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ON THE SPECTRAL THEORY AND DYNAMICS OF
ASYMPTOTICALLY HYPERBOLIC MANIFOLDS
by Julie ROWLETT

Abstract. — We present a brief survey of the spectral theory and dynamics of
infinite volume asymptotically hyperbolic manifolds. Beginning with their geometry and examples, we proceed to their spectral and scattering theories, dynamics,
and the physical description of their quantum and classical mechanics. We conclude
with a discussion of recent results, ideas, and conjectures.
Résumé. — Cet article est une présentation rapide de la théorie spectrale et
de la dynamique des variétés asymptotiquement hyperboliques à volume infini.
Nous commençons par leur géométrie et quelques exemples, nous poursuivons en
rappelant leur théorie spectrale, puis continuons sur des développements récents de
leur dynamique. Nous concluons par une discussion des résultats qui démontrent
un rapport entre leurs mécaniques quantiques et classiques et enfin, nous offrons
quelques idées et conjectures.

1. Introduction and contents
In 1984, Fefferman and Graham [32] introduced the concept of a conformally compact metric to generalize the Poincaré model of hyperbolic space
and study conformal invariants. These metrics are also known as Poincaré
metrics. A Riemannian manifold with boundary equipped with a conformally compact metric is known as a conformally compact manifold. In
1987, Mazzeo and Melrose [68] defined a special class of conformally compact manifolds, the asymptotically hyperbolic manifolds. These are compact manifolds with boundary equipped with an asymptotically hyperbolic
metric: a complete metric with sectional curvatures asymptotically equal
to −1 at infinity. Although the asymptotically hyperbolic manifolds are a
Keywords: Asymptotically hyperbolic, conformally compact, wave trace, negative curvature, resonances, length spectrum, topological entropy, dynamics, geodesic flow, prime
orbit theorem, quantum and classical mechanics.
Math. classification: 37D40, 58J50, 53C22.
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proper subset of the conformally compact manifolds, they are a natural
generalization of infinite volume hyperbolic manifolds and contain several
interesting examples including manifolds with Poincaré metrics which are
also Einstein. These Poincaré Einstein metrics arise in AdS-CFT correspondence in string theory.
Both finite and infinite volume hyperbolic manifolds have attracted interest from analytic number theory and arithmetic geometry, mathematical
physics and spectral theory, and dynamics. In many cases, these spaces admit a Selberg trace type formula [86]. Such a trace formula demonstrates a
relationship between their spectral theory and dynamics. Phillips [79] and
Patterson [73] obtained a precise relationship between the spectrum and
the topological entropy of the geodesic flow. In the language of mathematical physics, these results describe interactions between the quantum and
classical mechanics.
Motivated by the growing interest of mathematicians and physicists in
conformally compact manifolds in general and Poincaré Einstein manifolds
in particular, since all Poincaré Einstein metrics are asymptotically hyperbolic, it is natural to pursue a deeper understanding of the dynamics and its
relationship to the spectral theory of these manifolds. The purpose of this
survey is: to collect and summarize references for infinite volume asymptotically hyperbolic manifolds, to present the spectral theory and dynamics
of these spaces, and to present recent developments concerning interactions
between their quantum and classical mechanics.

Bibliographical notes
Fefferman and Graham [32] defined conformally compact metrics to study
conformal invariants. A conformally compact manifold does not have a
unique metric at the boundary; rather, the metric induces a conformal class
of metrics at the boundary which is known as the “conformal infinity.” For
a real analytic conformal Riemannian manifold, they showed that one may
associate a conformally compact manifold in one dimension higher, such
that the conformal manifold is the conformal infinity. Based on this ambient metric construction, [32] computed several scalar curvature invariants
for conformal Riemannian manifolds.
Mazzeo and Melrose studied the resolvent operator for asymptotically hyperbolic metrics in [68]; their main results will be reviewed in § 3.1. Mazzeo
went on to study the L2 cohomology of conformally compact manifolds and
proved their Hodge theorem in [66].
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Selberg proved trace formulae for (weakly) symmetric spaces using a
beautiful combination of techniques from harmonic analysis, group theory,
and representation theory [86]. The trace formula has been generalized to
various other settings including congruence subgroups and P SL(2, R) by
Hejhal [51], [52]; and some non-compact spaces of finite volume by Gangolli
and Warner [36], [37]. Moreover, interactions between the trace formula and
Hecke operators in arithmetic geometry have been investigated by Arthur
[4].
Phillips [79] and Patterson [73] demonstrated that the existence of pure
point spectrum determines and conversely is determined by the topological
entropy of the geodesic flow; see also joint work of Phillips and Sarnak [78].

2. Geometry
The model geometry of an asymptotically hyperbolic manifold is an infinite volume hyperbolic manifold which is the quotient of real hyperbolic
space by a convex cocompact group.

2.1. Model geometry
Definition 2.1. — A finitely-generated discrete torsion-free group Γ
of isometries of real hyperbolic space is convex cocompact if Γ does not
contain parabolic elements, contains at least one hyperbolic element, and
admits a finite sided fundamental domain with infinite volume.
Examples of convex cocompact groups include Schottky groups, Fuchsian groups, and quasifuchsian groups; the term convex cocompact first
appeared in Sullivan’s work [89]. However, in that work, convex cocompact
groups are defined to be those groups which do not contain parabolic elements and may contain hyperbolic elements. In particular, he showed that
the quotient of real hyperbolic space by a convex cocompact group is either
compact or has infinite volume.
Definition 2.2. — For a discrete torsion-free group Γ of isometries
of n + 1 dimensional real hyperbolic space Hn+1 , the quotient Hn+1 /Γ is
convex cocompact if Γ is a convex cocompact group. The limit set of Γ,
ΛΓ , is the smallest closed non-empty Γ-invariant subset of ∂Hn+1 = Sn ; it
is equivalently given by the intersection of the closure of the orbit by Γ of
any point of Hn+1 with ∂Hn+1 . The convex core is defined by
CH(ΛΓ )/Γ ⊂ Hn+1 /Γ,

TOME 60 (2010), FASCICULE 7

2464

Julie ROWLETT

where CH(ΛΓ ) is the convex hull of ΛΓ ; for a convex cocompact group Γ,
the convex core is a compact subset of Hn+1 /Γ.
For a discrete, finitely-generated, torsion-free group Γ of isometries of
Hn+1 , the quotient is conformally compact precisely when Γ is convex cocompact as defined above; see for example [12]. We recall the definition of
a conformally compact metric below.

2.2. Asymptotic geometry
Asymptotic geometries such as asymptotically hyperbolic, asymptotically conic, and asymptotically cylindrical are Riemannian manifolds with
boundary whose Riemannian metric admits a particular asymptotic form
near the boundary; the definitions of these spaces are primarily due to Melrose [69]. The definitions of all the aforementioned asymptotic geometries
and the definition of conformally compact are formulated in terms of a
boundary defining function.
Definition 2.3. — Let (X n+1 , ∂X) be a smooth, compact n+1 dimensional manifold with boundary. A boundary defining function x is a smooth
function defined in a neighborhood N of ∂X so that x : N → [0, ∞),
∂X = x−1 ({0}), and dx 6= 0 on ∂X.
A conformally compact manifold is a Riemannian manifold with boundary whose metric admits the following form.
Definition 2.4. — Let X n+1 be a smooth compact manifold with
boundary ∂X and boundary defining function x. If there exists a smooth
metric ḡ defined on X which is non-degenerate up to ∂X such that the
metric g on the interior of X has the form
ḡ
g = 2,
x
then g is a conformally compact metric.
The following definition is from [12] and is related to the geometric setting
of earlier work by Guillopé and Zworski [47].
Definition 2.5. — A conformally compact manifold (X n+1 , g) is hyperbolic near infinity if there exists a (possibly disconnected) convex cocompact hyperbolic manifold (X0 , g0 ) and compact sets K ⊂ X, K0 ⊂ X0 ,
such that
(X − K, g) ∼
= (X0 − K0 , g0 ).
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These spaces also appear in the literature as “compact perturbations of
convex cocompact hyperbolic manifolds.” They enjoy many of the beautiful
properties of their unperturbed model spaces; [12] proved a Poisson formula
and estimates for their spectral counting function.
The definition of an asymptotically hyperbolic manifold is originally due
to Mazzeo and Melrose [68].
Definition 2.6. — A manifold with boundary (X n+1 , ∂X) is asymptotically hyperbolic if there exists a boundary defining function x so that in
a non-empty neighborhood of the boundary N ∼
= (0, x0 ) × ∂X, the metric
dx2 + h(x, y, dx, dy)
x2
is independent of dx and is a Riemannian metric on ∂X.
g=

(2.1)
where h|{x=0}

Remark 2.7. — It is straightforward to demonstrate that every asymptotically hyperbolic manifold is conformally compact. On the other hand,
the sectional curvatures of conformally compact manifolds approach
−|dx|2x2 g at the boundary: this is not necessarily a constant function. Thus,
not all conformally compact manifolds are asymptotically hyperbolic; see
[13].
Recall that a Riemannian metric is Einstein if the Ricci and metric tensors satisfy the relationship
Ric = −cg,
for some constant c. In the case of Poincaré Einstein metrics, those which
are both conformally compact and Einstein, c > 0, and is usually normalized to c = n+1 in dimension n+1. Some explicit examples of the Poincaré
Einstein metrics which arise in AdS/CFT correspondence in string theory
include the hyperbolic analogue of the Schwarzschild metric, and in dimension n + 1 = 4, the Taub-BOLT metrics on disk bundles over S2 . These
examples may be found in Anderson [1].
Mazzeo and Melrose observed that along any smooth curve in X −∂X approaching a point p ∈ ∂X, the sectional curvatures of g approach −|dx|2x2 g .
For each h in the conformal class of (x2 g)|∂X , by [68] and [67], there exists
a unique (near the boundary) boundary defining function x so that
dx2 + h(x, y, dy)
near ∂X.
x2
With this normalization, the sectional curvatures are −1 + O(x) as x → 0,
so it is natural to call these spaces “asymptotically hyperbolic”. If the metric
is also Einstein with Ric g = −(n + 1)g, then the sectional curvatures are

(2.2)

|dx|x2 g = 1,
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−1 + O(x2 ) in a neighborhood ∂X. When the sectional curvatures converge
to −1 at a faster rate, one has rigidity results; see Shi and Tian [87], and
Anderson [2]. The rate at which the sectional curvatures converge to −1
was also used by Bahuaud in [5] and [6] to give an intrinsic condition for
Lipschitz conformally compact asymptotically hyperbolic manifolds.
The reader is advised that the term “asymptotically hyperbolic” has
been used differently by other authors including Müller [70]. However, those
“asymptotically hyperbolic” manifolds are not conformally compact. The
asymptotically hyperbolic manifolds considered here are those which are
also conformally compact, but for the exposition, we shall refer to them
simply as asymptotically hyperbolic.

2.3. Renormalized integral
Since conformally compact manifolds have infinite volume, it is natural
to introduce an integral renormalization. Recall that the finite part f.p.f ()
=0

is defined as f0 when
f () = f0 +

∞
X

fk −λk (log )mk + o(1),

k=1

with R(λk ) > 0, and mk ∈ N ∪ {0}. Uniqueness of f0 is demonstrated in
Hörmander [53]; the following definition is from Guillopé and Zworski [49].
0Z
f of a smooth funcDefinition 2.8. — The 0-regularized integral
tion (or density) f on X is defined, if it exists, as the finite part
Z
0Z
f := f.p.
f (p) dvolg (p),
=0
X

x(p)>

where x is a boundary defining function.
The 0-regularized integral also appears in the literature as the 0-renormali
zed integral. Guillopé and Zworski also defined the 0-trace, which they used
to formulate their Selberg trace formula for Riemann surfaces [49].
Definition 2.9. — For an operator A with smooth Schwartz kernel
A(z, y) on X × X, the 0-trace of A is
0Z
0-tr(A) :=
A(z, z) dvolg (z).
X
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Both the 0-regularized integral and the 0-trace depend à priori on the
choice of boundary defining function x in their definitions. However, in some
cases, the 0-regularized integral is independent of the boundary defining
function. The 0-volume is defined to be the 0-regularized integral of the
constant function 1,
0Z
0-vol (X) :=
1 dvolg .
X

Graham [38] showed that in even dimensions (by our convention, n is odd),
the 0-volume is well defined and independent of the choice of boundary
defining function used to define the 0-regularized integral. The 0-volume,
also known as renormalized volume, of conformally compact manifolds is of
general interest in conformal geometry; see for example Chang, Qing, and
Yang [22] and Chang, Gursky, and Yang [21].

Bibliographical notes
The asymptotically cylindrical metrics or b-metrics were introduced by
Melrose; an excellent reference for the geometric structure is [69]. Asymptotically conic metrics also appear in the literature as scattering metrics,
and asymptotically hyperbolic geometry has also been referred to as 0geometry. For each of these geometries, the resolvent operator has been
constructed as an element of a pseudodifferential operator calculus. These
constructions generalize Hörmander’s parametrix construction on closed
manifolds to Riemannian manifolds with boundary whose metrics admit
certain asymptotic forms near the boundary. A novel feature of these constructions is the introduction of an extra symbol arising from the boundary.
The calculi for the asymptotically cylindrical and asymptotically hyperbolic
geometries are known, respectively, as the b-calculus and the 0-calculus.
The 0-calculus was introduced by Mazzeo and Melrose in [68].
Given an asymptotically hyperbolic metric, the existence of a boundary
defining function x such that the metric near the boundary has the form
dx2 + h(x, y, dy)
,
x2
was first shown by Joshi and Sà Barreto while studying inverse scattering
results for asymptotically hyperbolic manifolds [55]. However, a simpler
proof of this result may be found in §2 of Mazzeo and Pacard’s work concerning Maskit combinations of Poincaré Einstein metrics [67].
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Müller has also used the term “asymptotically hyperbolic” in his work
concerning the spectral theory, geometry, and scattering theory of finite
volume surfaces which have hyperbolic cusp type ends [70]. Since those
surfaces have finite volume, one may distinguish the asymptotically hyperbolic manifolds considered here if one notes that these are the asymptotically hyperbolic manifolds which are also conformally compact.

3. Spectral and scattering theories
In 1984, Lax and Phillips [61] published an elegant and thorough study
of the Laplace operator and its resolvent on convex cocompact hyperbolic
manifolds, and in 1987, Perry [75] generalized their results to the Laplacian with a short range potential. These works provided useful insights to
Mazzeo and Melrose [68], who studied the spectral theory of asymptotically
hyperbolic manifolds. An important contribution to their work was made
by Guillarmou [41] nearly twenty years later. We recall their main results
below.

3.1. The resolvent
Mazzeo and Melrose proved that the Laplacian on an asymptotically
hyperbolic manifold of dimension n+1 has absolutely continuous spectrum,
2
σac (∆) = [ n4 , ∞), and a finite pure point spectrum which is either empty or
n2
consists of finitely many eigenvalues, σpp (∆) = {Λk }m
k=1 ⊂ (0, 4 ). Mazzeo
and Melrose constructed the resolvent kernel as an element of the so-called
“0-calculus,” and showed that it is meromorphic on the half space
n
no
,
Re(s) >
2
and admits a well-defined meromorphic extension to C with discrete poles
of finite rank. Above, the spectral parameter s is related to the actual
spectral parameter Λ by
Λ = s(n − s).
The resonance set R consists of the poles of the meromorphically continued
resolvent
R(s) := (∆ − s(n − s))−1 ,
counted according to the multiplicity,
ζ ∈ R,

m(ζ) := rank Resζ (∆ − s(n − s))−1 .
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This is not quite the full story; based on Borthwick and Perry’s work concerning the scattering poles of asymptotically hyperbolic manifolds [15],
Guillarmou
[41] investigated the behavior of the resolvent at the points

n−k
. He made the important discovery that the presence of infinite
2
k∈N
rank poles at these points is determined by, and conversely determines, the
type of expansion the metric admits near the boundary; this is all beautifully explained in [41]. In fact, the resolvent admits a finite-meromorphic
extension to C if and only if the metric g admits an expansion of the form
!
∞
X
g = x−2 dx2 +
x2k hk (y; dy) ,
k=0

near the boundary, where x is a boundary defining function. This is the
case for many important examples, including convex cocompact hyperbolic
manifolds and conformally compact manifolds which are hyperbolic near
infinity. In the latter case, the result is due to Guillopé and Zworski [47].

3.2. The scattering operator
The resolvent operator is intimately related to the scattering operator,
whose definition we recall below.
Definition 3.1. — Let (X, g) be an asymptotically hyperbolic n+1 dimensional manifold with boundary defining function x. For Re(s) = n2 , s 6=
n
∞
2 , a function f1 ∈ C (∂X) determines a unique solution u of
(∆ − s(n − s))u = 0,

u ∼ xn−s f1 + xs f2 , as x → 0,

where f2 ∈ C ∞ (∂X). This defines the map called the scattering operator,
S(s) : f1 7→ f2 .
Heuristically, the scattering operator which is classically a scattering matrix, acts as a Dirichlet to Neumann map, and physically it describes the
scattering behavior of particles. Joshi and Sà Barreto [55] proved that the
scattering operator extends meromorphically to s ∈ C as a family of pseudodifferential operators of order 2s − n. Renormalizing the scattering operator as follows gives a meromorphic family of Fredholm operators with
poles of finite rank,
Γ(s − n2 ) n/2−s
S̃(s) :=
Λ
S(s)Λn/2−s ,
Γ( n2 − s)
where
Λ :=

TOME 60 (2010), FASCICULE 7
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Above, ∆h is the Laplacian on ∂X for the metric h(x) x=0 . Note that
this definition depends on the choice of boundary defining function x. The
multiplicity of a pole or zero of S(s) is defined to be
ν(ζ) = − tr[Resζ S̃ 0 (s)S̃(s)−1 ].
The scattering multiplicities are related to the resonance multiplicities in
[15] and [41] by
ν(s) = m(s) − m(n − s) +

∞
X


χn/2−k (s) − χn/2+k (s) dk ,

k=1

where

n
+ k),
2
and χp denotes the characteristic function of the set {p}. This relationship
is originally due to Borthwick and Perry [15], but it was Guillarmou [41]
who explicitly identified the numbers dk as the dimensions of the kernels
of certain natural conformal operators acting on the conformal infinity.
These operators are related to the so-called “GJMS” operators [39] and
Q-curvature [33].
dk = dim ker S̃(

3.3. Counting estimates
On a compact Riemannian manifold, the number of eigenvalues of the
Laplacian grows according to Weyl’s formula. For convex cocompact hyperbolic manifolds of even dimension, Guillarmou [44] obtained a Weyl-type
asymptotic formula which interestingly depends on the topological entropy
of the geodesic flow. If X is conformally compact and hyperbolic near infinity, upper and lower bounds for the resonance counting function were
achieved through the work of Guillopé and Zworski [47] and completed by
Borthwick [12] who demonstrated that the number of resonances (counted
according to the spectral parameter s) in a ball of radius r is O(rn+1 ).
Moreover, the scattering resonance set satisfies the lower bound,
N sc (r) > cB(X, g)rn+1
where c is a (universal) positive constant, and B(X, g) is the 0-volume of
X if the dimension of X is even or the Euler characteristic of X if the
dimension of X is odd. Counting estimates were obtained for surfaces by
Guillopé and Zworski [48]. Counting estimates for the scattering and resolvent resonances of asymptotically hyperbolic manifolds in general remains
an intriguing and challenging open problem.
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Bibliographical notes
Guillarmou’s Weyl law is in fact not the main result of [42]. We highly
recommend [42] to interested readers. Guillarmou develops a Birman-Krein
theory for asymptotically hyperbolic manifolds whose metrics have a certain form at the boundary. These metrics include the natural examples:
convex cocompact hyperbolic manifolds and conformally compact manifolds hyperbolic near infinity. He first shows that one may define the spectral measure via a 0-regularized integral and demonstrates its regularity
properties on R and C. He goes on to study the determinant of the scattering operator and its relationship to the dynamical zeta function. This work
both provides new tools and suggests open problems on asymptotically hyperbolic manifolds. For example, it would be interesting to generalize the
Weyl law to these asymptotically hyperbolic manifolds.
In [62] and [63], Lee made further contributions to the scattering theory and Fredholm properties of the Laplacian on asymptotically hyperbolic
manifolds; see also Sà Barreto [84]. Graham and Zworski [40] studied the
scattering matrix in conformal geometry; this work is related to the numbers dk and the conformal infinity. There is little known about the spectral theory of conformally compact manifolds which are not asymptotically
hyperbolic: those which have variable curvature at infinity. The only reference of which we are aware is Borthwick [13], who developed the scattering
theory by treating the Laplacian as a degenerate elliptic operator with
non-constant indicial roots. The variability of the roots poses a significant
challenge to the analysis because it implies that the resolvent admits only
a partial meromorphic continuation.

4. Dynamics
Classical mechanics are mathematically described by the dynamics of
the geodesic flow. We begin by recalling the definitions. Let SX denote the
unit tangent bundle, and let Gt be the geodesic flow on SX at time t.
Definition 4.1. — The geodesic flow on a Riemannian manifold (X, g)
is the map G : SX × R → SX such that for v ∈ Sx X,
Gt (v) = γ˙v (t),
where γv is the geodesic from x ∈ X with initial tangent vector v, and γ˙v (t)
is its tangent vector at the point γv (t). The orbit of a vector v ∈ Sx X for
the geodesic flow is
{Gt (v)|t ∈ R}.

TOME 60 (2010), FASCICULE 7

2472

Julie ROWLETT

The length spectrum is the set of lengths of closed geodesics. We shall
use
L and Lp
to denote, respectively, the set of closed geodesics and the set of primitive
closed geodesics. For a simple closed geodesic γv , letting π : SX → X be
the canonical projection, for all unit vectors v ∈ SX, the restriction of π to
the orbit of v under G is bijective onto the geodesic γv ⊂ X. Thus, we see
that the closed orbits of the flow G are in bijection with the simple closed
geodesics of X.
Under certain conditions, the geodesic flow has desirable properties. It is
hyperbolic (see Anosov [3]) if for each ξ ∈ SX, T (SX)ξ splits into a direct
sum
(4.1)

T (SX)ξ = Eξs ⊕ Eξu ⊕ Eξ ,

where Eξs is exponentially contracting, Eξu is exponentially expanding, and
Eξ is the one dimensional subspace tangent to the flow. This definition
was first given for closed manifolds as in Klingenberg [59], but the same
definition holds for open manifolds; see for example Bolton [10]. A closed
Gt invariant set Ω ⊂ X without fixed points is hyperbolic if the tangent
bundle restricted to Ω is a Whitney sum,
TΩ X = E s + E u + E
of three Gt invariant sub-bundles, where E s and E u are, respectively, exponentially contracting and expanding, and E is the one dimensional bundle
tangent to the flow. The Sinai-Ruelle-Bowen potential is a Hölder continuous function defined for ξ ∈ SX by,
d
log det dGt |Eξu .
(4.2)
H(ξ) :=
dt t=0
This potential gives the instantaneous rate of expansion at ξ.
A vector ξ ∈ SX is non-wandering for the geodesic flow if for all neighborhoods U ⊂ SX with ξ ∈ U , there exists a sequence {tn } → ∞ such
that for all n ∈ N,
U ∩ Gtn U 6= ∅.
These vectors form the non-wandering set. The geodesic flow satisfies
Smale’s Axiom A [88] if the non-wandering set Ω is hyperbolic, and the
periodic points of the flow are dense in Ω. The flow is topologically transitive on Ω, if for any open U and V ⊂ Ω, there exists n > 0 such that
Gn (U ) ∩ V 6= ∅. The definition of basic set is due to Bowen [18]. A basic set
Ω of an Axiom A flow Gt on a Riemannian manifold (X, g) is a hyperbolic
set in which periodic orbits are dense, Gt |Ω is topologically transitive, and
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Ω = ∩t∈R Gt U for some open neighborhood U ⊃ Ω. An excellent reference
for the general theory of dynamics is the book by Katok and Hassellblatt
[58].
On a closed manifold with hyperbolic geodesic flow, the topological entropy of the geodesic flow is given by the limit
(4.3)

log #{γ ∈ L : l(γ) 6 T }
,
T →∞
T

h = lim

which was shown to exist in this setting by Bowen [17]. When X is compact
and has no conjugate points, Freire and Mañé [35] showed that the topological entropy h of the geodesic flow is equivalently given by the volume
entropy, the log-volume growth rate in the universal covering,
h = λ(X) := lim sup
r→∞

log Vol(Br (x))
.
r

Above, Vol(Br (x)) denotes the volume of the ball of radius r and center x
in the universal covering of X; see also Manning [64].
For asymptotically hyperbolic manifolds, Joshi and Sà Barreto showed
that all closed geodesics are contained in a compact subset [56]. Therefore,
we may define the topological entropy of the geodesic flow by restricting
to the non-wandering set. First, we recall that for large T and small δ > 0,
a finite set Y ⊂ SX is (T, δ) separated if, given ξ, ξ 0 ∈ Y, ξ 6= ξ 0 , there is
t ∈ [0, T ] with d(Gt ξ, Gt ξ 0 ) > δ. Here the distance on SX is given by the
Sasaki metric. We may then define the topological entropy of the geodesic
flow as follows.
Definition 4.2. — Let (X, g) be an asymptotically hyperbolic manifold
with negative sectional curvatures. Let Ω ⊂ SX be the non-wandering set
of the geodesic flow. We define the topological entropy of the geodesic flow
to be the limit
h := lim lim sup
δ→0 T →∞

log sup #{Y ⊂ Ω : Y is (T, δ) separated}
.
T

In [82], we demonstrate that this definition of topological entropy coincides with the definition given for the topological entropy of a hyperbolic
geodesic flow on a closed manifold (4.3).
For convex cocompact hyperbolic manifolds Hn+1 /Γ, Patterson [73] demonstrated that h = δ is the exponent of convergence for the Poincaré
series for Γ, and Sullivan [89] showed that h is also dimension of the limit
set of Γ. Yue [91] has extended their results to some complete spaces of nonconstant curvature. These are known as “convex cocompact manifolds” and
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arise as the quotient of a complete manifold with pinched negative sectional
curvatures by a convex cocompact group.
The pressure of a function is a concept in dynamical systems arising
from statistical mechanics which measures the growth rate of the number
of separated orbits weighted according to the values of f ; see for example Walters [90] and Manning [64]. The rather cumbersome definition of
pressure is nonetheless useful to generalize entropy,
nP
o
RT
t
log sup
exp
f
(G
ξ)dt;
Y
is
(T,
δ)
separated
ξ∈Y
0
p(f ) = lim lim sup
.
δ→0 T →∞
T
In the compact setting, the topological pressure of a function f : SX → R
is


Z
p(f ) = sup hµ + f dµ ,
µ

where the supremum is taken over all Gt invariant measures µ, and hµ
denotes the measure theoretical entropy of the geodesic flow.
The dynamical theory of open manifolds was initiated in the 1970s by
several authors. We note the work of Eberlein [28], [26], [27]; Eberlein and
O’Neill [30]; and Bishop and O’Neill [9]. A further reference is Eberlein,
Hamenstädt, and Schroeder [29]. The focus of those works is dynamics on
visibility manifolds: complete, open manifolds with non-positive sectional
curvatures. Important contributions to the dynamical theory of hyperbolic
manifolds were made by Sullivan [89], Lalley [60], Guillopé [46], Patterson
[73], and Perry [76].

4.1. Dynamics of asymptotically hyperbolic manifolds
The following dynamical lemma was proven in [82] using methods suggested by Manning [65], and we expect that it is known to experts, if not
already in the literature. Nonetheless, since it is a useful tool for dynamics
on any complete manifold with pinched negative sectional curvatures, we
include its statement here.
Lemma 4.3. — Let (X, g) be a smooth, complete, n + 1 dimensional
Riemannian manifold whose sectional curvatures κ satisfy
−k12 6 κ 6 −k22
for some 0 < k2 6 k1 . Then, the Poincaré map about a closed orbit γ of
the geodesic flow has n expanding eigenvalues {λi }ni=1 which satisfy
ek2 l(γ) 6 |λi | 6 ek1 l(γ) for i = 1, . . . , n,
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and n contracting eigenvalues {λi }2n
i=n+1 which satisfy
e−k1 l(γ) 6 |λi | 6 e−k2 l(γ) for i = n + 1, . . . , 2n,
where l(γ) is the period (or length) of γ.
The proof uses the Rauch Comparison Theorem, which can be found in
do Carmo [20], and basic properties of the Lyapunov exponents found in
Luis-Pesin [7].
In [82], we demonstrated a “prime orbit theorem” for the geodesic flow
of negatively curved asymptotically hyperbolic manifolds.(1)
Theorem 4.4. — Let (X, g) be an asymptotically hyperbolic n + 1 dimensional manifold with negative sectional curvatures. If the topological
entropy of the geodesic flow h > 0, then the length spectrum counting
function
hT N (T )
= 1.
(4.4)
N (T ) := #{γ ∈ L : l(γ) 6 T } satisfies lim
T →∞
ehT
The proof of this result relies on the following key ingredients. First, Joshi
and Sà Barreto demonstrated that the closed geodesics of any asymptotically hyperbolic manifold are contained in a compact subset. Next, since
the sectional curvatures are negative, it is straightforward to generalize
the “separation lemma” of Jakobson, Polterovich, and Toth [54] to asymptotically hyperbolic manifolds; see Lemma 3.4 of [82]. We use this lemma
and the dynamical lemma above in combination with the aforementioned
references on the dynamics of visibility manifolds to show that, if the topological entropy is positive, then the non-wandering set for the geodesic flow
is a basic set. It follows from Eberlein [26] that the geodesic flow restricted
to the non-wandering set is an Axiom A flow restricted to a basic set, so
we apply the main result of Parry and Pollicott [72] to the dynamical zeta
function which completes the proof of the theorem. In fact, we are currently
exploring further implications for the spectral theory of asymptotically hyperbolic manifolds with negative sectional curvatures based on more refined
properties of the dynamical zeta funtions.

4.2. Dynamical zeta functions
There are two key objects which relate the spectral and dynamical theories. The first is the dynamical zeta function, which is to the geodesic
(1) The statement of the prime orbit theorem in [82] contains a typographical error: the

topological entropy h should appear in the numerator as it does in the statement of the
theorem presented here.
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length spectrum as the Riemann zeta function is to the prime numbers.
Let

(4.5)

Z(s) = exp 

∞
X X
e−kslp (γ)

γ∈Lp k=1

k


,

where Lp consists of primitive closed orbits of the geodesic flow and lp (γ) is
the primitive period (or length) of γ ∈ Lp . Patterson and Perry [74] defined
the following weighted dynamical zeta function,

Z̃(s) = exp 

∞
X X

γ∈Lp k=1

e−kslp (γ)
k

q

| det(I −

Pγk )|


,

where Pγk is the k-times Poincaré map of the geodesic flow around the
(primitive) closed orbit γ. The weighted dynamical zeta function is particularly interesting for its connections to the resonances of the resolvent;
Perry [77] and Guillarmou-Naud [43], via the Hadamard factorization of
the weighted dynamical zeta function, proved the Selberg trace formulae
for convex cocompact hyperbolic manifolds. Borthwick, Judge, and Perry
[14] used Birman-Krein theory and explicit model operators to describe the
poles and zeros of the dynamical zeta function on hyperbolic surfaces with
finite geometry.
For asymptotically hyperbolic manifolds with negative sectional curvatures, we obtained the following result in [82] for the dynamical zeta functions.
Theorem 4.5. — Let (X, g) be an asymptotically hyperbolic n + 1 dimensional manifold with negative sectional curvatures. Then, the dynamical zeta function Z(s) converges absolutely if and only if Re(s) > h, where
h is the topological entropy of the geodesic flow. Moreover, if h > 0, then Z
admits a nowhere vanishing analytic extension to an open neighborhood of
Re(s) > h except for a simple pole at s = h. The weighted dynamical zeta
function, Z̃(s) converges absolutely if and only if Re(s) > p(−H/2), where
p is the topological pressure, and H is the Sinai-Ruelle-Bowen potential.
Our proof was facilitated by Joshi and Sà Barreto’s results which allow
one to apply local estimates from dynamics on closed manifolds, and in
particular Chen and Manning [23], Bowen [9], and Franco [34].
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Bibliographical notes
Anosov’s work was motivated by S. Smale’s lectures [88]; Anosov attended the lectures and subsequently answered Smale’s conjectures in an
impressive doctoral thesis [3]. An Anosov flow is a special example of
Smale’s Axiom A flows; Anosov’s original definition was a flow that satisfies “condition U” [3]. Another related flow is the Bernoulli flow which was
studied by Lalley, who in that setting proved the prime orbit theorem [60].
The prime orbit theorem for surfaces with totally geodesic boundary was
proven by Guillopé [46]. For convex cocompact hyperbolic manifolds in all
dimensions, the prime orbit theorem is due to Perry [76]. Guillarmou and
Naud [43] obtained an estimate for the remainder term in Perry’s prime
orbit theorem.
Patterson and Perry studied the dynamical zeta function in even dimensions [74]. Their work includes an appendix by C. Epstein which demonstrates an interesting geometric property for conformally compact manifolds with constant negative curvature near infinity. The metric admits a
particular expansion in this neighborhood of infinity, and one may compute the coefficients in terms of the Riemannian curvature tensor and its
derivatives.

5. Quantum and classical mechanics
The movement of very small particles is described by quantum mechanics, the name of which derives from the observation that certain physical
quantities such as the energy of an electron bound into an atom or molecule
can only assume discrete values or quanta. One of the first mathematical
formulations of quantum mechanics is matrix mechanics, due to Heisenberg, Born, and Jordan [11] in 1925. This theory was shortly followed by
wave mechanics, introduced by Schrödinger [85] in 1926. Two years later,
Dirac [24] introduced transformation theory to unify and generalize these
formulations and to unify the particle-wave duality of energy and matter
observed in photons and electrons. In these theories, eigenvalues of certain
operators are used to describe the energy states of quantum particles. One
of the fundamental operators considered is the Laplace operator on a Riemannian manifold. When the manifold has infinite volume, the resonances
of the resolvent describe the quantum states.
The relationship between quantum and classical mechanics remains in
many ways an open question. One theory is that all objects obey the laws
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of quantum mechanics, and that classical mechanics is simply the quantum
mechanics of a very large collection of particles. Thus, the laws of classical
mechanics ought to follow from the laws of quantum mechanics and limits
of large quantum systems. However, this breaks down with certain chaotic
systems; see for example Gutzwiller [50]. A further crux is the EinsteinPodolsky-Rosen paradox [31]; simply put, the laws of quantum mechanics
would seem to violate the most natural and basic laws of classical mechanics. Mathematical physicists would like to reconcile quantum and classical
mechanics, so it is helpful to understand interactions between them. The
wave group is one bridge between the quantum and classical mechanics.

5.1. The wave group
The (even) wave kernel is the Schwartz kernel of the fundamental solution


n2
2
U (t, w, w0 ) = 0,
∂t + ∆ −
4
∂
U (0, w, w0 ) = 0.
U (0, w, w0 ) = δ(w − w0 ),
∂t
Due to the semi-group property with respect to time, the wave kernel is
also referred to as the wave group with the notation

p
cos t ∆ − n2 /4 .

to

The wave group on asymptotically hyperbolic manifolds was constructed by
Joshi and Sà Barreto in [56] as an element of an operator calculus defined
on a certain manifold with corners obtained by blowing up R+ × X × X
along two submanifolds (the diagonal is blown up first, followed by the
submanifold where the diagonal meets the corner).
They demonstrated that the wave group for an asymptotically hyperbolic manifold
has a well-defined 0-trace, and that the singular support of
p
0-tr cos(t ∆ − n2 /4) is contained in the set of lengths of closed geodesics.
In effect, they generalized Duistermaat and Guillemin [25] to the asymptotically hyperbolic setting.

5.2. Trace formulae
The leading term in the following trace formula follows immediately from
Joshi and Sà Barreto [56]. The main point of the result is the long time
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remainder estimate which allows one to use the trace formula to uncover a
rapport between the size of the topological entropy and the existence of pure
point spectrum thereby establishing a quantitative relationship between the
classical and quantum mechanics. This long-time estimate is based on the
techniques of Jakobson, Polterovich, and Toth [54] using the stationary
phase method augmented by estimates using the iterative construction of
the wave group in [56] and properties of the wave group demonstrated by
Bérard [8]. The estimate is in Ehrenfest time, in which the oscillation of
the test function and the size of its support satisfy a certain relationship;
see for example Zelditch [92].
Theorem 5.1. — Let (X, g) be an asymptotically hyperbolic n + 1 dimensional manifold with negative sectional curvatures. As a distributional
equality in D0 ((0, ∞)),
(5.1)

0-tr cos(t

p

∆ − n2 /4) =

∞
X X
l(γ)δ(t − kl(γ))
q
+ A(t).
| det(I − Pγk )|
γ∈Lp k=1

The remainder A satisfies the following estimate: there exists  > 0 such
that for any t0 > 0, there exists a C > 0 such that
Z ∞
(5.2)
A(t) cos(λt)ρ(t)dt 6 C
0
∞
C0 ([t0 ,  ln λ]).

for all λ > 1 and ρ ∈
and ||ρ||∞ ; C is independent of λ.

The constant C depends only on t0

On a convex cocompact hyperbolic manifold X n+1 = Hn+1 /Γ, Perry [77]
and Guillarmou Naud [43] proved the Selberg trace formula. The dynamical side of their trace formula is the following distributional equality in
D0 ((0, ∞)),
(5.3)
∞
X X
p
cosh 2t
l(γ)δ(|t| − kl(γ))
2
q
,
+ A(X)
0-tr cos(t ∆ − n /4) =
n+1
(sinh |t|
| det(I − Pγk )|
γ∈Lp k=1
2 )
where
(
A(X) =

n!!2−
0

3(n+1)
2

(−π)−

n+1
2

0-vol(X)

if n + 1 is even
if n + 1 is odd.

In the case of surfaces, the trace formula was originally demonstrated by
Guillopé and Zworski [49]; that result is somewhat more general, since they
allow the surface to have cusps.
It is interesting to note that the remainder in this Selberg trace formula
has markedly different properties from the remainder in the Duistermaat
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Guillemin trace formula for closed manifolds [25]. Specifically, there are
examples of convex co-compact hyperbolic manifolds whose geodesic flow
has topological entropy h > n2 ; see for example Canary, Minsky, and Taylor [19] who construct examples of hyperbolic 3-manifolds. By the prime
orbit theorem for these manifolds [76], Lemma 4.3, and a straightforward
estimate, the renormalized wave trace lies only in D0 ((0, ∞)) rather than
S 0 ((0, ∞)). On the other hand, the wave trace on a compact manifold is
always a Schwartz distribution.
Borthwick’s Poisson formula [13] was the key to our resonance wave trace
formula [82].
Corollary 5.2. — Let (X, g) be an n + 1 dimension conformally compact manifold hyperbolic near infinity with negative sectional curvatures.
Then, we have the distributional equality in D0 ((0, ∞)),
(5.4)
∞
∞
X X
l(γ)δ(t − kl(γ))
1X
1X
q
m(s)e(s−n/2)t +
dk e−kt =
+ C(t).
2
2
| det(I − P k )|
s∈R

k=1

γ∈Lp k=1

γ

Above, the numbers dk are determined by natural conformal operators
acting on the conformal infinity; see [43]. The long time asymptotics of the
remainder are given by (5.2).

5.3. Interactions between quantum and classical mechanics
Our final and most interesting result in [82] is a quantitative relationship
between the topological entropy of the geodesic flow and the existence of
pure point spectrum, in the spirit of Patterson [73] and Phillips [79]. The
key ingredients in the proof are the long-time remainder estimate in the
trace formula and a Littlewood counting estimate used in analytic number
theory; see for example Rubinstein and Sarnak [83], Phillips and Rudnik
[80], and Karnauk [57]. The idea was inspired by Jakobson, Polterovich, and
Toth [54] who used this counting technique (which they called the Dirichlet
box principle) to estimate the remainder in Weyl’s law on surfaces with
pinched negative curvature.
Corollary 5.3. — Let (X, g) be an n + 1 dimension conformally compact manifold hyperbolic near infinity with negative sectional curvatures
and topological entropy h for the geodesic flow. Let 0 < k2 6 1 6 k1 be
such that the sectional curvatures κ satisfy −k12 6 κ 6 −k22 . If h > nk2 1 ,
then σpp (∆) 6= ∅, and moreover, there is Λ0 = s0 (n − s0 ) ∈ σpp (∆) with
s0 > h + n(1 − k1 )/2. Conversely, if h 6 nk2 2 , then σpp (∆) = ∅.
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The contrapositive of the corollary implies
nk2
nk1
σpp (∆) 6= ∅ ⇒ h >
,
σpp (∆) = ∅ ⇒ h 6
.
2
2
Bibliographical notes
The relationship between the pure point spectrum and the topological
entropy of the geodesic flow in [82] is not sharp like the constant curvature
case. It would be interesting to construct examples and study the effects
of varying the metric and the curvature. In the case of conformally compact metrics hyperbolic near infinity, our result seems to imply that if the
topological entropy is large, one cannot destroy pure point spectrum by
perturbing the metric on a compact set, or that such a perturbation would
necessarily change the curvature pinching constants. What are the physical
implications? For readers interested in the physical aspects, we recommend
Naud’s work concerning Riemann surfaces [71].

6. The horizon
During the preparation of this survey, Borthwick and Perry applied our
trace formulae [82] to obtain inverse scattering results for conformally compact manifolds hyperbolic near infinity [16]. Their strongest result is in the
case of surfaces which have a common resonance set and the same model
at infinity; the set of all such surfaces is compact in the C ∞ topology. In
higher dimensions, they assume the sectional curvatures are negative and
depending on whether the dimension is even or odd, they assume either
a common resonance set or a common scattering phase and obtain compactness results. It may be possible to obtain further results via our trace
formulae and Corollary 5.3; in any case, there are many open problems for
the spectral theory and dynamics of asymptotically hyperbolic manifolds.
We conclude this survey with the following conjectures and ideas.

6.1. Wave trace remainder estimates
On a compact manifold X with Laplace spectrum {λk }∞
k=1 , the wave
trace is formally,
∞
∞
√
X X
X
l(γ)δ(|t| − kl(γ))
i λk t
q
=
+ A(t) ∈ S 0 ((0, ∞)).
(6.1)
e
k
| det(I − Pγ )|
γ∈Lp k=1
k=1
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The principle term in the dynamical side,
(6.2)

∞
X X
l(γ)δ(|t| − kl(γ))
q
| det(I − Pγk )|
γ∈Lp k=1

may have exponential growth depending on the curvature bounds and the
topological entropy of the geodesic flow. Since its sum with the remainder
term A(t) lies in S 0 ((0, ∞)), the remainder term cannot lie in S 0 ((0, ∞)) unless the principle term (6.2) is also in S 0 ((0, ∞)). In contrast, the remainder
in the renormalized wave trace for convex co-compact hyperbolic manifolds
(5.3) has exponential decay for large t. It is therefore not unreasonable to
expect the following.
Conjecture 6.1. — Let (X, g) be an asymptotically hyperbolic n + 1
dimensional manifold with negative sectional curvatures. As a distributional equality in D0 ((0, ∞)),
(6.3)

∞
X X
p
l(γ)δ(t − kl(γ))
q
0-tr cos(t ∆ − n2 /4) =
+ A(t).
| det(I − Pγk )|
γ∈Lp k=1

The remainder A is smooth on (0, ∞), and there exist C, k > 0 which
depend only on n, k1 , and k2 such that
|A(t)| 6 Cekt

∀ t > 1,

where the sectional curvatures κ satisfy −k12 6 κ 6 −k22 .
We propose a new approach to wave trace remainder estimates using the
higher wave invariants. It is unclear how feasible this approach is, however,
it is of independent interest that Zelditch’s results [94] extend to asymptotically hyperbolic manifolds.
On a compact manifold, the singular support of the wave trace for t > 0
is contained in the set of lengths of closed geodesics. The wave trace has
the singularity expansion
X
√
eγ (t),
tr cos(t ∆) = e0 (t) +
γ

where e0 is smooth for t > 0, and
eγ (t) ∼ a−1 (γ)(t − l(γ) + i0)−1 +

∞
X

ak (γ)(t − l(γ) + i0)k log(t − l(γ) + i0).

k=0

The wave invariants are the coefficients ak (γ) in the singularity expansion
of the wave trace. By [56] and [25], the renormalized wave trace for an
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asymptotically hyperbolic manifold has an analogous singularity expansion
X
p
0-tr cos(t ∆ − n2 /4) ∼ e0 (t) +
eγ (t).
γ

The principle wave invariant,
lp (γ)
a−1 (γ) = p
,
| det(I − Pγ )|
where lp (γ) is the length of the primitive period of γ. The higher wave
invariants ak for k > 0 were studied by Zelditch [93], [94]; and Guillemin
[44], and [45]. Recall that a closed geodesic is non-degenerate if the Poincaré
map Pγ at γ is any symplectic sum of non-degenerate elliptic, hyperbolic,
or loxodromic parts. The elliptic eigenvalues come in complex conjugate
pairs of modulus one, e±iαj ; the hyperbolic eigenvalues come in inverse
pairs of real eigenvalues, e±λj (these could also be negative); and the loxodromic eigenvalues come in 4-tuplets, e±µj ±iνj ; where the Floquet exponents, αj , λj , µj , νj ∈ R. The non-degeneracy condition is equivalent to the
independence over Q of the Floquet exponents together with π. To study
the wave invariants, it is useful to introduce Fermi normal coordinates (s, y)
∂
and against the Jaalong the geodesic γ. Invariant contractions against ∂s
cobi eigenfields Yj , Y j , with coefficients given by invariant polynomials in
the components yjk are Fermi-Jacobi polynomials. The Floquet invariants,
βi = (1 − ρi )−1 , where {ρi }2n+2
i=1 (in dimension n + 1) are the eigenvalues
of Pγ .
The first main result of [94] is that the wave invariants may be written
in the form
aγk = Fk,−1 (D) · Ch(x)|x=Pγ ,
where
Ch(x) = p

iσ

| det(I − x)|
is a character of the metaplectic representation (with σ a certain Maslov
index), and where Fk,−1 (D) is an invariant partial differential operator on
the metaplectic group M p(2(n + 1), R) which is canonically fashioned from
the germ of the metric g at γ. In particular, upon close inspection of [94],
we have the following.
Theorem 6.2. — Let (X, g) be an asymptotically hyperbolic n + 1 dimensional manifold, and let γ be a non-degenerate closed geodesic. The
wave invariants,
Z
ak (γ) =

Iγ;k (s; g)ds,
γ
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where Iγ;k satisfies
i) Iγ;k (s, g) is a homogeneous Fermi-Jacobi-Floquet polynomial of
β
weight −k − 1 in the data {yij , ẏij , Ds,y
g} with |β| 6 2k + 4;
ii) The degree of Iγ;k in the Jacobi field components is at most 6k + 6;
iii) At most 2k + 1 indefinite integrations over γ occur in Iγ;k ;
iv) The degree of Iγ;k in the Floquet invariants βj is at most k + 2.
Remark 6.3. — The exact expression for the wave invariants is given
in § 5 of [94]. Estimating these expressions with respect to k and applying
Lemma 4.3 is one approach to Conjecture 6.1.
The wave invariants at a closed geodesic γ are expressed by Guillemin
[44], [45] and Zelditch [93], [94] as non-commutative residues of the wave
group and its time derivatives at t = l(γ),
√

aγk = res Dtk eit

∆

√

|t=l(γ) := Ress=0 Tr Dtk eit

∆

s

∆− 2 |t=l(γ) .

Since this residue is invariant under conjugation by microlocal unitary
Fourier integral operators, the wave invariants may be calculated by putting
the wave group into a microlocal quantum Birkhoff normal form around
γ and by determining the residues of the resulting wave group of the normal form. Both Guillemin [45] and Zelditch [93] computed the form for
elliptic closed geodesics; subsequently, Zelditch [94] computed the form for
non-degenerate closed geodesics. In this case, the form includes transverse
elliptic harmonic oscillators Iˆje = 12 (Dy2j + yj2 ), real hyperbolic action operators Iˆh , and loxodromic action operators Iˆch,Re , Iˆch,Im .
j

j

j

Theorem 6.4. — There exists a microlocally elliptic Fourier integral
∗
operator W from the conic neighborhood of R+
γ in T (Nγ ) to the corresponding cone in T+∗ S1 in T ∗ (S1 × Rn+1 ) such that


p
q
c
X
X
X
√
1

αj Iˆje +
λj Iˆjh +
µj Iˆjch,Re + νj Iˆjch,Im 
W ∆W −1 ≡ Ds +
l(γ) j=1
j=1
j=1
p1 (Iˆ1e , . . . , Iˆpe , Iˆ1h , . . . , Iˆqh , Iˆ1ch,Re , Iˆ1ch,Im , . . . , Iˆcch,Re , Iˆcch,Im )
Ds
pk+1 (Iˆ1e , . . . , Iˆcch,Im )
+ ... +
+ ...
Dsk
+

where the numerators pl (Iˆ1e , . . . , Iˆpe , Iˆ1h , . . . , Iˆcch,Im ) are polynomials of degree l + 1 in the variables (Iˆ1e , . . . , Iˆcch,Im ), and the k th remainder term lies
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1−j
in the space ⊕k+2
. Here, Om Ψr is the space of pseudodifferj=0 O2(k+2−j) Ψ
ential operators of order r whose complete symbols vanish to order m at
(y, η) = (0, 0).

Since the preceding results imply that the wave invariants at a nondegenerate closed geodesic determine, and conversely are determined by
the Birkhoff normal form of the Laplacian, we have the following.
Theorem 6.5. — Let (X, g) be an asymptotically hyperbolic n + 1 dimensional manifold, and let γ be a non-degenerate closed geodesic so that
the only closed geodesics of the same length are γ, γ −1 . Then the entire
quantum Birkhoff normal form around γ (and hence the classical Birkhoff
normal form) is determined by the wave invariants of γ and its iterates,
and conversely, the wave invariants of γ and its iterates are determined by
the quantum normal form coefficients.
Proofs. — To prove Theorems 6.2–6.5, it suffices to recall that by [56],
the closed geodesics of an asymptotically hyperbolic manifold lie in a compact subset. The proofs then follow immediately from the proofs of Theorem I, Theorem B, and Theorem II of [94]. Rather than reproducing these
arguments, we refer the reader to [94]. In fact, if (X, g) is any Riemannian
manifold of dimension n + 1, and γ is a non-degenerate closed geodesic
contained entirely in the interior of X, these results also hold.


6.2. Spectral zeta functions
The inverse spectral results in Guillemin [44], [45]; and Zelditch [93],
and [94] use a characterization of the wave invariants via the spectral zeta
function. Recall that on a compact Riemannian manifold (X, g) with nonzero Laplace spectrum {λk }∞
k=1 ,
ζ(s) :=

∞
X

λ−s
k .

k=1

By the Weyl asymptotic formula, the zeta function is well defined and
holomorphic when Re(s)  0. Based on the relationship between ζ and
the heat kernel via the Mellin transform [81] it follows that ζ extends to
a meromorphic function on C. Moreover, s = 0 is a regular value which is
used to define the zeta regularized determinant of the Laplacian,
det ∆ := e−ζ
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Guillemin [45] introduced the zeta function
ζl (s) := tr(eil

√

∆

s

∆ 2 ),

which he used to characterize the wave invariants. Guillemin’s zeta function is well defined and holomorphic when Re(−s)  0 and extends to a
meromorphic function on C with poles at {−1, 0} ∪ N. Zelditch observed
that the wave trace invariants are the residues of this zeta function at its
poles; this observation played a key role in the proofs of both Guillemin’s
[45] and Zelditch’s [93], [94] inverse spectral results.
On an asymptotically hyperbolic manifold, resonances play the role of the
eigenvalues {λk }. The “scattering resonance set” defined in § 1 of Borthwick
[13] is,
∞ n
o
[
n
− k with multiplicity dk .
Rsc := {s ∈ R} ∪
2
k=1

We define the “scattering zeta function,”
X
ζsc (s) :=
λ∈Rsc , λ6=n

1
.
(n − λ)s

A preliminary step in the study of the spectral zeta function and its relation
to wave invariants for asymptotically hyperbolic manifolds is the following.
Lemma 6.6. — Let (X, g) be a conformally compact manifold hyperbolic near infinity of dimension n + 1. Then, the scattering zeta function
converges absolutely for Re(s) > n + 1.
Proof. — The proof follows immediately from Borthwick’s counting estimate [13],
#{λ ∈ Rsc : |λ| 6 r} = O(rn+1 ).

One may also use the 0-regularized integral to define a “wave zeta function” in the spirit of Guillemin [45],
ζw (l, s) := 0-tr(eil

√

∆

s

∆ 2 ).

In light of Guillarmou’s Weyl law [42], Borthwick’s counting estimates and
preliminary results for the “relative zeta function” [13] which is related to
Müller’s spectral zeta function [70], it is not unreasonable to expect results
in the spirit of Müller generalize to conformally compact manifolds hyperbolic near infinity. It may also be possible to extend the inverse spectral
results for the wave invariants [45] to these spaces via the wave zeta function. These spectral zeta functions, the dynamical zeta functions, counting
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estimates for asymptotically hyperbolic manifolds, the Poisson formula for
asymptotically hyperbolic manifolds, and the dynamical theory of conformally compact manifolds are some of many open problems to be explored.
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