ANNALES DE L’INSTITUT FOURIER

GERHARD LARCHER
N. KOPECEK
R.F. TICHY

G. TURNWALD

On the discrepancy of sequences associated
with the sum-of-digits function

Annales de institut Fourier, tome 37,n°3 (1987), p. 1-17
<http://www.numdam.org/item?id=AlF_1987__37_3 1_0>

© Annales de I’institut Fourier, 1987, tous droits réservés.

L’acces aux archives de la revue « Annales de I’institut Fourier »
(http://annalif.ujf-grenoble.fr/) implique 1’accord avec les conditions gé-
nérales d’utilisation (http://www.numdam.org/conditions). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une in-
fraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

NumbpaMm
Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AIF_1987__37_3_1_0
http://annalif.ujf-grenoble.fr/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Ann. Inst. Fourier, Grenoble
37, 3 (1987), 1-17

ON THE DISCREPANCY
OF SEQUENCES ASSOCIATED
WITH THE SUM-OF-DIGITS FUNCTION

by N. KOPECEK, G. LARCHER, R.F. TICHY and G. TURNWALD

1. Introduction.

In a series of papers J. Coquet et al. investigated the distribution
modulo 1 of sequences (x - s, (n)):=0 where x is an irrational
number and s, (n)denotes the sum of digits in the a-adic expansion
of n (cf. [1], [2], [3], [5D).We will give a quantitative refinement
and a generalization to the multi-dimensional case.

Let (y, ):zo be a sequence of elements of RY(d > 1). Then
the discrepancy mod 1 of (y,) is defined by

A(,N,y,)

N —vol(D |, (1.1

Dy (y,) = sup

1
where the supremum is extended over all d-dimensional subintervals
of [0,1[¢ oftheform I={(¢,,...,%;):aq;<t;<b; forl <j<d},

d
vol (I) means the volume Il (b;—q;) of I, and A(I,N,y,)
, j=1
denotes the number of indices n (0 < n < N) such that the fractional
part of the j-th component of y, belongs to the interval [g;,b; [
for j=1,...,d. The sequence (y,) isuniformly distributed mod 1
if and only if
lim Dy(,)=0;

N -

cf. the monographs [4] and [7].

(*) These investigations were initiated by M.Mendés-France [J. Analyse
Math., 20 (1967), 1-56].

Key-words : Uniform distribution — Discrepancy — Sum-of-digit-function.
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+Let o be an irrational number with continued fraction expansion
lag ;a, ,a,,...).Let g, =1,q, =a,, and
Ge+2 = 042 sy T 95 (K =0).
We define the a-adic expansion of a positive integer by
L (n)

n= Z € (n) g, (e L(n) (n) #0), (1.2)
k=0

where the digits €, (n) satisfy the following conditions:
(i) 0<e,(n)<a,,

(i) 0<e (n)<a,,, k=1,
and
(iii) €, (n) = a,,, implies €,_,(n) =0.

In the following we consider the sequence y, = xs, (n) for

a fixed vector x = (x,,...,x,) € R?, where
L(n)

sa) = 2 ().
k=0

By [2], the one-dimensional sequence (xs, (7)) is uniformy distributed
mod 1 if x is an irrational number. In order to obtain estimates for
the discrepancy Dy (y,), we need information concerning the
diophantine approximation properties of x =(x,,...,xg). Let
Y :[0,0) — [0,=) be a continuous strictly increasing function
with Y(0) =0 and Y (¢) = t¢. We say that x is of approximation
type < ¢ if there exists a positive constant ¢ = ¢ (x, ) such that

C
lh.x|| > ——— (1.3)
| Y (r (h))
for all lattice points h=(h,,..., hy)€Z* h#(0,...,0); |l

denotes the distance from the real number ¢ to the nearest integer

d
and r(h) = II max (|A;],1). We will prove the following results :
j=1

THEOREM 1. — Let x =(x,,..., x;) be of approximation type
<Y and a=lay;a,;a,,...)| an irrational number. Then for every
€ > 0 there exists a constant ¢ = ¢ (x,y ,€,a) such that
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[

(Y* (L(N)! /27yt

for all integers N = a, . (Y* denotes the inverse function of V)

Dy (x5, (n)) <

Let » =1 be areal number ; then we say that x = (x,,...,x,)
is of finite approximation type n if (1.3) holds with  (z) = " +8
for every 6>0. Obviously, 1,x,,...,x, must be linearly

independent over the rationals ; conversely, by a famous theorem of
WM. Schmidt [8], under this assumption x =(x,,...,x,) is of
finite approximation type n =1, if x,,...,x, are algebraic
numbers. Hence we obtain

COROLLARY . — Let X = (x, ,..., x,) beof finite approximation
type n. Then we have (in the notation of the theorem)

——+e

Dy (x5, (n) <c'(x,n,e,) L(N) 29" forevery € > 0.

If 1,x,,...,x, are algebraic and linearly independent over the
rationals then

1
——+te

Dy (x « 5, (1) <c"(x,e,0) L(N) **  forevery €>0.

Atlast we consider more exactly the case d = 1 and we show that
the result of the theorem is, apart from the constant best possible,
if we assume that a has bounded continued fraction coefficients.

Remark. — In [9] the authors have established a corresponding
result (for dimension d = 1) for the sequence (x - s(q ;n)), where
s(q ;n) denotes the sum of digits of n in the usual g-adic expansion
(@ = 2 integral).

THEOREM 2. — Let x € R, ¢ and { be such that

c
hh x|l <——
v (h)
for infinitely many h € N, and « =[a, ;a, ,a,,...] an irrational

number with a;<K for all i, then there is a constant
¢, =c¢, (x,¥,c,0) such that
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¢
Dy (x - 5, (n)) = (-__;[/*(L(N-)llz)

for infinitely many N.

2. Auxiliary results.

Our main tool for estimating the discrepancy of a sequence
is the inequality of Erdos-Turan-Koksma ([6], cf. [7]):

LemMa 1. — Let (y,),-, denote a sequence of elements of
RY . Then for an arbitrary integer H = 1 we have

DN (Yn) < Cd *

N—1

1 1

LI 3 r(hy ' |= X expQui(h-.y,))

H h=(hy,..., hg)E 29 N n=o
o0<max(layl,...,lhgl)<H

3

for some constant C, only depending on d (exp t: = e’).

A useful instrument in the proof of our Theorem 1 is the
following elementary inequality :

LEMMA 2. — For non-integral t and integral n =2 2 we have

n

I 1 —exp (2wint) <
1 —expQmit | 1+afen?’
L sinnwt )
Proof. — The left-hand side is equal to ; l Since
nw
sin 2wt 2
- |=2|cos7rtl<————,
sin w¢ 2 — |cosmt|
the inequality
sinnmt n
: | < 2.1)
sin 7t 2 — |cosmt|
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holds for » = 2. Suppose that (2.1) holds for some n = 2. Then

sin(n + 1) nt sinnwt
——— | = |cos nwt + —; cosmt
sin wt nwt
n n+1
<Kl+—————Jcosmt| < ——MM8 —;
2 — |cosmt| 2 — |cosmt|

thus, by induction, (2.1) holds for all » = 2. Next we observe that
|cosmt| = cosw| t]|]. Hence the assertion of Lemma 2 follows
from (2.1) and the inequality cosw | ¢||<1 —x| ¢|*> (which is
valid since

coswltll = 1—/

0

e || 2l

miel 2
sinudu<1—f0 ;udu=l—1r|lt||2).

In order to apply Lemma 1 we have to derive estimates for the
exponential sums
N—1

2 expQmih.xs,(n).

n=0

! 9, +4

LEMMA3.—Put190=1+1r||h-X”2’ >

, and

S, = 2 exp(2wih.xs,(n).
0<n<qg

If h . x is non-integral, then |S, | <8 ~' q, for k=0.

Proof. — The inequality holds for k=0 since 0<9<1,
and is trivial for k=1. For k=2 we split up the range of
summation 0 <n <gq =a,q,_, +q,_, into the intervals
0<n<qy_ 1,9, Sn<2q_,,...,@ —1)q_,

<sn<agqu_,,
and agq,_, <n<agq,_, +q,_,. Since
Sogmae_, +ry=m+s,(r) »
for m<a, and r<gq,_,, and s,(a,q, +7r)=a, +s,() for
r<gq,_,, this yields
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1

S, =(1 +expQmih-x)+ ...+ (exp2mih - x)* ) S, _,

+ (exp(Rmih.xap)) S,_,
2.2)
1 —exp(2mih . xaq)

"1 —exp(2mih-x)

S, texp@uih.xa,)S,_,.

Hence, by Lemma 2, we obtain (k = 2)

(Sl < Vg ap IS, | +1S_,1 for a #1,
(2.3)
[Sel < ISp_ I+ 1S_, 1 for ap=1.

If k=12, we have

1+9 1+ 9
1S,1<9¥,a,q, +1< 5 L @,q, +1)= 5 24,<9q,

for a,#1 or a, #1;

{S,I=11+exp2rnih.x)|<29,<29=4dgq,

(by (2.2) and Lemma 2) for a, =a, = 1. For k= 3 the assertion
of Lemma 3 will be proved by induction. Assume that

1S, | <9" " 'q 2.4

m
for 0<m<k.

Case (i) : a, # 1. Applying (2.3) we have

[Sel < Fgap IS_, | +1S5_,1.
Hence by (2.4)
[Se1<Oga g, + 97 qp_,

= 9! @ d—y +ax_>)

— T3 =9 D ap g, + (O — 1) g,_,)

<9 lg =9 W —-9,9)aq,

+ (O = 1) g, <71 qys

the least inequality holds since
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2 —9,0a, +*—1) 2 =9, N +@®*— D
=282 —(50—4)d—1=(1—-9)38—1=>0

(note that 1> 9> 9, >%)

Case(ii): a, =1 and a,_,# 1. By a double application
of (2.3) we have

IS I <1+ 8ga,_ ) IS, 1+ 1S_5l.
Hence by (2.4)
1S 1 <1+ 8ga,_,) 9 2 g, + 9 *q_,
=8 T (1 + @_ Vs +@i—3) — 3T U + g
— (1 + 9 a_ ) q_y + (O — 1 gy_,)
< Tlg =T +a_)— 0 +%a_)
+9—1Dgq_, <% 'gq.;
the last inequality holds since
P +ag_,)—00+B3—Da,_,)+9—1
= =59 +4%)q,_, + 29 —9—1)
>93(1—9@ —9H2+Q¥P—-9—1

=4(1—9) (0—3_4‘3) 2 +4‘/§—0) >0.

Case (iii) : a, =a,_, = 1. By a double application of (2.2)
we have

[Se1=1(1+expQmih.x))S,_, +expmih.x)S,_,|
S 29,18k | + S

(applying Lemma 2 for n = 2).
Hence by (2.4)
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1S, | 28,0 3 q,_, +9*q,_,
<N, F @) — TP 29,9 q,_,
+ (@ —1Dage_y)
< Tlg, =3B 20,9 g_, <9 'q.;
the last inequality holds since

392 —29(59—4) —1
7—V37\ (7 +V/37
=3(1—9) (a— p )( p

~) >0.

Thus, by induction, (2.4) holds for all m =2 0 and the proof of
Lemma 3 is completed.

LEMMA 4. — Let 9 be defined as in Lemma 3. If h.x is
non-integral then we have

1 (1+9)\LM
Y expQrihexs, )<~ (F22) 7N,
0<n<N 04 2
L
Proof. =Put u, =exp(2mih.xs,(n)) and N= > €x dx
k=0

(compare (1.2)). Splitting up the range of sommation 0 <n <N
into the intervals

0s<n<e qp,€eq9 Sn<eq,

e _1qL_1s---€6qL T ...t q, <n<eq ...+ €4,
we obtain
Z u, | = 2. u,
o< n<N 0<n<epqL
+exp(2mih-x¢€p) Y u, + ...

b
0<n<eL—19L—1

+expQmih-x(eg +...+¢€) 2 u

e n
0<n<egqo

n

L N
<§:] S
=0

k

1 0<n<exqg

(cf. the first lines of the proof of Lemma 3).
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Similarly we derive

. \W al
X o=l Y w4 b)) u,
0<n<egqg 0<n<qg (ex—1)qx<n<exqg

— |(1 }oe2mihex 4 4 e2mihex(ex—1)) 2 u, | <exlSl.
o< n<qy
Applying Lemma 3 thus yields
- L k
1 al ]
}-i un < 24 k" qk
0<n<N k=0

In order to complete the proof of Lemma 4 it remains to show

! _ 1 (1+9) !
Y e 0" ’qk<—( ) Y o€ 4, (2.5)

3
kK=o s 2 K=o

for I =L. For /=0 (2.5) holds trivially ; inductively we assume
that (2.5) holds for ! < L. Then
L — 1
€ 9 g, = z €& g, e g O

k=0 k=0

1 +9

1 ( L—1 L1
<3 ———) Z ‘7'qu"""qu.'gl'_l
0 2 k=0

(2 ¢ o,

(o) - (227

1
9 2 2 =

raa (oS )LEY £,

-5 (G -E) )

oS ) e (5§ e
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the last inequality follows from
1+0)L L+8)—1  (1+9)
(L) oy (LT (1r9)
2 2 2

o\
(l+ 142‘19)

Thus the proof of Lemma 4 is completed.

3. Proof of Theorem 1.

From Lemma 4 and (1.3) we obtain (with L = L (N)

1 9, + 9\L
— Y  expQumih-xs, (n 0
N o<nen xp@m « (1) 10 )

<s. ( 9c, + IOxlz(r(h))2)L

2
10c, + 10y (r(h)) 3.1

_ o (1 -G M0+ 10y ¢y
L

c, L
< _ 1
2ex ( 10c, + 10¢(r(h))2)

for some constant ¢, = ¢, (x,¥) > 0 the last inequality holds since

. l u
(l ———) <— for u=21. Hence Lemma 1 yiclds (for some
u e

¢, = ¢, (d))

1 L
DN (X sa(n)) <C2 (;I‘ + (log (H + ]))dexp (— m)—))(32)

d

where we have used r(h) < H" and
H
W A 1\9
= ryt =142 = 1)
h=hy,..., hg)e 29 n=1 h
o0<max (lhy |,..., lhgl)<H

< 69 (log (H + 1))° .
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1
5 , 1
We put H = [(¢*(LY?>7)?] for some fixed e with 0<e <E

([t] denotes the greatest integer < ¢). Let N be sufficiently large
so that we can assume Y* (L'/>7¢) > 27 ; hence by (3.2)

1
Dy (x 54 (1)) < ¢ (2(w* (L2~ @

_ 1/2—eyy1/dd _ L
+ Qo (W LN x exp (— oo )

Since, for sufficiently large N = N, = N, (x, ¥,¢€)

e e c, L
Y (L2719 (log p* (L2 7€) 7 exp L
(10c, + 10L‘"“)

> Y* (L2 exp (L)
> (L2 Ve exp (L) > 1,
we have
Dy (x5, (M) < c, (Y* (L2719 for N=N,.
If N>a, then y*(L'?7€)#0 (since L= L(N)>0). Hence

choosing ¢ = c¢; such that
Dy (x5, () < c(Y*(L'27)"Y (c=c(x,¥,e,0)) (3.3)

holds for the finitely many N with a, <N <N, , (3.3) is valid
forall N 2 a, . Thus the proof of the theorem is complete.

4. Proof of Theorem 2.
In the following, we need three further Lemmas:

LEMMA 5. — For a sequence (y,),—-, in R, we have for every
heN:

1 N—_‘l
Dy 0:)> 5

2w N |, PO

Proof. — This is a special case of the inequality of Koksma ([7],
page 142).
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LEMMA 6. —For t€R and all integers n=1 with

1
O<n-lt|<z we have

1 —exp (2mint)
1 —exp(2wit)

Zn-(1 —(mr)®) =1 — (nne)?.

Proof. — The assertion is clearly true for n = 1. By using the
inequality
w2 x?

2

‘nx *mx
cos1rx=l—‘/0 sinudu?l—‘/o udu=1-—

1
and because O<|t|<(n—1).|t|<n-|t|<2 we get for

n =22 by induction :

sin nnt sin(n — 1)t
— |=|cos(n—1). 7t + —— . cosmt |
sin 7t sin 7t
sin(n —1).mwt
=cos(n—1)mt +——— . cosmt
sin wt
__1 . t2
>1—(—("——~;—") + (=10 —(n—1)-m?)
(mt)? n 1
—_ > . — 2. —_ —_ 2 —_
(1=F)zn-(1—@r(F+@—-17+3)
=n.(l —(nm)?).
LEMMA 7. — Let zk=vk-e2mk ,k=1,2 be two complex

1 .
numbers not equal to zero with |t, —t,| <:1_ and z, +z,=v - >,

then

1 1
a) Ifwechoose t such, that —5< t, —t <5, then :

lt,—t|< Sty —

20,
1+ —
m,

b) v=(1—Qr-lt, — 1)) @, +v,).
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Proof. —a) We have sgn (t;, —1)= —sgn(f, — 1), s0O

1
Ity =t =1ty —ti+ 1=t and |, —1]< .

Since v, -sin(2m |t — ¢, |) =v, -sin(2w|t —1¢,]), we have

2
v, - —Q@m|t—1¢t, ) <Sv,.2m|t — ¢, ]| and the assertion a) follows.
s

b) We have v =wv, . cosQu(t;, — 1) + v, . cos Qn (¢, — 1)),
[t;—t|<|t, —t,]| and therefore

cosu(t;,— ) =1 —Qmlt, —t,)?
and the assertion b) follows.
To complete the proof of Theorem 2 we proceed as follows. For a
complex z =v.e>"* we define argz:=u, then we take >0

1
so small that K . ¢ <\/TT8*7I and then we first show by induction

that for the exponential sums

S, = X exp(2mit - s, (n))
0<n<qp
we have

15
llarg (S, ,,) —arg (S,) Il <? K.t for n=0.

_ 1 —exp(Q@2mita,)
1 —exp (2wit)

te(@—1)
2

We have S, =1, S, , soarg (S,) =

15
and |larg (S,) —arg (Sy) Il < o K.t.

Now by formula (2.2) :

S _ 1l —expQnita,,,)
k+1 1 —exp 2mit)

< S texpQ@mita,,,)-S;_,.

If we assume that our assertion is true for k < n then for k <n:

1 - 2mit
llar ( exp 2mita,,,)

1 —exp Qmit) Sk+l) — arg (exp 2mit g, ,,) - S, )|l

3t 15 1
<T@y + 5K 1<91. K< (D)
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and therefore especially because of [z, +z,|=2max (Iz,1,]z,])

1
if |arg(z,) —arg (22)|<Z’ and because of (2.2) and Lemma 6

we have :
1 —exp (2mita,)
> 1.8 = (1 — (Knt)?) .
‘Snl l—exp(2mt) | n—ll/( ( "t)) lSn_l|>
and further

1 —exp(Qmita,,,)
1 —exp 2mit)

<18, 1= (1 —(Kmt)*)* - |8

n—1

> (1 —2Xn)?) - | (exp 2mita,,,) - S, |,

and so because of (4.1) and Lemma 7a) :

3t
{larg (S, +,) —arg(S,)H <7 - K

1 —exp(2mita,,,)
+llarg(S,,,) —are (( l_exp(21rit;l )+ 8,) I

3t 1
<?OK+ .9.K.¢t.

1 +%- (1 —2 (Kwm)?)

2 1
Hence, because ¢ is so small that —. (1 —2 (K1rt)2)>-5, this is
m

15K
less that - t. By Lemma 7b), by (4.1) and by Lemma 6

we have :
[Sps1 1= (1 — (87K?) - @4, + (1 — (@KO?) - IS, 1 +18,_, 1)
=>(1—648 .72 K2 . 12) . (@,,, - 1S, +1S,_, D).

1
We take +v: = 648 72 . K? and because ¢ <—— by induction now
Vv
it is easy to show that

Sn

>0 —vg.t2)" forall n.

n
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This is true for n =0 and n=1 and so:

itj—l‘ =1 —vy-1%). Gy Sat Sy

An+1 Apyy 4, Y 4,

>(1—v£2). Upiyqn- A=y )V +q, -1 —y.2y"1
a’l+l.q"+qn_l

>(1 _7-t2)”+l .

It we take now A such that

c c 1
lhx | < —— and < ,
v (h) y(h) /648.7.K
then by Lemma 5 we have:
qn—1
an (x - 5 (n)) = m . k}:o exp 2mih - x - 5, (K))
1 v - e\
22— — - 2y, > 1— .
e UL AL o 1= 3)

If we take N=g¢, and n = L(N) such that n — 1 < Y2 (h) <n,
then A < y*(n'/?) = y*(L(N)/?) and

2 Y2m)+1

) >cl(x,'lJ,c,C\t)

D Y*LN)V?) -

1 Y-c
NZ o L)) (1- y2 ()
Since we can do this for infinitely many A, the proof is
finished.
Remark. — Formula (2.2) yields
n

2
|sn|<(m+ 1) ,

n

2h
and so |s,,|<(—c~+1) ,if IIthIZ%— forall h=1,2,...,
and a ¢ > 0. From the proof of Lemma 4 we have

N=1

e21r ihx sq(n)

L)
< Y 6Qr+ 1.
k=0

14

n=0
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If we choose now a=1[0;1,2,3,4,...], then for every N
sufficiently large, and with absolute constants c¢; by Lemma 1 and

¢
by taking H = ZN”(LH) we get

Dy (x - 5,(m) <c, - (H

//\

(_ H ) N’/‘L“)

and because of N = L ! this is less than

‘3 < _Ca
(L !)l/(L+l) =~ L (N)’

and therefore it can be seen that the lower bound of Theorem 2 does
not hold for every .
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