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ISOSPECTRAL DEFORMATIONS OF THE
LAGRANGIAN GRASSMANNIANS

by Jacques GASQUI & Hubert GOLDSCHMIDT

ABSTRACT. — We study the special Lagrangian Grassmannian SU(n)/SO(n),
with n > 3, and its reduced space, the reduced Lagrangian Grassmannian X.
The latter is an irreducible symmetric space of rank n — 1 and is the quotient of
the Grassmannian SU(n)/SO(n) under the action of a cyclic group of isometries of
order n. The main result of this paper asserts that the symmetric space X possesses
non-trivial infinitesimal isospectral deformations. Thus we obtain the first example
of an irreducible symmetric space of arbitrary rank > 2, which is both reduced
and non-infinitesimally rigid. Our result may be viewed as a generalization of the
construction which we had given previously for the reduced Grassmannian of 3-
planes in RS; in fact, this space is isometric to the reduced space of SU(4)/SO(4).

RESUME. — Nous étudions la grassmannienne lagrangienne spéciale SU(n)/
SO(n), avec n > 3, et son espace réduit X, qui est l'espace symétrique irréduc-
tible de rang n — 1 quotient de SU(n)/SO(n) par laction d’un groupe cyclique
d’isometries d’ordre n. Notre résultat principal est la construction de déformations
infinitésimales isospectrales non triviales de X. Nous obtenons ainsi les premiers
exemples en rang quelconque > 2 d’espaces symétriques irréductibles réduits et
non infinitésimalement rigides. Notre résultat peut étre vu comme une générali-
sation de la construction que nous avions donnée dans un précédent papier pour

la grassmannienne réduite des 3-plans de R®, espace qui est en fait isométrique &
Pespace réduit de SU(4)/SO(4).

Introduction

In [2], we introduced the space I(X) of infinitesimal isospectral deforma-
tions of a Riemannian symmetric space (X, g) of compact type. We were
motivated by a criterion due to Guillemin [3] for the infinitesimal isospec-
tral rigidity of such a space. Our definition of I(X) involves the Radon

Keywords: Symmetric space, special Lagrangian Grassmannian, reduced Lagrangian
Grassmannian, Radon transform, infinitesimal isospectral deformation, symmetric form,
Guillemin condition.
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2144 Jacques GASQUI & Hubert GOLDSCHMIDT

transform for symmetric 2-forms, considered in [1] and defined in terms of
integration over the maximal flat totally geodesic tori of X; we say that
a symmetric 2-form on X satisfies the Guillemin condition if it belongs to
the kernel Ny of this Radon transform. The space I(X) is the orthogonal
complement of the space of Lie derivatives of the metric g in Ny. If T(X)
vanishes, or equivalently if every symmetric 2-form on X satisfying the
Guillemin condition is a Lie derivative of the metric, we say that (X, g) is
rigid in the sense of Guillemin; in this case, a isospectral deformation of
the metric ¢ is trivial to first-order.

We shall henceforth suppose that X is irreducible. The reduced space
of X constructed in [2] is a symmetric space covered by X and which
is not the cover of another symmetric space. We say that X is reduced
if it is equal to its reduced space. If X is not reduced, in [2] we proved
that the space I(X) does not vanish. The fundamental problem concerning
infinitesimal isospectral deformations for our class of symmetric spaces may
be formulated as follows: determine the space of infinitesimal isospectral
deformations of an irreducible reduced space. We refer the reader to the
introduction of the paper [2] for more details concerning the definitions and
results mentioned above.

The Grassmannian Gfl’n of m-planes in K™*", where K is a division
algebra over R, is a symmetric space of compact type which is both irre-
ducible and reduced if and only if m # n and m,n > 1; if this last condition
holds, we know that this Grassmannian is rigid (see [1]).

In [2], we gave the first example of an irreducible reduced symmetric
space which is not rigid in the sense of Guillemin; it is the reduced space
G4 5 of the Grassmannian G5 3 of 3-planes in R°.

Let n > 3 be a given integer and consider the group G = SU(n) and its
subgroup K = SO(n). The special Lagrangian Grassmannian X = G/K
is an irreducible symmetric space. Its reduced space Y, which we call the
reduced Lagrangian Grassmannian, is the quotient of X by the action of a
cyclic group ¥ of order n consisting of isometries which commute with the
action of G on Xj; it is an irreducible symmetric space of rank n — 1. We
prove that this reduced space Y is not rigid in the sense of Guillemin. Thus
we obtain the first example of an irreducible symmetric space of arbitrary
rank > 2, which is both reduced and non-infinitesimally rigid. Since the
universal cover of the Grassmannian Gl%'is is isometric to the Lagrangian
Grassmannian SU(4)/S0(4), we recover the non-rigidity of Gf 5.

We now describe our construction of non-trivial infinitesimal isospectral
deformations of the reduced Lagrangian Grassmannian Y. We consider an
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explicit subspace Fy of the space of real-valued functions on Y which is of
finite codimension and orthogonal to the subspace of constant functions,
and then show that there exists an injective mapping

Fy — I(Y)

For p > 2, the symmetric space X carries a natural symmetric p-form o,
which is invariant under its group of isometries and is therefore parallel.
Indeed, the tangent space of X at the coset of the identity element of G
is isomorphic as a K-module to the subspace pg of the Lie algebra su(n)
consisting of all purely imaginary n X n matrices with trace zero. The form
o, is induced by the G-invariant homogeneous polynomial g, of degree p
on the space pg defined by

gp(A) = (—i)P Tr AP,

for all A € pg. It is well-known that the algebra of all K-invariant polynomi-
als on pg is generated by the n — 1 algebraically independent homogeneous
polynomials {g,}, with 2 < p < n. In fact, the form o9 is equal to the
Riemannian metric g of X and the form o3 is up to a constant the only
G-invariant symmetric 3-form on X (see [2, §2]). Also the form o, induces
a G-invariant symmetric p-form oy, on Y.

In [1], we introduced the Guillemin condition for symmetric forms of
arbitrary degree on a symmetric space. Let o be a symmetric p-form,
with p > 3, on a symmetric space Z; the form o determines a mapping
& from the space of 1-forms on Z to the space of symmetric (p — 1)-forms
on Z. We now suppose that the pair (Z,0) is equal either to (X,o,) or
to (Y, oy,); then the mapping & is injective. We show that a 1-form 6 on Z
satisfies the Guillemin condition if and only if the symmetric (p — 1)-form
&(0) on Z satisfies the Guillemin condition. Thus if f is a real-valued
function on Z, the symmetric (p — 1)-form &(df) satisfies the Guillemin
condition. Moreover if p = 3, the element &(df) gives rise to an element
of I(Z). If f is a non-zero element of Fy, we prove that the symmetric
2-form &y3(df) on Y is not a Lie derivative of the metric of ¥ and thus
this function f gives rise to a non-zero element of I(Y").

The symmetric 3-form ¢ on the universal cover of G 3, which we intro-
duced in [2], can be viewed as a constant multiple of the symmetric 3-form
on SU(4)/SO(4) induced by o3, when we identify these two spaces (see
[2, §11]). Our construction of infinitesimal isospectral deformations of the
reduced space of SU(4)/SO(4) is totally equivalent to the one given in [2]
for the space G]‘}ig-
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2146 Jacques GASQUI & Hubert GOLDSCHMIDT

Harmonic analysis on the homogeneous space X of the group G plays
an important role in the proof of our result concerning the isospectral de-
formations of Y. We consider the G-module C*°(X) of complex-valued
functions on X and its irreducible submodules. We introduce explicit func-
tions on X which arise from K-invariant functions on the group G and
show that the highest weight vectors of these irreducible submodules occur
among these functions. We determine all the highest weight vectors of an
isotypic component of the space of complex 1-forms on X corresponding to
one of these irreducible submodules of C*°(X), and express these vectors
in terms of our family of functions. Our description allows us to say which
of these highest weight vectors arise from objects defined on the quotient
space Y of X. We prove that the space F’ of functions f € C°(X) for
which the symmetric 2-form &3(df) is a Lie derivative of the metric g is
the sum of two irreducible G-submodules of C*°(X). In order to demon-
strate this fact, it suffices to consider the 1-forms on X corresponding to
the highest weight vectors of the irreducible G-submodules of C*°(X). The
necessary verifications are carried out in §9; we require an elementary al-
gebraic result presented in §8, a section which can be read independently
of the rest of this paper. We thus obtain a subspace of I(X) isomorphic
to the infinite-dimensional space of real-valued functions on X orthogonal
to F'. In fact, all of the functions belonging to F’ are induced by functions
on Y; the latter form a finite-dimensional space F3, of functions on Y.
Consequently, for the reduced Lagrangian Grassmannian Y, the space Fy
giving rise to elements of I(Y") is the space of real-valued functions on Y’
orthogonal to F,.

Finally, we wish to point out that the only results of [2] which we require
here are Lemma 1.1 and Propositions 1.2 and 10.1.

1. Riemannian manifolds

Let X be a differentiable manifold, whose tangent and cotangent bundles
we denote by T' = Tx and T™ = T%, respectively. We consider the space
of complex-valued functions C*°(X) (resp. real-valued functions Cg°(X))
on X. Let R(X) denote the subspace of CR°(X) consisting of the constant
functions on X. Let E be a vector bundle over X; we denote by F¢ its
complexification, by £ the sheaf of sections of E over X and by C*°(FE) the
space of global sections of E over X. By ®kE, S'e, /\jE7 we shall mean
the k-th tensor product, the I-th symmetric product and the j-th exterior
product of the vector bundle E, respectively. We shall identify S*T* and
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A"T* with sub-bundles of ®"T* as in §1, Chapter I of [1]. In particular,
if o, € T*, the symmetric product « - § is identified with the element
a®p+4®aof ®2T*. If u is a section of SPT™ over X, we consider the
morphism of vector bundles

w T — SPIT
defined by

(Ubf)(ﬁla e a/r]pfl) = U(ﬁﬂ?la cee 7771)71)7

for &,m, ..., np—1 €T.

Let g be a Riemannian metric on X. We denote by ¢* : T* — T the
inverse of the isomorphism ¢” : T — T*. If u is a section of SPT* over X,
we consider the morphism of vector bundles

=u-g" T — SPTIT

We also consider the scalar products on the spaces C*°(X), C*(T) and
C®(S?T*), defined in terms of the Riemannian measure of X and the
scalar products on the vector bundles T' and S?T* induced by the metric g.
We denote by Cg%(X) the orthogonal complement of the subspace R(X)
of CR°(X).

Let V be the Levi-Civita connection of (X,g). We consider the sym-
metrized covariant derivative

D' T — ST,
defined by

(D'6)(&,m) = 5((VO)(&,m) + (VO)(1,9)),

for 0 € T*,&,m e T. If f is a real-valued function on X, the Hessian Hess f
of f is equal to D'df = Vdf. The Killing operator

Dy:T — S*T*

of (X, g), which sends a vector field £ into the Lie derivative L¢g of g along
¢ of g along ¢, and the operator D' are related by the formula

(1.1) 3 Do& = D'g’(9),
for £ € 7. We easily see that
(1.2) D'(frdf2) = & df1 - df> + f1 Hess fo,

for all f1, fo € C°°(X). We also consider the divergence operator
div: S?7* — T+,

TOME 57 (2007), FASCICULE 7
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as defined in §1, Chapter I of [1]; we recall that the formal adjoint of Dg
is equal to 2¢% - div : S?7* — 7. When X is compact, since the operator
Dy is elliptic, we therefore have the orthogonal decomposition

(1.3) C™(S?T*) = DyC™(T) @ {h € C=(S*T*) | div h = 0}
given by the relation (1.11) of [1]; we denote by
P:C®(S*T*) — {h € C®(S*T") | div h = 0}
the projection determined by the decomposition (1.3).
We now suppose that X is a symmetric space of compact type. We say
that a symmetric p-form w on X satisfies the Guillemin condition if, for

every maximal flat totally geodesic torus Z contained in X and for all
parallel vector fields ( on Z, the integral

/u({,(,...,()dZ
z

vanishes, where dZ is the Riemannian measure of Z. We consider the sub-
space N, of C°°(SPT*) consisting of all symmetric p-forms satisfying the
Guillemin condition and recall that DoC>°(T) is a subspace of Ny (see
Lemma 2.10 of [1]). We then define the space of infinitesimal isospectral
deformations of g by

I(X)={heNy|div h=0}.
>From the decomposition (1.3), we obtain the orthogonal decomposition
(1.4) No = DoC>®(T) & I(X);

moreover, the orthogonal projection of A5 onto I(X) is equal to the re-
striction of the projection P to N3. Thus the vanishing of the space I(X)
is equivalent to the fact that the space X is rigid in the sense of Guillemin.
Moreover if there exists a symmetric 2-form on X belonging to AV which
is not equal to a Lie derivative of the metric g, the space I(X) does not
vanish.

The connected component G of the group of isometries of X is a compact
semi-simple Lie group. Let o be a G-invariant symmetric p-form on X,
with p > 2; clearly, o is parallel and so we have

Vo =0.
The morphisms
o’ T — SPiT, G:T* — SP~iT*

induced by o are G-equivariant; if X is irreducible and o is non-zero, they
are monomorphisms of vector bundles.
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We now suppose that p = 3 and assume that the following is true: if a
1-form ¢ on X satisfies the Guillemin condition, the symmetric 2-form & ()
also satisfies the Guillemin condition. Then if f is an element of Cg°(X),
the symmetric 2-form &(df) satisfies the Guillemin condition. Thus if P
is the orthogonal projection corresponding to the decomposition (1.3), the
mapping

P, : Pod: Cp°(X) — I(X)

is well-defined. Clearly, if f is an element of CR°(X), then &df is a Lie
derivative of the metric if and only if P, f = 0.

2. A decomposition of a space of tensors

If V is a real finite-dimensional vector space, we denote by ®kV, S,
/\j V' the k-th tensor product, the I-th symmetric product and the j-th
exterior product of V, respectively; we shall identify S¥V* and /\kV* with
subspaces of ®kV*. Let n > 3 be a given integer and let U be a real vector
space of dimension n endowed with a positive definite scalar product gq.
The scalar product ¢ induces a scalar product on an arbitrary subspace
of ®"U*. We consider the group SL(U) consisting of all automorphisms
of U whose determinants are equal to 1 and its subgroup SO(U) consisting
of those elements of SL(U) which preserve the scalar product g.

Let B(U) be the subspace of A\*U* @ A>U* consisting of those elements
v of A*U* @ A\’U* which satisfy the first Bianchi identity

v(€1,82,83,84) +v(&2,83,81,64) +0(€3,&1,62,64) =0,

for all &, &9, &3,&4 € U; it is well-known that B(U) is an irreducible SL(U)-
submodule of S2(A\°U*) equal to the image of the morphism

T 52U @ S2U* — SH(N\°UY)
of SL(U)-modules defined by
(u(é-h 537 527 64) + u(€27 547 617 53)

- u(glv 647 52753) - u(§23 537517 E4))a
for all u € S2U* @ S2U* and &1, &9, €3,&4 € U. The morphism

(Tu) (517 627 537 54) —

DN | =

w . /\QU* ®/\2U* N SQ(S2U*)
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2150 Jacques GASQUI & Hubert GOLDSCHMIDT
of SL(U)-modules is well-defined by

(’U(€17§37§2a§4) + ’U(€27£47§17€3)
+ ’U(fla€4a£2,£3) + U(£2,£3,£17§4)),

for all v € /\QU* ® /\QU* and £1,&5,&3,&4 € U, and its restriction to the
subspace B(U) of N°U* @ \°U* is given by

(Pv)(€1,82,83,84) = v(€1, 84,62, 83) +v(61, 63,62, 64)s

for all v € B(U) and &1,&92,&3,84 € U. We then verify that the restriction
of the morphism %’7’ o1 to B(U) is equal to the identity mapping of B(U).
Hence the morphism v : B(U) — S%(S2U*) is injective.

For k > 2, the kernels S¥U* and B°(U) of the trace mappings

N[ =

("Z}U)(gla 52) 537 54) =

Tr: S*U* — S*2U*,  Tr: B(U) — S%U*,
defined by

(TT u)(glw"agk 2 = Z u tj7tja£17"'a£k*2)7
j=1

n
(TI‘U 7]1’772 ZU ]37717 ]7772
Jj=1

for u € S*U*, v € B(U) and &1,...,&_o,m,m2 € U, where {t1,...,t,}
is an orthonormal basis of U, are SO(U)-modules of S*U* and B(U),
respectively. In fact, S¥U* is an irreducible SO(U)-submodule of S¥U*.
Thus the image of S;U* under the natural monomorphism

SiU* — S%(S2U)

of SL(U)-modules is an irreducible SO(U)-submodule of S?(SZU*); we
shall identify S;U* with this submodule.
It is easily verified that the morphism

¢ SPU* — S*(S2U™)
of SO(U)-modules defined by
(¢h)(£17§27€3354) - n(Q(§la£3)h(£27£4) + q(£2354)h(€1a€3)

+ (&1, €4)h (€2, &3) + (&2, &3) M1, €4))
— 4(q(&1,&2)h(Es, &) + q(€s, Ea)h(&1, E2)),
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for all h € S2U* and &1,&2,8&3,64 € U, is injective. The image of SZU*
under the morphism ¢ is a submodule of S?(S2U*); thus ¢(S3U*) is an
irreducible SO(U)-submodule of S?(S2U*).

We know that B°(U) vanishes when n = 3 and is an irreducible SO(U)-
module when n > 5; on the other hand, when n = 4, the space B°(U)
admits a decomposition

(2.1) B°(U)=BY(U)® B (U),

where B} (U) and B? (U) are irreducible SO(U)-submodules. We easily
verify that ¢(B°(U)) is an SO(U)-submodule of S?(S3U*).

We identify the scalar product on S3U* induced by g with an element
Q of S%(S2U*); the one-dimensional subspace {Q} of S?(S3U*) gener-
ated by @ is a trivial SO(U)-submodule. The sum of the dimensions of
the SO(U)-modules {Q}, S3U*, S§U* and B°(U) is equal to the dimen-
sion of S?(S2U*). The SO(U)-modules {Q}, S3U*, S§U* are irreducible
and pairwise non-isomorphic; when n > 5, the irreducible SO(U)-module
BY(U) is not isomorphic to any one of these modules. Moreover when n = 4,
the SO(U)-modules {Q}, S3U*, S;U*, BY(U) and B (U) are irreducible
and pairwise non-isomorphic. Thus we obtain the direct sum decomposition

(2.2) S2(S3U*) = {Q} & SU* @ ¢(B°(U)) @ ¢(S5U”)
of S%(S3U*) into SO(U)-submodules.

3. The special unitary group

Let n be a given integer > 3. We consider the special unitary group
G = SU(n) and we suppose that X = G. If B denotes the Killing form of
the Lie algebra go = su(n), we endow X with the bi-invariant Riemannian
metric gg induced by —B. Endowed with this metric gg, the manifold X
is an irreducible symmetric space. As usual, we identify the G-module gg
with the tangent space of X at the identity element ey = I,, of G.

If £ > 1 is a given integer, we consider the space M}, of all k x k complex
matrices. For 1 < j,k < n, let Ej; = (¢;) be the element of M,, determined
by ¢jr = 1 and ¢, = 0 whenever (I,r) # (j,k). If 1 < j,k < n and
1 <1< n—1 are integers, with j # k, the matrices

Ajr = Eji — By, Bji, = i(Ejx + Ey;j), Cr=1i(Ey — Eiy1,41)

of M, belong to go; in fact, the set of all these matrices {A;x, Bjx, Ci},
with l1<j<k<nand1<I!<n-—1, form a basis of gg. For 1 < j < n,
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2152 Jacques GASQUI & Hubert GOLDSCHMIDT

we consider the element
n—1
~ 1
k=j k=1
of go; then we verify that
(3.1) C;=Cj —Cjp,

for1<j<n—1.
For p > 2, the homogeneous polynomial @, on go defined by
@p(§) = (—2)? Tr &,
for all £ € gg, is G-invariant, non-zero and real-valued; therefore it gives
rise to a non-zero bi-invariant symmetric p-form o}, on X. We know that
the metric go is equal to the symmetric 2-form 2n - 0§ (see [2, §2]).

We shall always consider the symmetric space X = SU(n), with n > 3,
endowed with the Riemannian metric ¢ = of. We easily verify that the
product of matrices C; - Cy is equal to 0, for all 1 < j,k < n — 1, with
j < k+1, and hence that

(32) g/(ijc') = 27 g/(cl70l+1) = 713 g/(Ck,Cq) = 07

forall 1 < j,k,g<n—1land 1<l <n—2, withq>k+2.

We identify an element of go with the left-invariant vector field on G that
it determines. Throughout the remainder of this section, by C; and 6‘1 we
shall always mean the left-invariant vector fields on G determined by the
corresponding elements of gg.

For p > 3, we consider the monomorphism

&, T — SPire
induced by the symmetric p-form o;,. We shall write 0’ = o3 and &' = &3.
Let ¢ be an element of T and let A = (aj;) be the matrix —ig’*(y)
of sl(n,C); for 1 < j < n, we know that a;; is real. Then we see that
¢(C5) = aj5 = aj1541,

for 1 < j < n—1; it follows that

(3.3) o(Cj) = agy,
for 1 < j < n. If p>3isa given integer, by (3.3) we easily verify that
(34) ( )(0]170]2? BEEE) ij—l) = 0,

for 1 < ji1,J2,-..,0p—1 <n —1, with j1 > jo 4+ 1, and that
(3.5) G5(2)(Cys -, Cy) = 9(Cy) + (=1)" 1 o(Cjp),
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forall1 < j <mn—1; moreover, foralll<j<n—2and 1<k <p—1, we
have

(3.6) 5(9)(Cj,-...Cj,Cipa, ., Cia) = (—1)Fp(Ci),

if the tangent vector C; appears k times in the left-hand side of this equa-
tion. If p is an odd integer, by (3.3) we see that

(3.7) G @) A, Aji) = 65(0) (B, - ., Bji) = o(C; + Ch),

for 1 < j < k < n. >From the G-invariance of the form o, we now infer
that the relations (3.4)—(3.7) hold on G for all ¢ € COO(T*)
We now consider the mapping

JR S @G,
which sends 6 = (61,...,60,_1) € R"! into the diagonal matrix
/(0) = diag (e"™,...,e"n)
of G, where
(3.8) x1 = 04, x; =6 —0;_1, Ty = —0p_1,

for 2 <j<n—11f{e,...,e/,_,} is the standard basis of R"~! and A’
is the lattice of R"~! generated by the basis {2me) bigicn—1 of R"™ L the
mapping ¢ induces by passage to the quotient an imbedding

Vo R"fl/A' — @G.

The image of the mappings ¢/ is the maximal torus H of the group G
which consists of all diagonal matrices of G and is therefore a maximal
flat totally geodesic torus of G viewed as a symmetric space. Clearly we
have ¢/(0) = eg.

We consider the standard coordinate system (1, ...,60,,_1) on R*~! and
endow this space with the Riemannian metric

n—1

g=y  db;-do, Z df; - df; .
j=1
For 1 < j < n— 1, we consider the vector field §; = 9/06; on R”~1 The
vector field ¢ J' on H, determined by

(3.9) L (&(0)) = G((9)),

for § € R"~1, is invariant under the action of the group H; when we identify
Te, with go, we easily verify that (}(eo) = C;. It follows that (} is equal to
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2154 Jacques GASQUI & Hubert GOLDSCHMIDT

the restriction of the vector field C; to H. Since {C4,...,C\,_1} is a frame
for the submanifold H of G, by (3.2) and (3.9) we see that

(3.10) g =g.

Hence the mapping ¢/ : R*™! — H is an isometric imbedding. If f is a
function on X, we now easily see that

(3.11) /Zde:\/a/O " O " H0) dby by,

where 0 = (0y,...,0,_1) € R"1. Moreover, from the above remarks we
infer that {¢1,...,¢,_1} is a basis for the space of parallel vector fields
on H. Since all maximal flat totally geodesic tori of X are conjugate under
the left action of G, from the relations (3.1) and (3.4)—(3.6) we now deduce
the following result:

LEMMA 3.1. — Let n,p > 3 be given integers and let X be the sym-
metric space SU(n). A 1-form ¢ on X satisfies the Guillemin condition if
and only if the symmetric (p — 1)-form &,,(p) on X satisfies the Guillemin
condition.

4. Functions on the special unitary group

Let £ > 1 be a given integer. For 1 < j,I < k, we denote by zj;; the
function on the space of matrices M} which sends a matrix of M} into its
(4, 1)-th entry. We also consider the complex-valued function A;lf) on My
defined as follows. If k& = 1, the function Aﬁ) is identically equal to 1;
if £ > 2, the value of the function A;I;) at a matrix A € M}, is the cofactor
of the entry z;;(A) in A, which is equal to (—1)7*! times the determinant
of the (k—1) x (k— 1) matrix obtained from A by deleting its j-th row and
its I-th column. We note that, if A € My is a symmetric matrix, then we
have A;’;) (A) = Al(f) (A). If dety denotes the function on M, which sends
a matrix of M} into its determinant, we recall that

k
(41) Z Zjr Al(f) = 5jl detk,
r=1
for all 1 < 7, I < k. Thus we obtain the relation
9 (k)
4.2 —— det, = A
( ) 8Zjl €l Gl

forall 1 <j, 1<k
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We consider the group G = SU(n), with n > 3, as a real submanifold of
the complex manifold M,,. The left action of the group G on the manifold
M, induces a morphism ® from g, to the Lie algebra of vector fields on M,,,
which are tangent to the submanifold G of M,,. The mapping ® extends to
a C-linear morphism from the complexification g of g to the space of all
complex vector fields on M,,.

The functions {z;;} on M, defined above, with 1 < j,k < n, form a
holomorphic coordinate system for M,,. We consider the C™-valued function
Z; on M, which sends a matrix of M, into its j-th row; then we have
Z; = (%j1,---,%jn). For 1 < j, k < n, the complex vector field

- )
S = Z “at Ozk
=1
on M,, satisfies
(4.3) EinZy = o2y, EinZy =0,

forall1 <l<n.Forl<jk<n, withj#k and1<Il<n—1, we verify
that

D(Ajr) = &k — &y + ik — &gy P(Byr) = i(Ejk + Ery — &k — Ery),
®(C) = i(&u — Ev1041 + Ev1041 — &)

If1 < 4,k < n, with j # k, since Ej, is equal to %(Ajk —iBj), the complex
vector field n;; = ®(E,) on M, is given by

ik = &k — &y
and so we have
(4.4) Njk = —Mkj-
If 2= (z1,...,2,) and w = (wy, ..., w,) are elements of C", we write

(z,w) = szwj.
j=1
Let 1 <k <n—1Dbe a given integer. We consider the Mj-valued function
Ay on M, defined by
Ap = (<Zjv Zl>)1§j,l§k’

and the complex-valued function

fr = det Ag
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on M,. If / : R ! — @G is the mapping defined in §3, for all # € R*~!
and 1 < 7,1 < n, we have
(Zj, Z) (/' (0)) = ¥ 5,
where z; is given by (3.8); hence we have the equality
(4.5) Full'(9)) = €.

LEMMA 4.1. — Let 1 <k <n—1and 1 < j,l <n be given integers.
The equalities

§ifrk =0
hold on M,, whenever | > k, and the equalities
§ifr =20 fx
hold on M,, whenever 1 < j,1 < k.
Proof. — The first equalities are immediate. We now suppose that the

integers j,1 satisfy 1 < 4,1 < k. Since the function Ay takes its values in
the space of symmetric matrices, according to (4.2) and (4.3) we have

Eitfe = Z A(k (Ar) - &u(Z )y =2 Z A(k (Ap)(Z;, Zg) opi;

p,g=1 p,q=1
by (4.1) it follows that

k
Sjlfk = 22 A( )Z]q Bk = 25jlfk
qg=1

|

Let 1<k<n—1and 1< j <!l <n be given integers. The preceding
lemma implies that

(4.6) mife = —&ufr =0,
(4.7) O(C) fr = =216k f-

5. Highest weight vectors

We consider the maximal torus H of the simple group G introduced in §3
and its Lie algebra b, and also the complexification g = sl(n, C) of the Lie
algebra go of G. The complexification b of by is equal to the Cartan subalge-
bra of the simple Lie algebra g consisting of all diagonal matrices of g, and
the matrices {C1,...,C,—1} form a basis of hg. For 1 < j < n, the linear
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form A; : h — C, sending the diagonal matrix with a1,...,a, € C as its di-
agonal entries into aj, is purely imaginary on ho. We write o;; = A\j — Aj11,
for 1 <j <n—1. Then

A=A l1< <nandj#k}

is the system of roots of g with respect to h. We take {ay,...,a,—1} as a
system of simple roots of g; the corresponding system of positive roots is

={N - M |1<j<k<n}.

If o is the root A\j — Ag, with 1 < j,k < n and j # k, the root sub-
space g corresponding to a is generated by Ej; (over C). We have the
decomposition

g=n ohont,
where

@ o, n = @ g—a-

aeAt aeAt
The corresponding fundamental weights are

wj =AM A Ay,
with 1 < j < n —1; in fact, we have
(5.1) wi(Cj) = 0k,
for 1 < j, k < n—1. The unique element wq of the Weyl group of g satisfying
wo(AT) = —AT
is the involutive automorphism determined by
wo(a;) = —on—j,
for 1 < j < n —1; we verify that
(5.2) wo(w;) = —wWn—j,

for 1 < j < n—1. A dominant integral form A for the simply-connected
group G is a linear form on h which can be written in the form

A=biA +Fbada + -+ bp Ay,
where b1, bs ..., b, are integers satisfying
b =2 by 2 -+ 2 bp;
if
A=c1A1+ A+ -+,
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is another expression for the linear form A\, where ¢y, cs, ..., ¢, are integers
satisfying ¢; > ¢co > -+ > ¢y, then there exists an integer ¢ such that

Cj:bj+6,

for all 1 < j7 < n. Therefore a dominant integral form A\ for G may be
written in a unique way

(53) A= Yri,..., rno1 — 11 +---+ Tn—1Wn—1,

where 71, ...,7,_1 are non-negative integers. Thus the highest weight of an
irreducible (complex) G-module has a unique expression of this form and
we may identify the dual I of G with the set of all linear forms on h which
can be written in the form (5.3).

Let v = v, ry,....7,_, be an element of I', where rq,...,7,_1 are non-
negative integers; by (5.2), the unique element 7§ of " determined by

wo(7) = =¥
is equal to 7, ... r,r- In particular, if v is the element w; of I', we
have ¥ = w,,_k.-
If E is a finite-dimensional G-module and v is a highest weight vector
of E, then we know that n*v = {0}; thus we have

(5.4) Ejpv =0,

forall 1 <j<k<n.

The action of G on the vector space V= C" endows V' with the structure
of a G-module. We denote by p the representations of G and g on the k-th
tensor product ®kV of V. We shall consider the k-th symmetric product
of the vector space V' as a G-submodule of ®kV; the k-th symmetric power
v* of v € V may then be viewed as an element of ®kV. Let {e1,...,en}
be the standard basis of V.

The center of G is the cyclic subgroup

(5.5) S={e*"/"[, |0<k<n—1}

of order n. If E is a G-module, we denote by ES the G-submodule of E
consisting of all S-invariant elements of E.

LEmMMA 5.1. — Let r1,...,7v—1 = 0 be given integers. Let E be an
irreducible G-module corresponding to the element ., ., , of ' and let
v be a highest weight vector of E.

(i) If rp,—1 =0, then we have
(56) En’nfl’() = 07 Anfl’n’U =0.
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(ii) The equality E = ES holds if and only if
(5.7) r1+2rs+ -+ (n—1)r,—1 =0 mod n.

Proof. — For 1 < k < n — 1, we write ¢, = Z;l;,i r; and ¢ = 22;11 Ch-
The Young symmetrizer ® corresponding to the partition (cq,ca,...,ch—1)
is an endomorphism of the G-module ®?V. We know that the image W
of ® is a G-submodule of ®?V isomorphic to F and that the image of the
element

__c1 Cc2 Cn—1
w=e; Qe Q- ®e,

of ®?V under the morphism @ is a highest weight vector of W. If r,,_; = 0,
we have ¢,—1 = 0 and p(E,, ,—1)w = 0; the relations (5.6) are a consequence
of the latter equality and (5.4). If s is the element e>™/™,, of S, we easily
see that

p(s)w — e2il71'/nw

9

where ] = r14+2ro+---+(n—1)r,_1. By Schur’s lemma, we see that the ele-
ment s of S acts on E by multiplication by the scalar e?*7/™, Assertion (ii)
is a direct consequence of this observation. O

The space C°°(@G) inherits a G-module structure from the left action
of G on X; the corresponding representation m of G or of the Lie algebra g
on C*(G) is the left regular representation. If 7 is an element of I' and E,,
is an irreducible G-module corresponding to 7, according to the Peter-Weyl
theorem the isotypic component C3°(G) of C*°(G) corresponding to 7 is
isomorphic to k copies of E., where the integer k is equal to the dimension
of E, (over C). For all £ € go and f € C®(G), we have

m(&) - f= () f.

If vy =7, r.,_, is an element of I', where r1,...,r,_1 are non-negative
integers, from Lemma 5.1, (ii) we deduce that C5°(G) is a G-submodule
of C*°(G)% if and only if the integers r1,...,7,_1 satisfy the relation (5.7).

If y € T', a linear form A on b is a weight of the G-module C5°(G) if and
only if —\ is a weight of the complex conjugate C's° (G) of the space C?O(G).
Therefore we have the equality

(5.8) C2(GQ) = C=(G)

of G-modules.
Let 1 < k <n—1 be a given integer. Throughout the remainder of this
paper, by fi we shall always often mean the restriction of the function fj
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on M, to the submanifold G. From the relations (4.6), (4.7) and (5.1), we
infer that the equalities

(5.9) O(Cj) fr = —20k(C)) fe,  P(Enj)frx =0,

hold on M, for all integers 1 < j < r < n. From the relations (5.9)
and (4.4), it follows that

(5.10) () fe =2wc() fe, 7)) fr =0,
for all £ € by and 5 € nt. Thus the function f is a highest weight vector
of the isotypic component C52 (G); moreover according to (5.8), we know
that fi. is an element of C52 ~ (G).

Let r1,...,7,—1 = 0 be given integers and 7y be the element

1 —
77'1,.4.,7'71,1 - 277“1,-~77"n—1

of I'; we consider the complex-valued function f., .. ,._, on G defined by

n—1
le’m,Tnfl = H fl:A
k=1

Since f}, is a highest weight vector of the G-module 32, (G), we know that
Jrivrn_y 18 @ highest weight vector of the G-module C°(G).

6. The special Lagrangian Grassmannians

Let n be a given integer > 3. Let G be the group SU(n) and let K be the
subgroup SO(n), which is equal to the set of fixed points of the involution
s of G sending a matrix into its complex conjugate. Then (G,K) is a
Riemannian symmetric pair. In the Cartan decomposition

go =t B Po

of the Lie algebra gg of G corresponding to this involution, we know that
£ is the Lie algebra of K and that the K-submodule pg is the space of all
symmetric purely imaginary n X n matrices of trace zero. If B denotes the
Killing form of the Lie algebra gg, the restriction of —B to pg induces a
G-invariant Riemannian metric go on the homogeneous space X = G/K.
Endowed with this metric gg, the manifold X is an irreducible symmetric
space called the special Lagrangian Grassmannian. We identify the K-
module py with the tangent space of X at the coset zg of the identity
element I,, of G.

The matrices {B,,Ci}, with 1 < j <k <nand 1 <1 <n-—1, form
a basis of pg, while the matrices {A;x}, with 1 < j < k < n, form a basis
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of £y. The restriction g, of the homogeneous polynomial @), on go defined
in §3 to po is K-invariant and therefore gives rise to a G-invariant sym-
metric p-form o, on X. It is well-known that the algebra of all K-invariant
polynomials on g is generated by the polynomials g,, with 2 < p < n, and
that these polynomials are algebraically independent. We know that the
metric go is equal to the symmetric 2-form 2n - o5 and that o3 is up to a
constant the unique G-invariant symmetric 3-form on X; in fact, we have

03(81,62,8&3) =1 Tr (&1 - &2+ €3),

for all &1, &2,&3 € po (see [2, §2]).

Throughout the remainder of this paper, we consider the irreducible sym-
metric space X = SU(n)/SO(n), with n > 3, endowed with the Riemann-
ian metric g = o5. We consider the line bundle {g} generated by the section
g of S?T*. According to (3.2), we have

(61) 9(0]70]) :27 g(Cl7Cl+1) = _17 g(Ck,Cq) :07
forall 1 <j,k,g<n—1land1<I<n—2, withqg>k+2.

For p > 3, we consider the G-equivariant monomorphism

Gy T — SP7T™*

induced by the symmetric p-form o,. We shall write ¢ = 03 and & = 73.

Let U be the vector space R” endowed with its standard Euclidean scalar
product ¢ and let {eq,...,e,} be the standard basis of U. We consider the
objects which we associated with U and ¢ in §2. We consider the morphism
of K-modules

Po — SQU)

which sends the symmetric n x n matrix (ia;x) of po, where a;; € R, into
the element Z?kzl ajre; ® ey of S2U. The restriction to S2U* of the dual
of this morphism is an isomorphism

p SU = pg
of K-modules. We shall consider the isomorphism
p' o S?(S§U*) — S*Ty
of K-modules induced by p; then if @ is the element of S%(S2U*) corre-

sponding to the scalar product on SZU* and if u is an element of SFU*, we
see that the equalities

(6.2) W(Q) = glwo),  And(uu) = w'o(u)
hold among elements of .S 2T;0. By means of the isomorphism p’, the decom-
positions (2.1) and (2.2) give us a decomposition of the fiber of the vector
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bundle S?T* at x into irreducible K-submodules. Since a K-submodule
E° of ST gives rise to a unique G-invariant sub-bundle E of S*T* such
that E,, = E°, from the decomposition (2.2) and the relations (6.2) we
obtain the G-invariant decomposition

(6.3) S?T* = {g} © E, © B2 ©6(T)

of the bundle S?T*, where E; and E, are the G-invariant sub-bundles
of S?T* satisfying Fy ,, = /' (S§U*) and Es ,,, = p/¢(B°(U)). When n = 3,
we know that E5 = {0}. On the other hand, when n = 4, the K-module
E5 4, decomposes into the sum of two non-trivial irreducible K-modules
neither of which is isomorphic to S2U*. We denote by S*p the k-th sym-
metric product of the complexification p of the K-module pgy; since the
K-modules pg and p§ are isomorphic, from the preceding observations and
the remarks made in §2 concerning the irreducible SO(U)-modules appear-
ing in the decompositions (2.1) and (2.2), we obtain the following result:

LEMMA 6.1. — We have
dim Homg (p, S%p) = dim Hom (p, SQTC*’IO) =1

The lattice A of R"~' generated by the basis {me/}1<jcn—1 of R*™
contains the lattice A’ of R"~! defined in §3. We consider the mapping
/' : R*" ! — G whose image is the maximal torus H of the group G. We
denote by p : G — X the natural projection. Two elements a and b of G,
which belong to the image of ¢/, have the same image in X under p if and
only if there exists an element A € A such that a = b//(\). Thus there is an
injective mapping

LR A - X
such that the diagram

RN s G

| [
R*1/A — X
is commutative. We also denote by ¢ the mapping po ¢/ : R*~! — X. The
subgroup H' = H N K of H is equal to //(A) and the image Z of the
mappings ¢ is a maximal flat totally geodesic torus of X, which is equal
to p(H) = H/H'. Clearly we have (0) = p(eg) = zo. If g is the Riemannian
metric on R”~! defined in §3, by (3.10) we have the equality

(6.4) L9 =0
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hence the mapping ¢ : R*“!/A — Z is an isometric imbedding. If f is a
function on X, we now easily see that

(6.5) / fdZ =n A / F(u(0))dby ...dO,_1,

where 0 = (6y,...,0,,_1) € R" L,

For 1 < j < n— 1, we consider the vector field &; = /96, on R"™!; the
vector field ¢; on Z, which is determined by
(6.6) 1(§5(0)) = ¢;(«(9)),
for # € R™!, is invariant under the action of the group H on Z. The
vector field §J’» on H is p-projectable and we have p*g‘]’» = (;. Moreover,

{C1,...,Cn-1} is a basis for the space of parallel vector fields on Z. When
we identify Ty, with po, by (3.9) we see that

(6.7) Cj(xo) = Cj,

and so (}(wo) is equal to the vector (j(zo) of po viewed as an element of go.
For 1 < j < n, by (6.7) the parallel vector field

1 n—1
ni = n(kzj n—k @—Zm)

on Z satisfies n;(x¢) = C;; then we verify that

(6.8) G =M = Mj+1s
for 1 < j <n—1, and that

(6'9) Z ny = 0.

Let ¢ be an element of T ; then there is a unique element ¢ € po such
that ¢ = ¢°(¢). Since we have g'(po, o) = 0, the element p*p of T¢  is
equal to g"’(¢'), where ¢’ is equal to the vector ¢ viewed as an element of gg.
If p > 3 be a given integer, we therefore have the equalities

ey1) = (" o)W1), (@) Wrs-- - yp—1) = G,(P ) W15 Up_1):

for all y1,...,yp—1 € Po, where yg is equal to the vector y; considered as an
element of go. Then from the equalities (3.4)—(3.6), we obtain the relation
(610) &p<%p)(cj1 ) Cjza ey Cj;,fl) = 07

for 1 < j1,J2,...,dp—1 <1 —1, with 51 > jo + 1, and the relations

(6.11) p(@)(Gs -2 GG) = @) + (=1)P o (nj4),
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forall1 < j <mn—1; moreover, foralll<j<n—2and 1<k <p—1, we
have

(6.12) Gp(@)(Gio s Gy Gt - Gir1) = (=1)Fp(041),

if the vector field ¢; appears k times in the left-hand side of this equation.
Because the vector fields (; are invariant under the action of the group H,
the relations (6.10)—(6.12) hold for all p € C°°(T™). Since {(1,...,(u—1} I8
a basis for the space of parallel vector fields on Z, and since all maximal
flat totally geodesic tori of X are conjugate under the action of G on X,
from the relations (6.8) and (6.10)—(6.12) we deduce the following result:

LEMMA 6.2. — Let n,p > 3 be given integers and let X be the symmet-
ric space SU(n)/SO(n). A 1-form ¢ on X satisfies the Guillemin condition
if and only if the symmetric (p—1)-form &,(¢) on X satisfies the Guillemin
condition.

The equalities (11.1) of [2] and the preceding lemma, with n = 4 and
p = 3, give us precisely the assertion of Lemma 4.1 of [2], with n = 3.

According to (6.9), (6.11) and (6.12), we easily see that an arbitrary
element h of the sub-bundle &(7T*) of S?T* satisfies the relation

n—1
(6-13) Z C]vC] + Z C])Cj+1
j=1

If ¢ is a 1-form on X, since the mapping ¢ is totally geodesic, by (6.6)
and the definition of the operator D' we have the equality

(6.14) 20 (DY) (G C) = & (s L") + & (&, 07 0)

of functions on R*~ !, for 1 < j,k <n — 1.

7. Functions on the special Lagrangian Grassmannians

As in §6, we consider the groups G = SU(n) and K = SO(n), with n > 3.
If v is an element of I', we consider an irreducible G-module E, corre-
sponding to . We shall denote by I'y the subset of I'" consisting of all
s, Of Iy where 71,...,r,—1 > 0 are integers. Since the
group G is a real form of the group SL(n,C) and the subgroup K is equal
to GNSO(n, C), from Proposition 10.1 of [2] we deduce the following result:

elements ;.

PROPOSITION 7.1. — Let G be the group SU(n) and K be its sub-
group SO( ), withn > 3. Let v = vy, s, , be an element of I', where
T1ye..,Tn_1 are mtegers 0. The multiplicity of the trivial K-module in
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the decomposition of the G-module I, viewed as a K-module, is equal to 1
if v belongs to I'y and to 0 otherwise. If v belongs to I'g, the multiplicity
of the K-module p in the decomposition of the G-module E.,, viewed as a
K-module, is equal to the number of non-zero integers r;.

We consider the Lagrangian Grassmannian X = G/K and the natu-
ral projection p : G — X. Let F be a G-invariant sub-bundle of SPT™.
The spaces C*(X), C(X), C®(F) and C*°(F¢) inherit structures of
G-modules from the action of G on X. If v is an element of I, we de-
note by C3°(X) (resp. C5°(F)) the isotypic component of the (complex)
G-module C*(X) (resp. C*°(F¢)) corresponding to v. For v € T', we recall
that the multiplicity of the G-module C3°(SPT¢) is equal to the dimension
of the weight subspace of the G-module C5°(SPT¢) corresponding to y (see
§2, Chapter 1II of [1)).

If v € T, a linear form A on b is a weight of the G-module C5°(SPT¢)
if and only if —X is a weight of the complex conjugate C2°(SPT) of the
space C5°(SPT¢); therefore we have the equality

(7.1) C2(SPTz) = O=(SPTR)

of G-modules.

If E is a G-submodule of C*°(G), we denote by EX the G-submodule of E
consisting of all functions of F which are invariant under the right action
of K on G. The natural projection p : G — X induces an isomorphism

PP (X) = Cx(G)"

of G-modules, which sends a function f € C*°(X) into the function p*f
on G. If v is an element of I', this mapping p* induces a monomorphism

p*: CX(X) — C(G)E.

A function f on G which is invariant under the right action of K on G
determines a function f on X satisfying p* f=7.

Let ‘H denote the space of functions on M,, generated by the complex-
valued functions (Z;,Z;), with 1 < j,I < n. A function f belonging to
‘H is invariant under the right action of K on M,; hence its restriction
to G induces by passage to the quotient a function f on X. Therefore
for 1 < k < n—1, the complex-valued function f; on M, is invariant un-
der the right action of K on M,; its restriction to G induces by passage
to the quotient a function f; on X. The complex conjugate fk of the func-
tion f is equal to the function on X induced by the function f; on G.
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Ifry,...,7p—1 = 0 are integers, the function

~ nil ~
fT’1,~~77’n—1 = H I:k
k=1
is equal to the function on X induced by the function f, . on G
its complex conjugate f,.h,,_,mfl is equal to the function on X induced by
the function JFm.--,mfl on G.If ry,...,r,_1 € Z, when at least one of the
integers is < 0, we set

5Tn—1

fﬁy-uﬂ“n—l =0.

If v is an element of I", by the Frobenius reciprocity theorem the first
assertion of Proposition 7.1 tells us that the isotypic component CL?"(X )
of C*°(X) corresponding to 7 is irreducible if v belongs to 'y and vanishes
whenever v does not belong to I'y.

If ri,...,rp—1 > 0 are given integers and v is the element ~} .
is a highest weight vector of the G-module C3°(G),
the function fh,...,rnq is a highest weight vector of the irreducible G-
module CW‘X’(X). In particular, for 1 <k <n—1, we know that fk is a
highest weight vector of the irreducible G-module C3, (X).

If v € Ty, according to (5.8) or (7.1) we have the equality

of I, since f, ..

»Tn—1

(7.2) C(X) = C(X)

of G-modules. Hence fj, is an element of Csg, (X)), for 1 <k<n—1
The element v = 7%,0,...,0,1 = 2w + 2w, of 'y satisfies ¥ = ~; thus
according to (7.2), the G-module B = C5°(X) is invariant under complex
conjugation, and hence is equal to the complexification of the G-submodule

Bp={feB|f=f}

of CR°(X). Since the function fifu_1is a highest weight vector of B, its
complex conjugate fi-f,_1 is also an element of B.

Let r1,...,7,—1 = 0 be given integers and ~ be the element '7r11,...,rn,1
of T'p; by the Frobenius reciprocity theorem and the second assertion of
Proposition 7.1, we see that the multiplicity of the isotypic component
cy (Tg) of C*(T}¢) is equal to the number of non-zero integers 71, . .., rp_1.
Since fk is not a constant function, we know that d fk is a highest weight
vector of the G-module C3¢ (7). Therefore the section fn,m,r%ld fk is a
highest weight vector of the G-module C57(7¢), where

1 _ 1
V= Vet e L e e 2wy, + Vrgporno1”
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We consider the sections ¢1,...,¢n—1 of T defined by

Pe = frl7'~~ark—1;Tk_lv"'k+17~-'a7"n—1dfk7

for 1 < k£ < n — 1. Note that ¢y is non-zero if and only if the integer
rE is non-zero. If ¢y is non-zero, we have just seen that the complex con-
jugate @y of py is a highest weight vector of the G-module C5°(7%). In
the next section, we shall verify that the non-zero elements of the family
{¢1,...,¢n_1} are linearly independent. We know that the number of such
elements of this family is equal to the number of non-zero integers r;. On
the other hand, we remarked above that the latter number is equal to the
multiplicity of the isotypic component C,CY’O(TC*). This multiplicity is also
equal to the dimension of the weight subspace W, of C5°(T%) correspond-
ing to its highest weight . Therefore we have the following result:

LEMMA 7.2. — Let ry,...,7p—1 = 0 be given integers and let ~ be

the element 'lel,,,,,rn of T'g. Then the non-zero members of the family

—1
{@1,...,Pn_1} associated with the integers r1,...,r,—1 form a basis for

the space W,.

We consider the element v; = 2w, of I'y. By Lemma 7.2, we know that
the G-module C2? (1) is irreducible and we have the equality

(7.3) O (TE) = dC2(X).

The complexification Uz of U = R™ is a G-module, and so the k-th
symmetric products S¥Uc and S*UZ inherit structures of G-modules. In
fact, the highest weight of the irreducible G-module S2Uc is equal to ; and
this module viewed as a K-module is isomorphic to S2Ug. We consider the
standard Euclidean scalar product of U as an element ¢ of S2U*. If {q} is
the complex subspace of S2U¢ generated by ¢, we have the decomposition

SPUE = SiUE & {q}

of the G-module S2U¢ into irreducible K-modules; according to remarks
made in §§2 and 6, we then see that

Homy (E) 4y.c, S?UE) = Homg (Es 4, ¢, SUE) = {0}.

Therefore from the Frobenius reciprocity theorem, we obtain the following
result:

LEMMA 7.3. — We have

Co(Erc) = CF (Eac) = {0}
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>From Lemma 7.3, the equality (7.3) and the decomposition (6.3), we
obtain the decomposition

(7.4) Cf;f(S2TC*) =07 (X) g ®6dCT (X).
Thus the multiplicity of the isotypic component C,‘;f(SQTg) is equal to 2

and the weight subspace of this G-module corresponding to its highest
weight v; is generated by the sections f1g and &(df1).

8. An algebraic result

Let n > 3 be a given integer and let r1,...,7,-1 = 0 be given integers
which are not all zero. We set

(8.1) dk:i(nz:l(n—j)rj—kz:lﬂj)

=k =1
for 1 < k < n. We note that

1 n—1
d = — — —
1+ ds - ((n 2)r +2 Z (n k)rk)
k=2
1 n—2
dp_1+d, = —E ((n — 2)7'71—1 +2 ]; k’l’k);
thus the first of these two numbers is always positive, while the second one
is always negative.
In the next section, we shall require the following result:

ProrosiTION 8.1. — Let 71,...,7,—1 = 0 be given integers which are
not all zero. Let ay,...,a,—1 be given complex numbers satisfying
(8.2) arrj + a;jr, =0,

foralll < j,k<n—1withj+2<k<n—1.Let c be a complex number
satisfying the relations

(8.3) 2iagre = c¢(dk + di+1),

for1<k<n-—1, and

(8.4) i(apTrt1 + ap4178) = —cdpt1,

for 1 < k < n— 2. Then either the complex number ¢ vanishes or we have
rr, =0, rL=Tn—1, a; = —anp-1, c = 2iaq,

forall2<k<n-—2.
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We now begin our proof of Proposition 8.1, which will be in several steps.
Let a1, ...,a,—1 be given complex numbers. If rp, > 1, with 1 <k <n—1,
we write ¢ = a/r. Let 1 < j,k < n — 1 be integers satisfying k > j + 2;
if the integers r; and 7 are non-zero, then the relation (8.2) implies that

(8.5) ¢j = —Ck-
LEMMA 8.2. — Let r1,...,7,_1 = 0 be given integers which are not all
zero, and let aq, ..., a,_1,c be given complex numbers. Then the coefficient

¢ vanishes whenever one of the following two conditions holds:
(i) The relations (8.3) hold and at least one of the integers r1 and ry,_1
vanishes.
(ii) The relations (8.2) and (8.3) hold, the integers r1 and r,,_ are non-
zero and there exists an integer 3 < k < n — 3 such that ry > 1.

Proof. — Under the hypotheses of (i), the inequalities d; + d2 > 0 and
dp—1 + dy, < 0 imply that ¢ = 0. Under the assumptions of (ii), according
to the relations (8.5) the coefficients ¢, ¢ and ¢,—1 vanish. Since we have
a1 = 0 and dy +ds > 0, from the equality (8.3), with k = 1, we then deduce
the vanishing of c. O

We now suppose that the hypotheses of Proposition 8.1 hold; according
to Lemma 8.2, we know that the assertions of this proposition hold except
possibly in the following cases:

(i) We have n > 5 and the integers 71, 2, 7p—2 and 7,1 are the only

non-zero integers of the family {ry,...,r,_1}.

(i) We have n > 5 and the integers ry, r,_2 and r,_; are the only
non-zero integers of the family {ry,...,r,_1}.

(iii) We have n > 5 and the integers r1, r2 and r,_; are the only non-
zero integers of the family {ry,...,r,—_1}.

(iv) We have n =4 and the three integers 71, 12 and r3 are non-zero.
(v) We have n > 3, the integers r; and r,_; are the only non-zero

integers of the family {ry,...,7,—1} and r1 # r,_1.
(vi) We have n > 3, the integers r1 and r,_; are the only non-zero
integers of the family {ry,...,7,—1} and r1 = r,_1.

We now proceed to show that the complex number vanishes ¢ whenever
one of the hypotheses (i)—(v) holds. In the following lemmas, we shall always
assume that the hypotheses of Proposition 8.1 hold.

LEMMA 8.3. — Suppose that n > 5 and that ri, =0, for 3 <k <n—3.
Assume that

(8.6) ri+2re =2r, 2+ rn-1.

TOME 57 (2007), FASCICULE 7



2170 Jacques GASQUI & Hubert GOLDSCHMIDT

Then if either ro # 0 or r,,_s # 0, the coefficient ¢ vanishes.
Proof. — According to (8.3), we have
2iayry = c(r1 + 2rq), 2ian_1Tn—1 = —¢(2rp_o +1n-1),
21a97r9 = CT, 290Gy _2Tp_92 = —CTp_9;
by (8.4), we see that
i(a1ry + agry) = —cra, (an—oTn—1+ Gn_1rn_2) = —CTp_o.

Since the determinant of the matrix

2ri1 0 —r1 —2ry
0 2’)"2 —T9
2 1 r2

is equal to
27“2(7“1 + 7“2)(7“1 + 27“2),

when r5 is non-zero, the equalities
2iayry = c(ry + 2r2), 2iasry = CTa, i(aire + agry) = —cro

imply that the coefficients a1, as and ¢ vanish. The determinant D of the

matrix
2rn—1 0 Tn—1+ 2Tn—2
0 2Tn_2 Tn—2
Tn—2 Tn—1 Tn—2
satisfies
D= —27“”_2(7"2_1 + 27"%_2 — Tp—1Tn—2) < —21"2_2;

thus when 7,,_o is non-zero, the equalities

2iap_1Tp—1 = —¢(2rp—2 + rn_1),
2y T2 = —CTp_2 = i(An_2Tn_1+ Gn_17n_2)
imply that the coefficients a,,_o, a,_1 and ¢ vanish. O

LEMMA 8.4. — Suppose that n > 5 and that ri, =0, for 3 < k <n—3.
Suppose that one of the following conditions holds:

(i) We have rg =0 or rp—g = 0.
(ii) We have n > 6.
(iii) We have n =5 and the integers 11, 12,73, T4 are noN-zero.

Then either the coefficient ¢ vanishes or the equality (8.6) holds.
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Proof. — By (8.3), with k = 2 and ro = 0, we see that
2c
C(dg + d3) = ; (—Tl + 2r,_o + 7”n71) = 0;
on the other hand, by (8.3), with k =n — 2 and r,_o = 0, we see that
2c
c(dp—o+dn_1) = - (—r1 —2rg +1ry_1) =0.

If n > 6, our hypothesis tells us that r,_3 = 0; then the relation (8.3),
with k = n — 3, implies that

2c
C(dn_g + dn_g) = z (—T1 —2r9 + 2r_9 + Tn—l) =0.

Finally, suppose that (iii) holds. Then by (8.5), we have
Co=—C4 =01 = —C3.
Hence from (8.4), we obtain
0 =i(agrs + agre) = —cdz = % (r142r9 —2rp_o —1p_1).
O

LEMMA 8.5. — Suppose that n = 4 and that the integers r1 and r3 are
non-zero. Then either the coefficient ¢ vanishes, or we have the equalities

ro =0, ry=T3.
Proof. — By (8.3), we have
(8.7) diayry = c(r1 + 2rg +1r3) = —4iagrs
(8.8) diagre = c(r3 —1r1);
by (8.4), we also see that
(8.9) di(aire + agry) = c(ry — 2ro —713).
>From (8.7), we deduce that

¢ ) c
dicy = 5 (n+2r2+m3),  dics=——5 (11 +2r2 +713).
1 3

According to (8.5), we also have the equality
C3 = —C1.
The previous equations imply that
c c

2= 2
1 T3
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thus either the coefficient ¢ vanishes or the equality r1 = r3 holds. We now
suppose that r1 = r3. According to (8.7), we have
2ia1ry = ¢(r1 +72).

When 73 # 0, by (8.8) we see that az = 0. Then the equation (8.9) says
that
c+ 2ia; = 0.
>From the two preceding equations, we infer that
c(2r1 +12) =0,
and so the coefficient ¢ also vanishes in this case. O

>From Lemmas 8.3-8.5, we deduce that the coefficient ¢ vanishes when-
ever one of the hypotheses (i)—(iv) holds.

LEMMA 8.6. — Suppose that n = 3 and that the integers r1 and ro are
non-zero. Then either the coefficient ¢ vanishes, or we have the equalities

r1 =To, a1 +as =0, c=2ia;.

Proof. — From (8.3) and (8.4), we obtain the equalities

6ia1ry = c(ry + 2rs), Giagre = —c(2r1 + 12),
(8.10) _
3i(a1ry + asry) = c(ry — ra).

Since the determinant of the matrix

rr 0 —r;—2ry

0 7ro 2r1+4+m1r

ro 11 2(re —ry)
is equal to

(rg — r1)(2rF + 3rirg 4 2r3),

when 1o # rq, the coefficients a1, as and ¢ vanish. If 7y = 7o, then the
equations (8.10) tell us that a; + ag = 0 and ¢ = 2ia;. O

LEMMA 8.7. — Suppose that n > 3. Assume that the integers r; and
Tn_1 are non-zero, and that r, = 0, for 2 < k < n — 2. Then either the
coefficient ¢ vanishes, or we have the equalities

(8.11) T = Tp_1, a1+ an_1 =0, c=2ia.

Proof. — Lemma 8.6 gives us the desired result when n = 3. We now
suppose that n > 4. Then from Lemmas 8.4 and 8.5, either the coefficient
¢ vanishes or we have the equality r1 = r,_1. We now suppose that this
last relation is true; then by (8.2), we have a3 + a,—1 = 0. On the other
hand, the relation (8.3), with k£ = 1, says that 2iayr; = cry. O
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Finally, note that Lemma 8.7 tells us that the assertions of Proposi-
tion 8.1 hold under the hypotheses (v) or (vi). This concludes the proof of
this proposition.

9. Isospectral deformations of the Lagrangian
Grassmannians

We pursue our study of the Lagrangian Grassmannian X = G/K. This
section is devoted to the proof of the following proposition:

ProrosITION 9.1. — We have
DoC*(T) N &dCR°(X) = 6dBk, DoC*(Tg) N 6dC™®(X) = 5dB.

We consider the orthogonal complement F of the finite-dimensional sub-
space F' = R(X) @ Br of CR°(X). According to Lemma 6.2, we know that
the mapping

P, =P&d: CR°(X) — I(X)
is well-defined. Proposition 9.1 tells us that the kernel of P, is the finite-
dimensional space F’ and that the mapping P, : F — I(X) is injective.

Let r1,...,7,—-1 = 0 be given integers which are not all zero. We consider
.y, of ' and the subspace V. of C*°(T¢) generated
by the 1-forms {¢1,...,vn—_1}, which we associated in §7 with the integers

the element v = fyil)“

r1,...,"n_1. According to Lemma 7.2, the complex conjugate of the space
V, is equal to the highest weight subspace W, of C5°(T¢). We consider the

section
n—1

Y= Z Ok Pk
k=1

of T, where ay,...,an,—1 are given complex numbers, and the 1-form

n—1
O =dfpy ruy =D TkPK
k=1

on X, which is also an element of V.. For our proof of Proposition 9.1, we
shall require the following result:

LEMMA 9.2. — Let r1,...,7,_1 = 0 be given integers which are not all
zero, and let ay,...,a,_1 be given complex numbers. Suppose that there
is an element ¢ € C such that the 1-form

n—1
Y= Z Ak Pk
k=1
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satisfies the relation

(9.1) Dy = c&(dfﬁ,_“’,«nfl).

Then either the coefficient ¢ vanishes or we have

rg =0, T =Tp-2 =1, o =a(fordfi — frdfar), ¢ = —2ia,
for2 <k<n-—2, wherea=a1 = —@y,_1.

We assume, without any loss of generality, that ay = 0 whenever r;, = 0,
for 1 < k < n— 1. We consider the function ¥ on R*~! defined by

w(@) _ 22’627;(7‘191"1‘""'1‘7‘7171071—1)’
for 0 = (01,...,0,_1) € R"1; then we have
(9.2) Ektp = 2irp,

for 1 <k <n—1.By (4.5), we see that

1 .
Zlﬂ’ (&, dfr) = 2i0,5L” fr,

for 1 < j,k <n — 1. Thus we have

. 7
L lenu,Tnfl -

(9.3) (&ks L p) = arth,
for 1 < k < n— 1. By formulas (6.14), (9.2) and (9.3), we obtain
(9-4) (DY) (Cry 1) = ilarrs + arrk),

for 1<k, l<n—1.

If the 1-form ¢ vanishes, then according to formula (9.4), with k = I,
we see that agriy = 0, for all 1 < k < n — 1; hence in this case all the
coefficients aj vanish. In other words, the non-zero members of the family
{¢1,...,on-1} are linearly independent. This fact entered into the proof
of Lemma 7.2.

According to (6.6) and (9.3), we have

(9.5) I(Cr) = &k, L70) = 1),
for 1 < k£ < n — 1; thus we obtain
(9.6) I (n;) = djab,

for 1 < j < n, where the number d; is given by (8.1). We also consider the
symmetric 2-form h = 6(¢). By (6.10), we have

(0.7) By ) = 0
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for 1 < j,k <n—1, whenever k > j + 2. Also by (6.11) and (6.12), we see
that

(9.8) h(¢i, Gi) = I(n; +mjt1), h(Cr, Cer1) = —0(Nrt1),

foralll<j<n—land 1 <k<n—2

We now begin the proof of Lemma 9.2. Let us suppose that there ex-
ists an element ¢ € C such that the equality (9.1) holds. Since the func-
tion ¢ is everywhere non-vanishing, according to the equalities (9.4) and
(9.6)—(9.8), we infer that the coefficients ¢ and aq,...,a,—1 satisfy the
relations (8.2)—(8.4). Hence by Proposition 8.1, we infer that the coeffi-
cient c¢ vanishes unless the integers r; and the coefficients a; vanish, for
all 2 < j < n— 2, and the relations

re=7p_1 =1, ar = —ap_1, c = 2ia;
hold. Thus if we consider the element
B = furdfi — frdfa

of C*°(T¢{), we know that the coefficient ¢ vanishes unless ¢ is a multiple
of the 1-form (f1-fn—1)"B and ¥ = d(f1-fr_1)""t, where r =1y — 1 > 0.
By (9.4), (9.6) and (9.8), we see that the relations

S (Hess f1)(Ci,G1) = —4, v (Hess f1)(C1,G) =0,

ez . S 2i(n—2
(9.9) va(dfi) (¢, G) = (m +7727df1>:%,
* ~ r * ] 2
6 (df1) (G G2) = = (2, dfy) = —
hold at the point 0 of R™~1.
LEMMA 9.3.
(i) We have the relations
~ 4 . -
(9.10) Hess f1 = - fig +2i5(dfy),
_ 4 . L
(911) Hess fn—l = 75 fn_197210'(dfn_1),

(9.12) D'8 = 2i5(d(f1-fu1))-
(ii) Fory =~1y.. 0.1, we have the inclusion

(9.13) FdC°(X) € D'C™®(T¢).
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Proof. — Since the differential operator Hess is homogeneous and the
G-module C2°(X) is irreducible, from the decomposition (7.4) we obtain
the existence of constants a,b € C such that

Hess f = afg+ ba(df),

for all f € Cﬁf(X ). Since the complex conjugate fl of f1 is an element
of C5°(X), from the relations (6.1), (6.7) and (9.9) we deduce that a = —2/n
and b = —2i, and so we obtain formula (9.10). As f,_; is an element
of C57(X), we have also verified the identity (9.11). By (1.2), we have

D' = fu—1 Hess fi — fi Hess fo_1;

the relation (9.12) is now a direct consequence of (9.10) and (9.11). Next the
equality (9.12) implies that the symmetric 2-form &(d(fy - fn_1)) belongs
to D'C>(T¢). Since the function fi-fa_1 is a highest weight vector of
the irreducible G-module C° (X), where v = 2wy + 2w,,_1, we obtain the
inclusion (9.13). O

We denote by I,,_o the identity matrix of order n — 2. For o € R, we

consider the element
cosa —sina
Ra = .
sinaw  cosa

of SO(2) and the element ¢, = (R, I,—2) belonging to the subgroup
SO(2) x SO(n —2)

of K = SO(n); thus we have ¢4 (z9) = xo. We consider the functions
{fil.a}t1<ji<n on R"™1 defined by

2 2ixo 2

a- e fsinfa- ™2 foy , = sin 2 Ziz

fi1,a = cos a- e 4 cos? o - €22

fiz,a = fo1,0 = cosa - sina - (€21 — €*'7?), fita = €98

whenever 1 < j <n and 3 <! < n, or whenever 3 < j<nand 1< <n,
where 6 = (0y,...,0,_1) and xj, is given by (3.8). We also consider the
function f, on R"! defined by

fo(0) = (fir.afoza — fia,0)(0) - € On-1702)

for 8 = (0y,...,0,-1). Clearly the equalities

(9.14)  dfi1.0 = 2i(cos®> a-dby +sin® a-(dfy — dy)),  dfe = 2idb,_1
hold at the point 0 € R"~!. We easily verify that

L*¢Q<ZJ> Zl> = fjl,ou
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for all 1 < 7,1 < n; it follows that

(915) L*¢Zf1 = fll,a» L*QZ)Zan—l == fav
and hence that
(9.16) (¢5f1)(w0) = (¢5fu—1)(0) = 1.

Thus according to (6.6), (9.14) and (9.15), the symmetric 2-form
ho = ¢5(dfy - dfy = dfuy - dfuy)

on X satisfies

n—2

Z ha (5, Cj+1)) (zg) = 24 cos’® a - sin” .

j=1

©017) (X k(66 +

Clearly the function of « appearing on right-hand side of equation (9.17)
is non-zero.

Let r > 1 be a given integer. We consider the function f = fl-fn,l and,
for a € R, the symmetric 2-form

(9.18) ho = &o(f"~1df - B)
on X. Since we have

df -B=fr_ydfi-dfy = fidfnr-dfn,
by (9.16) we see that the equality

(9.19) hl, = hq
holds at xg.
LEMMA 9.4. — Letr > 1 be a given integer. Then the symmetric 2-form

DY((f1-fn_1)"B) is not a section of 5(Tg).

Proof. — Suppose that D(f73) is a section of &(T¢). According to for-
mulas (9.12) and (1.2), we see that f"~1df - 8 is also a section of &(T¢).
Thus for all @ € R, the symmetric 2-form k!, defined by (9.18) satisfies the
relation (6.13). The equalities (9.17) and (9.19) now lead us to a contra-
diction. g

Finally, in order to finish the proof of Lemma 9.2, we suppose that ¢ is
a multiple of the 1-form (fl ~fn,1)Tﬁ and that ¢ = al(fl-fn,l)r“‘l7 where
r=r;—12>0. When r > 1, Lemma 9.4 tells us that ¢ = 0; because the
form & (1) is non-zero, the coefficient ¢ must also vanish in this case, and
so we have completed the proof of Lemma 9.2.
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In order to prove Proposition 9.1, by formula (1.1) it suffices to show
that
D'C™(TE) N GdC™(X) = 5dB.
Since the differential operators D! and &d are homogeneous, according to
Proposition 2.1 of [1] and Lemma 9.3,(ii) the preceding equality holds if
and only if

(9.20) D'C(T¢) NedC (X) = {0},

for all v € T, with v # 7], 1. We now proceed to verify that (9.20)
holds and, in the process, complete the proof of Proposition 9.1.
If v € ' is equal to 0 or does not belong to I'y, we know that

4 (X) = {0},

and so the equality (9.20) holds. Now let r1,...,7r,_1 > 0 be given integers,
which are not all zero and satisfy

(7"17...,7“7171) 75(1,0,...,0,1)7

and consider the element v = %1’1,...,% of I'g. Suppose that the equality

(9.20) does not hold for this element 7. Since the function f = f., .. _, is
a highest weight vector of the irreducible G-module C3°(X), the inclusion

5dC°(X) C D'C(TE)
holds, and so there exists an element 1 of W, such that
DYy = (df).
Then the element ¢ = v of V, satisfies the relation (9.1), with ¢ = 1.

Lemma 9.2 now leads us to a contradiction. Therefore the equality (9.20)
holds for all ¥ € T', and so we have proved Proposition 9.1.

10. The reduced Lagrangian Grassmannians

The center S of G = SU(n) is the cyclic subgroup of order n given
by (5.5). If s is the involution of G considered in §6 sending a matrix into
its complex conjugate, the subgroup

Ks={AeG|A's(A) e S}
of G contains the subgroup K = SO(n) and we easily verify that
Ks={A€e€G|A=e*/"B, with B€ O(n) and k € Z}.
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According to Corollary 9.3, Chapter VII of [4] (see also [2, §1]), we know
that Y = G/Kg is a symmetric space of compact type, which is the reduced
space of X and which we call the reduced Lagrangian Grassmannian.

The diagonal matrix By = diag(1,...,1,—1) is an element of O(n) and
the diagonal matrix Ay = e'™/"B, belongs to G. We easily see that Ay
generates a cyclic subgroup S’ of G of order 2n and that A} belongs to K
if and only if £ = 0 mod n. Thus we have

Ks=K-S'= | K-A}.

0<k<n—1
If B € K, the matrix
AytBAy = ByBB
also belongs to K. We consider the automorphism ¢q of py defined by

#0(&) = Bo- & Bo,

for £ € pg; then for & € pg, the element A0_1§A0 of go is clearly equal to
the element ¢g(€) of po. According to these observations, the right action
of Ay on G passes to the quotient X and gives rise to an isometry 7 of X.
In fact, if we denote by Ag, the action on the tangent bundle of X induced
by the left action of Ay on X and identify py with T;,, we see that

(10.1) 7§ = Aoxgo(§),

for £ € pg. Clearly the group ¥ of isometries of X generated by 7 is a cyclic
group of order n which acts freely on X; moreover, its action commutes
with the action of G on X. The quotient of X by X is the symmetric space
Y = G/Kg and the natural projection @w : X — Y is a n-fold covering;
moreover, the action of the group G on X passes to the quotient Y.

We consider the G-submodule C*(X)* of C*(X) consisting of all ¥-
invariant (or equivalently 7-invariant) functions on X. The space C*(Y)
inherits a G-module structure from the action of G on Y and the projection
w induces an isomorphism

w* : C®(Y) — C>®(X)*

of G-modules. If 7 is an element of I', we denote by C3°(Y') the isotypic
component of the G-module C*(Y") corresponding to v and we write

00 > ') > e’}
CT(X)” =C®(X)" NCF(X).
Then the isomorphism w induces an isomorphism of G-modules

* . (100 [eS) P
@ CF(Y) — CFF(X)™.
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For p > 2, we easily see that

op(Po(&1)s- -5 P0(&p)) = op(&1s- -3 6p)s

for all &1,...,&p € po. Therefore from the relation (10.1), we infer that
(10.2) T op = 0.

Thus the symmetric p-form o, induces an G-invariant symmetric p-form
oy,p on Y such that

_ *
Op =W Oyp.

We shall always consider the symmetric space Y = G/Kg endowed with
the G-invariant Riemannian metric gy = oy,2. For p > 3, we consider the
monomorphism of vector bundles

Gy Ty — SPITy

induced by the symmetric p-form oy,,. We write oy = oy,3 and 6y = y3.
If ¢ is a 1-form on Y, we have

(10.3) @ oyp(p) = Tp(w'p).

According to Lemma 1.1 of [2] and Lemma 6.2, we see that a 1-form ¢ on Y’
satisfies the Guillemin condition if and only if the symmetric (p — 1)-form
Gy p(p) on Y satisfies the Guillemin condition.

If B = (by,-) is an arbitrary element of M,,, we have

ZJ(BA()) = eiﬂ—/n(bjl, ey bj,nfl, —bjn),
for 1 < j < n; therefore we obtain the equality
(2, Z1)(BAo) = €*™/™(Z;, Zy)(B),

for 1 < j,k < n. It follows that

(104) JF Zzw/nf’ T*fk — 62ik7r/nfk’
forall fe Hand 1<k <n—1.
Let r1,...,7,—1 = 0 be given integers and consider the element v =

Yeron_y Of To. According to (10.4), the function frh” on X is in-
variant under the isometry 7 if and only if the relation (5.7) holds. Since
the complex conjugate fn,..,,rnfl of the function fn,.,.,rnfl belongs to the
irreducible G-module C3°(X), we infer that C5°(X) is a G-submodule of
C>(X)* if and only the relation (5.7) holds. For 1 < j < n — 1, a section
@, of T associated with the integers ry,...,7r,_1 is X-invariant if and only

if the integers 71, ..., 7,1 satisfy the relation (5.7).

Tn—1
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We denote by I'y the subset of I'g consisting of all elements 7}17___,70”71
of Ty, where 1, ..., r,—1 > 0 are integers satisfying the relation (5.7). Then
by Proposition 2.1 of [1], we have the following result:

LEMMA 10.1.

(i) Let r1,...,rn—1 > 0 be given integers. The function fr17...,rn4 on
the special Lagrangian Grassmannian X = G/K is induced by a
function on the reduced space Y = G/Kg of X if and only if the
relation (5.7) holds.

(ii) The G-module . r,

C°(X) is a dense submodule of C*°(X)*>
and the G-module Cc>

(Y) is a dense submodule of C*(Y').

yelrs ~v

We consider the element v = 711707“_’071 of I'1; we know that
z_
Cr(X)” =B.

Therefore By = C2°(Y) is an irreducible G-module isomorphic to B and
is invariant under conjugation; thus By is equal to the complexification of
the subspace

Byr={feBy|f="F}

of CR°(Y') and the mapping w induces an isomorphism @* : By g — Bg.

If P denotes the orthogonal projection corresponding to the decomposi-
tion (1.3) on the space Y, according to Lemma 1.1 of [2] and Lemma 6.2
the mapping

(10.5) P,, = Péyd: CZ(Y) — I(Y)

is well-defined. We denote by Fy the orthogonal complement of the finite-
dimensional space Fy = R(Y) ® By in CR°(Y). From Proposition 1.2 of [2]
and Proposition 9.1, we obtain:

THEOREM 10.2. — The reduced Lagrangian Grassmannian Y is not
rigid in the sense of Guillemin. If f is a non-zero element of Fy, then the
symmetric 2-form &y (df) on'Y satisfies the Guillemin condition and is not
a Lie derivative of the metric. Moreover, the relation

DyC* (Ty) n &ydCﬁo(Y) = oydBy
holds and the kernel of the mapping (10.5) is the finite-dimensional space

Fy =R(Y) @ By k.
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