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ON SCHWARTZ'S THEOREM
FOR THE MOTION GROUP

by Yitzhak WE1T

1. Introduction.

Schwartz's Theorem in the theory of mean periodic functions
on the real line states that every closed, translation-invariant subspace
of the space of continuous functions on R is spanned by the poly-
nomial-exponential functions it contains [5]. In particular, every
translation-invariant subspace contains an exponential function.

In [2] the two-sided analogue of this result was generalized to
SL^R). However, since [3] it is known that Schwartz's Theorem
fails to hold for R" , n > 1 .

Our main goal is to show that the two-sided analogue of
Schwartz's Theorem holds for the motion group M(2). That is,
every closed, two-sided invariant subspace of C(M(2)) contains an
irreducible invariant subspace and every such subspace is spanned
by a class of functions which replace the polynomial-exponentials
on R .

It seems remarkable that the analogue of Schwartz's Theorem
holds for the three dimensional Lie groups SL^(R) and M(2) while
it fails to hold for R2 .

In section 3 we verify the two-sided Schwartz's Theorem for
the motion group. In section 4 we consider the problem of one-
sided spectral analysis. Finally, in section 5, we study some inva-
riant subspaces of continuous functions on R2 . It turns out that
the one-sided Schwartz's Theorem for the motion group is intimately
connected with a problem ofPompeiu type [1, 4, 7].
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2. Preliminaries and Notation.

Let M(2) denote the Euclidean motion group consisting of

( eia z \
the matrices ) , a E R , z E C.

Let C(M(2)) denote the space of all continuous functions on
M(2) with the usual topology of uniform convergence on compact
sets. Let @(R") be the space of infinitely differentiable functions
on R" endowed with the topology of uniform convergence of
functions and their derivatives on compacta. Let 8'(R") be the
dual of g(R"), the space of Schwartz distributions on R" having
compact support. The pairing between S(R") and g'(R^) is denoted
by TV) for /Gg(R") and TE^(R"), and for such / and T we
denote by T*/ the convolution of T and /. For TE g'(R")
the Fourier transform of T is defined by t(z) = TC^) where
z G C " , x G R " and z . x = z,x, + .. . + z^ . By Paley-Wiener-
Schwartz Theorem, the space g'(R") of Fourier transforms of
elements of g'(R") is identified with the space of entire functions
of n complex variables of exponential type which have polynomial
growth on the real subspace R". The topology of ^'(R") is so
defined as to make the Fourier transform a topological isomorphism.

Let n denote the group of all rotations of R2 . We denote
by §^)(R2) the space of all TGg' (R 2 ) which satisfy T o r = T
for every r E H . Let 8^(R2) denote the space of Fourier trans-
forms of elements of ^,)(R2). We notice that each /Eg' (R2)
is a function of z2 4- z| and that for any even function ^G'g'(R)
the function ^ where g { z ^ , z^) = g(^z\ + zj) belongs to ^(R2).
Let St^"2) denote the space of elements of §(R2) having compact
support and ^(R2) the space of radial functions in ^o(R2) .

Let C(R") denote the space of continuous functions on R"
with the topology of uniform convergence on compacta and C^R2)
the radial functions in C(R2) . The dual of C(R") is the space
Mo(R")C§'(R") of all complex-valued Radon measures having
compact support. Let M^(R2) == M^(R2) n &^(R2).

Finally, for X == (\, \^) EC2 and z == x + iy E C let
( X , z ) = \x + \y .
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3. Two-sided spectral synthesis.

The two-sided analogue of Schwartz's Theorem in spectral
analysis for the motion group is stated in the following:

THEOREM 1. — Every closed, two-sided invariant sub space of
C(M(2)) contains either a character of M(2) or a function
^za, z) = e1^^ where X = (\, X^) E C2 and X2 + Xj ^ 0.
The two-sided invariant subspace generated by e1^12^ where
X = ( X ^ , X^) , X2 + Xj =^ 0, is irreducible (minimal).

Proof. -For /EC(M(2)), / ^ O , let V .̂ denote the closed
subspace generated by the two-sided translates of /.

The subspace V .̂ contains all the functions g where

g(e101, z) == /(^(a+^ , ^<a 4- e^z + w) (1)

for every 6 , j3 E R and ^ , w € C . Let ^ = 6 = w = 0 in (1).

Then, for a suitable m €Z the function
•»27r /»27T/»27r /»27T

J /•(^<Qi+^ , z) e-^dp = e"^ J /(e^, z) e-^d^
.0 "o

^^^^(z)

is non-zero and belongs to V^.. Let N denote the translation-invariant
and rotation-invariant subspace of C(R2) generated by g^ .

By (1) the functions e^g^e^z + w) belongs to V .̂ for
every 0 E R and w G C . That is, V .̂ contains all functions e^^^z)
where ^ E N . In [1] it was proved that every closed, translation-
invariant and rotation-invariant subspace of C(R2) is spanned by the
polynomial-exponential functions it contains. In particular, the subspace
N contains therefore an exponential function e1^12^, X = ( X ^ , X^) E C2

and the function h^ , z) = e1^ e1^ belongs to V^.. If
X2 + Xj = 0 then the subspace N contains the constant functions
and V.. contains therefore the character e1^ . Suppose that
X2 + Xj ^ 0.

Let / Z i E & o ( R 2 ) of the form h^(w) == h^e-1^ where
w == re16 , and ^ e ̂ (K2) such that ^(X^, X,) ̂  0.
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Then the function:

f^ /K^.z - e^h^dw = h,(\^\^e1^ (2)
R

(here dw denotes Lebesgue measure on R2) is non-zero and
belongs to V^. It follows, by (1) and the analyticity of the ele-
ments of S(,.)(R2) that V/. contains all functions e1^'^ where
fi = (^, /!,) £ C2 such that ^ + ̂  = X2 + X2 . To prove the se-
cond part of the theorem, let g ( z ) = e^) where X = (\, \) e C2,
X2 + X2 ?fc 0. Firstly, we will show that V- contains no character
of M(2).

Suppose that e 1 " " " <S V^ for some w G Z . Let ^t£C(M(2)),
^(e'°,z) = ̂ -^^(2) where ^e^)(R2) such that ^(\,\^=0
and Mi(0,0) =^0. We have

f e'^^n^dz = 0
R

for every 6 E R . Consequently, we deduce

/ e^^^e-^^dadz
M(2) 27r r ^

= ̂  [^ ^•(x•e'('2)^l(2)rf2] ^^.-'a)———]^ = 0

for every 0 € R and w € C . Namely, p annihilates the subspace
V^ . On the other hand, we have

r ^ma^,^ ̂ ^^ ^ ^(0,0) ̂  0, a contradiction.
M(2}

Suppose that 6?I(W•Z> G V^ where w = ( w ^ , H^) e C2 . If
^ + X^ w^ + wj then for ^ G S^(R2) where ^(^i, ^2) == 0
and ^(Wi, w^) =^ 0 we have

Cf^e'^——^^dzda

= f^ [f^e^^^dz^ e^^da = 0

for each Q E R and v G C . However, we have

r 2 " f e^^^dzda^O
JQ j^i

which proves the irreducibility of V^ . This completes the proof.
Schwartz's Theorem in spectral synthesis is described in the

following:



ON SCHWARTZ'S THEOREM FOR THE MOTION GROUP 95

THEOREM 2. — Every closed, two-sided invariant subspace of
C(M(2)) is spanned by the functions as

g ^ ^ z ) = eimaQ(Rez,lmz)ei^

that it contains. (X E C2 and Q is polynomial).

Proof.-For f€ C(M(2)), f+ 0 let V denote the closed
subspace generated by the two-sided translates of /. Obviously,
/ is contained in the closed subspace generated by the functions:

e^P^z) = f^/^^, z)e-im0dp = e1^ f^ f(e1^ z)e-im(3dp
^0 ^0

where m € Z .

By [ I ] , each function e^^'P^z) is contained in the closed
subspace spanned by the functions eimaQ{^ez ,\mz)ei(K1z) where
Q(Rez, Imz) ^j(^z) is contained in the rotation-invariant and
translation-invariant subspace of C(R2) generated by P^(z), and
hence in the two-sided invariant subspace generated by P^(z) which
completes the proof of the theorem.

4. One-sided spectral analysis.

One-sided spectral analysis of bounded functions on M(2)
was studied in [6].

Notation. — Let T^ , w G C, denote the closed subspace of
C(R2) spanned by the functions ^i^^) ^f (^ ̂  RI) ^ere
X2 + Xj = w2 . For the characterization of right-invariant subspaces
of C(M(2)) we state the following:

THEOREM 3. — Every closed, right-invariant subspace of CCM(2))
contains a function as

g(ei\z)^eimocg,(z), mEZ , ̂ 0.

Moreover, if g^ f. FQ , then the closed right-invariant subspace
generated by g contains a function as h(e101, z) ==^(z).

For g^ € r^ and g^ G FQ the closed right-invariant subspaces
generated by g^ and by eimotg^(z) are irreducible.
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Proof. - Let / €V , /^ 0, where V is a closed right-invariant
subspace of C(M(2)). Then V contains all functions /* such that
f^^e101^) =f(ei(ot+0),z - e^w) where j 8 E R and w G C . Hence,
for a suitable m^-Z the function

f v f(ei(a^\z)e~imftdp == ^wa f271f(e1^ z)e-im(3dp = ̂ '̂ (z)

is non-zero and belongs to V. Suppose that g^f FQ . Then if g^
is a polynomial (in Rez and I^z) which is harmonic on R2 there
exists a function / zE^(R 2 ) , A(w) = ̂ e^6, ^ <£ ̂ (R2),
w = r '̂0 , such that g^ ^ h ̂  0.

Hence the function

eima S z g^2 ~ ̂ ^^^ = / ̂ S ^ z - w)h(w)dw =^(z)(3)
R R

is non-zero and belongs to V .

Otherwise, the closed rotation-invariant and translation-
invariant subspace generated by g^ contains a function e1^^
where X = (\ , \) G C2 , \} + Xj ^ 0 [1]. Let T^Gg^R 2 ) ,
h^(w) = ti^e1^ where

^4 Eg^^R 2) , w == ^< 0 , such that h^(\,\^^0.

There exists j3G R such that h^ Q * g^ ^ 0 , where
^(w) = /Zi(^^w) = ^^^/z^w).

Hence, h^ ^ g^ ^ 0 and proceeding as in (3) we complete the proof
of the first part of the theorem.

Let V^ be the closed right-invariant subspace generated by
g^(z) where g^ E F^ for some WQ G C , w^ =^= 0 . We may show,
as in the proof of Theorem 1, that V\ contains no functions as
gimag^^ where g ^ E F ^ . Suppose now that ^3 E V^ where
^3e ^w ? w ^ E C . To derive the irreducibility of V\ we will
show that ^3 = C^ for some C ̂  C . Let {$„} be a sequence
in ^t^2) such that

/p2 ^(^ - ̂ '̂ ) ̂ n(^)^ ̂ ^ ̂ (^).

Then we have

r̂ ^2T [4 ̂ <" - ̂ -w^] ̂  c(Mo)^g3(z)
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and
^2 ̂  - eiaw) ̂ d^l)^ ̂ ^ 8^) (5)

where
$: ( lwl)= 2^ J^^" )̂̂  ̂ ^ ̂ = 1 . 2 , . . . (6)

But for every n we have

f^ g^z - w)^(|w|)rfw = $;(wJ^(z).

Consequently, ^3 = Cg^ , as required. Similarly, we verify the irre-
ducibility of the closed right-invariant subspace generated by
g^e1^ where g, E 1̂  .

Remark 1. — We don't know whether Theorem 3 characterizes
all the irreducible right invariant subspaces as it is not known whether
the exponentials are the only functions of C(R") , n > 1 which
generate irreducible translation-invariant subspaces. Whether every
translation-invariant subspace of C(R") , n > 1 contains an irreducible
subspace seems to be an open question.

Remark 2. — In view of Theorem 3 the right-sided analogue
of Schwartz's Theorem in spectral analysis of continuous functions
may be formulated as the following question; does every closed, right-
invariant subspace of C(M(2)) contain either a funtion as eimag^(z)
where g^ E 1̂  , g^ 0 m EZ , or g^(z) where g^ € I\, , g^ -^ 0,
for some w E C ?

Notation. — Let ju^ , R > 0, denote the normalized Lebesgue
measure of the circle { z : !z| = R}. For /GC(R2) let N^ denote
the closed subspace spanned by {f^^:R>0} and r(/) the
closed translation-invariant subspace generated by /.

We deduce an equivalent form of the right-sided analogue of
Schwartz's Theorem (as formulated in Remark 2).

It is described in

THEOREM 4. — The following statements are equivalent:
(i) The right-sided analogue of Schwartz's Theorem holds for

M(2).
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(ii) Let /GC(R2), f^O. Then: (a) If r(f) D r,, = {0}
then there exists w € C si/cA /Aaf N^ n I\, ̂  {0}. (b)
If T(f) n r,, ̂  {0} ^en, <?^<?r N^ n i\, ̂  {0} /or
5owe w G C , or, there exist m^Z,g^Ty, g^Q and
a sequence )//„ € ̂ (R2) wcA /Aa/

/i)i0" ̂ g (7)
wAew 0^r, Q) = ^(,.) e-""9 , « = l , 2 , . . . . (Here
(r ,0) are the polar coordinates in R 2 ) .

Proof. - Suppose that the right-sided analogue of Schwartz's
Theorem holds for M(2). Let /€ C(M(2)) where f (e ' 0 ' , z) = f(z).
Suppose that r(/) n r,, = {0}. The closed right-invariant subspace
W/ generated by / contains no function as eimag(z) ̂  0 where
g € FO and m € Z . Since, otherwise

f^f(, - e'^n^dw ^^ ei^g(z)

implies for a = 0 that: /* ̂  c^^' a ^"tradiction. Hence,
W^ contains a function ^(z) where ^ < = r ^ , ^ ^ 0 . In other
words, there exist ^ G ^(R2), „ = i , 2 , . . . , such that

^/(z-^)^(w)^^^^).

Hence, by (5) we have:

f^-^W^^^z)

where <^ are defined in (6). That is, g, E N^ which yields (ii) (a).

Suppose now that r(/) 0 1̂  ^ {0} . If W .̂ n F^ {0} for
some u G C then, as proved above, N^ 0 F^ {0} (here, the
functions of Fy are looked upon as function on M(2)). Otherwise,
the subspace Wy must contain a function as e^^g^z) where
ST. e r^ , g^ ^ 0, and w GZ . Namely, there exists 0^ € §o(R2)
such that

^ f(z - e^w) 0,(w)^ ̂ ^ e^g^z).

Hence we have

^C [f^-^^-^^d^e-^da-^g^z)
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which yields

2^ f^^-^W^-^S^)

where ,̂0) = ̂ ^e-""9, ̂ (r) = f^(e-'^^e-'^dr,, ^ = re19,
and we have shown that (i) implies (ii).

Suppose now that (ii) holds. By Theorem 3 we have to show
that for every fGC(M(2)),f(eia,z)=f(z),f^O, the subspace
W/ contams either a function g(z), g ^ O , g<EF^, or, a func-
tion g ( e t a , z ) = e " " a g , ( z ) where g,er,,g,^0 and m(=Z.

Let /£C(R2), f^O and suppose that N^ n r^ ^ {0} for
some w E C . Then, by definition, there exist ^ € ̂ (R2)
" = 1 , 2 , . . . , and g £ I\, such that " °

^/(^-f)^a)rf t^^^(z) .
But we have

f^f(z - e1^) ̂ (^ = f^ f(z - $) ̂ ^)^ for w = 1.2,...,

which implies (i).

Finally, suppose that r(/) n T ,̂ ^ {0} and that N^ n r = {0}
for every w € C . By (ii) (b) we have w

^ /(z _ e'-w) ̂ (w)dw = ̂  f(z - $) 0^e-'^)^

=e"" t t^/(2-^0„(t)^
for n = 1 ,2 , . . . , which yields, by (7)

f^^-^W^^ e^g(z).
This completes the proof.

5. Invariant subspaces of C(R2).

For /€C(R2) we say that we Sp^^f), w G C if the
translation-invariant and rotation-invariant subspace generated by
/ contains an exponential in I\,. Actually, the fact announced
in [1] that unless /= 0 we have Sp^-if) ̂ 0 implies the main
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results of [1] concerning the Pompeiu problem [4, 7] . By Theo-
rem 4, the one-sided Schwartz's Theorem for the motion group
is intimately connected to the following problem:

For /GC(R2) we say that wESp^C/) , w G C , w ^ O , if
N^nr^{0}, and that OGS^>(/) if N^ 0^ ̂  {0} , where
FQ denotes the space of harmonic functions on R2 . Suppose that
f^O. Does this imply that Sp^^f) ̂  0 ?

Remark 3. - We notice that for / G C(R2) we have
sp^ncs?^/).

Remark 4. — This question is connected to the following
problem of Pompeiu type:

Determine for which family P C M o ( R 2 ) , the only continuous
function / on R2 such that T ( /*^ )=0 for all T C P and
R > 0, is the zero function.

Let J^ denote the nth Bessel function of the first kind. By
definition, we deduce

J^e^6 = ——; f27'^05(0-0) e^cKj).

Hence we have J^w^e^6 E F^ , S^CJ^w)^0) = {w}
for w G C , w ^ 0 and N^ is one-dimensional where
U^)== V^)^0.

A partial answer to the above question is provided by the
following result:

THEOREM 5. - Let /€ C(R 2 ) , fi- 0 where

f(r,6)== ^ g^We^6 , ^EC^CR 2 ) (m = 0 , 1 , . . . , N).
m=0

Then Sp^^f) ̂  0 . // O^Sp^^f) there exist X , a^CC
N

(m = 0 ,1 ,..., N), X ̂  0 , where ^ | a^ \ > 0 such that
N m=0

Z a^^C^^e11716 belongs to N^ . Moreover, we have
w = = o N

sp(r)m= rn^O s^)^m('•)^w0)•
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The proof will be accomplished in several lemmas.

LEMMA 6. — Every proper closed ideal in &/ . (R 2 ) has a
common zero in C2 .

Proof. — L e t J be a proper closed ideal in g / JR 2 ) and suppose
that the functions in J have no common zeroes. Every /€ J is a
function of z\ + zj . That is, there exists an even entire function
Q^ of one complex variable such that

/(z,,z,)=Q/^zfTiJ) and Q^Cg'(R).

Let J* be the ideal in S'(R) generated by {Q^: /E J} .

Obviously, the functions in J* have no common zeroes. Thus,
applying Schwartz's Theorem [5] we deduce that J * = = § ' ( R ) .
That is, there exists a sequence {P^} in J* converging to 1 in

k
&'(R). Each ?„ must be of the form ^ T^.(w)S,(w) where

/ = i
each T, e g'(R) and Sy e J . But then the function
k k k
^ T,(w)S,(w)+S T,(-w)S,(-w)= ^ (T,(w)4-T,(-w))S,(w)

7=1 /•=! 7 = 1

belongs to J since each Ty(w) + Ty(-w) belongs to &^(R2).

Hence, Q^(w) == - (P^(w) + P^(-w)) belongs to J and Q^—> 1
in S^(R2), a contradiction.

LEMMA 7. - Z^r /e C(R2) w/z^ /(r, 0) == g^e1^ ,
^EC^CR 2 ) , ^ ^ O . m E Z . Then Sp^^f) ̂  0 . //O^Sp0 '^/)
^^r^ ^x^^ X € C , X ^ 0 , .wcA rAar H € N^ wAm?

H(r ,0 )=J^(Xr)^ w ^

Proo/ -We may assume that /G&(R 2 ) . Let M^ denote
the closed subspace of 8(R2) spanned by {/• jn^ : R > 0}. For
m €EZ let 8^,(R2) denote the closed subspace of functions s CE 8(R2)
suchtthat s ( r , 6) = h^e^6 . We have M^ Cg^(R 2) .

Let ^(R^C §'(R2) denote the dual of g^(R2).

Let M^ == { T € & ^ ( R 2 ) : T(/) == 0 , /€M^}.
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Every element of §^(R2) is of the form p(r)e""9 (as a
function on R 2 ) . Let P = [p : T(r, 0) = p^e""9 , TGM^}.

We notice that all functions of P are even or odd depending
on m.

Let k be the larger integer such that 0 is a zero of order k

for each p G P . It follows that ̂  , pGf, is an even entire
function of w and by complexification of p ( r )

r~

p^,^=l^SI5L1) 2/ (z^+z^/2

is an entire function on C 2 . The space

J- ̂ ..̂ '̂ .̂̂ p
is therefore a closed ideal in i^(R2). If o ̂  Sp^(f) J * is a proper
ideal.

Hence, by Lemma 6, there exists

X*=(X, ,^ )ec 2 , X2 +X 2 = ^^0

which is a common zero of J*. Consequently, for each TGM^^
we have t(w) = 0 where w = (w,, w^) e C2 , w2 + w2 = {2

It follows that T(Q) = 0 for T € M^ where 2

Q(x ' y) = 27^ ^2W e'^^005^"" 0) ̂ ""^0 .
But we have

Q(r' e) = ~^ f^e^^cr-^e1^ = J^w^e""6 .

Consequently, Q G M^ n ?„ which completes the proof.

Notation. - Let C(R2 , C^ denote the space of all continuous
functions on R2 which take values in CN , with the usual topology
Let NVR2^) be the dual of C(R 2 ,C N ) , the space of vector-
valued measures having compact support. For /SCCR^C'14), (resp
^(ENVR2^)) let (/)„ (resp. (p)^ denote the nth coordinate
of/(resp. n). For m = (m,, w,, . . . , ̂ ) eZN let B(^) denote
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the closed subspace of CXR2^) which consists of all functions
/ where

(f)n(r,e)=h^r)eimn6 n= 1 , 2 , . . . , N .

Let B^) bethe^dualof B^) , the space of all TpCM^R2^)
such that (7^==^-^ where ^CM^R2) , ^ = l , 2 , . . . , N .
We will use the following equality:

(J^(wr')^) * ( ^ ( r ^ e ^ 6 ' ) (r, 0) = 0(w)J^(w)^^ (8)

where /zEM^(R 2 ) , w € C , and ^(^^'(r, 0) = 0(^)^ .
Finally, we notice that M^(R2) acts on B^) by convolution.
Namely, /G B^) and ^EM^(R 2 ) imply that /*/^B^).

LEMMA 8. - Every closed non-trivial subspace of B,̂  , inva-
riant under M^(R2) contains an invariant one-dimensional subspace.
Moreover, if f^B^ such that Xes^((/)^), X ^ O , for some
n , 1 < ̂  < N, ^/^ rA^ closed subspace spanned by {f * ̂  : R > 0}
contains a function g ^= 0, such that

QrV^, 0) = ̂ (Xr)^ ^ = 1 , 2 , . . . . N .

Proo/ - By induction on N where the case N = 1 is provided
by Lemma 7. Let /G B^) and suppose that 0 =^ X G Sp^O/)^ . Let
V .̂ denote the closed subspace of B(^) spanned by {/* ̂  : R > 0}
and V^ = {77 G B^) : n(g) = 0 , ̂  (E V^} . We notice that for T? E V1

we have:
v^ , , . im^Q ^ , —im^Q. _
2, (Sn(r)e n )*(^e n ) = 0 (9)
M=l

where (^ = ^e-1^0 and (/)^=^(^)^^^ ^ = 1 , 2 , . . . , N .

Thus we may assume that there exists T? E V^ such that

(J^X^N0) , (^e-1^6) ̂ 0 . (10)

Otherwise, the subspace V .̂ contains a function g * such that
(^%==0 for ^ = 1 , 2 , . . . , N - 1 , and (g^-J^^e1^
which completes the proof. To this end, let h G B(— where
Wn == (/)„ for ^ = l , 2 , . . . , N - l , rn -(m^m^^^m^,)
and B(w') C C(R 2 ,C N ~ 1 ) . By the induction hypothesis the subspace
V^ contains a function A* ^ 0 such that
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(/?*),= V^(^)^ for .2 = = 1 , 2 , . . . , N - l .

That is, there exists a sequence {0^}, ^^M^CR 2 ) , such that

(gn^e^61 * 0,)(r, 0) A V^(Xr)^ (11)

N-l
for n = 1 , 2 , . . . , N - 1, where ^ |6 J>0 . Let ^<=M^(R 2 )
where "=i

• _ . —IVTtf^O IfTlt^u i i /^^ k ^ ^ k ^ ^ e N ^^ N / : = 1 , 2 , . . . , .

Then by (8), (10) and (11) we obtain:

^r)1^ * ̂  ̂  b^\r)e^6 . ̂ .-^ , ̂ ,^

-^AJ^Xr)^

for ^ = 1 , 2 , . . . , N - 1 where C^ E C , C^ =^ 0 .

For n == N we have by (9) and (8):
/• \ <WM^ » / \ im-wQ ~ ifri-^O im^Og^(r)e N ^ ^ k = g ^ ) e N *^^ N * 0^ * JLI^^ N

Y^ / \ lmn^ ~lmvft \ A im^jO=~ \L 8n(r)e " *^e " *^ *^e N .
L"=i J

Hence we obtain
., K im^O , C(R2) N-l im..e -"»„» Im^eg^r)e N *^k-j^~ Z ^J^(Xr)e " *^e " * ̂ e N

"^CJoCX/-) . '̂mN9 = C'^CX/-)^9 .

Similarly, we may prove that if OGSp^ ((/)„) for some «,
1 < n < N, then Vy contains a function g ¥= 0 such that:

W^^a,,/-'""?"""8 w = 1 , 2 , . . . , N .

Proo/ of Theorem 5. - Let A € B(^) , B(^) C C(R2, C1"4'1)
where w = (0 ,1 , . . . , N) and (/;)„(/-, 0) = ^.^^e^"-1)8 ,
« = 1 , 2 , . . . , N + 1 , and suppose that \e Sp^CC/O^ ), X ^ 0,
for some A:g , 1 < ̂  < N + 1 . Then by Lemma 8, there exists
a sequence {0^} , ^ € M^(R2) A- = 1 ,2 , . . . , such that

(g,_,(r')e'(n-l)e\(|>,)(r,6)c^a,_,],_^r)ei^n-l)e
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N
for n = 1 , 2 , . . . , N + 1 where ^ I a J > 0. Hence, we have

M=0

f(f ^(/•')<""8') . 0,1 (/•, 0) ̂  ̂  a^J^e'^
L "=0 / J -><" n=0

If OeSp^((h}^) then, similarly, N^ contains ^e r^ ,

^ ¥ = 0 , where g ( r , 0 ) = ^ &„r"e'"9 . Finally, we may easily
n=0

prove that Sp^(f)C ^Sp^^e""6) and the result follows.

COROLLARY 6. - Let /£C(R2), /^ 0 where

f(r,0)= ^ ^(^e""8, ^GC^CR 2 ) ( m = 0 , l , . . . , N ) .
w=0

rA^ rA^ translation-invariant closed subspace r(/) generated by
f contains an exponential function.

Proof. -If OEN^ then r(/) contains a polynomial and
hence 1 E T(/) . Otherwise, by Theorem 5, g ^ r ( f ) , g ^ 0 where:

^^ 1 ^Jm(^)^0

w=0

for some X , a^GC, X = ^ 0 , (w = 0 , 1 , . . . , N).

The subspace r(/) contains therefore all the functions h where

h ( x , y ) = (g ^ ^) (x , y )

== c Z ^m f f f2" ^<M(JC-a)co60+<>;-^sin^^<w^1 dfi(a,B)
m=0 "R2 L 0 J ?

= c S ̂  /27r ̂ x cos^» x sin^) ̂ ^('CCOS0+^ ̂ ^e^d^
w=0 0

for every /x E Mo(R2) where C e C , C ̂  0.

Thus r(/) contains all the functions u where

^ ( x , ^ ) = ^ a^ f2" s^e^^^v^^e^d^
m=0 0

for every 5eC[0,27r], 5(0)=5(27r). For a sequence {^} converg-
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N ^.
ing to the Dirac mass 5^ concentrated in 0^ where Y a^e °=^0,

w=0
we obtain, by passing to the limit, that v E T ( f ) where

^,^0 = (1 ^^^O^^co^o^sin^o)
w=0

which completes the proof.

Remark 5. — To this end we may introduce the following proof
to the fact that every translation-invariant and rotation-invariant
closed subspace of C(R2) contains an exponential function [1].
Let R^ denote the closed translation-invariant and rotation inva-
riant subspace generated by f^O. Then, for a suitable m € Z
the function g where

g ( r , 0 ) = f^ f(r,Q + ̂ e-^d^ e1^ f21/(r, ̂ e-^dp
-o ^o^o ^o

= e^fAr)

is non-zero and belongs to R^.. Let ^GM^^R2) where / i ( / i )^=0.
Hence the function g^ = g - ^ (iie~imQ) is non-zero and belongs to
R^nc^R2).

By Lemma 6, or by Lemma 7 for m = 0, there exists X G C
such that Jo(Xr)GR^. Arguing as in the proof of Corollary 6,
we deduce that R^ contains the exponentials ^^t^+^sin^) ^
every 0 G R and the result follows.
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