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BOUNDS OF RIESZ TRANSFORMS ON LP SPACES FOR
SECOND ORDER ELLIPTIC OPERATORS

by Zhongwei SHEN

1. Introduction.

Consider the second order elliptic operator of divergence form
(1.1) L =—div(A(z)V) on Q,

where €2 = R"” or a bounded open set of R™. In the case of bounded domains,
we impose the Dirichlet boundary condition v = 0 on 0€2. Throughout this
paper, we assume that A(z) = (a;i(x)) is an n x n symmetric matrix with
real-valued, bounded measurable entries satisfying the uniform ellipticity
condition,
- 1

(1.2) plgl? < Z aje(x)&ée < = [€)7,

Jok=1 H
for all £, x € R™ and some p > 0.

Under these assumptions, it is known that the Riesz transform
V(L£)~/? is bounded on LP(Q) for 1 < p < 2+4¢ where £ = £(n, u) > 0, and
is of weak type (1,1) (see e.g. [4], [7]). Moreover, the range of p is sharp.
The main purpose of this paper is to investigate the LP boundedness of the
Riesz transform for p > 2, as well as the closely related boundedness on
weighted L? spaces, under some additional conditions. For any fixed p > 2,
we obtain a necessary and sufficient condition for the boundedness of the
Riesz transform on LP(Q)). Armed with this condition, for elliptic operators
with VMO coefficients, we are able to establish the LP boundedness of Riesz
transforms on Lipschitz domains for the optimal range of p.

Keywords: Riesz transform, elliptic operator, Lipschitz domain.
Math. classification: 35J15, 35J25, 42B20.



174 Zhongwei SHEN

Theorems A, B and C below are the main results of the paper.

THEOREM A. — Let L be a second-order uniform elliptic operator
of divergence form with real, symmetric, bounded measurable coefficients
on R™ n > 2. For any fixed p > 2, the following statements are equivalent.

(i) There exists a constant C' > 0 such that for any ball B = B(xg,r)
and any VVlif weak solution of Lu = 0 in 3B = B(z¢,3r), one has
|Vu| € LP(B) and

1 1/p 1 1/2
R 14 < - 2
(1.3) (|B| /B|Vu\ dx) C(|2B| /QB|Vu| dm)

(ii) There exists ¢ > 0 such that the Riesz transform V(L)~Y/? is
bounded on L4(R"™,dx) for any 1 < ¢ < p+e.

(iii) There exists § > 0 such that if w is an A, weight with
s=2(1-1/p)+ 9, then

(14) ||V(£)71/2f”L2(R",dm/w) < C”f”LQ(R",da:/w)a

where C' depends on the A; bound of w.

In particular, V(£)~'/? is bounded on LP(R",dx) if and only if
condition (i) holds for the same p. Consequently, the set of exponents
p € (1,00) for which V(£)'/? is bounded on LP(R™,dz) is an open
interval (1,pg) with 2 < py < oo.

We remark that condition (ii) follows directly from (iii) by an
extrapolation theorem, due to Rubio de Francia. It is also not hard to
see that condition (i) follows from (ii) by a standard localization argument,
since the L? boundedness of the Riesz transform yields the WP estimates
for L. The rest of the proof of Theorem A, however, is much more involved.
To prove that condition (i) implies (ii), we use a new and refined version of
the celebrated Calderén-Zygmund Lemma. See Theorem 3.1. This theorem,
formulated by the author in [17], was inspired by a paper of Caffarelli and
Peral [6] as well as a recent work of L. Wang [19]. For any fixed p > 2,
it gives a sufficient condition for an L? bounded sublinear operator to be
bounded on L9 for all 2 < g < p. It enables us to show that the operator
VL~ !div is bounded on LP under condition (i). The boundedness of the
Riesz transform then follows from the fact that ||£Y/2f|, < C|Vf]|, for
any 1 < ¢ < oo [4]. To show that condition (i) implies (iii), the basic
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BOUNDS OF RIESZ TRANSFORMS ON LP SPACES 175

observation is that condition (i) leads to an LP estimate on the kernel
function of the Riesz transform. Using this estimate on the kernel as well
as the LP boundedness established above, we show that the sharp function
of the adjoint of the Riesz transform can be dominated by the Hardy-
Littlewood maximal function. The desired estimate (1.4) then follows from
the weighted norm inequalities for the sharp and maximal functions.

It is not very difficult to extend the argument above to the case of
bounded Lipschitz domains. This gives us the following.

THEOREM B. — Let € be a bounded Lipschitz domain in R", n > 2.
Let L be a second-order uniform elliptic operator of divergence form on (),
subject to Dirichlet boundary condition. For any fixed p > 2, the following
statements are equivalent.

(i) There exist constants C' > 1, ag > a3 > 1 and ro > 0 such that for
any ball B(xzo,r) with the property that 0 < r < ro and either xy € 02
or B(zg,asr) C £, and for any weak solution of Lu = 0 in QN B(xg,aqr)
and u = 0 on B(xg,aer) NN (if g € ON), one has |Vu| € LP(QN B(xzg,r))
and

1/p

1 1 1/2
(1.5) (—/ |Vu|pd:17) gC(—/ |vu\2dx)
rr QNB(zo,T) re QNB(zg,a17)

(ii) There exists ¢ > 0 such that the Riesz transform V(L£)~'/? is
bounded on L(),dz) for any 1 < g < p +e¢.

(iii) There exists 6 > 0 such that if w is an As(R™) weight with
s=2(1—-1/p)+ 4, then

(1.6) IV 25 20, dayy < C M2, daren

where C' depends on the As bound of w.

In particular, V(£)~'/? is bounded on LP(Q,dx) if and only if
condition (i) holds for the same p. Consequently, the set of exponents
p € (1,00) for which V(£)'/? is bounded on LP(Q,dz) is an open
interval (1,pg) with 2 < py < 0.

A few remarks are in order.

Remark 1.7. — Let Q = R™ or a bounded Lipschitz domain. It
follows from Theorems A and B that V(£)~'/2 is bounded on LP(Q, dz)
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176 Zhongwei SHEN

for any p € (1,00) if and only if it is bounded on L2(Q,wdz) for
any w € Ay(R™). To see this, we note that w € A, implies that w € A, for
some ¢ < 2, and 1/w € Ay. For the classical Riesz transform V(—A)~1/2
the boundedness on LP(R") for 1 < p < oo, and on L?(R",wdz)
with w € A2 (R") is well known (see e.g. [18], [10]).

Remark 1.8. — For a general second order elliptic operator £ with real,
symmetric, bounded measurable coefficients, V(£)~'/? is bounded on L? for
1 < p < 2+e¢. The range of p was shown to be optimal by C. Kenig (see [4],
pp. 119-121). Tt is worth mentioning that the boundedness of V(£)~1/2
on LP is equivalent to the inequality ||V f||, < C|L£Y2f||,. The reverse
inequality [|£Y/2f||, < C||Vf||p, nevertheless, holds for all 1 < p < oo [4,5].
The proof of Theorems A and B depends on this fact.

Remark 1.9. — By a simple geometric observation, one may see
that condition (i) in Theorem B is equivalent to the following. There exist
Cy > 0,4 > ag > 1and r; > 0such that for any D = B(x, )N # 0 with
zo € R, 0 < r < r1, and for any weak solution of Lu = 0 in QN B(xg, asr)
and u = 0 on B(zg, aqr) N O (if it’s not empty), one has |Vu| € LP(D)
and

| Y | 12
(1.10) {—/ Vul? de} pgcl{—/ Vulda}
rn D rn QNB(zg,asT)

By the reverse Holder inequality estimates [12], pp. 122-123, this implies

that condition (i) in Theorem B has the self-improvement property.

That is, if £ satisfies condition (i) in Theorem B for some p > 2, then

it satisfies condition (i) for some p > p. Clearly, the same can be said

about the condition (i) in Theorem A. It follows that the set of exponents
€ (1, 00) for which V(£)~/? is bounded on L”(Q) is an open interval.

Let £ = —A on a bounded Lipschitz domain €2, subject to Dirichlet
boundary condition. Using the solvability of the L? regularity problem
and the boundary Holder estimates (see [14]), it is not hard to show that
condition (i) in Theorem B holds for p = 3 if n > 3, and for p = 4 in
the case n = 2 (see Lemma 4.1). It follows that for n > 3, the Riesz
transform V(£)~'/2 is bounded on LP(Q) for 1 < p < 3+ ¢, and on
L?(Q,dz/w) with w € Ass(R"). Ifn =2, V(£)~1/2 is bounded on LP(9)
for 1 < p <4+e¢, and on L*(Q,dz/w) with w € A%M(Rz). The ranges
of p are known to be sharp [13]. In the case that Q is a C' domain,
V(L£)~/? is bounded on LP(f) for 1 < p < co. We should point out that
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BOUNDS OF RIESZ TRANSFORMS ON LP SPACES 177

although our weighted L? bounds are new, the boundedness of V(—A)_l/ 2
on LP() for Lipschitz or C! domains was proved already in [13], by the
method of complex interpolation. The direct extension of this method to
the case of continuous coefficients fails, since it relies on the solvabilities
of the L? Dirichlet and regularity problems. However, Theorem B in this
paper allows us to perturb the operator £. This leads to the following
theorem.

TueoreM C. — Let 2 be a bounded Lipschitz domain in R™, n > 2.
Let £ be a second-order elliptic operator of divergence form with real,
symmetric, bounded measurable coefficients on (), subject to Dirichlet
boundary condition. Assume that the coefficients a;,(x) are in VMO(R™).
Then there exists ¢ > 0 such that V(L£)~/? is bounded on LP(Q) for
1 <p<3+eifn > 3,andforl < p < 4+« in the case n = 2. Consequently,
there exists § > 0 such that V(£)~'/? is bounded on L?(Q,dz/w) where
w e Az 5(R") if n > 3, and w € A%+5(R2) in the case n = 2. If Q
is a C' domain, V(L£)~1/? is bounded on LP(SY) for any 1 < p < oo, and
on L?(Q,wdz) for any w € Ay(R™).

Remark 1.11. — For divergence form elliptic equations on CU!
domains with VMO coefficients, the W!? estimates were obtained in [11] for
any 1 < p < oo. The result was extended in [3] to the case of C'! domains,
for operators with complex coefficients. Our approach to Theorem C,
which is very different from that in [11,3], is based on Theorem B and a
perturbation argument found in [6]. Indeed, by Theorem B, it suffices to
show that solutions of Lu = 0 satisfies condition (i) in Theorem B for some
p>3if n > 3, and p > 4 in the case n = 2. To do this, we approximate u
on each ball by a solution of a second order elliptic equation with constant
coefficients (Lemma 4.7). The desired estimate for Vu follows from an
approximation theorem (Theorem 4.13), which is essentially proved in [6].

The paper is organized as follows. Sections 2 and 3 are devoted to the
proof of Theorems A and B. Theorem C is proved in section 4. Finally in
Section 5 we give the proof of Theorems 3.1 and 3.2.

Acknowledgment. — After this paper was submitted, the author
was informed kindly by S. Hofmann of two recent preprints [1], [2] on the
study of Riesz transforms. In these two papers necessary and sufficient
conditions are obtained for the LP boundedness of Riesz transforms
on manifolds [2], Theorem 1.3, and of Riesz transforms associated to
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second order elliptic operators with complex coefficients on R™ [1], Propo-
sition 5.6. The conditions are given in terms of the LP boundedness of the
operators v/t Ve t£ uniformly for all ¢ > 0. It is interesting to point out
that the key step in the proof of sufficiency of the conditions in [1], [2] uses a
result similar to Theorem 3.1 of the present paper (see Theorem 2.2 in [1]).

The author thanks S. Hofmann for pointing out the relevance of the
results in [1], [2]. The author also would like to thank the referee for several
valuable comments.

2. Some preliminaries.

In this section we will prove that condition (iii) in Theorems A
and B implies (ii) which, in turn, implies condition (i). We will also show
that condition (i) leads to an LP estimate on the kernel function of the
resolvent (£ + A)~! for A > 0.

The following proposition is essentially due to Rubio de Francia [16].

PropPOSITION 2.1. — Let T be a bounded operator on L?(E) where E
is a measurable subset of R™. Let 0 < § < 1. Suppose that

(2.2) / P <o / P forany we Avs(®),

where C' depends only on the A;ys bound of w. Then T is bound on LP(E)
for1 <p<2/(1-29).

Proof. — By considering the operator T(f) = xeT(fxe), we may
assume that E = R™. It follows from assumption (2.2) that for any w € Ay,
T is bounded on L?(R", dz/w) and L?(R",w’dx). It is known that the
boundedness of T on L?(R", dz/w) for any w € A; implies its boundedness
on LP(R™) for 1 < p < 2, while the boundedness of 7' on L?(R",w’dx)
for any w € A; implies its boundedness on LP(R™) for 2 < p < 2/(1 — ¢).
We refer the reader to [10], pp. 141-142, for a simple and elegant proof of
these facts. O

Using Proposition 2.1, it is easy to see that condition (iii) in
Theorem A or B implies condition (ii). Next we show that the WP
estimate follows from the LP boundedness of the Riesz transform.
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PROPOSITION 2.3. — Suppose that operator V(L£)~'/2? is bounded
on LP(R™) for some p > 2. For f € LP(R") and g € L(R"™) where
1/p=1/g—1/n, let u € VVIE’E(R") be a weak solution of Lu = div f + g
in R™. If

Jim RPNV 2 (R ol <2my + BT ullz2(r<jai<2m P =0,

then [[Vull, < C{|If ]l + llglla}-

Proof. — The proof is rather standard. Let ¢ be a smooth cut-off
function such that ¢ = 1 on B(0,R), ¢ = 0 outside of B(0,2R), and
V| < C/R. Then L(up) = div(f) + § in R", where f = fo — aj, uOpp
and ¢ = —fVe + go — a;, 0julip. Since ugp, f and ¢ all have compact
supports, we may write ug = £~ !(div f—i— g)-

Suppose now that V(£)~'/? is bounded on LP(R") for some p > 2.
Since V(£)~1/? is always bounded on L*(R™) for any 1 < t < 2, it follows
from duality that VL~ !div is bounded on L!(R") for 2 < t < p. This

implies that

(2.4) IV )], < CLIFlle+ 10~ 25lle} < C{UFlle + 11g]s )

where 1/t = 1/s—1/n. We remark that the second inequality in (2.4) follows
from the fact that the kernel function K (x,y) of the operator (£)~1/2 is
bounded by C|z — y|'~". Hence,

(2.5) IVullLeso.r) < C{IfIIt(B02R)) + 9L (BO.2R) }
+ CR M |lullze(B0.2r)\BO,R))

+ ||V

L#(B(0,2R)\B(0,R)) }

By an iteration argument and Sobolev imbedding, this yields that

(2.6) ||VullLoseo,r) < C{IIflLe(B0.cr)) + 19lLaB0.0R)) }
+ CRY?™ 2R |ul 2 (rejz)<oR)

+ IVull 2 (r<|z|<cr) }-

Letting R — oo in (2.6), one obtains the desired estimate. O

LeEmMA 2.7. — In Theorem A or B, condition (ii) implies condition (i).

TOME 55 (2005), FASCICULE 1



180 Zhongwei SHEN

Proof. — Let p > 2, and suppose that V(£)~'/2 is bounded on L?(R").
Then the operator is bounded on L? (R™) for 1 < t < p. Let u be a weak
solution of Lu = 0 in 3B = B(x,3r). For 1 < 11 < 72 < 3,
smooth cut-off function ¢ such that ¢ =1 on 11 B, ¢ = 0 outside of v B,
and |Ve| < C/r. Note that L(up) = —0;j(ajrudkp) — aji Opudjp in R™.
By Proposition 2.3, if |Vu| € L¥(y2B), then |Vu| € L*(y; B) and

choose a

(2.8) IVullLery 5y < Cr={l[ullLe(rom) + VUl Lo (ram) }

where 2 < t < pand 1/t = 1/s — 1/n. Since u — ¢ is also a weak solution
in 3B, we may use the L estimate and Poincaré inequality to obtain

1 . 1/t
(2.9) (E/%me dr)

<ol o) (3 )

From this, estimate (1.3) in Theorem A follows by an iteration argument,
starting with s = 2.

In the case of Theorem B, we first choose 79 > 0 so small that
for any P € 09, QN B(P,3ry) is given by the intersection of the region
above a Lipschitz graph and B(P,3ry), after a possible rotation of the
coordinate system. Given B(zg,r) with 0 < r < r¢, consider two cases:
1) B(xo,3r) C £, and 2) z¢ € 0f2. The first case may be treated exactly as
in Theorem A. In the second case, instead of replacing u by v — ¢ and using
Poincaré inequality, one applies the Poincaré inequality on €2 N B(xzq, y2r)
for functions which vanish on B(zg, 3r) N 9. The rest is the same. O

To complete the proof of Theorems A and B, it remains to show
that condition (i) implies conditions (ii) and (iii). To this end, we need to
estimate the kernel function I'y(x,y) of the resolvent (£ + A\)~1 for A > 0.
We begin with a size estimate for n > 3:

—eVXa—yl T
(2.10) |F>\(a:,y)’ <Ce PR
which follows directly from the formula (£ + A\)~™t = [[° e7*e "4 dt and
the well known upper bound for the heat kernel of £ [9]. In the case n = 2,
one needs to replace 1/|z — y|"2 by |In(v/A|z — y|)| + 1. The rest of this
section is devoted to the proof of the following theorem. We remark that
estimates similar to (2.12)—(2.13) may be found in [10].
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THEOREM 2.11. — Suppose that operator L in (1.1) satisfies
condition (i) in Theorem B for some p > 2. Then, if n > 3,
1 1/p 1
(212) (_n/ |VIF)\<.’L‘7y)’pdx) S Ce_C\/XT' 1
T J{zeQ:r<|z—y|<2r} T

(2.13) (i

1/p
n/ [VaTs(,9) = VaTa(wy + B[ de)
r {zeQ:r<|z—y|<2r}

where 0 < r < cro, y,y + h € Q, |h| < er, and n = n(n,u,Q) > 0.
If n = 2, one needs to replace 1/r"~" in (2.12)~(2.13) by (|In(v/Ar)|4+1)/r.
If Q = R™ and L satisfies condition (i) in Theorem A, above estimates hold
for any 0 < r < oo.

Note that T'y(z,y) = I'x(y,z), and I'x(-,y) is a weak solution
of Lu+ Au=0in Q\ {y}. Using size estimate (2.10) and Holder estimates,
it is easy to see that Theorem 2.11 is a consequence of the following lemma.

LEmMmA 2.14. — Assume that L satisfies condition (i) in Theorem B
for some p > 2. Then there exist constants r;1 > 0, « > 1 and C > 0
independent of A > 0, such that if u is a weak solution of Lu + Au = 0 in
B(z0,ar) N Q for some 29 € Q, 0 < r < 71 and u = 0 on B(zg,ar) N oS,
then

1 /7 C /1 1/2
(2.15) (—/ \Vu\pdx) < —(—/ |u\2dm)
rn B(zo,r)NQ r rn B(xzo,ar)NQ

If Q@ = R™ and L satisfies condition (i) in Theorem A, above statement
holds for r; = oo.

Proof. — Let u be a weak solution of Lu + Au = 0 in B(zg, ar) N2
and v = 0 on B(zg,ar) N I, where a = 2as. We only consider the
case xg € 0f).

Let D = B(zg,r)NQ and tD = B(xg, tr)NQ. Let v be a weak solution
of Lv = 0 in azD such that w = v — v € Hj(azD). Using condition (i),
we have

(2.16) (Tin/DWude)”pgc(rin/aD|vu2dx)l/2

—I—C(Tin /alD |Vw|pdx)1/p
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To estimate Vw on «q D, observe that Lw = —Au in asD. Hence we may
write
(2.17) w() == [ Glag)uty)dy,

OtzD

where G(z,y) is the Green’s function for £ on asD. It follows that

Ve < Al |

[e3%

1 1/2
<50 [ k) "h),
TENT™ Jon,D

where h(z) = fa2D|VzG(z,y)|dy, and we have used the Cacciopoli

D|VxG(x7 y)|dy
(2.18) :

inequality
C
(2.19) A |u\2dfc+/ |Vu|?dz < —2/ |u|? dz.
Fa2D SasD 7% J2a,D
Note that

(2.20) [Ihll oy = sup ]/ hw)g(a)de| < sup / ITg(y)| dy,
loly<t ! Jaip lallye <1 S

where

(2.21) To) = | V.Gl |o(e) o

Since G(-,y) is a weak solution of Lu = 0 in asD \ {y}, it follows from
estimate (1.10) that

1/ . n
(2.22) (/E VoGl ylPde) < 0@,

where E; = E;(y) = {x caD: 2777y < |z —y| < Q*jr} for j > —3.
Thus, by Holder inequality,

[e.°]

2 o) < > ([ [vaafar) ([ 1op'ar)”

j=-3 EJ

< or{M(glP) W)},
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BOUNDS OF RIESZ TRANSFORMS ON LP SPACES 183

where M denotes the Hardy-Littlewood maximal function. By Kolmogo-
rov’s Lemma [10], p. 102, this implies that

(2.24) / ITg(y)|dy < CrlasD|Y7|lg]l
OézD

In view of (2.18) and (2.20), we obtain

C /1 1/2
@2)  [Velpn < 5 (5 [ Pds) Pl
r 202D

pr

1/2
SCT”/p_l(l/r"/ upPar)
20&2D

The desired estimate (2.15) with o = 2as now follows from (2.16)
and (2.25). O

3. Proof of Theorems A and B.

In this section we show that condition (i) in Theorem A or B implies
conditions (ii) and (iii). This, together with Proposition 2.1 and Lemma 2.7,
completes the proof of Theorems A and B.

The proof of condition (i) implying (ii) relies on Theorem 3.1, which
may be considered as a refined (and dual) version of the well known
Calderon-Zygmund Lemma. Its proof as well as the proof of Theorem 3.3
will be given in Section 5.

THEOREM 3.1. — Let T be a bounded sublinear operator on L*(R™).
Let p > 2. Suppose that there exist constants as > a1 > 1, N > 1 such
that

(3.2) {%/B|Tf|pdx}1/p§N{(allBl/aB|Tf|2dx)1/2

v (i [, an) "}
su x ,
B’DpB |B'| /B

for any ball B C R", and any bounded measurable function f with compact
supp(f) C R™ \ aaB. Then T is bounded on L4(R™) for any 2 < q < p.

Theorem 3.1 may be extended to the case of bounded Lipschitz
domains.

TOME 55 (2005), FASCICULE 1
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TurEOREM 3.3. — Let T be a bounded sublinear operator on L*(),
where ) is a bounded Lipschitz domain in R". Let p > 2. Suppose that
there exist constants rg > 0, N > 1 and as > a3 > 1 such that for any
bounded measurable function f with supp(f) C Q\ a2B,

(3.4) {ri"/mg |Tf|pdx}1/p§N{(% /ma BTf|2dm)1/2

v g (g [ 1rae))
su X 5
pap \[B /5

where B = B(xq,r) is a ball with the property that 0 < r < ro and either
xg € OQ or B(xg,asr) C Q. Then T is bounded on L1(2) for any 2 < q < p.

LEmMA 3.5. — In Theorem A or B, condition (i) implies (ii).

Proof. — We first consider the case {2 = R™. Assume that operator £
satisfies condition (i) in Theorem A for some p > 2. By Theorem 3.1, the
linear operator T' = V(£)~! div is bounded on L4(R") for 2 < ¢ < p. Indeed,
T is clearly bounded on L?(R"). To verify (3.2), we let u = (£)~! div(f)
where f is a bounded measurable function with compact supp(f) C R™\4B.
Observe that Lu = 0 in 3B. Thus inequality (3.2) follows directly from
condition (i). By Theorem 3.1 and duality, V(£)~! div is bounded on L7
for p’ < g <p.

Next, since ||LY/2f||, < C||Vf|l, for any 1 < q < co (see [4], p. 114),
we have

(3.6) [(e)~ 22 div £, = [[£/2(£) div £,

<COIV(EL)Hdiv fllg < Cllfllg
where p’ < ¢ < p. Consequently, by duality, V(£)~'/2 is bounded on L?(R™)
for 1 < ¢ < p. Finally by the self-improvement property of condition (i)

(see Remark 1.9), we may conclude that V(£)~/2 is bounded on L4(R")
forl<g<p+e.

The proof is similar in the case of Theorem B. In the place of
Theorem 3.1, we use Theorem 3.3. Also we note that for a bounded
Lipschitz domain, the inequality ||£'/2f||, < C'||Vf||, has been established
in [5]. The proof is finished. O

To show that condition (i) implies the L? weighted norm inequality
for the Riesz transform, we use the functional calculus formula

1 (oo}
—/ AV2(L 4 07 dA
T Jo

(3.7) (L£)~1/2 =
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to write

(3.8) V(L)TV2f(x) /K z,y) f(y)dy,
where

(3.9) K(z,y) / AV2YT (2, ) d,

and I'y(z, y) is the Green’s function for £ + .

LEMMA 3.10. — Suppose that L satisfies condition (i) in Theorem B
for some p > 2. Then

1 » 1/p
3.11 — K(x, d <
( ) (Tn /{xEQ: Tﬁ\x—yISQT}’ v y)’ 55) r

1/
(3.12) (i/ ]K(x,y)—K(x,erh)\pdx) "
" Jee: r<ja—yl<2r}

where 0 < r <r1,y,y +h €Q, |h| <cr,andn =n(n,u,Q) >0.IfQ=R"
and L satisfies condition (i) in Theorem A, then estimates (3.11)—(3.12)
hold for all 0 < r < oo.

Proof. — In view of (3.9), estimates (3.11) and (3.12) follow directly
from (2.14) and (2.15) respectively by integration. |

To use the estimates in Lemma 3.10 effectively, we consider the adjoint
operator of V(£)~1/2:

(3.13) 59 = [ Koy
Recall that the sharp function of f is defined by

3.14 # = sup inf / dy.
(3.14) ) =sw it o [ 170) = Blay

LemMA 3.15. — If operator L satisfies condition (i) in Theorem A for
some p > 2, then

(3.16) (SH* (@) < M) (@) )Y

for any x € R™. If L satisfies condition (i) in Theorem B, and Sf is defined
to be zero outside of 2, then (3.16) holds for any x € Q.
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Proof. — We first consider the case of Theorem A. Suppose
x € B = B(xg,7). Let f = g+ h where g = fxap. Since S is bounded
on L¥ (R™) by Lemma 3.4 and duality, we have

e o [ Iswlas (g [ S ay) "

o an) ™ < o @y

</,

Next, let 8 = S(h)(xo). It follows from Holder inequality and
estimate (3.12) that, for y € B,

IS(h)(y) — 8] < / K (2.y) — K(z,20)| - | £(2)] d

R"\4B
3 p 1/p N 1/
: Z: (/2”13\23'B|K(Z’y) - K(z,xo)} dz) (/21+1B\213|f(3)| dz)
< O{M(|f|p’)(aj)}1/# Z 279N < C{M(|f|P')(x)}1/P'.

This, together with (3.17), gives

1 I 1/p'
(3.18) & /B 1SF(y) — B|dy < CLMAFP ) (@)},

from which (3.16) follows.

In the case of Theorem B, we may use the same argument as above to
show that for any = € Q, estimate (3.18) holds for any ball B = B(zg,r) 3 «
with 0 < r < 1. If 7 > 1, we use the boundedness of S on L¥’ (Q) to obtain

(3.19) sslav<cn{ [ i an}”

Bl Jan
’ 1/ ’ ’ p/
<c{ [ira}” < e @y

The proof is complete. O

ProprosiTION 3.20. — Let f € Ll _(E) where E is a measurable set

loc

of R". Suppose w € A3(R") and f € L?*(E,wdx). Define f to be zero
on R"\ E. Then

(3.21) / ’f(a;)|2wdx < c/ |f#(a:)|2wdx,
E E
where C' depends only on n and the Ay bound of w.
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Proof. — The case E = R™ is well known. It was proved in [10], using
the following good-A inequality

(322)  w{z €R™: Myf(z) > 2, f#(z) <y}
<C"yw{x€R" Myf(x >)\}

where w € Ay, and Myf denotes the dyadic maximal function of f. In
general, we use (3.22) to obtain

(3.23) w{z € E: Myf(x) > A} <w{z € E: f#(z) > A}
+ Cy w{meR” Myf(x >)\}

By integration, this gives

(3.24) /E|f(m)|2wdx§C,Y/E|f#(x)|2wdx+C7 / |Maf(x }wdx
<C, [ |#@fude+ 0y [ 1),

where we have used w € As and the weighted norm inequality for My.
Inequality (3.21) now follows by choosing v so small that C° < 1. O

We are now in a position to complete the proof of Theorems A and B.

LemMA 3.25. — In Theorem A or B, condition (i) implies (iii).

Proof. — We give the proof for the case of Theorem A. The case of
Theorem B is similar.

Suppose that operator £ satisfies condition (i) in Theorem A for
some p > 2. It follows from Proposition 3.20, Lemma 3.15 and the weighted
norm inequality for the Hardy-Littlewood maximal function that

(3.26) /R IS fPwdz < C/R’L|(Sf)#|2wdx
'\ 2/p 2
SC’/W{M(|f|P)} wda:gC/Rn|f| wdz,

where f is a bounded function with compact support, and w € A/, (R™).
We remark that the first inequality in (3.26) requires Sf € L*(R",wdxz).
To see this, let us assume that supp(f) C B(0, R). Since S is bounded
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on LI(R", dz) for ¢ > p', Sf € L*(B(0,2R),wdx) by Holder inequality.
If |z| > 2R, using (3.11), we may show that

1
(3.27) |Sf(@)] < C||f||p'm'

This is enough to assure that Sf belongs to L?(R™\ B(0,2R),wdz) for any
w e Ag/p/.

Finally, by (3.26) and duality, V(£)~'/? is bounded on L?(R", dz/w)
for any w € Ay (R™). Condition (iii) now follows by the self improvement
property of condition (i). O

4. Operators with VMO coefficients on
Lipschitz domains.

In this section we will prove Theorem C stated in the Introduction.
To do this, we first show that operators with constant coefficients satisfy
condition (i) in Theorem B. We then use an approximation argument
found in [6] to prove that operators with VMO coefficients also satisfy
condition (i).

LEMMA 4.1. — Suppose operator L in (1.1) has constant coefficients.
Then it satisfies condition (i) in Theorem B for some p > 3 if n > 3, and
for some p > 4 in the case n = 2. Moreover, p depends only on €, n and
the ellipticity constant p of L.

Proof. — We may assume that £ = —A. If B(zy,3r) C 9,
inequality (1.5) for any p > 2 follows easily from the interior estimates.
Suppose g € 0f2. We may assume that zog = 0 and

(4.2) D(0,r) =QNB(0,r1) = {(2/,2,) € R": z, > (")} N B(0, 1),

where (') is a Lipschitz function on R"~!.

Let as > a1 > 1. Suppose 0 < r < rg = cr1, where ¢ > 0 is sufficiently
small. Let v € H'(D(0,asr)) be a harmonic function in D(0,asr) such
that v = 0 on B(0,ar) N 9. By the boundary Holder estimate and
Poincaré inequality, for = (a/, x,,) € D(0,r), we have

rn—1 L pn

_ /
(43)  |Vu(@)] < Clan —v@)" " 5 { /D(O )Vquy}l ’
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wheren > & ifn = 2,andn > 0ifn > 3.1t follows that if (p—2)(n—1) > —1,

C .
b —— 2 N n (@ n
/D(077_)|Vu| dr < e /D(077_)|Vu| (20 — b(2")) e

1 p/2—1
X {—n/ |Vu|2d:c}
r D(0,a17)
c .2 7 -2 -1
S T ’(Vu) | d(7 . t p n dt
r(P=2)(n-1) A, o

1 p/2—-1
X {—n / |Vu|2dy}
r D(0,a17)

1 p/2—1
<C Vu)*|* do - —/ Vul2d :
< T/A,,'( DNREE P

where A, = {(z/,¥(2")): |2'| < r} and

(Vu)*(2/,¢(2")) = sup{|Vu(a', z,)|: (2',2,) € D(0,r)}.
This, together with the inequality

C
*do < = |Vul|*dz,
T JD(0,a17)

(4.4) /A |(Vu)*

gives the desired estimate (1.5) for 2 < p < p, where p =2+ 1/(1 —n).
Note that p > 3 if n > 3, and p > 4 if n = 2. Finally we point out that
since u = 0 on Ag,, (4.4) follows from the L? solvability of the regularity
problem for Laplace’s equation on Lipschitz domains, by an integration
argument (see [8]). 0

Remark 4.5. — If ) is a C! domain, then Holder estimate (4.3) holds
for any 0 < n < 1. It follows that operators with constant coefficients
satisfy condition (i) in Theorem B for any p > 2. Consequently, the Riesz
transform V(£)~'/2 is bounded on LP(Q) for all 1 < p < oo.

A function f in BMO(R™) is said to be in VMO(R™) if

. 1
(4.6) lim sup — |f — fB(2o,my | dz = 0,

r=0gocrn T" B(zo,7)
where fg(zo,r) = fB(mo,r) fdx/|B(xzg,r)| is the average of f over B(zg, ).
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LEmMmA 4.7. — Let ©Q be a bounded Lipschitz domain in R™. Suppose
that the coefficients of operator L in (1.1) are in VMO(R™). Then there
exist a function ¢(r) and some constants C > 0, « > 1, r; > 0 and p > 3
(p > 4, if n = 2) with the following properties: 1) lim,_o ¢(r) = 0, 2) for
any weak solution of Lu = 0 in D(zg,ar) and u = 0 on B(xg,ar) N oQ
with 2o € Q and 0 < r < 71, there exists a function v € W1P(D(xzq,r))
such that

1 1/ 1 1/
(4.8) {— / |Vv|pdac} ' < C’{ — / |Vu|2dx} p,
rm D(zq,r) r D(zo,ar)
1 1/2 1 1/2
(4.9) {— / |Vu—Vv|2dm} < (Z)(r){— / |Vu|2da:} .
rr D(zo,r) " D(zo,ar)

Proof. — Let u be a weak solution of Lu = 0 in D(zg,ar) and u =0
on B(zg,ar) N IQ with zp € Q and 0 < r < r;. Consider the operator
Lo = —0;b;;,0r, where bjj, is a constant given by

1

4.10) bip = ————
( ! |B(I’Q,ON‘)| B(zo,ar)

aji(x)de.
Let v be a weak solution of Lov = 0 in D(zg, 8r) such that v — v belongs
to Hg(D(zo,r)), where 3 = o = a;. We will show that v satisfies

estimates (4.8)—(4.9). To this end, we first note that v = 0 on B(xq, 8r)NOAQ.
Thus, by Lemma 4.1,

1 1/ 1 1/2
(4.11) {— \Vv|pdx} pSC{— |Vv|2dx}
™ JD(xo.r) " JD(xo,Br)

1 1/2
C{—n / |Vu|2dx} )
" JD(xo,Br)

where p > 3 for n > 3, and p > 4 if n = 2. This gives (4.8).

IN

To see (4.9), we observe that
Eo(u - ’U) = (ﬁo - E)’U, = —8j(bjk - ajk)ﬁku.

It follows from the energy estimate that

1/2
{in / |Vu—Vv|2dx}
r D(zq,r)

1 1/2
SCZ{TL/ |bjk—ajk|2|vu|2d9€}
ik r D(zo,Br)
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1 / 1/(2q")
) Cjzk{rn /B( b = asP dof

xq,[r)

1/(2q
X {in/ \Vu|2qu} [
r D(zo,07)
1/2
<o) |Vul*dz
rr D(zg,ar)

where ¢ = 14+ 6 and 6 > 0 is so small that the L?? estimates hold for
solutions of Lu = 0 [15]. Also we have introduced the function ¢(r) by

1 , 1/(24")
(4.12) ¢(r)=C sup y_ { — /B( ) |ajk — bjr]* dx} .
xo,qr

zo€Q j K

Finally we note that by the John-Nirenberg inequality, if a;; € VMO(R"™),
then ¢(r) — 0 as r — 0. This completes the proof. O

With Lemma 4.7 at our disposal, we may invoke the following
approximation theorem to finish the proof of Theorem C.

THEOREM 4.13. — Let f: E — R™ be a locally square integrable
function, where E is an open set of R". Let p > 2. Suppose that there exist
three constants € > 0 and «,N > 1 such that for every ball B = B(xg,r)
with aB = B(xg,ar) C E, there exists a function h = hp € LP(B) with
the properties:

(4.14) {é/BlfhIde}mSs{ﬁfalglflzdx}m,
(4.15) {ﬁ/BMV’dx}Up<N{%B|/QB|f|2dx}l/2.

Then, if2 < g <pand 0 < e < g9 = g9(n,p,q,a,N), we have

(4.16) {ﬁ/B|f|qc1x}1/qgc{ﬁ/wwdx}m,

for any ball B with B C E, where C' depends only onn, p, q, & and N.

We remark that Theorem 4.13, whose proof is omitted here, is
essentially proved in [6].
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Proof of Theorem C. — It suffices to show that £ satisfies condition (i)
in Theorem B for some p > 3 if n > 3, and p > 4 if n = 2. This will be done
by combining Lemma 4.7 with Theorem 4.13.

Let p and ¢(r) be the same as in Lemma 4.7. Fix g so that 3 < ¢ <p
if n >3, and 4 < ¢ < p for n = 2. Choose g > 0 so small that
SUPg<y.<py P(1) < €0, Where g9 = €0(p, ¢, 1, a, C) is given in Theorem 4.13.

Now let u be a weak solution of Lu = 0 in D(zg,asr) and u = 0
on B(xzg,asr) NON, where 0 < r < ro/ag. If B(xp,asr) C Q, we simply
apply Theorem 4.13 to f = Vu on E = B(xg,ayr) with h = Vo for each
ball in E, given in Lemma 4.7.

In the case z¢ € 02, we also take F = B(xzg, a1r); but extend f = Vu
to be zero outside of Q. Given any B’ = B(yo,t) withaB’ C E.Ifyo € Q, we
let hgr = Vv on D(yo,t) and zero otherwise. If yo ¢ Q and B’ N # 0,
we may find a ball B = B(z,2t) centered on 09, such that B’ € B. We
let hpr = Vv on D(zp,2t) and zero otherwise. Thus the desired estimates
(4.14)—(4.15) for B’ follow from (4.8)—(4.9). This completes the proof. O

5. Proof of Theorems 3.1 and 3.2.

In this section we give the proof of Theorems 3.1 and 3.3, using a line
of argument similar to that in [6].

Proof of Theorem 3.1. — Let T be a bounded sublinear operator
on L?(R™). Suppose that T satisfies assumption (3.2). We first note that
with possibly different constants aq, s, N, one may change balls B in (3.2)
to cubes Q.

Fix g € (2,p). Let f be a bounded measurable function with compact
support. For A > 0, we consider the set

(5.1) E(\) = {z e R": M(|Tf*)(z) > A},

where M is the Hardy-Littlewood maximal operator defined by using cubes.
Since Tf € L2, |E(\)| < C||Tf|3/A < co. Let A = 1/(26%/9) > 5", where
0 € (0,1) is a small constant to be determined. Applying the Calderén-
Zygmund decomposition to E(A\), we obtain a collection of disjoint dyadic
cubes {Qy} with the following properties: (a) [E(AX) \ U, Qx| = 0, (b)
|E(AN) N Q| > 6|Qk|, (¢) |[E(AN) N Qx| < §|Qx|, where Qi denotes the
dyadic “parent”of Qg, i.e., Q is one of the 2" cubes obtained by bisecting
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the sides of Q. To see this, we first choose a large grid of dyadic cubes
of R™ so that |Q N E(AM)| < §|Q)| for each @ in the grid. We then proceed
as in the proof of Lemma 1.1 in [CP] for each @ N E(AX) C Q.

We claim that it is possible to choose constants 4,y > 0 so that
(5.2) |E(AN)| <S|EWN)|+ [{z € R™: M(|f*)(x) > yA}| for any A > 0.

This would imply that for any Ay > 0,

Ao Ao
(5.3) / Aq/Z—lyE(A)\dAgaAq/Z/ A27HB(A)] dA
0 0
+.y) [ Ifras,
RTL

Using 0A%/2 = 1/29/2 <1, A > 1 and sup, - A|E(\)| < oo, we obtain

)\[) )\0
(5.4) / A2 e R™: T f(2))? > A} dA < / A2H B(A)] dA
0 0
< O/ |f1? da.

Letting Ao — oo in (5.4), we conclude that |[Tf|l; < C||fll4-

It remains to prove (5.2). To this end, it suffices to show that it is
possible to choose d,7 > 0 such that if

Qi N {z e R™: M(|f*)(x) <AA} #0,
then Q; C E(\). For this would imply that
(5.5) ‘E(A)\) n{z e R": M(|f]?)(z) < 7)\}‘

k' K’

)

where {Qy'} is a disjoint subcover of E(AX) N {z € R™: M(|f|?)(z) <A}
with the property that Qi N {z € R™: M(|f|*)(z) < vA} # 0.

To finish the proof, we proceed by contradiction. Suppose that there
exists 79 € Q1 \ E(\) and {z € Qk: M(|f]*)(x) < yA} # 0. Then, if Q
contains C_Qk, we must have

1

. — 2d A d TF?dz < A
(5.6) |Q|/Q|f| r<+A an /Q| f?de <

S
Q)
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It follows that for x € Q,

(5.7) M(ITP) () < max(Myg, (ITf?)(x),5")).

where Mg is a localized maximal function defined by

(5.8) Mo(g)(z) = sup g / lg(y)|dy for z € Q.
QCQ

Since A = 1/(20%/%) > 5", we have

) Qe NE(AN)| < [{z € Qu: Myg, (ITf?)(x) > AN}|
< € Qu: Myg, (IT(£X0,5,)1") (@) > FAN}|
+ {2 € Qu: Myg (IT(FXgm 0,5,)17) (@) > FAN}|

_” T(f d

L g e

Cn,p p
(AN)p/2 /zék T xemang )| do-

It then follows from the L? boundedness of T', assumption (3.2) and (5.6)
that for any A > 0,

IN

+

C c
(5.10) QN E(AN)] < \QM{f T Ap/2}

= 5|Qx|{2C~0¥/ 71 + c2v/2gP/a=1 )

where C' depends only on n, p, a1, as, N as well as the operator norm of T’
on L?(R™).

Finally we choose § € (0,1) so small that C2P/2§P/a—1 < 1 and A=
1/(26%/9) > 5™, This is possible since ¢ < p. With § fixed, we choose v > 0 so
small that 2Cy6%/ 971 < LTt follows from (5.10) that |QxNE(AN)| < 6|Qy|-
This contradicts with the fact that |Qx N E(AN)| > §|Qk|- Thus we must
have Q C E(\) whenever the set {z € Qi : M(|f|*)(z) < yA} is not empty.
The proof is complete. O

Remark 5.11. — Let T be a linear operator with kernel K(z,y)
satisfying

(5.12) ’K(x,y) —K(x+hy)| <
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where z,y,h € R™ and |h| < i|m — y|. Suppose supp f C R™ \ 8B. Then

1
(513) 140 -1 < s o [ 15(2)]a

for any z,y € Q. It follows that

(5.14) 1T fllLoe(q) < |Tf\dx—|—C’ bup \Q' / |f|dx.

IQI
Thus T satisfies assumption (3.2) in Theorem 3.1 for any p > 2.
Consequently, if T is bounded on L2, then it is bounded on LP for
any 2 < p < oo. In this regard, Theorem 3.1 may be considered as an
extension of the Calderén-Zygmund Lemma.

The following is a weighted version of Theorem 3.1. Its proof may
be carried out by a careful inspection of the proof of Theorem 3.1. The
key observation is that if dy = w’®dx where w € A;(R") and 0 < 6 < 1,
then u(E) < C(|E|/|Q)*°u(Q) whenever E C Q. We leave the details to
the reader.

THEOREM 5.15. — Under the same assumption as in Theorem 3.1, T
is bounded on L?(R™,w’dx) where w € A1 (R™) and 0 < § < 1 —2/p.

Proof of Theorem 3.3. — The proof is similar to that of Theorem 3.1.
We first note that with possibly different constants ay, as, N, 1, inequa-
lity (3.4) holds for any ball B(xg,r) with the property that 0 < r < 7
and B(zg,7) N Q # (. Also one may replace balls B in (3.4) by cubes Q of
side length 7.

Next we choose a cube Qg such that Q C Qq. Fix ¢ € (2,p). Let
9 € (0,1) be a small constant to be determined. For A > 0, we consider the
set

(5.16) E(\) = {z € Qo: Mag, (ITf*xa)(x) > A}.

Then |[E(A)| < C|IfII3/A < ]Qol if

C
. A> N = —— 2dz.

Let A = 1/(26%/9). For A > A1, we apply the Calderén-Zygmund decom-
position to E(AM\). This produces a collection of dyadic subcubes {Qx}
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of Qo satisfying the same properties (a), (b), (¢) as in the proof of Theo-
rem 3.1. Note that 6|Qx| < |[E(AN)| < C||fI13/(AN) < §]Qo|/A. Tt follows
that |Qk| < |Qo|/A. Thus we may choose ¢ so small that the side length
of 2Q}, is less than ro. With this observation, we may use the same argument
as in the proof of Theorem 3.1 to show that for A > Ay,

(5.18) |E(AN)| < S|EWN)|+ [{z € R : M(|f[*xa)(z) > yA}|.

By integration, this implies that

(5.19) / ITF]9dz < CAY2|Qy| +c/ 1f]7dz < c/ 7] da.
Q Q Q

The proof is finished. O
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