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RIESZ POTENTIALS AND AMALGAMS

by M. COWLING, S. MEDA & R. PASQUALE

0. Introduction.

Let M be Euclidean space R™ and let —L be the usual Laplace
operator (so that £ is positive). The Hardy-Littlewood—Sobolev regularity
theorem states that, if 1 < p < ¢ < 0o and 1/p — 1/q = 2/n, then there is
a constant C such that

lulq < CliLul,  Vue CZ(M).

This may be expressed by stating that £~! maps LP(M) into LI(M).
More generally, one may consider the Riesz potential operators £L~%/2 when
0 < a < n; these are given by convolution with the tempered distributions
whose Fourier transforms are | - |~*. Then £~%/2 maps LP(M) to LI(M)
when 1 <p<g<ooand 1/p—1/q=a/n.

Now take M to be the infinite cylinder {(z,y,z) € R® : 22 +32 =
1}, equipped with the restriction to M of the Euclidean metric, and
let £ be the Laplace-Beltrami operator of M. A natural question is
whether the Riesz potential operators £~%/2 map LP(M) to LI(M) for
some positive real a. As is well known, and as we shall see shortly, the
answer is no, essentially because M is two-dimensional but “seems” one-
dimensional globally. Nevertheless, the Riesz potential operators do have
some smoothing properties which may be formulated in terms of amalgams.
We will now study this example in some detail, as it will be a paradigm
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for the rest of this paper. We parametrise the point (cos#,sin#, z) of M by
(0, 2), where - < @ < 7 and —o00 < z < 00.

The heat equation on M has a fundamental solution H;, given by the

formula 0 k)2 )
1 + +z
Hi(6,2) = 15 ée"f’(‘ )

Then if f is a reasonably regular function on M, the solution of the heat
equation in M x R¥ with initial data f is the convolution H; * f, where

27 [e’s)
Hxf02)= [ [ m0-6.2-w) f(@0)dpdv,

Fix o in (0,1/2). The Riesz potential operator £~*/2 is given by
convolution with the kernel R, where

1 (o o}
= ———— te/2-1 |, dt.
R r(a/2>/o d

It is easy to see that, for all § in (—m, 7] and z in R,
t~lexp(—(6% + 2%)/4t)  when 0<t<1
(0.1) H:(6,2) {t_1/2 exp(—2z2/4t) when 1<t < oo.

This means, for instance, that there are positive constants C' and C’ such
that
th(e’ Z) < Cl,
= exp(—(6?% + 22)/4t) —
for all  in (—m, 7], z in R, and ¢ in (0, 1]. It follows immediately that
2,2\ (a—2)/2 24,2 <
Ra(0,2) ~ (6 +Z)_1 . when 92+22_1
(1 4 22)(e=1)/ when 6%+ 2° > 1.
Let B(o, p) be the ball in M centred at (1,0, 0) of radius p and xg(o, p) be
its characteristic function. Then if p < 1,
202 4 2 4 ,2\(a—2)/2 2, .2
L PP(p?+ 67 +27) when 0%+ 22<1
Ra *XB(in)(e’ z) {p2(1 + 22)(0—1)/2 When 02 +z2 Z 1,
while if p > 1,

Ro * XB(o,p)(8,2) ~ p(p* + 22)(@~ /2,

If £~%/2 were bounded from LP(M) to LI(M), then it would follow that
g(a — 1) < —1 since Ry * XB(o,p) € LY(M), and furthermore the ratio
| Ra * XB(o,p)lla/ IXB(0,p)lp WOUld be uniformly bounded in p. Now

| Ro * XB(o,p)”q -~ {p"‘+2/‘1_2/” when p<1
1XB(o,0) llp p*t1/a=1/P  when p>1,
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and this cannot be uniformly bounded in p. Thus the Riesz potential
operator £~%/2 cannot be bounded from L?(M) to LI(M). A shorter way
to prove this result is to appeal to [6], Theorem 1 once formula (0.1) is
known. We have given the details here because this example motivates and
informs the use of amalgams.

Nevertheless, the Riesz potential operator £~%/2 is regularising when
Re(a) > 0. We may express this using amalgams. For any integer j, define
E; to be

{(w,y,z) €EM: |Z _]l < 1/2}7

and x g to be its characteristic function. For p and ¢ in [1, 0o}, let AZ(M) be
the Banach space of all measurable functions f on M such that || f|| A2 < 00,

where
1/q
1 llag = (Z nfmng)

JEL
if ¢ < 00, and
Il age = sup {ll fxE;llp : 5 € Z}.

THEOREM. — Suppose that 0 < a < 1,1 < p < r < o0,
1/p—1/r = a/2,1 < q < s < oo, and 1/g — 1/s = o. Then the Riesz
potential operator £L~*/? is bounded from Al(M) to A3 (M).

The proof of this theorem is omitted, as we shall prove a more general
result later. The point is that the Riesz potential operators may not be LP—
L? bounded, but that boundedness between amalgams may be a substitute.
This theorem is formulated with the conditions 1/p — 1/r = «/2 and
1/q—1/s = a/1, where the “local dimension” 2 is involved with the “local
indices” p and r, while the “global dimension” 1 is involved with the “global
indices” ¢ and r. Thus the mapping properties between amalgams seem to
encapsulate the local and the global nature of M quite well.

The aim of this paper is to prove a version of this theorem involving
more general spaces M and operators £. In Section 1, we discuss the
definition of amalgams, and prove an AI — A7 mapping theorem for kernel
operators. In Section 2, we consider “Gaussian” semigroups. In Sections 3
and 4, we consider examples involving Riemannian manifolds and Lie
groups of polynomial growth respectively.

It should be pointed out that the novelty of this paper lies in the
marriage between the idea of an amalgam and the study of heat-type
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semigroups. These latter have already been intensively studied, and closely
related results have been proved, in particular by T. Coulhon, L. Saloff-
Coste and N.Th. Varopoulos (see, e.g., [6], [7], [8], [9], [22], [23], [24]).

We will need a bit of notation. Given a function f on a measure space
M and a subset E of M, we shall write xg for the characteristic function
of E, and fg for the pointwise product fxg. We use the letters A, B, C,
etc., to denote positive constants. These may vary from one occurrence to
another, but do not vary within the enunciation and proof of a result.

1. Amalgams.

Throughout this section, we assume that (M,d,p) is a measured
metric space, by which we mean a metric space (M,d) equipped with a
Borel measure . We further assume that (M,d, u) satisfies the uniform
ball size conditions
(L1) inf{u(B(z,p)): x € M} =v(p) >0

' sup{u(B(z,p)) : x € M} =V (p) < o0,
where B(z, p) denotes the open ball in M with centre z and radius p.

For € in R*, a discrete subset M of M is called an e-discretisation of
M if
(1.2) d(z,z')>e VzeM Vz'e M\ {z}
(1.3) dizx,M)<e VzxeM.
It is easy to see that e-discretisations always exist. Indeed, the class of all
the discrete subsets of M which possess property (1.2) is clearly partially
ordered by inclusion and nonvoid. Every totally ordered subset of this class
admits a maximal element by the Hausdorff maximality theorem. Now
any such maximal element M satisfies condition (1.3): for otherwise, there
would be a point z in M such that d(z, M) > ¢, and then M U {z} would
contain M and still satisfy condition (1.2), contradicting the maximality
of M.

The existence of e-discretisations may also be proved more construc-
tively if desired.

We denote by B(z, p) the set of all y in M such that d(z,y) < p.

LEMMA 1.1. — Suppose that M is an e-discretisation of M. Then
if pe RT,
V(p+e/2)

#B(z,p) < D)

Ve M,
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and if also p > ¢, then

v(p—¢)
> —_— .
# B(z,p) > Ve Vre M

Proof. — Fix z € M and p in R*. Then the balls B(y,e/2) for
y in B(z,p) are all disjoint, and all are contained in B(z,p + £/2).
Consequently,

#B(,p)v(e/2) < Y. u(Bu,e/2) < u(Blzp+e/2) < Vip+e/2),
yE€B(z,p)

proving the first inequality. Similarly, the balls B(y, ¢) for y in B(z, p) cover
B(z,p —¢€), and

#B(z,p)V(E)> Y w(By¢) > u(B=,p—c)) >v(p-e),
y€B(z,p)

proving the second inequality.

Fix an e-discretisation M of M. For p and g in [1, 00}, let AY(M, M)
be the set of all measurable functions f on M such that || f|| 42 < co, where

1/q
1lag = (Z ||fB<z,e)nz)

reEM
if ¢ < 0o, and
[ fllage = sup {IIfB(z,e)llp : © € M}.

Then AJ(M, M) is a Banach space (when functions which coincide al-
most everywhere are identified) called an amalgam. Amalgams have been
studied in various degrees of generality by various authors, including J.-
P. Bertrandias, C. Datry and C. Dupuis, J.J.F. Fournier and J. Stewart,
and F. Holland [1], [15], [16].

We now clarify the sense in which A%(M, M) looks locally like LP(M)
and globally like LI(M).

PROPOSITION 1.2. — Suppose that M is an e-discretisation of M,
that 1 < p,q < oo, and that § € RT. Define a to be max{1/p — 1/q,0}, b
to be max{1/q — 1/p,0}, V() to be sup{# B(y,€) : y € M}, and Ny to be
# B(zo, € + 6).

(i) If f : M — C is measurable and supported in B(z,d), then
f € LP(M) if and only if f € A}(M, M), and

I£llp < N§fllag and (I fllag < N3 V()P £1lp.
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(ii) If f = XB(zo,5) and 6 > 2¢, then

v(e)Y/Pu(§ — 2)1/9
V(e)a

V(e)'/PV (54 3¢/2)Y/4
v(e/2)1/a

< fllag <

(iii) If f : M — C is measurable and there exists a constant C' such
that

(14) sup{|f(y)|: y € B(z,e)} < Cinf{|f(y)| : y € B(z,e)} VzeM,
then f € LY(M) if and only if f € AJ(M, M), and if p < q, then
I £llg < CYP=Hau(e)aVP | f|lag and || fllag < V(e)/IV ()P4 fllq
while if p > q, then
[£llg < V(E)Ye 7| fl| ag and || fllag < CYI7HP V()Y u(e) /P14 || f]o.

(iv) If f : M — C is measurable, then f € LP(M) if and only if
f € AY(M, M), and

I£llp < 1FlLaz < VE)'YP I £llp-

(v)If1 <r<p<ooandl < q< s < oo, then AY(M, M) C
A (M, M), and

fllas SVE? P Ifllag VS € AYM,M).

Proof. — In this proof, we write n for € + 4.

Suppose first that f is supported in B(zg, ). Then on the one hand,

i1 = ([ 110P du(y))l/p

< ( /M > 1fB@e®? du(y))l/p

$EB(IEO )77)

(15) (= ufB(z,E)u,';)l/p

z€B(zo,m)

1/q
sNg( ) ufB(z,E)uz)

z€B(z0,n)
= Ng (| f]l ag-
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On the other hand,

1/q
||qu;=( ) llfB(z,a)llf,)

z€B(x0,n)

, 1/p
sNo( > HfB(x,e)llﬁ)

z€B(z0,m)

Ng ( /M > IfB(x,s)(y)l”dn(y)>l/p

zeB(zo,n)
< NEV(E)M? | flps

(1.6)

proving (i).
If f satisfies the hypotheses of (iii) and 1 < r,s < oo, then

1/r—1/s
1 fB(ee)ll- < {N(B(x’e)) Y /B s when r <s
ST = —1/r 1/r—1/s
Cl/s Y [L(B(LE,E)) / / ”fB(:c,e)"s when r > s.

Therefore, on the one hand,

£l < ( |3 ol du(y)>1/q

TEM

1/q
- (E ||fB<z,6>||g)

TEM
1/q
< 0 sup (B, 7 2 € M} (T Ifsenl)
TEM
= C° sup {,u(B(:c,e))l/q_l/p :x € M} | f]l ag-
On the other hand,

1/q
1fllag = (Z nfB(z,E)ng)

TEM
b 1/p—1/q q e
< C* sup {u(B(z,¢)) iz e MY Y IfB@ell
TEM
< C*V(e)Y1 sup {u(B(x, e))l/p_l/q :x € M} || fllg
proving (iii).
The inequalities (1.5) and (1.6), with B(zo,7) replaced by M and ¢

replaced by p, show that AP(M, M) and LP(M) are isomorphic Banach
spaces, and prove (iv).
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Finally, (v) is a simple consequence of Holder’s inequality. O

Remark 1.3. — Note that the constants in Proposition 1.2 (i) remain
bounded when § is bounded. Thus any compactly supported function is in
Af(M, M) if and only if it is in LP(M). Similarly, when the absolute value
of a function varies slowly, (1.4) holds, and (iii) applies.

A natural question is how A%(M, M) depends on the discretisation
M used. This is answered in the next proposition.

PROPOSITION 1.4. — Suppose that M and M’ are e- and ¢'-
discretisations of M, where € and €' are positive real numbers. Then, for
every p and q in [1, 00|, the Banach spaces Al (M, M) and A}(M, M') are
isomorphic.

Proof. — First, recall that B(y, p) is defined to be {x € M : d(z,y) <
p}; similarly we define B'(y, p) to be {z' € M’ : d(2',y) < p}. Write ¢” for
€ +¢’. From Lemma 1.1, there exists N in N such that

sup{#B(y,c") iy € M} <N and sup{#B(y,e"):y € M} < N.

Suppose that f is in AZ(M, M’). Since XB(z,) < > XB(xe')
z'€B/ (x,e")
the triangle inequality, Holder’s inequality, and Fubini’s theorem imply that

1/q
(Z ||fB(x,s)||Z) < (Z “ Z IB(a' e

q) 1/q
TEM TEM  z'€B/(x,e’) P

<(Z( % ||fB(wl,5/>||p)")l/q

TEM z'€B/(z,e)

1/q
SNW(Z ) ufB(x,,sqng)

TEM z'€B/(z,e")

1/q
SN(Z ||f3<z,,s/)ug) ,

z’'eM’

proving that AZ(M,M’) is continuously embedded in AJ(M, M). The
reverse inclusion is proved by exchanging the roles of M and M’ in the
above argument. ]

Since the amalgam does not depend substantially on the choice of
e-discretisation, we may ignore this choice in what follows; we use the
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notation Ag(M ) to denote the linear space with any one of the possible
choices of discretisations and corresponding norms.

We now consider operators on amalgams.

THEOREM 1.5. — Suppose that K : M x M — C is a measurable
function (defined almost everywhere on M x M), and that
Dd(z,y)~* when d(z,y) <1
<
K@ y)l < {Dd(:c,y)‘b when d(z,y) > 1,
where a,b > 0. Suppose also that m,n > 0 and

Cip™ when p<1
<
u(B(z,p)) < {01 " when p > 1.

Then the kernel operator K with kernel K is bounded from AJ(M) to
A3(M), provided that 1 < p <r < 00, 1/p—1/r <1-mfa,1<qg<s< 0
and1/q—1/s > 1—n/b.

Proof. — The key to the proof of this theorem is the following well
known generalisation of Young’s convolution inequality (see, e.g., [14] for
an example of its use). Suppose that N is a measure space with measure
v,and let G: N x N — C be a function such that

v({y € N : |G(z,y)| + |G(y,z)| > A}) <CA™*  VAeR" VzeN.
Then the operator G, defined by the rule

Gf(z) = /N G(z,y) fy)dv(y) VzeN,

for all integrable simple functions f, extends to a bounded operator from
LP(N) to LI(N) provided that 1 <p<g<oocand 1/p—1/g=1-— 1/t
The norm of this operator depends on p, ¢ and C.

Now let M be a 1-discretisation of M. Let Q be the quasi-diagonal
subset of M x M

{(z,y) e M x M : d(z,y) <1},
and let dg be the function dxg. Since
|K(z,9)| < D (dg(z,9))~* +2°D (1 +d(z,y)) ",
it suffices to show that the operators S and 7 with kernels d,* and (1+ad)~*
map A%(M) into A,(M). We treat these two operators separately.

First, for any z in M,
n({y € M : |do(z,y)~°| > A}) = p(B(z,1) N B(z,A"Y/))
< C; min{1, \"Y/a}m™
<CiA ™™ VYAeRT,
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and similarly for any y in M,
p({z € M:|do(z,y)~% > A}) <CLaA™™*  vaeR
From the generalisation of Young’s theorem, the kernel operator S is

bounded from LP(M) to L™(M). Further, the kernel of S vanishes off the
quasi-diagonal @), so that

(S(fBwo.))) B(zo,1)(®)

- /M X5(eo)(@) (2, 9) X0 () X500y ¥) F(¥) dy = 0

unless d(zo,yo) < 3. Thus

1/s
(Z u(8f>3(1,1)||:) -
zEM

o\ 1/s
I5(5 70,

1/s
T)
TEM  yeB(z,3)

s\ 1/s
> Wfswals) )

TeEM yeB(zx,3)

(
=Y < > D Ifsanly# B, 3))s/s)
<(

1/s

€M yeB(x,3)

1/s
3 1 sells (# Bz, 3) 1/ )
TEM
1/s
= ‘:((17//22)) (Z 1B ll3 )
V(7/2)

To treat the operator 7, we argue similarly. If z € B(zo,1) and
Y€ B(yﬂa 1)7 then

14 d(zo,10) < 3+d(z,y) < 3(1 +d(z,y)).
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Hence, for ¢ and yp in M and z in M,
(T (fB(y0,1))) B(zo,1) ()]

/Mu + (2, 1)) " XB(e01) (@) X0y (¥) F() dy

<3b /M(l + d(zo,¥0)) " XB(w0,1)(T) XB(yo,1) ¥) |F(¥)|dy

= 3b (1 + d(.’l}o, yU))—b XB(ZD,I)(:E) "fB(yo,l)Hl
< V)Y (14 d(2o, %)) " XBzon) (@) | fByo,1) lIr-

Thus

I fllas = (Z [(7(X 7560)) g i)l/s
zEM yEM Y
o 1/s
< (2 (T 10 Uspsenls)’)

zEM yeM

<stvr ( > ( doa+ d(II»‘,y))—b”fB(y,l)lll)s) "

TeEM yemM

Now for any z € M and X in RY,
#{y e M: (1+d(z,y))" > A}
=#B(z, A"V - 1)
0 when A >1
V(AT —1/2)/v(1/2)  when A<1
by Lemma 1.1. Thus the assumption on the size of large balls implies that

C1 —n/b
1y

whence, by the generalization of Young’s inequality,

(S (T a+dwn nfmnlll)s)l/s <5(¥ ||fB(y,1)|I1>1/q

TEM yeM TEM

1/q
<E ( > ||f3(y,1)ng) ,

TEM

<

#{ye M: (1+d(z,y) >} <

as required. 0O
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2. Symmetric Gaussian semigroups.

In this section, we suppose that (M,d,u) is a measured metric
space. We shall further suppose that (M,d,p) is polynomial of order
(mo, m1;m0,n1), by which we mean that
Cop™ <v(p) <V(p) < Crp™  whenp<1
Cop™ <w(p) <V(p) <Ci1p™  whenp>1.

These conditions imply immediately that M satisfies the uniform ball size

conditions (1.1). Consequently, the results of the previous section about
amalgams on M hold.

(2.1)

Let £ be a possibly unbounded positive self-adjoint operator on
L?(M). Let {Px}a>0 be the spectral resolution of the identity for which

L =/ AdPy.
0

For positive t, we define the heat operator H; by the rule
Hif = / e dP\f  Vf e L*(M).
0

Clearly {H;}+>0 is a contraction semigroup on L?(M). For such a semi-
group, we define, for any complex number ¢, the Riesz potential operator
R« of order a by the rule

o0
Raf = [ Al apss
0

for every f in the natural domain Dom(R,), which is equal to

{f ; /OOOA‘Re"d(f,P,\f) < oo}.

It is easy to check by spectral theory that
1

Rel = Taf2)

This formula allows us to deduce information about R, from information

about {H;}+>0. (We only require that the generator be self-adjoint in order

to avoid difficulties with the definitions of H; and R.. However, it would be

enough to assume the existence of a reasonable functional calculus for L£.)

/ t*/2-1,fdt  Vf € Dom(Ra).
0

We say that a semigroup {H;}+>0 on M is sub-Gaussian if there exist
constants A; and B; such that its kernel H; satisfies the inequality

.Al —Bd( 2
2.2 Hy(z,y)| < —— e Bd@9)°/t vz ye M VteRt.
(2.2) | t(wy)l_v(ﬁ)e T,y
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Similarly, we say that {H;}:~0 on M is super-Gaussian if there exist
constants Ay and By such that its kernel H; is nonnegative and satisfies
the inequality

A
(2.3) Hy(z,y) > V(&Z) e Boden)?/t  ypye M VteR*

THEOREM 2.1. — Suppose that (M,d,u) is polynomial of order
(mg, m1;m0,n1) as in (2.1), and that the semigroup {H:}:>o on M is
sub-Gaussian as in (2.2). Suppose further that 0 < a < min(mg,ng),
1<p<r<ool<qg<s<oo,

I l_oatm-m g L_l,etm-no
p T my qg s ny
Then the operator R, is bounded from A3(M) to A7 (M).
Proof. — The main step of our proof is to show that there exists a

constant D such that the kernel R, of the Riesz potential R, satisfies the
following inequalities:

(2.4) |Ra(z,y)| < Dd(z,y)>"™ when d(z,y) <1
(2.5) |Ra(z,y)| < Dd(z,y)* ™ when d(z,y) > 1.

The theorem then follows from Theorem 1.5.

Recall that R, may be expressed in terms of the heat kernel by the
formula

1 (o)
Ry = —= | t¥* 1 H,dt.
INCY) 2)/0 ’

By the upper bound for the heat kernel (2.2), for all z and y in M, we have
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I (:L' y)l < F /2)/ ta/2 1 \/') 1 —Bld(z,y) /t dt

<& a/2) / fla=mo)/2-1 ,~Brd(z.y)*/t 3
0
+ o F(a/2) / t(a—no)/2—1 e—Bld(x,y) /t dt
0 1
A; _ 9 [T —a)/2-1 —t
= " (Byd(z,y)?)(@"m0)/ / t(mo—a)/2=1 =t 4t
Co F(a/2) ! Bid(z,y)2
A 131‘1(1:7‘-‘/)2
W(Bld(x y) )(a no)/2/ t(no—a)/2—le—tdt
0
Al B§a m())/2 B o0 B
— d T,y a mo/ t(mo a)/2—1 et dt
CO F(a/2) ( ) Bid(z,y)?
A, Bla—m0)/2 Bid(z,y)*
+ ot e [ et
0 0
A B(a—mo)/2 .
= 16’0;‘(—01/2) d(z,y)* ™ Io(d(z,y))
Al B{a_nO)/2 a—ngp
Wd(m,y) I (d(z,y)),

say. It is easy to check that Ip(d) converges to I'((m¢ — a)/2) as d tends
to 0+ and decays exponentially as d tends to co. Similarly, I, (d) converges
to I'((no — @) /2) as d tends to oo and decays d™~* as d tends to 0+. This
proves the estimate (2.4), and hence the theorem. a

Remark 2.2. — Mutatis mutandis, the same argument also shows
that R, is bounded from Af(M) to A7(M) for complex a. More precisely,
the argument used to show (2 4) also shows that

|Ra(x,v)| < Dd(z,y)Rea—mo when d(z,y) <1
|Ra(z,y)| < Dd(z,y)Reamo when d(z,y) > 1,
and the boundedness from AJ(M) to A;(M) follows again by Theorem 1.5.

Remark 2.3. — Similarly, if the semigroup satisfies the super-Gaus-
sian bound (2.3), then, for real a, the kernel of the Riesz potential has a
lower bound of the form

Ro(z,y) > D' d(z,y)*™™ when d(z,y) <1

(2.6) , m
R.(z,y) > D' d(z,y)*™™ when d(z,y) > 1.
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Suppose that R,, is bounded from AZ(M) to A7(M) and that formula
(2.6) holds. Take a 1-discretisation M of M, z¢ in M, and pg in (0,1). Then

RaXB(zo,po)(w) = / Ra(z,y) du(y)

B(zo,p0)
> D" u(B(zo, po)) (d(=, zo) + po)*~™
if d(z,zo) < 1. It follows from Proposition 1.2 and formula (2.6) that
IR aXB(z0,00)ll 42
>C ” (RaXB(mo,PO))B(mo,l)”T

> D" u(B(xo, po)) </B

1/r
(d(2, z0) + po)" >~ du(x))
(.’1:0,1)

= Dw(Blao, ) (rla —ma) [ (o4 po) @)= u(Blan, ) 0

1/r
(L4 o) u(Bzo, 1)))

1/r

1
> D" u(B(x0, po)) (T(a —m) / (p+ po) =™ Co p™ dp)
0

= D" u(B(z0, po)) (T(a —my) Co pyo T

1/po 1/r
/ (1 + t)rl@—m)=1 mo dt) .
0

As po tends to 0+, the last integral tends to B(r{a — my) — mg,mg + 1)

(the Euler Beta function), provided that r(a — m1) > mg, whence
[RaXB(zo,00)ll4s = D" 1(B(z0, po)) po-

Hence, by using Proposition 1.2 again, we find that

o/T+a—m,

lim sup ”RaXB(zo,po)”Ag > lim sup DH/N(B(TL'O,PO)) pgio/r+a—m1
po—0  IXB(zopo)llag  ~ po—0 C'u(B(zo, po)) /P
> llIIISI(l)p D”,Cé—l/p C,—l pgno(l—l/p+1/r)+a—m1.
PO

Since R is bounded from A3(M) to A7(M), mo(1-1/p+1/r)+a—m;y >0,
ie.,

1 . }_ < a+mg—m
p T mo
In the same way, by considering RaXB(zo,p,) 85 p tends to infinity and
using Proposition 1.2 to estimate the amalgam norms in terms of Lebesgue
norms, we may also show that
1 1 _a+n—m
; o )

q
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