.
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On functional linear partial differential equations

DEFINITION 3.1. — Let X (t) be a holomorphic function on an open sec-
tor ) centered at the origin in C with bisecting direction d € R and with
infinite radius. Let s be a real number such that s > 1. We say that X (t) is
of Gevrey type of order s — 1 on Q if the following inequalities hold.

For all closed sector of infinite radius Sy 5 = {t € C : |d — arg(t)| < 6}
included in ), there exist constants C, Ty > 0 such that

sup [0X (O] [w(®)] < C(L/Ty)'(s1)!

tEdeg

foralll > 0.

DEFINITION 3.2. — Let X(t,z) be a holomorphic function on Q x C
where ) is an open sector centered at the origin in C with bisecting di-
rection d € R and with infinite radius. Let s,q be a real numbers such that
g>1ands > 1. We say that X (t,z) is of Gevrey type with double filtration
of order s — 1 and q with respect to t on Q x C if the following inequalities
hold.

For all closed sector of infinite radius Sqs = {t € C : |d — arg(t)| < 6}
included in Q and for all closed disc D, centered at 0 with radius r, there
exist constants C,Ty > 0 such that

sup (01X (1, 2)[[w(b)] < C(1/Tp)! (sD)te's (o0

t€Sq.5,2€D,

foralll > 0.

In the following, we will need a rule to evaluate high order derivatives of
compositions of functions which has been introduced in [20] and is compat-
ible with Gevrey estimates. We recall this higher order chain rule (Theorem
2.11n [20]) under stronger assumptions which will be sufficient for our scope.

LEMMA 3.3. — Let D,G be open sets in C. Let v : D — G and w :
G — C be holomorphic functions. Then, the n-th order derivative of the
composite function wov : D — C is given by the formula,

n

o2 won)a) = - s @wote) {71 [ @ro)o + omjasy |

j=1 ](n_j) Ih:O

Consider now an open set D; C D and Dy a small disc centered at
0 in C, such that, for all x € D1, h € Dy, we have x + 0h € D, for all
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0 € [0,1]. Let ¢ > 1 be a real number. Assume that |d,v(z)| < ¢ for all
x € D. Consider the function

bralh) = [ / (0,0)(x + OR)dO)?,

for all h € Dy, with z € Dy and j € N. We deduce that [, ,(h)| < ¢/, for
all h € Dy, with x € Dy and j > 0. From the Cauchy formula, we deduce
that there exist r > 0, such that

|0F1;,:(0)] < ¢ klr*,

for all k,j € N, z € D;. From these latter estimates, we deduce

LEMMA 3.4. — Let D, G be open sets in C and g > 1 a real number. Let
v:D — G and w: G — C be holomorphic functions, such that |0,v(z)| < g
for all x € D. Then, there exist v > 0 which depends only Dy, such that the
estimates hold,

rwen@l < 3 e w) el

a1+az=n

for allz € Dy and n € N.

we note that similar computations have been made in the paper [10], pp.
667—668.

The next result gives sufficient conditions under which there exist holo-
morphic solutions X (¢,z) to (0.1) which are of Gevrey type with double
filtration of order s — 1 and ¢, for given initial conditions be of Gevrey type
of order s — 1.

THEOREM 3.5. — Consider the functional linear partial differential equa-
tion,

BX(tz)= Y ()2 (0708 X)(gr(t), 2~ ™), (0.1)
k=(ko,k1,l)eS

where ¢ > 1 is a real number, S > 1 is a positive integer and S is a finite
subset of N? which satisfies the hypothesis of Proposition 2.2, the numbers
ma, = 1 are positive integers. The coefficients by (t) and the functions ¢y (t)
are holomorphic on a common domain G U D, where G is an open sector
with bisecting direction d € R with infinite radius centered at 0 and D, an
open disc centered at 0 with radius p.
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1. Assume that ¢ (0) = 0 and that the functions ¢i(t) satisfy
0rr ()] < %,
for integers mo i, > 1, for all k = (ko, k1,1) €S, and t in GU D,,.

2. Assume that #1(S) C S, for all closed sector centered at 0 of infinite
radius S C G with bisecting direction d, for all k = (ko, k1,0) € S.

3. Assume that the quantity

0}y (t
sup % = [bles,
teGUD, 0

exists and that

Bl (t) = [blx1ot"

lo=0

is an holomorphic function on a neighborhood of the origin in C for
all k = (ko, k1,1) € S.

4. Let the assumption (A) from section 1 be fulfilled for the integers
S, mo g, M1k -

5. We make the following assumption on initial conditions. Let X,,(t),

for0 < pu < S—1, be given holomorphic functions which are of Gevrey
type of order s —1 on G.

Then, the formal series

solution of (0.1) with initial conditions (04 X)(t,0) = X, (t), 0 < p < S—1,
constructed in the proposition 2.2 is convergent for all z € C. Moreover, the
function X (t,z) is of Gevrey type with double filtration of order s—1 and gq
with respect to t on G x C.

Ezxample 1.— This latter theorem can be used to study g-difference-

differential equations if one takes the deviations ¢ (t) to be dilations of the
form ¢y (t) = gmo-*t.

Example 2.— The theorem 3.5 can also be applied to study difference-

differential equations. Indeed, consider the equation (0.1) and choose the
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deviations ¢y (t), k € S of the form ¢ (t) = ¢/(1 + axt), where g > 0
are positive real numbers, and assume that b (t) are equal to zero for all
k = (ko,k1,l) € S with kg # 0. Assume that the sector G has bisecting
direction d = 0 and satisfies |1 + ayt|> > ¢g~™ox for all t € GU D, with p
small enough and k € S. One checks easily that the assumptions 1) and 2)
of Theorem 3.5 are fullfilled. Under these conditions, a function X (¢, z) is
solution of (0.1) on G x C if and only if the function Y (u, z) = X (1/u, z),
with u = 1/t, is solution of the difference-differential equation

Y ()= 3 (1) (B Y) (u + g, g ),

k=(0,k1,l)ES

on G’ x C where G’ ={u e C:1/ue G}.

Proof of Theorem 3.5.— The goal of the proof is to show that the func-
tions X,,(t) constructed from the proposition 2.2 satisfy the following es-
timates. For all closed sector of infinite radius S C G centered at 0 with
bisecting direction d, there exist C, Xy, Ty > 0, independent of n,l, such
that

sup |90X,, (1) [w(t)] < C(1/Xo)™(1/Tp) g™~V =) (sl 4+ n)l, (3.1)
tesS

for all I,n > 0. Indeed, from (3.1) we get X{;, T > 0 such that

sup,c g |0 X, (1) ||w(t n
te

n!
n=0
< —, DY g - (|2lg3 ) x)",
0 n=>0

for all z € C. From Lemma 2.2 in [16], we get a constant C’ > 0 such that

S0 (12lat 1/ X4)" < O expl5 (log(2lela? 1/ X4))%)

n=0

for all z € C. So that for all » > 0,

2r
sup sup |94 (1, 2) w(B)] < OC'(z5)! (1)t exp( 5 loa( e,
|z|<r teS 0 0

7))}

It follows from the latter inequality that X (¢, z) is Gevrey type with double
filtration of order s — 1 and ¢ with respect to t on G x C.
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We consider now the sequence of quantities

Wno,my = SUP 0" Xom, ()| w(t)],
tesS

for ng,m; > 0, where S is a closed sector centered at 0 of infinite radius
in G with bisecting direction d. We show that this sequence is in fact real
valued and satisfies a multivariate recursion inequality.

From the Leibniz formula, we have that

w(t)a{"ﬂ (bk(t) (afoXn+k;1 )(d)k;(t)))

nlgnmk

hi+ha=ng

am bi(t) (t)afl((afoXn+k1)(¢k(t))).

nlgnmik

hg'h !

From Lemma 3.4, the assumption 1) in Theorem 3.5 and the definition of
w(t), we deduce that there exist M > 0 and r, > 0 for all k = (ko, k1,1) € S
such that

IO (OF X ) (@1 (1))
< OO X Gl

ai+azx=hy

hq! a1+ko G110,k 02
< MO0 X (G100
a1+az=h1

From the assumptions 2) and 3) in Theorem 3.5 we deduce

opo (bk MCARSINICAG)

sup [w(t)]

tes nlgnmk

<y 10! M bk, n Dy Supteg’|(8g1+k0Xn+k1)(¢k(t))||w(¢k(t))|qa1m0,kr22

S L !
hi+ha=ng ajtaz=h; i
a 9
3 no! M b,y 3 3P (O Xk JONWA)] a1 0
S gLk ailn! 1 k
hi4+ha=ng ai+az=h;

From the latter estimates, we get inequalities for the number wy, n,,

Wno,m1+5S M|b|/€,h2 Way +ko,n+k1 _aymg g ,.a2
S nmy . anl ¢ "™
0771 k=(kg,k1,0)€S h1+ha=ng q ai+az=h !
l+n=m-
(3.2)
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for all ng,m; > 0.

We define the functions,
Rk(t) = Zritja
7>0

where 7 are positive real numbers for all k = (kg, k1,1) € S. Consider now
the auxiliary functional partial differential equation,

BV(t,)= Y MPpl(t)R(6)Z @05 V) (g™kt, ———), (3.3)
k=(ko,k1,))€S T

constructed from (0.1). Due to the assumption 4) in Theorem 3.5, we deduce
that the hypotheses of Theorem CK in section 1 are satisfied for the latter
equation (3.3). From Theorem CK, we deduce the existence of a unique for-
mal series V (¢, z) € G1(X, T, s), for X, T > 0 small enough, solution of (3.3),
if (92V)(t,0) are prescribed formal series which belong to G4(Xy, Tp, s), for
all 0 < 5 <5 —1, for given Xy, Ty > 0.

If we expand V (¢, z) into a Taylor series in the variables ¢, z,

V(t,z) = Z Ung,my

ng,n1=0

trozm

no!nl! ’
we get that

Ry, (1) (0205 V) (g™,

Z ): § : ( § : Ta2qa1m0’k Vay+ko,n1+k1 )thlznl
gmak k aq!nqlgmima ’
hi,mn1 a1+az=hy

and
I ko ok ? Z
M|b|k(t)z Rk(t)(atoazlv)(qmo‘kt P ) = Ano,’ﬂntnozmla
q To,m1
with
A _ M|b|k,h2 Vay+ko,ni+k1 a1mo,k .02
no,my = ramie “alng! ¢ "k
’ aiing:
hy+hg=nq a1+az=hi
l+n1=m1

for all ng,m; > 0. From this, we deduce a multivariate linear recurrence
satisfied by the coefficients vy n,,

Ung,mi1+8 _ Z Z M|b|k,h2 Z Vaq +ko,n+ki qalmo,kr@
nolmy! < gk 4 a'n! ko
k=(kg,k1,1)€S h1+ha=ng a1+az=h;
l+n=m-
(3.4)
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for all ng,m; > 0. From the fact that V (¢, 2) € G4(X, T, s), we deduce the
following estimates for the coefficients vy, »,. There exists C' > 0 such that

[Ung,ma| < C(L/X)™ (1/T)"0gm o= (/DM (gng 4y ), (3.5)

for all ng,nq1 > 0. From Theorem CK, we see that the sequence (Vng,m, )ng,m1
is uniquely determined by the sequences (vng m; Jng.my, 0 < mp < S —1. We
choose now the latter sequences as follows.

Ung,my = Wng.ma
foral0<m; <S—1,n9>0.
From the assumption 5) in Theorem 3.5, we deduce that the series
V(t,0),...,(9271V)(t,0)

are formal series with Gevrey order s — 1, which means in particular that
they belong to G%(Xy, To, s) for Xo,To > 0. Moreover, due to the relations
(3.2) and (3.4), we deduce that

<

Wno,m1 X Ung,m1s
for all ng, m; = 0.

From the estimates (3.5), we finally deduce that there exist C' > 0, such
that the sequence wy,, n, satisfies

Wnony < C(L/X)™ (1/T)m0gm 0= W20 (s 4y ),

for all ng,n; > 0, which yields the result. g
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