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MULTIPLICATIVE FUNCTIONALS
OF DUAL PROCESSES

by Ronald K. GETOOR (*)

1. Introduction.

Let X and X be a pair of standard processes in duality
relative to a Radon measure £, thatis X and X satisfy
the conditions on page 259 of [1]. We refer the reader to [1]
for all terminology and notation not explicitly defined here.
One of the most important properties of such dual processes is
(VI-1.16) — all such references are to [1] — which states that
if B is a Borel set, then for all « > 0 and z, y in the state
space E

(1.1) Piut(z, y) = u*Py(z, y).

This result which is due to Hunt [4] may be viewed as stating
that the process X killed when it first hits B and the process
X killed when it first hits B are in duality. Define

Qf (z) = E*{ f (X));¢ < Ts} and fQ(a) = E={(X); t < Ta}.

For typographical convenience we will omit the hat « *» in
those places where it is obviously required. Thus

E={ f(X)); t < Ta}

is short for B={ f(X);t < Ts}. It is easy to see that (1.1) is
equivalent to

(1.2) (fQs & = (f, Qa)
forall t > 0 and forall f, g in Cx. Here Cx denotes the

(*) This research was partially supported by the Air Force Office of Scientific
Research, Office of Aerospace Research, United States Air Force, under AFOSR
Grant AF-AFOSR 1261-67.
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real valued continuous functions with compact support, and

(9 ¥) = [ ¢(2)(2) do with £ (dz) = da.

The purpose of this paper is to extend (1.1) and (1.2) to a
more general class of multiplicative functionals than those of
the form M, = I, 1y(t). Our basic result is that if M is an
exact MF, (mu.lsliphcatlve functional) of X, then there exists
a unique exact MF M, of X such that (1.2) holds where
(Q) and (Q) are the semigroups generated by M and M
respectively. In '‘addition an appropriate analogue of (1.1)
also holds. Actually the existence of M is an easy consequence
of a result of Meyer [6] and undoubtedly is known to many
people. Our main contribution is the fact that this corres-
pondence. is, muh;lphoatlve, that 1s, MN = MN and 1t 1s
this Jproperty - that turns the above correspondence into a
nsefuftoo TR

Thl§ ape;r Presents an extension of work begun by Hunt
1n Sectlons 17 and 21* of [ ] In particular it provides an answer
go the rather cryptlc comment at the top of page 304 in [1].

ome of tBese resu,lts were announced in [3].

"We ‘now will outline the contents of this paper. The basic
results and some consequences are established in Sections 3
and 4. In particular Section '3 treats the existence of M and
Section 4 the multiplicative property of the correspondence
between M .and: M. Semie examples of this correspondence
are discussed in Section 5; while Section 6 contains an extension
of . ;these results '?0 non- exa(;t mult;phcatlve functionals. In
Séction 7 we associate a measure iy with each natural mul-
tiplicative: furi¢tional M. of Xy:-and: in Section 8 we show
that py = p4i.i These: pesults are then used:to show, roughly
speaking, that M is natural if and- only if M is natural and
that M is contmuous if and only if M 1s continuous. See
Theorem ‘8.6 for ' thé' prec133e statements. Fmally Section 9
contains a few elementary applications of the above results to
additive functionals. We' intend to .devote a future paper to
some deeper apphcatlons in this same, direction. |

"The notatién used in this paper is that of [1]. However for
convenience-of theireader we collect here some of the less stan-
dard notation. The state space’ E “for our p’roceSSes is & IOcal]y
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compact space with a countable base. Ey = E u {A} where
A isadjoined to E asthe point atinfinity if E is not compact
or as an isolated point if E is compact. All numerical functions
f on E are automatically extended to E, by setting f(A) =0
unless explicitly stated otherwise. For any such f,
| fIl =sup{ f(x):2zeE}. Of course, | f| may be infinite.
§(6*) denotes the s-algebra of Borel (universally measurable)
subsets of E. We will write fe§(6*) to indicate that the
numerical function f 1is Borel (universally) measurable.
If # is any collection of numerical functions, b¥ denotes
the bounded functions in # and ¥t (or #,) denotes the
nonnegative elements of #. For example, fe b6t means
that f is a bounded nonnegative Borel function. Cx denotes
the real valued continuous functions with compact support

on E. By f we will always mean the integral over (a, b]

unless explicitly stated otherwise. Finally we often will omit
the qualifying phrase « almost surely ».

2. Preliminaries.

We fix once and for all a pair of standard processes
X =(Q, 9, X,0,P) and X=(Q, % 4, X, 8, P
the same state space E which are in duality relative to a
fixed Radon measure &. We often write simply dz for E(dx)'

and (f, g) will always stand for ffg & = ff

whenever the integral makes sense. Naturally not all that
follows depends on the existence of the dual process X. We
will use the results of Section VI-1 of [1] without special
mention. Note, however, that we are assuming here that the
basic measure { is a Radon measure whereas in [1] it is
only assumed to be o-finite. This is merely for convenience.
On the other hand we make no regularity assumptions on the
resolvents of X or X such as those made in Sections VI-2
and VI-4 of [1].

Let M = (M,) be a multiplicative functional (MF) of X.
Throughout this paper all MF’s are assumed to be right
continuous, decreasing, and to satisfy 0 < M, < 1. Also
equality between MF’s always means equivalence; that is,
M = N provided that (almost surely) ¢t— M, and ¢— N,

&4,
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are identical functions on [0, {). See (III-1.6). For fe&}
define

(21)  Qf(@) =E{f(X)M}, t>0
Vef(2) = B* [~ e (X)M,dt, « >0

so that (Q) and (V*) denote the semigroup and resolvent
generated by M respectively. Since f(A) =0 we have

Q,f(x)=E””{f( JMy; ¢ < ¢}
and Vef (z) = f e=f (X,)M, dt.

We will use the results and terminology of Chapter III of [1]
without special mention. In particular, recall that
Ex = {z: P*(M, = 1) =1} is the set of permanent points
for M, and in the present situation ¢—> M, is identically
zero almost surely P* if z 1s not in Ey.

We now introduce an operator associated with M that will
play a fundamental role in the sequel. For fe&} and « > 0

define
(2.2) Pif(a) = —E= [Te=f(X)dM, if 2eEy
= f(z) if z & Ey.

Observe that the integration in (2.2) extends only over the
interval (0, ¥) by our convention on f. Of course, Pg% is
given by a kernel and as usual we write

Pif (2) = [ Py(=, dy) f (y).

Note that if T is a terminal time and M, = I 1)(t), then
Pef = P%f. Thus P§ extends the notion of « hitting opera-
tor » to a general MF (1). Obviously P&l < 1 for all «>0.
The following relationship i1s well-known but we will include
a proof for completeness.

(2.3) Prorosition. — If U*f s finite, then
Usf — Vef = PLUf.
Of course, if « > 0 and f bounded, then U*f is bounded.

(1) Itis well-known that on a possibly larger () space one can introduce a stopping
time R such that P§ = Pf.
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Proof. — If x e Ey, then V% (x) =0 and so the result is .
obvious in this case. The simplest way to prove the desired
1dentity for zeEy 1s to make use of the following lemma
which 1s due to Meyer. See [5, Chap. vir, Th. 15]. This lemma
will be used several times in the sequel.

(2.4) Lemma. — Let (a; t > 0) be a right continuous
increasing process adapted to (F,) and such that a(0) = 0.
Let (y,) and (z) be two nonnegative (measurable with respect
to F) processes such that for all stopping times T and some
fized tnitial measure w one has Ef(yr) = E¥(zr) where we set

Yo = 2, = 0. Then

E*"/: Y, da, = EP./:O z; da,.
The proof of (2.3) now goes as follows. It suffices to consider
f>0 and zeEy. Let a =M, —M, y = U (X)),

and z, = j;m e~f (X,) ds. The hypotheses of (2.4) are satis-
fied and one obtains

PEUf (@) = E* [ eU%f (X,) da,
= Er ST ef (X,) ds ) da,
=B [7 e=f (X,)a, ds
= Uf (z) — V*f (a),
since My =1 almost surely P~
The following result is essentially known. See Meyer [6].
Once again we will give the proof for completeness. For the

first time we make use of the dual process X. Our notation
follows the pattern of [1] for the most part. For example,

Pqu(z, y) = fP“acdz Y).

(2.5) TueorEmM. — Let M be an exact MF of X. Then for

each « > 0 there exists a function v*(x,y) > 0 such that

(i) Vef (2) = [ (@, y) f(y) dy
(i) u(z, y) = v*(x, y) + Pius(s, y).
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Let fV%(x) f dy f (y)v*(y, x). Then (V%) is a resolvent
ezactly subordmate to (0"‘) F inally x — 0%z, y) s« — (X M)

excessive for each y, and y — vz, y) is « — V excessive for
each z.

Proof. — First of all we suppose that « > 0. If f> 0 is
bounded, then PHU*f = U*f — V*f is a-excessive by defi-
nition of an exact MF. Hence P§&fe S* and Pif < f whe-
never fe @*. Here &* denotes the set of a-excessive functions.

Also if « < f then using (2.3)
PGUf (2) = E= [~ eo(1 — M) f(X,) dt
> B* [ e H(1 — M) £ (X,) dt = PEUS ().

In particular for each y, x — P&u*(z, y) 1s «x-excessive and
PBub < Pyu* < u® if B >a. Also for each z, y — Piu*(z, y)
1s1n &* (the x-coexcessive functions) because it is the «-copo-
tential of the measure Pg(z, .).

Let Ty = {(z, v): u*(z, y) < ©} and define

wix, y) = u(e, y) — Pl y) i (z,y)el.
= + o if (, y) & T,

Let I'i = {y: (z, y) eT'y}. Then for each z, E — I'} is of
measure zero and hence polar. Consequently (2.3) implies that
for bounded [

(2.6) Vef (z fw (z, y) [ (y) dy.

But I'ycTy,p since u“+3 < u® Therefore using the resolvent
equation for (VY) and (2.6) we see that for each 2 and
g >0

(2.7) BVetbwe(z, y) + w*tb(z, y) = w*(z, y)

almost everywhere. Now I'; is cofinely open and y — w¥(z, y)
is cofinely continuous on T§ provided vy >« If
w(.)=pVeté(xz, .) and v(.)=BV*FP%(z, .), then for
yels pVetbpo(z, y) = pU%y) — vU%y) whlch 1s cofinely
continuous on I'y. As a result (2.7) holds everywhere on I'j.
Consequently BV*+fw?(z, y) < w*x, y) everywhere, that is,
for each y, x —> w*z, y) 15 o« — V supermedian (III-4.5).
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Therefore BV*+fw*(x, y) increases with B and we define
p*(x, y) = lim BV**+w*(x, y). Then ¢* < w* and for each y,
fmee

x—>v%x, y) is « — (X, M) excessive. Moreover if f is in
bEL, IV < (« + B)2| fl, and so (2.6), (2.7), and the

monotone convergence theorem imply that

Vef (2) = [ v*(x, y) f(y) dy,
establishing (2.5 1).

Before establishing (2.5 11) we need to make a few preliminary
observations. First of all in light of (VI-1.5) it is clear that
u*tb(zx, y) decreases to zero as B — o for (z, y)e,. But
Petbustt(x, y) < u*¥(x, y) and so PEtPustt decreases to zero
as p—> o on I'y. Now fix (z,y)eI'y. Then

BVetiwi(z, y) = w¥z, y) — w*¥(x, y)
= w(x, y) — ut¥(z, y) + Pitbuctb(z, y),

and letting B — o we find that ¢* = w* on I',. Therefore
for (z,y)el,.

(2.8) (=, y) = (=, y) + Piu(z, y).

Now fix y. Then {z: (z, y) €'y} 1s of measure zero and so
(2.8) holds almost everywhere. But Ey is finely open and
z — v*(x, y) is finely continuous on Ey since M is exact;
see (II1-5.8). Therefore (2.8) holds if 2 1s in Ey. Butif =z
is not in Ey, ¢*(z, y) = 0 and (2.8) holds by the definition of
P%. Since y 1is arbitrary this establishes (2.5 i1).

For feb* and a > 0 define fV*(y) = [ v%(z,y)f (a) da.

Then for f, ge Cx we have (V% g) = (f, V%g). Note that
fV2 < fU0* if £>0 andso fV® is boundedif fe b§*. Recall

that we write the action of ﬂ“ on a function [ as

f0%(x) ff Y O(dy, = ff z) dy. Consequently
for feCK and «, B > O

(2.9) Ve — (V8 — (8 —a)fVeVE=0
almost everywhere. If ge b€ and y > 0, then
gVY = glj‘f — u07r  where j dz g(x)Pl(x, .), and

since all terms are bounded it follows that gVY is cofinely
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continuous. As a result the resolvent equation (2.9) holds
identically. Thus (V%) is a resolvent subordinate to (U%).
Moreover the subordination is exact because fU* — fV* = p (=
is a-coexcessive for fe b8;. Here p(.) = fdx f (x)P%(z, .).
See (III-4.8). A

It remains to show that y — v*(z, y) 1s « — V excessive
for each z 1in order to complete the proof of Theorem 2.5.
First observe that the resolvent equation for (V1) implies
that if B > « > 0 and y 1s fixed, then

(210) [ 0%z, 2)0%(z, y) dz = [ o, 2)o*(z, y) da

almost everywhere in x. But as functions of z both integrals
are finely continuous on Ey and vanish off Ey. Hence (2.10)
holds 1identically in 2 and y. Now fix 2 and let
u(y) = ¢z, y). Then

puVetiy) =8 [ v*(z, 2)0**¥(z, y) da

=8 [ o*ti(z, 2)0%(z, y) dz
- BVaH_ﬁ"'d(x’ y) T va(w’ y) = u(y)

as B —> oo since z—>¢*z, y) 1s a« — (X, M) excessive for
each y. Therefore u 1s o — V excessive, completing the
proof of Theorem 2.5 when « > 0.

It is easy to see that %z, y) > ¢f(z, y) if 0 <« < B.
Consequently defining

o(z, y) = ¢z, y) = hmv*(z, y),
a>0

one easily checks that ¢ has the desired properties, 1.e., (2.5 1)
and (2.5 1) hold when «a =0 and ¢z, y) 15 (X — M)
excessive as a function of z and V excessive as a function
of y.

(2.11) Remarks. — Clearly ¢* 1s the unique function
satisfying (2.5 11) and such that =z — ¢*(z, y) 15 « — (X, M)
excessive for each y. In particular ¢*(z, y) =0 if x is not
in Ey, and y— ¢%x, y) vanishes almost everywhere on
E — Ey. This last statement will be made more precise in the
next section. See (3.4).
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3. Dual multiplicative functionals.

In this section we will associate with each exact MF of X
an exact MF of X in such a manner that (1.2) and an
appropriate generalization of (1.1) hold. We begin by establi-
shing some notation. I M= (M,) is a MF of X, we write
(Q) and (V%) for the semigroup and resolvent generated
by M. In keeplng with the pattern of notation established in
Sectlon VI-1 of [1] we will write the action of these operators
as follows :

fQa) = [ fy)Qdy, 2) = B={ f(X)M
V(@) = [ f)Ve(dy, 2) = B [~ ef (X)M, dt.

For notational convenience we will Yvrite Ey in place of Eg
for the set of permanent points of M. Similarly we will write
Pz in place of f"ﬁ for the operator defined in (2.2) relative to
M. In accordance with the above we will write the action of

P2 on a function f as
= [ f(y)Ps (dy, =

With these conventions (2.3) becomes
(3.1) fUe — V= = fQePe

provided fU® is finite.
We now are prepared to state the main result of this section.
Recall that (f, / f(x)g(x) dz provided the integral exists.

(3.2) Tueorem. — Let M be an exact MF of X. Then
there exists a unique exact MF, M, of X satisfying

(3.3) Piu¥(z, y) = uap%/[(x, Y)-
For each o« > 0, (3.3) is equivalent to (fV%, g) = (f, Vg)
for all f, ge C. Moreover Ey A By is semipolar. Finally let
F =Ey — Ey. Then M:, = 0 almost surely on {T¢ < ¢}.
In particular if M doesn’t vanish on [0, ¥), then Ey = E
and E — By is polar.
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Proof. — Let (V%) be the resolvent constructed in Theo-
rem 2.5. Then (V%) is exactly subordinate to (ﬁ“) Now by a
result of Meyer [6 Th. 1.1] there exists a unique semigroup (Q,)
subordinate to (P,) having (V%) as its resolvent and such that
1Q, - 1Q, as ¢—0. Meyer assumes that (0% maps
continuous functions into continuous functions and this is
used at one point of his proof. However, 1t suffices for this
point to note that if f is a bounded continuous function, then
«f U* converges pointwise boundedly to f as « — o0, and
so this assumption on (ﬁ“) 1s not necessary. By another
theorem of Meyer, see (I11-2.3), there exists a MF, M, of X
which generates (Q,). Clearly the resolvent corresponding to
M is (V%). Consequently M is exact. Now (3.1) implies that
for each fixed y

u(z, y) = v*(z, y) + uPg(x, y)
almost everywhere in x. Combining this with (2.5 ii) we see
that (3.3) holds almost everywhere on {z:u%*(z, y) < ©}
and hence almost everywhere on E if « > 0. But both

sides of (3.3) are a-excessive as functions of z and so (3.3)
holds if « > 0. The case « = 0 1s obtained by a passage to

the limit. The fact that (3.3) is equivalent to (fV%, g) = (f, V*g)
for all f, ge C% follows readily from (2.3) and (3.1).

Next let N be another exact MF of X such that
Pgu® (x y) = u"'P“(x y) forall « > 0. But using (3.1) we see
that M and N generate the same resolvent, and hence the

same semigroup. Therefore M and N are equlvalent(III -1.9).
Thus we have established the existence and uniqueness asser-
tions in (3.2).

We turn now to the relatlonshlps between E, and E“

Since Ey = {V'1 > 0} =U {V1 > 1/n}, 1n order to show

that Ey — By is semipolar it will suffice to show that

={V1 > a} — R, is thin for each a > 0. As usual we
wrlte @k = Pi1. Let {h,} be a sequence in b6, such that
Uth, 41 and let p, = hg. Then

P}k = lim P}PkUyu, = hm Ut k..
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But P};p.,, 1s a measure carried by K u"K which is contained
in E— Ky since KcE — Ey and E, is cofinely open.
However Pi(., 2)=¢, if z is in E— By and so
f’%«p};p.,, = Pky.n. Consequently

PLOL — lim UtPiy, — lim PiUly, — &%
For z in K<cEy.
(o) = — E* [TetdM, =1 — V!(2) < 1 —q,

and so ®k(z) < Pil(z) < 1 —a forall z in K. Therefore
K is (totally) thin and hence E, — By is semipolar. By
duality E, — Ey is semipolar and so the symmetric diffe-
rence of Ey and By is semipolar.

Actually somewhat more 1s true. Let K be as in the pre-
ceding paragraph. Then @} = P}4®%k. If 2 is in Ey and
B, = M, — M,, then using (2.4) one obtains

Phk(z) = B [~ e“EX¥(e-T) dB,=E= [~ e~T:o0 dB,

Now let Ty =0 and T,,; =T, + Txeo 0y, be the iterates
of Tx. Since K 1is totally thin, T,} 4 o and clearly
t+ Tgo0,=T,,, if T, <t < T,,;. For notational conve-
nience let M = M,_ if ¢t > 0, M; = M,. Then for z in Eyx
PhOL(z) — E* 3§ e-Tan[Ms, — M5,. ]
n>0

= Eo(e) — E* 3, M} [e~T — e~ Tana].
n>1

But P}LPL(z) = ®k(z) = E®(e7™x) and since Tgx = T,, this
implies that E®{Mj [e~™» — e ™s+1] =0 for all n > 1 since
each term is nonnegative. In particular when n =1

Eo{M; e " [1 — e ]} = 0,

and because K is thin, this tells us that Mj = 0 almost
surely P° on {Tx < ¢}. Let F=Ey— Ey. Then F is
the increasing union of such sets K,, and so Ty = inf Tk,
Now M is right continuous and so My = 0 almost surely
P® on {Ty < ¢} foreach xze Ey. Of course,if z isnotin Ey
then almost surely P* ¢ — M, is identically zero. This com-
pletes the proof of Theorem 3.2.
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(3.4) Remarks. — It is now evident that ¢*(z, y) =0 if z
is not in Ey orif y is not in Ey. The fact that M; =0
almost surely on {Ty < {} 1implies that F is polar with
respect to the canonical subprocess (X, M) corresponding
to X and M. The example at the end of Section 8 shows that

= E does not imply that E — Ey is polar, while the
example at the end of Section 9 shows that E — Ey need
not be empty when M doesn’t vanish on [0, ). Finally it is
evident in view of the complete duality between X and X
that the map M — M is bijective from the class of exact
MF’s of X to the class of exact MF’s of X. We will write
M <— M for this correspondence, and we will say that M
and M are dual functionals.

(3.5) CoroLLARY. — Let M be an exact MF of X and M
be an exact MF of X. Then M and M are dual functionals
if and only if (fQ, g) = (f, Qg) for all t >0 and f, geCt.

Proof — If an f7 th we obtain (fva, g) (fa Vag)
by taking Laplace transforms This yields M <— M. Conver-
sely if M-<—> M, the uniqueness theorem for Laplace
transforms yields the desired equality almost everywhere
(Lebesgue) in ¢, and since ¢—> (fQ, g) and ¢t— (f, Qg)
are right continuous for f, ge Cf the proof of (3.5) is complete.

4. The multiplicative property.

We come now to the fundamental property of the corres-
pondence set up in Section 3. Recall (I11-5.20) that the product

of two exact MF’s 1s again exact. We denote the product of
two MF'sM and N by MN, thatis, MN = (M,N,).

(4.1) TueorEm. — The correspondence M <—= M is mulii-
plicative, that 1is, if M-<— M and NN, then
MN < MR,

We will break up the proof of this theorem into a series of
lemmas. Let us fix M and M with M <— M. We will use
the notation established in Section 3 without special mention.
In particular {Q,} and {Q,} are semigroups subordinate to
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{P,} and {P;} respectively, and so we can choose ¢z, y)
and ¢z, y) to be jointly universally measurable in (z, y),
lying between zero and one, and such that

Q(z, dy) = q(=, y)P(=z, dy)
Qt(dy’ x) = ‘?t(xa y)pt(dy’ x)

(4.2) Lemma. — Let G(z, y) be nonnegative and jointly
measurable (i.e., Ge (8* X 8*),). Then

S 1S Pia dy)Gla, )| dz = [[ [ Gla, y)Pde, v)]dy,

and a similar formula holds if P, and P, are replaced by Q,
and Q, respectively.

Proof. — It suffices to prove this when G(z, y) = g(z)h(y).
But then the desired equality reduces to (g, P,h) = (gP,, h).

Similarly (g, Q) = (gQ,, k) implies the formula involving Q,
and Q.

(4.3) Lemma. — Let gebty. Then for almost all y

S e@)ala, Pz, y) = [ g@)ily, ©)P(da, y).
Proof. — Let fe Cg. Then using (4.2)

(& Qf)= /| [ Pa z, y) f (y)] gla) do

=1/t Pt 2, Yz, el f () dy.

But (g, Qf) = (gQ, f) and the result follows since
(eQu f) = [ [ [ Pude, vy, 2)g()]f(y) dy.

~ (4.4) LemmMa. — Let ¢ and ¢ be in b8% with ¢ =1
almost everywhere. If f is bounded and integrable, then

(ePy, f) =Py ) and (9Q, f)= (WQs f) for each t.

Moreover

(45) [ o(@)q(=, y)P(dw, y) = [ $(2)aly, 2)P(dz, y)

almost everywhere in y.
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Proof. — It suffices to consider the case feCi and ¢
and ¢ integrable. Then u (dz) = f(z) dz 1s a finite measure.
Let D= {¢ # ¢}. Then D 1is of a potential zero and so

Pr(X,eD) =0 almost everywhere (Lebesgue) in s. Now
fix ¢ Then there exists a sequence {t,} decreasing to ¢
such that for each n

0 = P¥X, D] = [P,(D, 2)f(a) do
Therefore (<pp,n, f)= (q;f),n, f). But

(@P., )= (o, Pif) = (o, Pif) = (oP,, f)

since feC%, and similarly (¢P,, f)— P, f). Hence
(9P, f) = (YP,, f). A similar argument yields

(‘PQu = ‘PQ:’

Coming to (4.5) we again may assume that ¢ and 4; are
integrable. If fe Cf then using (4.2)

(0, Qf) = |/ 0@, v)o(@)Pudz, »)]|f () dy.
But by the first assertion in (4.4),
(o, Qf:) = (9Qu ) = (¥Qs ),
and this yields (4. 5) because

W, £) = [ S (=) v, 9)Pda, )| f () dy.
(4.6) LEmma. — Let F(xy, 2, ..., z,) be nonnegative,
bounded, and measurable and let 0 <t < --- < t,. Then

for almost all x,

f f ptl(dxl, Z9)q:,(®1, o) ... p,ﬂ_,n_‘(dx,,, Zpe1)
q:n-:n_.(xa, Xy 1) <xo, )
= f f pt.(dxu 930)%(330, xl) t,.—t,,_.(dxm Zp—y1 )

G-t (Taezs To)F (2o, ... 2,).

Proof. — It suffices to consider F(z,, ..., z,) =[]z,
i=o

where each f; i1sin Cx. In this case fy(z,) plays no role and
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so we will drop it from our notation. The proof proceeds by
induction on n. If n=1 this reduces to Lemma 4.3. For
the induction step let s =t — &, ss=1t;3— 1ty ...,
$4—1 = t, — t,;. Then the induction hypothesis implies that

f fpt, t, dxz, xl)(lt,—-t.(xz, 5'/'1)

pt,.—t,._,(dxm xn—l)qtn—tH(xm - 1) fz(xz) e fn(mn)
and

) =f"'fpt,—t,(dx27 21) i1, (%1, Za)
LRI Pt,.—t,._.,<dxm xn-—l)qg.—t,,_,(xn—ly xn) f2(x2) o.. fn(xn)
agree almost everywhere. Multiplying by fi(z,) and using (4.5)

we obtain Lemma 4.6.
We now fix t. Let

U={0=1t, <t < -+ < t, =1}
be a finite subdivision of [0, ¢t], and define
Mt(cl’t) = qh(Xo’ Xh)q‘:_h(yxtﬁ th) e qt—‘n-—{(X X)

th—?

Meyer has proved that if {U,} 1s an increasing sequence of
such subdivisions such that UU, is dense in [0, ¢], then
M,(U,) = M, almost surely. See, for example, the proof of
(I11-2.3) in [1]. We also define for such a subdivision

N[t((“’> = qla(%‘” >:(h) L ql"‘n—a(j‘(tn——l’A X‘)
Mt(%) = qtl(X‘A’ Xo) e q‘_‘n—a(X“ X‘n—a)'
Of course, M,,) — M, almost surely, and we are going to
study the relationship between M,(U) and N}AL).
(4.7) Lemma. — Let p be an absolutely continuous initial

measure on E. Then M (W) = M*) almost surely Pv.

Proof. — It suffices to prove that if F(z,, 2, ..., z,) is a
nonnegative bounded Borel function, then
B=(F(X,, ..., X)MA)} = B={F(X,, ..., X)M}U)}

almost everywhere in z. But writing these expectations out

in terms of the finite dimensional distributions of X, this
reduces to Lemma 4.6.
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Combining Lemma 4.7 and the preceding discussion we see
that M7, — M, almost surely P* provided that p is
absolutely continuous.

We are now prepared to prove Theorem 4.1. Let M and N
be exact MF’s of X and let M<—->M and N<«—N.
Let (R) and (R, be the semigroups generated by N and N
respectively and let Ry z, dy) = r(z, y)P(zx, dy) and
R,(dy, z) = #(z, y)P(dy, ). If U is as before, we define
N,W), NU), and NjU) in the obvious fashion. By the
preceding discussion  M,(U,)N,(U,) — M,N, almost surely,
M,U,)N,U,) - M, almost surely, and

M (U,)NFAU,) — MK,

almost surely P provided u 1is absolutely continuous. In
these statements {U,} is any increasing sequence of partitions
of [0, ¢] whose union is dense in [0, t]. It will be convenient
to let U, = {0, 2% 2:2-% ... t}. Let f, gebb,. Then
w(dz) = f(x) dv and v(dz) = g(z) dr are o-finite measures
on E. We claim that (U = U, for a fixed n)

(4.8) E#{M(UN,(Wg(X)} = EX{N(WN) f(X)}.

Let us assume the truth of (4.8) for the moment and use it to
complete the proof of Theorem 4.1. If we set U = U, in
(4.8) and assume that f, ge C¥, then letting n—> o we
obtain

(4.9) E#{M,\Ng(X,)} = Ev{MtNtf(Xt)}

Thus if we define (S,) and (S,) to be the semigroups gene-
rated by MN and MN respectively, then (4.9) states that
(f, Sig) = (fS,, g) for each ¢ and all f, ge Ci. Hence by
(3.5), MN < MN.

Therefore to complete the proof of Theorem 4.1 we must
establish (4.8). Using Lemma 4.7 we see that the right side of

A

(4.8) reduces to BY{M{AWN}U) f(X,)}. Thus in order to
establish (4.8) we must show that

(4.10) EF{M,U)N,U)g(X,)} = E-{MHUNIA) £(X)}.



MULTIPLICATIVE FUNCTIONALS OF DUAL PROCESSES 59

We will prove (4.10) for any partition U of [0, ¢t] into equally
spaced points by induction on the number of such points. If
U = {0, t}, (4.10) 1s an immediate consequence of Lemma 4.2.

Now let U={0=t <t < -+ <t, <ty =1} where
tisa —tj==s forall j, andlet V={0=1¢, <t < --- < t,}.
Define

<P(xl) =f "’/ps(dxz’ xl)qs(xz’ 371)":(372, .’131)
LA ps(dxrﬁl’ xn)q.s(xrﬁl, xn)’s(xn+1, -’IU,,) f(xn-l-l)
= E={M{(0)N;(D) f(X,)}-

Then by Lemma 4.2 (or the case n = 1) the right side of
(4.10) 1s

fg(xo) dxofps(dxl, xo)q,(xl, .’1?0)7':(371, .-130)‘:?(5”1)
= f o(7) doy f P21, d20)qu(21, @)1, %0)8(20)
:fcp(xl)np(xl) dz, = EX{M:.(OD) a(P) f(xt,.)}

‘where {(z;) denotes the integral over z, and
Nda) = $(z) day.
But by the induction hypothesis this last expression becomes
EX{M, (V)N (D)$(X,,)} = EFH{M(U)N,(U)g(X,)},
establishing (4.10). Thus finally the proof of Theorem 4.1 is

complete.

Theorem 4.1 will have a number of important consequences
in the following sections. Here is one which generalizes (1.1).
If T is an exact terminal time of X, then M, = I} 1\t
is an exact MF of X with M? =M. Consequently if
M<— M, then according to (4.1), M2=DM. Let
T =inf{t: M,=0}. Then T is a terminal time and
M, = Iy 2y(t). Hence T is an exact terminal time of X.
Also P2 =P¢ and Pz =P§ (=Pz for typographical
convenience). If we agree to say that two exact terminal times
are equivalent if the corresponding MF’s are equal (i.e.
equivalent as MF’s), then we have proved the following corol-
lary.
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(4.11) Cororrary. — Let T be an exact terminal time of X.
Then there exists a unique (up to equivalence) exact terminal
time T of X such that P2u*(z, y) = u*P%(z, y).

The discussion leading to (4.11) depended on the fact that
(M2)* = (M)2. The next corollary is a useful extension of
this fact. First observe thatif A > 0 and M i1sa MF of X,
then M* = (M}) is again a MF of X. Moreover (III-5.9)
and (I1I-5.20) imply that M* is exact if M is.-

(4.12) CororLrary. — Let M be an exact MF of X and
lett M <— M. Then for any A > 0, M* < M.

Proof. — If A 1s a positive integer this is an immediate
consequence of (4.1). Let M2 < N. Then using (4.1),
N2 =M and hence N = M2, Consequently M*<— N*
whenever A 1s a dyadic rational. Given A > 0 let {A,}
be a sequence of dyadic rationales approaching A. Then
(M)* — (M)* and (M)* — (M,)*. Combining this with (3.5)
yields (4.12).

We will close this section by discussing a generalization of
the switching identity (1.1). To this end we fix an exact MF,
M with dual M, and as usual (Q;) and (V%) will denote
the semigroup and resolvent generated by M. If N is another
exact MF of X we define operators Q% as follows:

(413) Qi () = — E* [ eMf(X)dN, weEx
= [ (2)Is (), x ¢ Ey.

Observe thatif T is an exact terminal time and N, = I, 1,(¢),

then
Q¥f (z) = E*{e~*"™Mzf (X1)} = Qff ().

Let (W% denote the resolvent corresponding to MN.
Using (2.4) 1t 1s easy to check that if fe &% and V*f is finite,
then

(4.14) QzVef = Vof — Wof.

A straightforward computation now shows that (W% 1is
exactly subordinate to (V*) and that Q% maps $*M) into
itself. Here $*%(M) denotes the set of « — (X, M) excessive
functions.
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In the next proposition Q% is defined from M and N in
the same way that Q% is defined from M.and N. Of course

we write fQ%(z) = | f(y)Q%dy, z) for the action of Q% on a
function f. i

(4.15) PropositioNn. — For each o > 0,
Qv*(z, y) = »*Qile, y)-

- Proof. — It suffices to prove this when « > 0. Let f and g
be in Ci. Using (4.14) and its dual along with (4.1) we have

(8 QEVYf) = (g (V2 — W) = (g(V* — W9), f) = (gV*Q ).

Consequently Q%Vef (z f *Q%(z,y) f (y) dy almost every-
where, and hence everywhere since both sides are in 9*(M)
as functions of 2. This in turn implies that for a fixed =,
Qav(x, y) = v*Q%(z, y) almost everywhere in y, and hence
everywhere since both functions of y are in J%M). Thus
(4.15) 1s established.

The most important special case of (4.15) is when
N, = Ipr,(t) with B a Borel set. In this case (4.15) states

(4.16) Qe y) = Qe y).

5. Some examples.

In this section we will give some examples of dual multi-
plicative functionals.

Undoubtedly the most important example i is glven by the
dual exact terminal times Ty and TB where B 1is a Borel set.
This example already was discussed in (1.1) and (1.2). At the
opposite end of the spectrum from this example is the case of
« classical » functionals which is treated in the next two propo-
sitions.

(5.1) ProrositioN. — Let h be a bounded nonnegative
Borel function. Then M, = M,(h) = exp[ f h(X ] and
M, = M,(k) = exp [—— f: h(X, ) ds] are dual functwnals
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Proof. — Both M and M are continuous and they are
exact since Ey = fy = E. In order to show that M < M
it suffices to prove that for f, ge Gf and for each fixed ¢ > 0

(5.2) E/{M,g(X)} = Bo{Mf (X))}

where we have written E/ %:.} for E#{.} when
w(dz) = f(z) do and similarly for Ef. First of all we consider
the case he Cg. Then

s do— im0 T (V] — i £ & [ K

[o H(X) ds = lim = 5 [X< n)] =lm £ 3 [(x n)]

since h isin Cx. Thusif H,(z) = exp [—— % (x)] we have
o kt N kt

M, = lim [T H, [ X <;>] and ¥, = lim ] H, [X<;>] and

> o

hence to establish (5.2) it will suffice to prove

(5.3) Efé ,,Izl H[X (%‘)] g(X,)g - Eﬂg "1:1 H[X <fg>] £(X) ;

forany H e b6,.
If n=1, (5.3)reduces to the identity

[t is easy to check by induction on n that (5.3) may be written

in the form (fH, (P,,H)"g) = (f(HP,,)", Hg) (). But for a
fixed s the identity

(fH, (P,H)*g) = (f(HP,)", Hg)

is immediate, and this establishes (5.3). Thus we have proved
(5.2) when he Ck.

Let # denote the class of all bounded nonnegative Borel
functions h for which (5.2) holds. Clearly #6 is closed under
‘bounded pointwise limits and we have just seen that Cf c 6.
Consequently #6 contains all bounded nonnegative Borel
functions. Thus Proposition 5.1 1s established.

We now are going to extend Proposition 5.1 to the case of an
arbitrary nonnegative Borel function k. However, we must

() Here (P ,H)" denotes the n-th iterate of the operator P,H which maps a bounded
function g into the bounded function P,(Hg), and (HP,)" is defined similarly.
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exercise a certain amount of care in this case since

exp [— ‘/o‘t h(X,) ds] need not be right continuous if A is

unbounded. To overcome this, let
. ¢
T =inf $¢: [ h(X,) ds = oof-
Then T 1is a terminal time and we define
I t
(5.4) M, = M(h) = ym(t) exp [ — [ h(X,) ds]-

Clearly M 1s a right continuous MF of X, and if A is
bounded then T = o so that this is consistent with our
previous definition of M(h). Of course, when A is unbounded
Ex need not be all of E. However if z is not in E,, then
P*T =0) =1 and almost surely P*, [*h(X,) ds= o for
all ¢t > 0. As a result, using (III-5.9), it is easy to check that
M is exact. One more observation is needed. Namely if we
define M = exp[— [ 'h(X,) ds]> then t—M, and t—> M}
agree for all values of ¢ except possibly ¢t= T, and so
Vef (z) = E® ‘/o‘w e~f (X)M? dt. Of course, M(h) is defined
analogously.

(5.5) Proposition. — If h ts a nonnegative Borel function,

then M(h) and MI(R) are dual functionals.

Proof. — Let h,=han. Then M(h,) — Mj(k) and
M,(h,) — M}(h) where the notation is that introduced above.
Let (V¥ and (V%) denote the resolvents of My(k,) and
M,(h,) respectively. Then by (5.1), (f, Veg) = (V% g) and
letting n — oo and using the remark preceding the statement
of Proposition 5.5 we obtain (f, Veg) = (fV% g). Hence
M < M and (5.5) is proved.

Proposition 5.5 was proved by Hunt in [4]. Hunt used a
different method. If we combine (4.1), (5.5), and the duality

of Ty and Ty for a Borel set B, we obtain the full duality
result proved by Hunt in [4].
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6. Duality of non-exact multiplicative functionals.

It often is useful to extend the notion of duality to general
(always right continuous, decreasing, and satisfying
0 < M, < 1) multiplicative functionals.

(6.1) DeriniTiON. — Two MF’s, M and M of X and X
respectwely are said to be dual (or to be in duality ) provided that

(f,Q8) = (fQ, g) forall t > 0 and f, ge Ck. This condition
is equivalentto (f, Vg)=(fV%g) forall « > 0 and f, ge Ct.

It follows from (2.3) that if M and M are dual MF’s,
then Pju®(z, y) = u*P%(z, y) almost everywhere with respect
to £ X £ on E X E. This will be an identity in z and y
if and only if M and M are exact. |

(6.2) Prorosttion. — Let M be a MF of X. Then there
exists a unique exact MF, M of X that is dual to M.

Proof. — It is known that there exists a unique exact MF,
M* of X such that if (W% 1s the resolvent corresponding
to M*, then V* < W% EycEw, V¥z, .)= W%z, .) if
zeEy, and t - M, and t— M} are identical almost surely
P on [0, ¥) if zeEy. In particular M, < M almost
surely. Finally Eyx — Ey is of potential zero and hence of
measure zero. See (I111-4.9) and its proof and (I111-4.25). We will
call M* ‘the regularization of M. Since Vg = W2g almost
everywhere we have (f, Veg) = (f, W*g) for all f, ge Ct.
Thus if M <— M*, then M and M are dual MF’s.

(6.3) Remark. — The proof of (6.2) shows that M and M
are dual if and only if their regularizations are dual.

It follows from (III-4.25) that for each ¢t > 0 we have
almost surely M} = lim M,_; - 6,. Consequently if M and N

svo0

are MF’s, then for each ¢ almost surely (MN); = M;{N}.
But (MN)* and M*N* are right continuous and so
(MN)* = M*N*. Similarly (M*)* = (M*)* for any A > 0.
The following result now follows from (6.3), (4.1), and (4.12).
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(6.4) CororLary. — Let M and M and N and N be dual
respectively. Let » > 0. Then MN and MN and M* and N
are dual respectively. .

We will say that two terminal times T and T of X and X
respectively are dual provided the corresponding MF’s are
dual. Observe that if T 1is a terminal time of X and
M, = I;pr(t), then (M*)2=M* since M? =M. Conse-
quently there exists an exact terminal time T* such that
M} = Ipx(t). We call T* the regularization of T. It is
immediate that almost surely T < T* and that if z is not
regular for T then T = T* almost surely P=.

If M isa MF define S=1nf {t < {: M, = 0} if the setin
braces is not empty and S = ¢ if it is empty. (Note that we
are not assuming that M, =0 if ¢ > ¢) Then S 1is a
terminal time, but it need not be exact even when M is
exact. (See the example on page 131 of [1].) The following
result 1s sometimes of interest.

(6.5) Proposition. — Let M and M be dual MF's.

Then S and S are dual terminal times.

Proof. — There is no loss of generality in assuming that

M,=0 if t > ¢ since (M) and (Ipg(¢t)M,) are equivalent

MF’s. Similarly we may assume that M, =0 if ¢ > . Let
N,=1lm (M)*. Then N,=1 if ¢<S and N,=0 if
AVO

t > S, that is, N, = Ijp5(t) for all ¢t except possibly t = S.
In particular if (W?*) is the resolvent corresponding to S,

then W¢f(z) = E* /; “e#N,f(X,) dt = lim Vif(z) for all
A>0
bounded f and « > 0 where (V{) is the resolvent of M.
Similarly fW*(z) = lim fV%z) where (W%) and (\7;) are the
A>0

resolvents of S and M* respectively. As a result (6.4) implies
that S and S are dual terminal times.

7. Measures associated with multiplicative functionals.

In this section we will associate with certain MF's a
measure in a natural and useful manner. The ideas and tech-
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niques of this section are due to Revuz [9]. We merely adapt
his methods to cover the situation which interests us here.
These results will be applied to the study of dual functionals
in Section 8.

It will be convenient to single out a particular representative
of a given MF. Recall that we are identifying equivalent
MF’s. Therefore in the remainder of this paper we will assume
that each MF, M is normalized as follows: M,(w) =1 for

all t>0 if Xi(o)=A, M(o) = lim My(o) =M, (o) if
uh f(w)
t > {(0) and Xy(w)eE. This is no loss of generality since

each MF 1is equivalent to a normalized one. See (III-4.23).
As in Section 6 we define S, or Sy if the dependence on M
needs emphasis as follows: S=1nf {t < C: M, =0} if the
set in braces is not empty and S = { if it is empty.

We now fix a normalized exact MF, M with dual M also
assumed to be normalized. Let B,= M, — M, Then
B, =B, + M/(B;06,). That is B 1is an additive functional
of (X, M) except that t— B, need not be continuous at

= S. See (IV-1.1) for the deﬁmtlon However t—+Bt 18
constant on [S, o] and is continuous at ¢ = ¢ in view of
our normalization of M. Note that Ugf(x) = Pgf(x) if =
is in Ey, but that Ugf (z) =0 if z 1s not in E,. Here
Ug 1s the a-potential operator associated with B, that 1s,

Usf () = E* ["e=f (X,) dB

For the purposes of this paper the following definition 1s
appropriate.

(7.1) DerintTION. — A family A= (A;:t>0) of nonne-
gative random variables is called an additive functional (AF)
of (X, M) provided :

(1) for each t, A, 1s &, measurable;

(i1) for each t and s, Ay, = A, + M(A;00,) almost
surely,

(111) almost surely t— A, s right continuous, increasing,
constant on the interval [S, ], continuous at t=7Y, and

Ay =0.
As remarked above this differs slightly from (IV-1.1) in that
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1t does not require A to be continuous at S when S < .
(In [1] we assumed that M, =0 1if ¢ > ¢ which implies that
A 1s constant on [S, ], and so it was not necessary to
require this in (IV-1.1).) Let A(M) denote the class of all
AF’s of (X, M) which are finite on [0, {). In particular
B e A(M). For simplicity in what follows we will restrict our
attention to A(M), although the results are valid somewhat
more generally This is ]ustlﬁed because our main concern in
this paper is B.

Following Revuz [9], we define for feé, and A eA(M)

(7.2) na(f) =sup B (X

This definition does not depend on the existence of the dual
process X. One need only assume that X has a reference
measure and that £ is a fixed excessive reference measure.
One says that A is integrable if v, (1) < 0. If A = ZA"
where each A® isintegrable, then A is said to be s-integrable.

(7.3) Remark. — Our definition of s-integrability differs from
that of Revuz who requires that E = UE, where
va(Ig,) < o for each n. Since we are assuming that

AeA(M), if such E, exist then A} = f I, (X) dA; 1s in

A(M) for each n. Clearly A = ZA" and each A" 1s inte-
grable. Thus our definition 1s somewhat more general than
Revuz’s and is the appropriate one for us. If one considers
additive functionals which are not in A(M), then A" defined
above need not be an additive functional and one is forced
to adopt Revuz’s definition.

Exactly as in [9] one establishes the following proposition.

(7.4) PropositioN. — Let Ae AM). If fe b6, then
(f)—hmrlEEff ) dA, = lim «(1, Ugf),

tvo

and this last lvmit s increasing. If A 1is o-integrable v, defines
a measure which is a countable sum of finite measures; it is
finite if and only if A is integrable. Clearly v, does not charge
polar sets and if A s continuous v, does not charge semipolar
sets.
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Proposition 7.4 is relatively elementary and is valid under
the assumption that £ is an excessive reference measure for X.

The next result is much deeper and is the key to our later
applications. We do not strive for the utmost generality in its
statement. Recall that A 1is natural provided that almost
surely ¢t— A, and ¢t — X, have no common discontinuities.
Furthermore we will say that a Borel set D carries A provided

that almost surely ¢t—> A, and t— f In(X,) dA, agree on

[0, ¥). Evidently this implies that U%f = U 2(fIp) for all
« >0 and feé,.

(7.5) TaeoreEm. — Let A e A(M) and assume that A 1is
natural, c-integrable, and u§ = U$1 is finite. If A is carried
by By, then u® = V% where v = v,, that is,

B [ e dA, = [ v*(z, y)v(dy).

Proof. — This is essentially Proposition V.1 of [9]. As in [9]
it suffices to prove it when « > 0 and A is integrable. Let
febb, be integrable (with respect to £). Then since M is
exact fV*=fU0+— (fO0*— £V 1is the difference of two
bounded «-coexcessive functions, and so t— fV*(X,_) is left
continuous on (0, ¥) by Weil’s theorem [10]. Now argumg

exactly as in [9] one shows that V* < u% Again just as in
[9] one finds that

f (ug — V&) dE < 1 tim [(1, Budt?) — (1, Vtiy)].

+4 ﬁ.)w
But (1, ﬁu“+ﬁ)—>v(1) by definition, while (1, BVeHBy) —v(Ey)
because B(1V*+#) increases to the indicator function of B
as B —> . The fact that A is carried by Ey obviously

implies that v also is carried by Ey. Consequently u% = Vv
almost everywhere, and hence everywhere since both functions
are a — (X, M) excessive. This establishes Theorem 7.5.

Remark. — Under the assumptions of (7.5) the measure v,
must, in fact, be o-finite. Indeed if p 1is any measure carried by
Ey and V% is finite almost everywhere, then one can find a
strictly positive f such that (f, V) < oo. But fV* is
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strictly positive on Ky and f (fV%) dp. = (f, Vou) < oo.
Consequently w 1is o-finite.
Next the following uniqueness theorem is proved in the same

manner as (VI-1.15).

(7.6) Prorosition. — Let p be a measure. If Vou 1is finite
almost everywhere, then V*u. determines the restriction of
to EM. ‘

Clearly this is the most that one could expect since for each
z, 94z, y) = 0 if yeBy andso Vou(z) = fﬁ o, y)u(dy).
Thus under the assumptions of Theorem 7.5, v, 1s the unique
measure carried by Ky such that u? = V%v,. Using (4.16)

the proof of (VI-3.1) can easily be modified to obtain the
following result.

(7.7) ProrositioN. — Let A satisfy the hypotheses of (7.5).
Then for any fe&t, USf = V*( fu,).

Now we turn our attention to sufficient conditions that the
hypotheses of (7.5) hold. Once again we follow Revuz [9].
The next lemma is the analogue of Lemma I1.2 of [9] and the
proof is exactly the same.

(7.8) LEmma. — Suppose that A and D arein A(M) and
that D 1s integrable. If fe bét s such that for some o > 0,
Usf < ul < o then vua(f) < oo.

(7.9) Lemma. — Let AeAM). If A 1is continuous at S,
then A s carried by Ey.

Proof. — Let R be the hitting time of E§. Recall from
(IT1-5.3) that almost surely S < R. Since A 1is continuous
at S

A= (X)) dA,= [ 15,(X,) dA,,

and bence A 1is carried by Ey.

The criteria for o-integrability contained in the next two
propositions will suffice for our purposes. However, we readily
admit that Proposition 7.11 is not particularly satisfying as it
stands.
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(7.10) Proposition. — Let A e AM). If A is continuous,
then A is c-integrable.

Proof. — Let C, = f; ' (M,)* dA,. Note that the integration

extends over (0,tAS) since A is continuous and constant on

[S, o). Let g be a bounded strictly positive integrable
function and define

o(z) = B [ e~M, exp [— CJg(X,) dt.

Clearly ¢ > 0 on Ey. A straightforward computation shows
that

ko(2) = B2 [T e M1 — e=%)g(X,) dt < Vig(a).
If E,={e > 1/n}, then I; < n¢ and so
Uilr, < nUle < nVig.

If D,= [ MgX,)du then DeA(M) and ug= Vg But
for any « > 0, «(1, Veg) = «(1V%, g) < fgd?, < o and
hence D is integrable. It now follows from (7.8) that

va(E,) < ©o for each n. Since Ey=UE, Lemma 7.9

implies that A 1s oc-integrable, completing the proof of
(7.10).

(7.11) ProrositioN. — Let A e A(M) and assume that for
some o > 0, u$ is finite. If, in addition, A(S) — A(S —) s

bounded by a constant, then L, = fo ‘ Ir (X,) dA, ts o-integrable.

Proof. — Let {a,: — © < n < o} beatwo-sided sequence
of positive numbers such that a, <a, if n<m and
lim a,=0, lim a, = + . For each n define

n>-—w n>»-+wx
Tn == inf {t < S : ath S A.‘ _— A.‘__ < an+1Mt}.

Then each T, is a complete terminal time (IV-4.6) and using
standard techniques we can write

(7.12) A=A+ AT+ X Al

N=—=-—
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where A° is continuous, A* is constant except possibly for a
jump at S, and each A" is a pure jump element of A(M)
which 1s continuous at S and satisfies

aM, < A} — A}_ < a, ., M,

at its (discrete) points of discontinuity. According to (7.9),
Ac and each A, is carried by Ey. Let Lf= [ Ip,(X,)dA%.
Then in light of (7.10) in order to establish (7.11) it will suffice
to show that L* and each A, are c-integrable.

Now fix n and let D = A,. Then D e A(M), u% is finite,
D is carried by Ey, and D, — D, < aM, where a = a,,,.
We now use an argument of Revuz to show that D 1s s-inte-
grable. We may assume « > 0 since uf decreases as «
increases. Let fe b6, be strictly positive and integrable.
Then V%f 1s bounded and strictly positive on Ey. Define
F,= {u} < kV }n {V*f > k1}. Clearly UF,= Ex. Fix k
and let T = Ty, g = Is,. Then

Uzg(z) = E= f[T _ eg(X,)dD,

= E2{e=*Tg(Xy)[Dr — Dr-]} + Q& Usg(x).

But Ugg < uf < kV*f on Fx and so Q% Ugg < kQ% V4f.
On the otherhand the first term is dominated by

aE*{c~Tg(Xr)Mz} < akQg,V¥f ().

Thus U%g < k(a + 1)V?*f. Consequently by (7.8), vp(Fx) < o
and hence D 1is s-integrable since it is carried by Ey.

Finally it remains to show that L* is o-integrable. Unfor-
tunately we have been unable to find a simple proof of this
fact and the argument that we are now going to give is a bit
involved. It 1s essentially due to Meyer [7]. As we have remar-
ked several times S need not be exact. Therefore let T be the
regularization of S. (See the discussion following (6.4).)
Thus T is an exact terminal time S < T and S=T almost
surely P® if zeEy. We will omit the phrase « almost
surely » in the remainder of the proof of (7.11) in those places
where 1t obviously applies. Since S < { we may assume that
T<¢

We define the iterates of T in the usual manner: T, =0,
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Tiya=T,+Toby, for n>0, and let R=1mT,.
Clearly each T,<¥ and so R<?¥. Since T 1s exact, T is
a complete terminal time, that is, for each k>0, n>1, and
stopping time Q, T,,, =Q+ T, 05 on {T, < Q < T,,4}.
See (IV-4.6) and (IV-4.36), and also [8]. One checks easily
that T,.; <T, on {T,<R} and that R is a strong terminal
time. If Ex = {z: P*R > 0)=1}, then EycEx. (In
fact ' Ex =Er = {z: P*T > 0)=1}.) Let a,=0 and
a,=a for n>1 where 0 < a < 1. Define
N=1] (1 — a,).
n,T,<t

Then N, is right continuous and N, > 0 if ¢t < R, N,=0
if ¢t > R. Using the fact that T is a complete terminal time
one can easily check that N = (N,) is a MF. Next define

~ dN,

L (1 17 Nu-

= lim D, t > R,
uAR

D, = — t <R

and observe that D 1s an additive functional of (X, R).
Infact D,=na if T, <t < T,,;. Nextlet g bea bounded
strictly positive integrable Borel function and define

o(a) = E= [ eNg(X,) dt.

It is evident that ¢(z) > 0 if and only if ze Egr and that
¢ « b8%. Using the integration by parts formula [5] one finds

/e 4\ N, i
0= d<N"N,> =7, TN <1\>

N,
familiar calculation using (2.4) yields

on [0, R), and so dD,= Nd <—1——> Making use of this a

Ubep(z) = B [ (1 — N)g(X,) dt < Wig(a),

where (W?) 1is the resolvent corresponding to R.
We claim that «(1, Ugp) < (1, g) forall « > 1. This is the
key step in the proof of (7.8), but we will give the argument for
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completeness. By the resolvent equation and its analogue for

(Ug), (IV-2.3)
Weg — Ulo = Wig+ (1 —a)WeWig — [Ule + (1 — a)W*Ule],
and since «a1W* < 1 this yields for « > 1

(1, Weg — Uge) > (1, Wig — Upe) > 0.

Consequently «(1, U%e) < «(1, Weg) = «(1W=% g) < (1,5) < o
because g 1is integrable.
Now returning to A* if b is a bound for A(S) — A(S —)

we have for each z e Ey
Utve(a) < BE={e~=%6(Xs)} = bE~{e~T9(Xu)} < = Uge(a).
But U%¢ =0 off Ey and so

b b
«(1, Ugo) < = (1, Uge) < — (1, g) < .

Finally since ¢ > 0 on EzxoEy we see that

f I, (X,) dA®

1s o-integrable, completing the proof of (7.11).

(7.12) Remark. — In checking the hypotheses of (7.5) the
following observation is helpful. Suppose that A e A(M) is
carrted by Ey and that A(S) — A(S—) < bM(S —) on
{S < oo} where b 1s a positive constant. Then if uf is
finite, A is carried by Ey. Indeed since U%(z, .) is a finite
measure 1t suffices to show that U%Ig(z) = 0 for each fixed
zeEy where K= {V1 > a} — £y with a > 0 because

w — By is a countable union of such sets. But in the proof
of (3.2) we showed that Mp_ = 0 almost surely P* on
{Tx < ¢} foreach z in Ey. Fix such an z. The following

statements are understood to hold almost surely P?. Clearly
S < Tx and so

Uslk(z )— Be [ e *Ix(X,) dA,
bE={e—Ms_; S = Tx < ¢} =0,

and so A is carried by Ey.
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Recall that B, = M, — M,. Suppose that

A, = fl,;“ )dB, = — [ Ln(X,

1s natural. Then combining (7.11), (7.12), and (7.7), we see
that there exists a unique o-finite measure p = v, carried by

Ey n By suchthat Usf = V¥( fu) forall fe8&+. Wewill call p
the measure associated with M. In particular for each ze Ey,
feér, and « > 0

(7.13)  Pa(f In,)(2) = Ugf (2) = [ %@, y) f (y)u(dy)-

8. Dual functionals and measures.

In this section we will make use of the results of Section 7 to
study the relationship between M and M. The next theorem
1s the key to what follows. We fix an exact normalized MF,
M and let B,=M, — M, and A, = f Ir,(X,) dB,. Ob-

viously B and A have bounded potentials. We assume that A
ts natural and let p. be the measure associated with M.

(8.1) THEorREM. — Using the above notation, for each
yeBy, a > 0, fe &+ which vanishes off By,

Paty) = [ f (x)o dz),

A,

that s, the restrictwn of Pi(dz, y) to By is given by
vz, y)u(d).

Proof. — It suffices to prove this when « > 0. Let R be
the hitting time of Ef. Since S < R, B, — A, 1s constant
on [0, R) and has a jump of magnitude M- at t=R < €.
Of course, Myz- =0 wunless S = R < ¢. Therefore for if
zeEy and geét we have

Pig(x) = Ugg(z) = Ugg(z) + E*{e~*"g(Xa)Mr-; R < {}.
Now fix zeEy and ye Ey. Then

18.2) uPi(z, y) = Piu(z, y) = [ (=, 2)u(da)u(z, )
+ Er{e="u*(Xg, y)Mr-; R < C}.
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Denote the expectation term in (8.2) by g¢(z, y). Substituting
u* = ¢* 4 P&u® into the left side of (8.2) and u®= o* 4 u*Pg
into the right side of (8.2) we obtain

(8.3) [ v*(x, 2)Pg(dz, y) + [ Pgus(w, 2)Pe(dz, y)

=fv°‘(x, z)u(dz)9*(z, y)

+ [ o4, 2u(d)u Pz, y) + gz, y).
But

(8.4) [ Pgus(z, 2)Pg(dz, y) = [ Pi(w, da)juPy(z, y)

= [ (=, 2)u(d2)uPy(z, y)
+ Ez{e“““u“pg‘l(XR,’ Mn_; R < ¢}.

However if R < ¢ then XzeE — Ey and if z,¢Ey,

u*(xo, y) = u*P%(z,, y) because ¢*(z,, y) =0. Consequently
the expectation in (8.4) is just ¢(z, y). On the other hand the
left side of (8.4) is dominated by u*(z, y), and so combining

(8.3) and (8.4) we see that for a fixed y ey
S (@, DP(dz, y) = [ v, 2u(dz)e*(z, y)

almost everywhere in 2 on Ey, and hence everywhere on E
since both sides are « — (X, M) excessive functions of =z.
Theorem 8.1 now follows from the uniqueness result (7.6) since

v“p{f, < u“pﬁi < u

If we set B—M—M, and A———flﬁ“ )dB, and

if we write U2 for the potentlal operators assomated with A,
then followmg corollary is immediate.

(8.5) CororLrLarYy. — Suppose that A s natural and that p
is the measure associated with M. Then . s the unique measure

carried by Eyn By such that for each o > 0
Uiz, dy) = o*(x, ylu(dy);  Ui(dy, ) = o*(y, 2)u(dy),

where we have written U%dy, x) for the measures associated

with U2 in keeping with our standard notational scheme.
Moreover . doesn’t charge polar sets and if A s continuous
w doesn’t charge semipolar sets.



76 RONALD K. GETOOR

We come now to the main result of this section. In addition
to the notation developed above we set Ay = A, if ¢t <SS
and Af = Ag_ if ¢t > S. Thus A* is an additive functional
of (X, M) thatis continuous at S and Af = A, = M, — M,
if t <S. We define A* in a similar manner.

(8.6) TueorEM. — Let M be an exact MF and M be its
dual :

(i) A is natural if and only if A is natural.

(i) If A is continuous, then A* is continuous.

(iit) If X is special standard and A is continuous, then A
is continuous.

Proof. — If Ce A(M) and F 1is a Borel set, then it is easy
to check that for any o« > 0

(8.7) Utle(z) = E*{e*"Ie(Xr,)[C(T¥) — C(Te —)]}
+ QFUgI(),

and as in (IV-2.4) it follows from (8.7) that QgUil; = Ugl,
for all open sets G if C is natural. See (4.13) and the para-
graphs which follow it for the definition of the operators Q%.
Now the proof of (IV-2.5) is easily modified by taking account
of the possible jump at S to yield the fact that if C has a
finite «-potential then C is natural if and only if
QxUgl, = Ugl; for all open sets G. We will make use of
this fact in proving (1).

Assume that A is natural. Then according to the dual of
(8.5), Ui(z, dy) = v(z, y)u(dy) where p is the measure
associated with A. Now let G be an open set. Then using
(4.16) we obtain

QsUsTs(2) = [ Qal=, dz) [, o(z, y)u(dy)
= [ vlx, 2) f. Qoldz, y)u(dy)-

But p is carried by Ky and for any point ye G nEy,
Qes(., y) = ¢,- Thus for any Borel set T,

Jo Qa(T, ylu(dy) = u(T' n G),
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and so
QeUsls(z) = [, v(x, 2)u(dz) = ULlo(a).

Therefore A is natural and (8.6 1) is established because of the

complete duality between A and A.

Next we will prove (8.6 i11). However for notational conve-
nience we will actually prove the dual statement. That 1s we
will assume that X is special standard and A is continuous
and conclude that A is continuous. First observe that the
proof of (IV-4.30) carries over to the present situation (the
process X 1in (IV-4.30) 1s assumed to be special standard)
and soif Ce A(M) has a finite potential then C is continuous
if and only if QgUclg = Uclx for all compact K. Now by
the dual of (8.5), Ux(z, dy) = ¢(z, y)u(dy) where p 1s carried
by Eun By and doesn’t charge semipolar sets. As in the
proof of (1)

QUsIx(@) = [ o(2, 2) [ Qu(dz, y)u(dy).

But (K — "K)n By is semipolar and so this last displayed
expression 1s just fxv(x, z)u(dz) = U,Ix(z). Therefore A 1s
continuous and (8.6 1) 1s established.

Finally we turn to (8.6 11). Once again for notational conve-
nience we will prove the dual statement. It follows from the
dual of (8.5) that U%(x, dy) = ¢*(x, y)u(dy) where p doesn’t
charge semipolar sets. Fix o« > 0 and write A =A*+4]J
where J e A(M) 1s constant except possibly for a jump at S.
By (8.6 1), A, and hence A*, 1s natural. Let u = uf. We
are going to show that u 1s a regular a-potential of (X, M),
that is, if {T,} 1s an increasing sequence of stopping times
with limit T, then Q%u = lim Q% u. Let us assume this for
the moment and complete the proof of (8.6 i1). By (IV-3.14)
there exists a continuous additive function C of (X, M)
such that u% = u = u%,. But A* is natural and continuous
at S and so the uniqueness theorem (I1V-2.13) implies that
A* = C. Hence A* 1is continuous.

Thus to complete the proof of (8.6) we must show that
u = uf. 1s a regular «-potential of (X, M). If {T,} is an
increasing sequence of stopping times with limit T and if
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fe9*(M), then Qf%f decreases and always dominates QZ%f.
Thus it will suffice to show that w = u§ is a regular a-potential
of (X, M) because w = u + u} and all three functions are

bounded elements of Y*M). But w(x)=/v“(x, y)u(dy)

where u doesn’t charge semipolar sets. Now fix z, and let
{T.} and T be as above. Then Q% ¢%(z, y) decreases to a
limit g,(y). Since y— Q% ¢*(z,y) isin (M), ¢, is « — (X, M)
super-mean-valued and by Doob’s theorem it differs from its
« — (X, M) excessive regularization g, on at most a semi-

polar set. See the discussion and footnote on page 198 of [1].
On the other hand if fe Cf then

[ Qe*a, ) F (y) dy = Q2 V¥ (a)
= E°® ‘/:) e"atf(Xt)Mt dt\l' E= L” e_atf(X,)M‘ di
= [ Qao(x, y) f (y) dy.

Consequently ¢, = Q%%*z, .) almost everywhere and since
Qo*(z, .)eJ*M) it follows that g,= Q%v*(z, .) everywhere.
Hence for each fixed =z, Q% ¢*z, y) decreases to Q%v*(z,y)
except on a semipolar set (in y). But p doesn’t charge
semipolar sets and so

Qsw(@) = [ Qis*a, yuldy) > [ Qw*(a, y)u(dy) = Qw(x).

Thus w 1s a regular a-potential of (X, M) and the proof of
(8.6) is complete.

Remark. — Most likely (8.6 111) is valid without the assump-
tion that X is special standard. Indeed the proof (of the
dual) of (8.6 i1) shows that uf 1is a regular «-potential of
(X, M). But uf = uf. + uf and so u? is a regular «-potential
of (X, M). Consequently there exists a continuous additive
function C of (X, M) so that uf = u% Making use of the
relationship between J and A one can then show that
Ugf = Ugf for all bounded f. If one could conclude from this
that J = C, then J would be zero and so A itself would
be continuous. Unfortunately the uniqueness theorem (1V-2.12)
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does not apply because J charges S and we have been
unable to overcome this difficulty.
The following corollary is an immediate consequence of

Theorem 8.6.
(8.8) CororLrary. — Let M be an exact MF of X.

If M is continuous, then t— M, is continuous on [0, S).
We close this section with an example to show that the

conclusion of (8.8) can not be strengthened to assert that M
is continuous. Let E be the real line. Let X be translation
to the right at speed one and let X be translation to the left
at speed one. Let h(z) =2/ if <0 and h(z)=1 if

z > 0. Define M, =exp [—fo‘h(X,) ds] An elementary

calculation shows that

et i X, 20
M, — ”;t f 0<t<—X,=ux
0 i t>—X(0) >0,
and using (5.5)
X . 3

) P if )A(o———a:<0

M, =0 if  X,=0

et it 0<t<X,

0 f t2X,>0

Thus M 1is continuous and Ey = E. On the other hand
By=E— {0} and S=Dy =inf{t>0: X, =0}
Clearly M is continuous on [0, S), but has a discontinuity at
S if X, > 0. Finally observe that A, = — fo‘ I(Xﬁ,s) dM,
i1s continuous as it should be according to (8.6 111). However,
in this example A = A*.

9. Some applications.

In this section we give a few elementary applications of the
results developed in the preceding sections to additive func-
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tionals of X. As before X and X are dual processes.
Suppose M 1is a MF of X which doesn’t vanish on [0, ¥),
thatis, S=Y¢. Then Ey =E and M is exact. Assume that
M s natural. Then by (7.13)

(9.1) Pi(z, dy) = v*(=, y)u(dy)
forall « > 0 and z in E where p is a o-finite measure
carried by Ey. According to (3.2), E — Ey is polar in this
case, and, of course, p doesn’t charge polar sets. Now define

V:téMN:I—_E if t < ¢

= Ag i > L

It 1s evident that A 1s a natural additive functional of X.
Do not confuse this additive functional with the A of sections 7

and 8.

(9.2) ProrositioN. — For each o« > 0 and fe &t
Usf(z) = [ u*(@, y) f(y)e (dy).
Proof. — It suffices to prove this when « > 0. First note
that dA, = — (M,_)7' dM, = Md(M,)t. If fe& a standard

calculation using (2.4) yields (see [7])
UgVef = U — Vef = PLU%.
Fix 2. Then from the above and (8.1)

S Uslw, dz)o*(z, y) = Pgu(z, y) = uPg(a, y)
=fu°‘(a:, z)w(dz)v*(z, y)

almost everywhere on £y and hence everywhere on E.
Consequently the dual of the uniqueness theorem (7.6) implies
that UY(z, dz) = u*(x, z)u (dz), proving (9.2).

Using the above notation let us consider M the dual of M.
Since S = ¢ it follows from (6.5) that the regularization of §
is . In particular if ze By then S =2 almost surely P
Since E — By is polar we may consider X asa process on
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Ex. However, for notational simplicity, let us assume that
Ey = E rather than keep track of the inessential polar set

B — By If we define A, =— ["(¥,)al, if ¢<¢
and A, = As_ if ¢ > S, then by (8.61), A isa NAF of X.

Evidently Ug(dy, z) = u(dy)u*(y, ). Thusif <f, g> = f fgdu.

we have
(9.3) (f, Usgy =< 0%, g

for f, g<8,. Wecall A and A dual additive functionals.
Suppose we begin with a continuous additive functional A

of X, and assume that ¢— A, is finite on [0, {). Then

M, = e~*¢ is a continuous MF of X which doesn’t vanish on

[0, ¢) and
A_—f ,,_—ldM_—f Ot dM,.

In this case t— M, is continuous on [0, &) by (8.6 ii) recall
that we are assuming Ey = E so that § =2 But then A
is continuous and finite on [0, ). Clearly A, = — log M,
in this situation. The following proposition summarizes this
discussion. We write A (X) for the class of continuous
additive functionals of X which are finite on [0, §).

(9.4) PropositioN. — Let A e A(X). Then there exists a
unique o-finite measure . not charging semipolar sets and a
unique A e A(X) — more precisely A is in A“(Xlﬁu) where
X|g, denotes the restriction of X to By — such that

Ui(x, dy) = u*(z, y)u(dy);  Ui(dy, z) = w(dy)u*(y, z).

Proposition 9.4 has been obtained earlier by Revuz [9]
using different methods. See [2] for earlier work. Revuz
actually characterized the measures p arising in (9.4).

We will end this section with an example to show that the
exceptional polar set E — Ry can not be eliminated in
general. This is the same example as in Section 8 of [2].
Unfortunately the conclusions drawn from this example in [2]
are not necessarily valid because the description of the fine
topology for X on page 151 of [2] is incorrect.
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Let E be the real line and £ be Lebesgue measure. Let X

be the (increasing) stable subordinator of index 1/2 and X be
the corresponding decreasing stable process of index 1/2. The
potential kernel is given by

_{ely— 27"y >a
) = 3 vy
where ¢ 1s a positive constant. Let h(z) =1 if z > 0 and

-~

k(@) = (— @) if 2 < 0. Define A, = ["h(X)ds. H T,
is the hitting time of [b, o) and 2 < b, then

E*{Ar} = [ u(z, y)h(y) dy < o,

and since T,4 0 as b— oo 1t follows that A, is finite.
Thus A e A%(X) and obviously the measure p in (9.4) is

given by u(dy) =h(y)dy. Let A= [hX)ds and
T = inf {t: A, = ©}. Then according to (5.5),

M, = I a)(t)e 2

The same calculation as above shows that P(T = o) =1
if z#0, but PYT = 0) = 1. Consequently E — Ey = {0}
and A is the dual of A. Therefore the exceptional polar set
can not be eliminated in (9.4).
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