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ORDERING THE SPACE OF FINITELY GENERATED
GROUPS

by Laurent BARTHOLDI & Anna ERSCHLER (*)

Abstract. — We consider the oriented graph whose vertices are isomorphism
classes of finitely generated groups, with an edge from G to H if, for some generating
set T in H and some sequence of generating sets Si in G, the marked balls of radius
i in pG, Siq and pH, T q coincide. We show that if a connected component of this
graph contains at least one torsion-free nilpotent group G, then it consists of those
groups which generate the same variety of groups as G. We show on the other hand
that the first Grigorchuk group has infinite girth, and hence belongs to the same
connected component as free groups.

The arrows in the graph define a preorder on the set of isomorphism classes of
finitely generated groups. We show that a partial order can be imbedded in this
preorder if and only if it is realizable by subsets of a countable set under inclusion.

We show that every countable group imbeds in a group of non-uniform exponen-
tial growth. In particular, there exist groups of non-uniform exponential growth
that are not residually of subexponential growth and do not admit a uniform
imbedding into Hilbert space.
Résumé. — Nous considérons le graphe orienté dont les sommets sont les

classes d’isomorphisme de groupes de type fini, avec une arête de G à H si, pour
une partie génératrice de H et une suite de parties génératrices de G, les boules
marquées de rayon de plus en plus grand coincident dans G et H. Nous montrons
que les composantes connexes de groupes nilpotents sans torsion sont leurs variétés,
et qu’il y a une arête du premier groupe de Grigorchuk vers un groupe libre.

Les flèches dans ce graphe définissent un préordre sur l’ensemble des classes
d’isomorphisme de groupes de type fini. Nous montrons qu’un ordre partiel se
plonge dans ce préordre si et seulement s’il est réalisable par des ensembles d’un
ensemble dénombrable pour l’inclusion.

Nous montrons que tout groupe dénombrable se plonge dans un groupe de crois-
sance exponentielle non-uniforme. En particulier, il existe des groupes de croissance
exponentielle non-uniforme qui ne sont pas résiduellement de croissance subexpo-
nentielle.

Keywords: Topological space of marked groups, limit groups, varieties of groups, non-
uniform exponential growth, universal statements and identities.
Math. classification: 20E10, 20E34, 20F65.
(*) The work is supported by the ERC starting grant 257110 “RaWG”, the ANR “Dis-
cGroup: facettes des groupes discrets”, the Courant Research Centre “Higher Order
Structures” of the University of Göttingen, and the CIMI, Toulouse.
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1. Introduction

Our aim, in this paper, is to relate the following preorder on the set
of isomorphism classes of finitely generated groups with asymptotic and
algebraic properties of groups.

Definition 1.1. — Let G,H be finitely generated groups. We write
G

ă
ù H, and say that G preforms H, if the following holds. There exist

a finite generating set T of H and a sequence of finite generating sets
S1, S2, . . . of G with bijections Sn Ñ T such that, for all R P N, if n is
large enough then the balls of radius R in the marked Cayley graphs of
pG,Snq and pH,T q are isomorphic.

We denote by C pG,Sq the Cayley graph of the group G with respect
to the generating set S. Its edges are marked with the generator they
correspond to.
If G preforms H, then we also say that H is preformed by G.

Definition 1.1 can be interpreted in terms of the Chabauty-Grigorchuk
topology, also called the Cayley topology, defined as follows. The space of
marked groups is the set G of pairs pG,Sq with G a finitely generated group
and S a finite ordered generating set, considered up to group isomorphism
preserving the generating set. It is equipped with a natural topology, two
marked groups pG,Sq and pG1, S1q being close to each other if marked balls
of large radius in the Cayley graphs C pG,Sq and C pG,S1q are isomorphic.

Chabauty considers this topological space in [20, §3]; he uses it to de-
scribe the space of lattices in locally compact groups. Gromov [30, pages
71–72] uses it to derive an effective version of his theorem on groups of poly-
nomial growth. Grigorchuk [28] was the first to study this topology system-
atically; in particular, he uses it to construct groups of wildly-oscillating
intermediate growth, by approximating them in G by solvable groups. For
generalities on the the space of marked groups, see [21].
Definition 1.1 may then be formulated as follows: G ă

ù H if and only
if the closure of the isomorphism class of G in the Chabauty-Grigorchuk
topology contains H.
In Definition 1.1, we require that the sets all Sn generate G; otherwise we

would obtain a coarser relation than our preorder, in which too many groups
become equal. This coarser relation between G and H is an equivalent form
of a definition due to Sela [56] that H is a G-limit group; see also [49]. A
group A is a G-limit group if and only there exists a group containing A
and preformed by G; see the remark after Lemma 2.18. We are grateful to
Guirardel for turning our attention to this point.

ANNALES DE L’INSTITUT FOURIER
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We stress that, in our definition, we consider limits in the space of marked
groups of a fixed group, letting only its generating set vary. Various au-
thors have already considered limits in the space of marked groups, not
necessarily restricting to limits within one isomorphism class. Limits of
one fixed group have been studied when this group is free: they coincide
with limit groups (see [21, Thm 1.1]; see also §6.1 for more references).
Zarzycki [65] considers groups that are preformed by Thompson’s group
F , and gives some necessary conditions for HNN extensions to appear in
this manner; Guyot [33, 34] considers groups that are preformed by G for
some metabelian groups G, and identifies their closure in G . On the other
hand, groups that preform free groups are groups that have infinite girth
for generating sets of fixed cardinality. These groups can be characterized
as groups without almost-identities (see [48, Theorem 9] by Olshansky and
Sapir; see also §6.2).
We recall that a preorder is a binary relation À such that A À C when-

ever A À B and B À C and such that A À A for all A. If furthermore
‘A À B and B À A’ imply A “ B, then it is an order. A preorder is directed
if every finite subset has an upper bound. It is easy to see that the relation
‘ ă
ù’ is a preorder, and that G ă

ù H does not depend on the choice of a
finite generating set in H (see Lemmas 2.2 and 2.1 in the next section). It
is not difficult to see that the restriction of this relation to some classes of
groups is an order; this happens, for example, for residually finite finitely
presented groups, such as polycyclic groups (see Corollary 2.6). For some
other classes of groups this is not true: for example, there exist solvable
groups G admitting a continuum of non-isomorphic solvable groups which
are equivalent to G under our preorder, that is, which both preform and
are preformed by G. Nekrashevych gives in [46] examples of groups acting
on rooted trees which are equivalent under our preorder.
In many cases, if A preforms B, then A “looks smaller” than B. Simple

examples of this kind include: Zm ă
ù Zn if and only if m ď n; free groups

satisfy Fm
ă
ù Fn if and only if m ď n; and the n-generated free groups

Vn in the variety generated by a torsion-free nilpotent group of nilpotency
class c satisfy, form,n ě c, the same relation Vm

ă
ù Vn if and onlym ď n,

see Proposition A. On the other hand, it may happen that A preforms B
and that the growth of A is asymptotically larger than the growth of B;
we consider this in more detail in §1.3.

TOME 65 (2015), FASCICULE 5
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any partial order real-
izable by subsets of a
countable set under in-
clusion

F2 F3 ¨ ¨ ¨

Surface groups

Limit groups

Grigorchuk’s group G012

Groups without almost-identities

A group of non-uniform exponen-
tial growth, containing a given
group

Some solvable groups

The Baumslag-solitar group Bp1, 2q

Figure 1.1. Some classes of groups and their relationship under ă
ù

1.1. The structure of components

We view ă
ù as specifying the edge set of an oriented graph with vertex

set the isomorphism classes of finitely generated groups. In studying this
graph, we may consider independently the connected components of its
underlying unoriented graph. What do they look like? Which components
admit an initial vertex? a terminal vertex? Given a connected component,
does it have an upper bound? What is the group of preorder preserving
bijections of a given component? For which groups are their strongly con-
nected components (consisting of groups both preforming and preformed
by the given group) reduced to points, or have the cardinality of the con-
tinuum?
Unlike some other natural preorders, such as “being a subgroup”, “be-

ing a quotient group”, or “being larger” in the sense of Pride (G ÁP H if
H1 is a quotient of G1, for respective quotients G1, H1 of finite-index sub-
groups of G,H by finite normal subgroups, see [53, 58]), the preorder that
we consider in this paper has infinitely many connected components. An
easily described component is the connected component of Z: it contains all
infinite abelian groups, and we describe the group of the order preserving
bijections of this component in Proposition 3.7.

ANNALES DE L’INSTITUT FOURIER
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For a nilpotent group, its connected component is related to, but does
not necessarily coincide with, the set of isomorphism classes of groups that
generate the same variety as G.

Proposition A (= Proposition 4.6). — Let G be a finitely generated
nilpotent group such that G and G{TorsionpGq generate the same vari-
ety (i.e. satisfy the same identities). Then, for all k P N large enough, G
preforms the relatively free group of rank k in that variety.

This implies in particular that the connected component of G coincides
with the set of isomorphism classes of groups generating the same variety
as G. We show, conversely, that if G and G{TorsionpGq generate different
varieties then the connected component of G is always smaller than the
set of isomorphism classes of groups generating the same variety as G, see
Corollary 4.12.
In particular, every finite set of nilpotent groups as in Proposition A has

a supremum with respect to our preorder. We believe, in fact, that this last
statement holds for all virtually nilpotent groups.

We show, on the other hand, that the preorder types that can occur are
quite general, even within solvable groups of class 3, or within groups that
preform free groups:

Theorem B (= Corollary 5.2 and Remark 6.9). — Let pX,Àq be a
preorder. Then pG {–, ă

ùq contains pX,Àq as a subpreorder if and only ifX
has cardinality at most the continuum and all the partial orders it contains
are imbeddable in the partial order of subsets of B under inclusion, for a
countable set B.

In particular, an order pX,ĺq is a subpreorder of pG {–, ă
ùq if and only

if pX,ĺq is imbeddable in the partial order of subsets of B under inclusion.
Furthermore, the imbedding of pX,Àq can then be chosen to be within

the set of isomorphism classes of solvable groups of solubility class 3 or, al-
ternatively, within the set of isomorphism classes of groups that preform F3.

Thomas studies in [58] the complexity, with respect to the Borelian struc-
ture on G , of Pride’s “largeness” preorder and of the “being a quotient”
preorder. He shows that these preorders are high in the Borel hierarchy
(they are what is called Kσ-universal). The preorder ă

ù differs from the
above mentioned preorders even if we forget the underlying Borelian struc-
ture: the quotients and largeness preorders have chains with cardinality the
continuum, while (by Theorem B) chains for ă

ù are countable.

TOME 65 (2015), FASCICULE 5
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1.2. Groups larger or smaller than a given group

Given a group G, how many groups preform G? How many groups are
preformed by G? How big is the connected component of G? What is its
diameter?
We note that, if a group G is virtually nilpotent, then its component

is countable. The number of groups that are preformed by G is countably
infinite.
If G is a free group, a surface group, or more generally a non-abelian

limit group (see §6.1), then there are countably many groups that are
preformed by G, see [56, 40]. However, the connected component of G has
the cardinality of the continuum, see Example 6.3. These results are special
cases of the following. A group G is said to be equationally noetherian if for
every system of equations over a finite set of variables there exists a finite
system of equations having the same set of solutions (see [13] for more
details of this definition). Baumslag, Myasnikov and Remeslinnikov show
in [13, Thm B1] that all linear groups are equationally noetherian. Ould
Houcine proves in [49] that, if G is equationally noetherian, then there are
at most countably many groups that are limits of G, in particular, there
are at most countably many groups preformed by G.
We study the groups that preform free groups. Schleimer considers groups

of unbounded girth (there are generating sets such that the smallest cycle
in the Cayley graph is arbitrarily long) in an unpublished note [55], and
they are intimately connected to groups that preform free groups, see Ques-
tion 8.5. The latter are groups that do not satisfy an almost-identity [48,
Theorem 9]: a word whose evaluation vanishes on every generating set.
Olshansky and Sapir show in [48] that there are groups with non-trivial
quasi-identities but no non-trivial identitity.
In §6.3, we modify a criterion by Abért [1] about groups without identi-

ties to determine when a group has no almost-identity. This lets us answer
negatively a question by Schleimer [55, Conjecture 6.2] that groups of un-
bounded girth have exponential word growth (see §1.3 for the definition of
growth):

Theorem C (= Corollary 6.12). — The first Grigorchuk group G012
preforms F3.

Extending an argument by Akhmedov (see [4]), we give a criterion for a
wreath product with infinite acting group to preform a free group:

Proposition D (= Proposition 6.15). — Let G and H be finitely gen-
erated groups, and suppose that H is infinite. Then the restricted wreath

ANNALES DE L’INSTITUT FOURIER
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product G oH :“ GpHq¸H preforms a free group if and only if at least one
of the following conditions holds:

(1) G does not satisfy any identity;
(2) H does not satisfy any almost-identity.

From this, we deduce (see Remark 6.21) that the connected component
of the free group has diameter at least 3; this is in contrast with the nilpo-
tent case, see Proposition A. There are solvable groups, and infinite free
Burnside groups, at distance 2 from a free group.
See also subsection 2.4 where we discuss groups that preform a group

containing a given subgroup.

1.3. Growth of groups

We finally give in §7 new examples of groups of non-uniform exponen-
tial growth. Recall that, for a group G generated by a set S, its growth
function counts the number νG,SpRq of group elements expressible as a
product of at most R generators. The group has exponential growth if
λG,S :“ lim R

a

νG,SpRq ą 1 and subexponential growth otherwise; it then
has polynomial growth if νG,S is dominated by a polynomial, and interme-
diate growth otherwise. The existence of groups of intermediate growth is
asked by Milnor in [19], and is answered by Grigorchuk in [28], by means
of his group G012.
A group G of exponential growth is said to have uniform exponential

growth if furthermore infS λG,S ą 1. The existence of groups of non-
uniform exponential growth is asked by Gromov in [31, Remarque 5.12];
see also [38]. The first examples were constructed by Wilson [64]; see
also [8, 46, 63].

Theorem E (=Corollary 7.3). — Every countable group may be imbed-
ded in a group G of non-uniform exponential growth.

Furthermore, let α « 0.7674 be the positive root of 23´3{α ` 22´2{α `

21´1{α “ 2. Then G may be required to have the following property: there
is a constant K such that, for any R ą 0, there exists a generating set S
of G with

νG,Sprq ď exppKrαq for all r ď R.

Theorem E implies the existence of groups of non-uniform exponential
growth that do not imbed uniformly into Hilbert space; this answers a ques-
tion by Brieussel [16, after Proposition 2.5], who asks whether there exist

TOME 65 (2015), FASCICULE 5
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groups of non-uniform exponential growth without the Haagerup property.
We also construct groups of non-uniform exponential growth that admit
infinitely many distinct intermediate growth functions at different scales.
Moreover, these examples can be constructed among groups that preform
free groups and groups of intermediate growth.
The idea of the proof of Theorem E is as follows. We denote by G012 the

first Grigorchuk group. It acts on the infinite binary tree t0, 1u˚ and its
boundary t0, 1u8. We denote by X the orbit G012 ¨ 18. We prove in Corol-
lary 7.2 that the group G oX G012 has non-uniform exponential growth
whenever G is a group of exponential growth. To prove Corollary 7.2 we
show that G oX G012 preforms a group of intermediate growth. (In fact,
all known examples of groups of non-uniform exponential growth preform
groups of intermediate growth, though the corresponding group of interme-
diate growth is not always given explicitly by their construction ; for more
on this see Question 8.7).

1.4. Acknowledgments
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Paulin and Pierre de la Harpe for their comments on an earlier version of
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2. First properties and examples

Lemma 2.1 (A special case of [21, Proposition 2.20]). — The “for some
generating set T” in Definition 1.1 may be changed to “for every generating
set T”.

Proof. — Assume G ă
ù H, that T generates H and that C pG,Snq co-

incides with C pH,T q on ever larger balls. Write τn : T Ñ Sn the bijections.
Let T 1 be another generating set of H; write every t P T 1 as a word

wt over T . Let k be the maximum of the lengths of the wt. Consider the
generating sets S1n “ tτnpwtq : t P T u of G obtained by replacing each
T -letter in wt by its corresponding element τnptq P G.

ANNALES DE L’INSTITUT FOURIER
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Then, if C pG,Snq X Bp1, Rq is isomorphic to C pH,T q X Bp1, Rq, then
C pG,S1nqXBp1, tR{kuq is isomorphic to C pH,T 1qXBp1, tR{kuq, since they
are respective subsets in the isomorphic graphs C pG,Snq X Bp1, Rq and
C pH,T q XBp1, Rq. �

Lemma 2.2. — The relation ă
ù is a preorder.

Proof. — It is clear that G ă
ù G holds for all groups G.

Consider now G
ă
ù H

ă
ù K, and let U be a generating set forK. There

are then generating sets Tn for H, in bijection with U , such that C pH,Tnq

and C pK,Uq agree in ever larger balls. For each n, there are generating
sets Smn for G, in bijection with Tn, such that C pG,Smnq and C pH,Tnq

agree in ever larger balls.
Therefore, the generating sets Snn, which are in bijection with U , are

such that C pG,Snnq and C pK,Uq agree in ever larger balls, which shows
G

ă
ù K. �

Let F be the free group on infinitely many generators x1, x2, . . . , and
consider the space G of finitely generated groups pG,T q with marked gen-
erating set. This marking may be given by a homomorphism F � G such
that almost all xn map to 1; and this identifies G with the set of normal
subgroups of F containing almost all the xn. This turns G into a locally
compact Polish space. In this alternative terminology, we have the obvious

Lemma 2.3. — Let G,H be finitely generated groups. Then G ă
ù H if

and only if for some (hence all) generating set T , the marked group pH,T q
belongs to the closure of tpG,Sq : S generates Gu in G .

We observe that if G ă
ù H and either G or H are finite, then G “ H.

We thus restrict ourselves to infinite, finitely generated groups.

Lemma 2.4. — Let G be a finitely generated group, and let H be a
finitely presented group. If G ă

ù H, then G is a quotient of H.

Proof. — Let T be a generating set of H, and let R be the maximal
length of H’s relators in that generating set. If G ă

ù H, then there exists
a generating set S for G such that C pG,Sq and C pH,T q coincide in a ball
of radius R; so all relations of H hold in T . �

We note ([21, Example 2.4(e)]) that every residually finite group is a limit
of finite groups; and conversely a finitely presented limit of finite groups is
residually finite.

Shalom shows in [57] that every group G with Kazhdan’s property (T)
is a quotient of a finitely presented group with Kazhdan’s property (T). In
this manner, Champetier and Guirardel deduce in [21, Proposition 2.15]

TOME 65 (2015), FASCICULE 5
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that if G ă
ù H and G does not have Kazhdan’s property (T), then neither

does H.
There are isolated points in the space of groups; they are studied in [25].

Clearly, isolated groups are minimal elements for ă
ù; but the converse is

not true. For example, Z and Z ‘ Z{pZ are minimal, but none of them is
isolated.

2.1. Partial orders

On some classes of groups, the relation ă
ù is also antisymmetric, and

therefore defines a partial order. Recall that a group G is Hopfian if every
epimorphism G� G is an automorphism.

Lemma 2.5. — Among Hopfian, finitely presented groups, ă
ù is an

order relation. More generally, if G and H are finitely presented groups
with G ă

ù H
ă
ù G and G is Hopfian, then G and H are isomorphic.

Proof. — From G
ă
ù H and Lemma 2.4 we deduce that G is a

quotient of H; and similarly H is a quotient of G. Therefore we have
epimorphisms G � H � G, and since G is Hopfian these epimorphisms
are isomorphisms. �

Corollary 2.6. — The relation ă
ù is an order relation on polycyclic

groups, and on limit groups.

Proof. — Polycyclic groups are known to be finitely presented and resid-
ually finite [39]. We will recall some known facts about limit groups in §6.1;
for the proof of the corollary it suffices to know that limit groups are residu-
ally free and therefore residually finite, and that they are finitely presented;
see §6.1 for references.

Since residually finite groups are Hopfian (see [44]), the corollary follows
from Lemma 2.5. �

2.2. Identities, universal statements and varieties

Let G be a group. An identity for G is a non-trivial word wpx1, x2, . . . q in
the free group on countably many generators, such that wpg1, g2, . . . q “ 1
for every choice of gi P G. Note that w is really a word in finitely many of
the xi’s, namely w “ wpx1, . . . , xnq for some n P N.

ANNALES DE L’INSTITUT FOURIER
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An identity for G is a special case of a universal sentence: ‘@g1, g2 . . . pw “

1q’. More generally, any well-formed expression made of conjunctions, dis-
junctions, equalities, and universal quantifiers, is a positive universal sen-
tence. If furthermore negations are allowed, it is a universal sentence. The
variety generated by a group G is the set of identities that it satisfies; and
its (positive) universal theory is the set of (positive) universal sentences
that it satisfies.
For example, consider the group G “ xx, y, z | rx, ysz´1, z2, rx, zs, ry, zsy.

It satisfies the identity rx1, x2s
2. It also satisfies the positive universal state-

ment

@x1, . . . , x4prx1, x2s “ 1_ rx1, x3s “ 1_ ¨ ¨ ¨ _ rx3, x4s “ 1q.

As a last example, limits groups are known to be “commutative-transitive”;
this is the universal statement

(2.1) @x, y, zprx, ys “ 1^ ry, zs “ 1 ñ rx, zs “ 1q.

Note that this statement is not positive; rewriting it in terms of the prim-
itives _,^, gives @x, y, zp prx, ys “ 1 ^ ry, zs “ 1q _ rx, zs “ 1q. An
example of a positive statement appears in Example 4.13. For more de-
tails relating logic to the space of marked groups, see §6.1 and [21, §5]. In
particular, the first assertion of the following lemma is [21, Proposition 5.2].

Lemma 2.7.
(1) If G ă

ù H and G satisfies a universal statement (e.g., an identity),
then H satisfies it too.

(2) If G ă
ù H and H is a finitely presented group satisfying a positive

universal statement, then G satisfies it too.
(3) If G ă

ù H and G is torsion-free, then H is torsion-free. More
generally, if F is a finite subgroup of H, then F imbeds in G.

Proof. — Ad (1): consider a universal statement satisfied in G; it is of
the form @x1, . . . , xnpEq for a boolean expression E made of identities
w1, . . . , w`. Let R be the maximal length w1, . . . , w`.

Consider arbitrary h1, . . . , hn P H. Extend th1, . . . , hnu to a generating
set T ofH, and find a generating set S ofG such that the balls of radius R in
C pG,Sq and C pH,T q coincide. Let g1, . . . , gn be the generators of G that
correspond to h1, . . . , hn respectively. Then wi traces a path in C pG,Sq

that remains in an R-neighbourhood of the origin, so wi traces a closed
loop in C pG,Sq if and only if it traces a closed loop in C pH,T q; therefore,
wiph1, . . . , hnq “ 1 ô wipg1, . . . , gnq “ 1, so Eph1, . . . , hnq follows from
Epg1, . . . , gnq.

TOME 65 (2015), FASCICULE 5
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Ad (2): Lemma 2.4 shows thatG is a quotient ofH; and positive universal
statements are preserved by taking quotients.
Ad (3): consider a finite group F . Then the fact that F is not a sub-

group of G is a universal statement: writing f1, . . . , fk the elements of F ,
with multiplication table fifj “ fmpi,jq, the statement is @g1, . . . , gkpgi “

gj for some i ‰ j _ gigj ‰ gmpi,jq for some i, jq. Therefore (3) follows
from (1). �

Remark 2.8. — It is essential not to allow negations in (2): a group
with torsion, and moreover a torsion group, can preform a finitely pre-
sented torsion-free group — e.g., Grigorchuk’s group G preforms F3, see
Corollary 6.12. In fact, if G ă

ù Fn for some n, then G has the same posi-
tive universal theory as F. However, G is universally equivalent to H if and
only if G is a non-abelian limit group of Sela (see §6.1), that is, if F ă

ù G.
The lemma implies in particular that if G is virtually nilpotent, then

every group in the same connected component has the same language of
positive universal statements. However, in any such connected component
there are groups that are not universally equivalent to G.

Remark 2.9. — Timoshenko proves the following in [60, Thm 1]: let V
be a free group in a variety V, and let H be a subgroup of V that generates
the same variety V. Assume that V is discriminating (for example, if V
is approximable by finite p-groups for an infinite sequence of primes p;
see §4.1). Then the universal theories of V and of H coincide.
Recall that a group G is ω-residually H if for every finite subset S of

G there exists a homomorphism φS : G Ñ H whose restriction to S is
injective; see §6.1. Observe that if G is ω-residually H, then H preforms a
groupK that contains G as a subgroup; if moreover the homomorphisms φS
can be chosen to be surjective, then H preforms G. Indeed, take G “ xSy,
H “ xT y, and K an accumulation point of txφrpSq Y T yu where φr is
injective on a ball of radius r in G.

Timoshenko proves, in [60, Lemma 2], that if G is a finitely presented
group in a variety V and H is a group universally equivalent to G, then G
is ω-residually H.

Remark 2.10. — For equationally noetherian groups (see §1.2), the con-
dition “the universal theory of G is contained in the universal theory of H”
actually characterizes the fact that H is a G-limit group in the sense of
Sela; see [43, Thm A] for this and other equivalences to being a G-limit
group.
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2.3. Basic properties and examples related to varieties

We defined varieties in §2.2 as collections of identities. Alternatively
(see [47]), they are families of groups closed under taking subgroups, quo-
tients and cartesian products, namely the class V of all the groups that
satisfy these identities. The variety V is finitely based if it may be defined
by finitely many identities. It is finite if all finitely generated groups in the
variety are finite. Let V be a variety, seen as a collection of identities. For
a group G, one defines VpGq “ xwpg1, g2, . . . q : w P V, g1, g2, ¨ ¨ ¨ P Gy,
the verbal subgroup of G corresponding to V; thus VpGq “ 1 if and
only if G belongs to the variety. The k-generated relatively free group is
Vk :“ Fk{VpFkq; it belongs to V, and every k-generated group in V is a
quotient of Vk. A direct consequence of Lemma 2.7(1) is the

Lemma 2.11. — IfG ă
ùH andG belongs to V, thenHbelongs to V. �

We will consider, in later sections, the restriction of the relation ă
ù to

varieties. Just as G is a topology on the normal subgroups of Fk, there is
a topology G pVq on the normal subgroups of Vk, or equivalently on the
normal subgroups of Fk that contain VpFkq. Directly from the definitions,

Lemma 2.12 ([21, Lemma 2.2]). — The natural map G pVq ãÑ G is a
homeomorphism on its image, and the image is closed if and only if Vk is
finitely presented for all k P N. �

Lemma 2.13. — Let V be a finite variety. If G ă
ù H, then VpGq ă

ù

VpHq.

Proof. — Let H be generated by a set T “ th1, . . . , hku of cardinality k,
and let Fk denote the free group on k generators x1, . . . , xk. Then VpFkq
admits a generating set of the form wpv1, . . . q for some identities w in V and
some v1, ¨ ¨ ¨ P Fk. Then VpHq is generated by the set T 1 of all corresponding
wpv1ph1, . . . , hkq, . . . q.
Consider a generating set S “ tg1, . . . , gku of G, such that C pG,Sq co-

incides with C pH,T q in a large ball; then S1 “ twpv1pg1, . . . , gkq, . . . q, . . .u

generates VpGq, and the Cayley graphs C pVpGq, S1q coincides with
C pVpHq, T 1q in a large ball. �

Given a variety V, the verbal product of groups G1, G2, . . . , Gn is defined
as follows: first set G “ G1 ˚G2 ¨ ¨ ¨ ˚Gn the free product; then

ź

V
Gi “

G

VpGq X xrgi, gjs : gi P GGi , gj P GGj , i ‰ jy
.
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For example, if V is the variety of all groups, then
ś

V is the free product;
while if V is the variety of abelian groups, then

ś

V is the direct product.
Recall that the wreath product of two groups G1, G2 is

G1 oG2 “ tf : G2 Ñ G1 of finite supportu ¸G2,

where G2 acts by shift on functions G2 Ñ G1.

Lemma 2.14. — Let G1, G2, H1, H2 be groups, and assume G1
ă
ù H1

and G2
ă
ù H2. Then

(1) G1 ˆG2
ă
ù H1 ˆH2;

(2) G1 ˚G2
ă
ù H1 ˚H2;

(3) Let V be a variety of groups. Then
ś

V Gi
ă
ù

ś

V Hi;
(4) G1 oG2

ă
ù H1 oH2.

Proof. — We start by (2), and argue that, for arbitrarily large R, we can
make balls of radius R agree in respective Cayley graphs. For all i P t1, 2u,
let Ti generate Hi, and let Si generate Gi in such a manner that balls of
radius R coincide in C pGi, Siq and C pHi, Tiq. Then T :“

Ů

Ti generates
H :“ ˚iHi, and the corresponding set S :“

Ů

Si generates ˚iGi. Balls of
radius R coincide in C pG,Sq and C pH,T q.
Ad (3), the relations imposed on ˚iGi and ˚iHi are formally defined

by V, so again balls of radius R in C p
ś

V Gi, Sq and C p
ś

V Hi, T q coincide.
(1) is a special case of (3).
Ad (4), note that the relations giving G1 o G2 from G :“ G1 ˚ G2 are

rxx2
1 , yy2

1 s for all x1, y1 P G1 and x2, y2 P G2zt1u. These relations do not ex-
actly define a varietal product; but nevertheless there is a bijection between
non-trivial elements of norm ď R in G2 and H2, and between elements of
norm ď R in G1 and H1. The result again follows. �

Note that in (1) we can have G1ˆC
ă
ù H1ˆC without having G1

ă
ù

H1. We we examine more carefully this for abelian groups in §3:

Example 2.15. — We have 1ˆ Z ă
ù Zˆ Z, yet 1 doesn’t preform Z.

For A “ Z{6ˆ Z, B “ Z{35ˆ Z, C “ Z{10ˆ Z, D “ Z{21ˆ Z, we also
have AˆB ă

ù C ˆD while A,B,C,D are mutually incomparable.

Proof. — Consider tp1, 0q, p0, 1qu a generating set of Zˆ Z, and, for ar-
bitrary R P N, the generating set tp0, 1q, p0, 2R`1qu of 1ˆZ. Their Cayley
graphs agree on a ball of radius R.
For the second claim, note that A ˆ B is isomorphic to C ˆD, but for

any two groups among A,B,C,D, none is a quotient of the other. �

Similarly, in (2) we can have G1˚C
ă
ù H1˚C without having G1

ă
ù H1.

We will examine more closely the situation of free groups in §6.1; here and
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in the sequel we use the notation Fk for free groups on k generators. For
now, we just mention the

Example 2.16. — Let G be a k-generated group. Then, for every m ě 2,
the free product G˚Fm preforms Fk`m “ Fk ˚Fm; yet G need not preform
Fk, for example if G satisfies an identity.

Proof. — Let S generate Fk, let T generate Fm, and let tg1, . . . , gku

generate G. Then S \ T generates Fk ˚ Fm. In Fm, there exist elements
w1, . . . , wk such that no relation among them and T , of length ď R, holds;
consider the generating set tg1w1, . . . , gkwku\T of G˚Fm. Then no relation
of length ď R holds among them. �

Note finally that in (4) we may have G1 o C ă
ù H1 o C without having

G1
ă
ù H1; see §6.5 for more examples:

Example 2.17. — Consider A,B arbitrary groups, and an infinite group
C. Then pA ˚Bq o C ă

ù pAˆBq o C.
On the other hand, if A and B are non-trivial, finitely presented, and

each satisfies an identity, then A˚B does not satisfy the identities of AˆB,
so A ˚B doesn’t preform AˆB by Lemma 2.7(2).

Proof. — Let S, T, U be generating set of A,B,C respectively. Then, as
generating set of pAˆBqoC, we consider S1\T 1\U , in which S1 corresponds
to the generators of A supported at 1 P C, and similarly for T 1.
For arbitrary R P N, choose x P C of norm ą R, and consider the

following generating set S2 \ T 2 \ U of pA ˚ Bq o H. The copy S2 of S
corresponds to the generators of A supported at 1 P C, while the copy T 2
corresponds to the generators of T supported at x.
Both pA ˆ Bq o C and pA ˚ Bq o C are quotients of A ˚ B ˚ C; in both

cases, all relations of the form rsh1 , s2s and rth1 , t2s are imposed for all h ‰ 1
and si P S

1, ti P T
1, respectively si P S2, ti P T 2. However, in the former

case, all relations of the form rsh, ts are also imposed for all h P H and
s P S1, t P T 1. In the latter case, these relations are only imposed for h ‰ x

and s P S2, t P T 2. However, this distinction is invisible in the ball of radius
R. �

2.4. Limits and prelimits of groups with a given subgroup or
quotient

We explore, in this subsection, the ways in which the “preform” relation
may be exchanged with the operation of taking subgroups and quotients.
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We express these relationships as commutative diagrams, with quantifiers
attached to the objects. We start by the following straightforward lemma.

Lemma 2.18. — If A ă
ù B and A is a subgroup of G, then there exists

a group H containing B as a subgroup and satisfying G ă
ù H:

G
ă
ù DH

Y Y

A
ă
ù B.

Proof. — Consider finite generating sets Sn of A and T of B such that
pA,Snq converges to pB, T q in the space G of marked groups, as n Ñ

8. Let S be a finite generating set of G. Set S1n “ S \ Sn; these define
finite generating sets of G. Consider a subsequence pnkq such that pG,S1nk

q

converges in G ; denote its limit by pH,U \ V q.
In particular, pA,Snk

q converges to the subgroup xV y of H. Since pA,Snq
converges to B, we conclude that xV y is isomorphic to B. �

We remark that, in the notation of the lemma, B is a G-limit group in
the sense of Sela. More generally; given a family of subgroups pAnq of G
such that pAn, Snq converges to B, the same conclusion holds; that is, there
exists a group H containing B as a subgroup such that G preforms H. This
shows therefore that B is a G-limit group in the sense of Sela if and only
if there exists a group containing B as a subgroup and which is preformed
by G.

Lemma 2.19. — If A ă
ù B and A is a quotient of G, then there exists

a group H with G ă
ù H and B is a quotient of H:

G
ă
ù DH

ÓÓ ÓÓ

A
ă
ù B.

Proof. — Let A,B be k-generated, with T a generating set for B. Since
A preforms B, there exists a sequence of generating sets Sn of cardinality
k such that pA,Snq Ñ pB, T q. Without loss of generality, we may assume
1 P Sn for all n P N.

Let π : G� A be the given epimomorphism. Let G be `-generated. Then
for each n P N there exists a generating set S1n “ S2n\S

3
n of G such that S2n

maps bijectively to Sn under π and S3n maps to 1 P A and has cardinality
`. Indeed first choose a generating set S1 for G of cardinality `; then, for
each n P N, choose an arbitrary lift S1n of Sn; and multiply each g P S1 by
an appropriate word in S1n to obtain S3n mapping to 1.
Passing if need be to a subsequence, we can assume that pG,S1nq con-

verges in the space G of marked groups. Denote the limit of the subsequence
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by pH,T 1q, again with decomposition T 1 “ T 2 \ T3. Let us construct an
epimorphism ρ : H � B, showing that B is a quotient of H. Recall that
T 2 in naturally in bijection with T , via S2n and Sn. We define ρ on T 2 by
this bijection, and put ρptq “ 1 for all t P T3.

To prove that ρ is a homomorphism, consider a word wpx1, . . . , xk``q

with wpT 1q “ 1 in H. Since pG,S1nq converges to pH,T 1q, for sufficiently
large n P N we have wpS1nq “ 1 in G. Let vpx1, . . . , xkq denote the word
obtained from w be deleting its letters xk`1, . . . , xk``. Since π is a homo-
morphism, we then have vpSnq “ 1, and therefore in the limit vpT q “ 1.
This is precisely the result of computing ρpwpT 1qq letter by letter.
Finally, T is in the image of ρ so ρ is surjective. �

We may improve on Lemma 2.19 in case the quotient is by a verbal
subgroup:

Lemma 2.20. — Let the group G be generated by a set of cardinality
k, and let V be a variety. If G{VpGq ă

ù Vk, then there exists a group H
with G ă

ù H and Vk “ H{VpHq:

G
ă
ù DH

ÓÓ ÓÓ

G{VpGq ă
ù Vk.

Proof. — We proceed first as in the proof of Lemma 2.19, to construct
a group H and an epimorphism ρ : H � Vk.
On the one hand, VpHq Ď ker ρ, because Vk belongs to V. On the other

hand, consider c P ker ρ, and write c “ wpT q as a word in the generators T
of H. Then ρpwpT qq “ 1, so w belongs to the variety VpFkq because Vk is
relatively free. It follows that c belongs to VpHq. �

Lemma 2.21 ([21, Proposition 2.25]). — If G ă
ù H and A is a quotient

of G, then there exists a group B with A ă
ù B and B is a quotient of H:

G
ă
ù H

ÓÓ ÓÓ

A
ă
ù DB.

Let us turn to the converse property: ifA ă
ù B andB is a subgroup ofH,

does there exist a group G containing A with G ă
ù H? Given a subgroup

B of a group H, we say that the pair pH,Bq satisfies the “prelimit of an
overgroup” property if, whenever A is a group which preforms B, there
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exists a group G which preforms H and contains A:

DG
ă
ù H

Y Y

@A
ă
ù B.

We then say that H has the “prelimit of an overgroup” property if pH,Bq
has that property for all finitely generated subgroups B of H.

Question 2.22. — Which finitely generated groups have the “prelimit
of an overgroup” property?

It is clear that if H has very few subgroups, for example if every proper
subgroup of H is finite, then H has the “prelimit of an overgroup” property.

Lemma 2.23. — All finitely generated abelian groups have the “prelimit
of an overgroup” property.

Proof. — Inclusions of finitely generated abelian groups into one another
can be decomposed into the following “elementary inclusions”: B Ď B‘Z,
B Ď B‘Z{aZ and B‘Z{aZ Ď B‘Z{abZ. Similarly, the cases to consider
for A that preforms B are of the form Z‘Z{acZ ă

ù Z‘Z{aZ and Z ă
ù Z2.

To prove the lemma, it suffices therefore to consider the following case:
B “ Z2 ‘ Z{aZ is a subgroup of H “ Z2 ‘ Z{abZ, and A “ Z ‘ Z{acZ
preforms B. We observe that in this case G :“ Z‘Z{abcZ contains A, and
preforms H. �

Example 2.24 (Groups without the “prelimit of an overgroup” property).
There are finitely generated groups A ă

ù B Ď H such that there exists no
group G with A Ď G

ă
ù H.

Take indeed A “ F2 o Z; it preforms B “ Z2 o Z, which is metabelian.
By [12], every metabelian group imbeds in a finitely presented metabelian
group H. If G ă

ù H, then G is a quotient of H. This shows that every
group which preforms H is metabelian. Therefore, there are no groups that
preform H that contain A as a subgroup.

Example 2.25 (Finitely presented groups without the “prelimit of an
overgroup” property). — Here is another example of this kind. Consider
a finitely presented infinite torsion-free simple group H containing a non-
abelian free group B “ F3 as a subgroup; such groups were constructed by
Burger and Mozes, see [18]. Set A “ F2ˆZ{2Z; then A ă

ù B and B Ď H.
However, if G ă

ù H, then G “ H because H is finitely presented and
simple. However, H does not contain A because H is torsion-free.
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It is usually not true that, if G preforms H, then the torsion of G and
H coincide. Here is a partial result in this direction:

Lemma 2.26. — Let G and H be groups with H finitely presented and
G

ă
ù H, and let V be a variety. Then
(1) #VpGq “ #VpHq;
(2) if VpGq is finite, then VpGq is isomorphic to VpHq.

Proof. — By Lemma 2.7(1), the group G is a quotient of H, so VpGq is
a quotient of VpHq. In particular, #VpGq ď #VpHq. Furthermore, if VpHq
is finite then Lemma 2.7(3) implies that VpGq and VpHq are isomorphic. It
therefore remains to prove #VpGq ě #VpHq. We will prove in fact that, if
#VpHq ě N , then #VpGq ě N .
Choose generating sets Sn of G and T of H, of cardinality k, such that

pG,Snq converges to pH,T q is the space G of marked groups.
Consider then N distinct elements h1, . . . , hN in VpHq, and write each

hj “ wjpT q for a word wj P VpFkq. Take R P N bigger than the length
of each wj , and let i be such that the balls of radius R in C pG,Siq and
C pH,T q coincide. Then the ball of radius R in C pH,T q contains at least
the N distinct elements h1, . . . , hN from VpHq, so the ball of radius R in
C pG,Snq also contains at least N distinct elements w1pSnq, . . . , wN pSnq

from VpGq. �

2.5. Universal theories of solvable groups

For a group G, we denote by Gpnq its derived series, with Gp0q “ G and
Gpn`1q “ rGpnq, Gpnqs. In particular Gp1q “ G1 and Gp2q “ G2.

Here is an example of metabelian group that preforms the free group
in its variety. In the next sections, we will study when a nilpotent group
preforms the free group in the variety it generates.

Example 2.27. — We have Z o Z ă
ù F2{F22.

Proof. — Consider the presentation xa, t | ra, atms@my of Z o Z, and its
generating sets Sn “ tt, tnau. Write u “ tna; then rt, us “ rt, as, and
rt, ust

xuy all have distinct supports, for |x|, |y| ď n. �

Chapuis considers in [22] the universal theory of some solvable groups;
he shows that Fk{F2k and Zk oZ` have the same universal theory. An explicit
description of that theory is given in [23]. On the other hand, Z oZ oZ and
Fk{Fp3qk do not have the same theory.
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Timoshenko proves in [59] that, if G1, G2 have the same universal theory,
and H1, H2 have the same universal theory, then G1 oH1 and G2 oH2 have
the same universal theory. He shows, however, that the varietal wreath
product does not, in general, enjoy this property; in particular, it fails in
the metabelian variety [61].
He also shows in [60] that, if G is the quotient of S2,n :“ F2{Fpnq2 by a

finitely generated normal subgroup, and has the same universal theory as
S2,n, then either G – S2,n or G is the verbal wreath product Z o Z in the
variety of soluble groups of class n´ 1.
He also considers the universal theories of partially commutative meta-

belian groups in [62] and subsequent papers.

3. Abelian groups

By Corollary 2.6, the relation ă
ù is a partial order on the set of abelian

groups. The following is straighforward.

Lemma 3.1. — For non-zero m,n P N, we have Zm ă
ù Zn if and only

if m ď n.

Proof. — If Zm ă
ù Zn, then Zm is a quotient of Zn by Lemma 2.4, so

m ď n. Conversely, if m ď n, then choose for Zn a basis T as generating
set, and let te1, . . . , emu be a basis of Zm. For arbitrary R P N, choose
S “ te1, . . . , em, Re1, R

2e1, . . . , R
n´me1u as generating set for Zm, and

note that C pZm, Sq and C pZn, T q agree on a ball of radius R. �

We now show that all infinite abelian groups are in the same component
of ă

ù, which has diameter 2; more precisely,

Proposition 3.2. — The restriction of ă
ù to infinite abelian sub-

groups is a net: a partial order in which every pair of elements has an
upper bound.

Proposition 3.3. — For infinite abelian finitely generated groups A,B,
we have A ă

ù B if and only if A is a quotient of B via a map B � A that
is injective on the torsion of B.

Proof. — If A ă
ù B, then A is a quotient of B by Lemma 2.4. Let R be

larger than the order of the torsion of A and B, and let S, T be generating
sets of A,B respectively such that C pA,Sq and C pB, T q coincide in the
ball of radius R. Then all torsion elements of B belong to that ball, and
are mapped, by the identification of the ball, to torsion elements of A. This
imbeds the torsion of B into that of A.
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Conversely, consider an epimorphism B � A that is injective on the
torsion of B. Let B “ G0 � G1 � ¨ ¨ ¨� Gn “ A be a maximal sequence of
non-invertible epimorphisms. If we prove Gi

ă
ù Gi´1 for all i “ 1, . . . , n,

then we have A ă
ù B by Lemma 2.2, so we may restrict to a minimal

epimorphism π : B � A. Its kernel is thus infinite cyclic, and we have
reduced to the case A “ Z‘ Z{pk`qZ and B “ Z2 ‘ Z{kZ.

In that case, we consider T “ tf1, f2, f3u the standard generating set
for B, and denote by te1, e2u the standard generators for A. For arbitrary
R P N, we consider the generating set S “ t`e1, e2, e1 ` Re2u for A, and
note that the balls of radius R in C pB, T q and C pA,Sq coincide. �

Proof of Proposition 3.2. — Consider A,B abelian groups, written as

A “
a

à

i“1
Z{miZ, B “

b
à

i“1
Z{niZ.

Then both groups preform Zmaxpa,bq. �

Corollary 3.4. — Let A be an infinite abelian group. Then A is
torsion-free if and only if the set of groups that are preformed by A is
linearly ordered.

Proof. — If A “ Zd and A ă
ù B, then B “ Ze for some e ě d. The set

of such B is order-isomorphic to td, d` 1, . . .u.
Now suppose that A is not torsion-free. By Proposition 3.3, we have

A
ă
ù Zd ‘ Z{pZ for some p ą 1 and d ą 1. Then A

ă
ù Zd`1 and

A
ă
ù Zd`1 ‘ Z{pZ, but these last groups are not comparable. �

Let us denote by A the subset of G consisting of abelian groups, and by
A {– the set of isomorphism classes of abelian groups; as we noted above,
pA {–,

ă
ùq is a net.

Corollary 3.5. — Every finite partial order is imbeddable in pA {–,
ă
ùq.

Proof. — Let pX,ďq be a partially ordered set. We identify x P X with
Ix :“ tz P X : z ě xu, and have Iy Ď Ix ô x ď y; therefore, we as-
sume without loss of generality that X is contained, for some N P N, in
the partially ordered set of subsets of t1, . . . , Nu, ordered under reverse
inclusion.
Consider N distinct prime numbers p1, . . . , pN . For any subset U Ď

t1, . . . , Nu, consider the N ` 1-generated group AU defined by

AU “
à

iPU

Z{piZ‘ Z1`N´#U .
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Observe that the torsion subgroup of AU is contained in the torsion group
of AU 1 if and only if U 1 Ď U . Observe also that if U 1 Ď U , then AU is
a quotient of AU 1 . By Proposition 3.3, we get AU

ă
ù AU 1 if and only if

U 1 Ď U . �

Remark 3.6. — Some countable orders cannot be imbedded in pA {–,
ă
ùq; for example, N Y t8u. Observe indeed that a countable increasing
sequence of non-isomorphic abelian groups has no common upper bound
in pA {–, ă

ùq.

Proposition 3.7. — The group of order-preserving bijections of pA {–,
ă
ùq is the infinite symmetric group on a countable set. If we identify this
countable set with the prime numbers, then the action on infinite abelian
groups is as follows. A permutation p ÞÑ σppq of the primes acts as

(3.1) Zd‘Z{pν1
1 Z‘ ¨ ¨ ¨ ‘Z{pνk

k Z ÞÑ Zd‘Z{σpp1q
ν1Z‘ ¨ ¨ ¨ ‘Z{σppkqνkZ.

Proof. — As a countable set, we take the set P of prime numbers. By
Proposition 3.3, the group S of permutations of P acts on pA {–, ă

ùq

by (3.1). We wish to prove that there are no other order-preserving bijec-
tions. We implement this in the following lemmas.

Lemma 3.8. — Every order-preserving bijection of infinite abelian
groups fixes torsion-free abelian groups.

Proof. — By Corollary 3.4, torsion-free abelian groups are characterized
by the fact that the set of groups that they preform is linearly ordered. Let
φ be an order-preserving bijection. Observe that φ must fix the minimal
element Z. Note that groups that are preformed by Z are linearly ordered
by N, so admit no order isomorphism. Therefore, φpZdq “ Zd for any
d ě 1. �

Lemma 3.9. — Every order-preserving bijection of infinite abelian
groups preserves the number of factors in a minimal decomposition as a
product of cyclic groups.

Proof. — Consider an infinite abelian group A, and let ` be the minimal
number of cyclic subgroups in the decomposition of A in a product of (finite
or infinite) cyclic groups. Since A is infinite, at least one subgroup in the
decomposition is infinite. We know that for any p P N the group Z ` pZ
preforms Z2, so A preforms Z`.
Observe also that for k ă ` the group A cannot be generated by k ele-

ments, so A is not a quotient of Zk. By Proposition 3.3, A doesn’t preform
Zk for k ă `.
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Let φ be an order-preserving bijection. By Lemma 3.8, we have φpZkq “
Zk for all k ě 1, so φpAq preforms Z` but not Zk for k ă `. Therefore,
φpAq requires precisely ` factors in a minimal decomposition as a product
of cyclic groups. �

Lemma 3.10. — Every order-preserving bijection φ of infinite abelian
groups preserves the number of finite and infinite factors in a minimal
decomposition as a product of cyclic groups.

Proof. — Let A be an infinite abelian group. Let t be the minimal num-
ber of finite cyclic groups in its decomposition into a product of cyclic ones,
and let t ` d be the minimal total number of finite cyclic groups in such
decomposition. We have A “ Zd ‘

Àt
i“1 Z{niZ, with ni ě 2. Observe that

A is preformed by Z‘
Àt

i“1 Z{niZ, and thus is preformed by some group
whose minimal total number of cyclic groups in a decomposition equals
t ` 1. Observe then that A is not preformed by any group for which this
minimal number is ď t. Indeed, if B preforms A, then B is an infinite
group, so the number of infinite cyclic group in the decomposition is ě 1.
We know that the torsion subgroup of A, that is

Àt
i“1 Z{niZ, is a subgroup

of the torsion subgroup of B. Therefore, the minimal number of finite cyclic
groups in the decomposition of B is at least t. The statement of the lemma
now follows from the previous lemma. �

Consider now an order-preserving bijection φ of abelian groups. Let us
show that for every prime p there exists a prime q such that φpZ‘Z{pZq “
Z‘Z{qZ. First observe that any group with non-trivial torsion and which
preforms Z2 has the form Z ‘ Z{nZ for some n ě 2. If n is not a prime
number, then n can be written as n “ n1n2 with n1, n2 ě 2 and in this
case Z ‘ Z{nZ preforms Z ‘ Z{n1Z. This implies that the groups of the
form A “ Z‘ Z{pZ are characterized by the following properties: A is not
torsion-free; A preforms Z2; if B is such that A ă

ù B
ă
ù Z2 then either

B “ A or B “ Z2. This implies that φpZ‘Z{pZq is isomorphic to Z‘Z{qZ
for some prime q.
As we have already mentioned, every permutation of the primes induces

an order-preserving permutation of infinite abelian group. It remains to
prove that a permutation of infinite abelian groups is determined by its
action on groups of the form Z ‘ Z{pZ. Consider therefore such a permu-
tation φ, and assume that it fixes Z‘Z{pZ for all p P P. We wish to show
that it fixes every abelian group.

Lemma 3.11. — Let φ be an order-preserving bijection of the infinite
abelian groups, such that φpZ‘ Z{pZq “ Z‘ Z{pZ for all primes p.
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Then for all k,m ě 1 we have φpZk ‘ Z{pmZq “ Zk ‘ Z{pmZ.

Proof. — Set A “ Zk ‘ Z{pmZ. By Lemma 3.10, we have φpAq “ Zk ‘
Z{nZ for some n ě 2. We proceed by induction on m to show that A is
fixed.
If m “ 1, then A is preformed by Z‘Z{pZ which is fixed, so φpAq is also

preformed by this group, and n|p. Since n ‰ 1, we have n “ p as required.
Consider then m ě 2. We have A ă

ù Zk`1‘Z{pm´1Z, which is fixed by
induction, so pm´1|n, and in fact pm´1 ‰ n because φpAq does not belong
to the set of groups of the form Z` ‘ Z{pm´1 which are all fixed by φ.
On the other hand, A doesn’t preform any of the groups Z` ‘ Z{qZ for

q ‰ p prime, which are fixed, so φpAq doesn’t preform any of these groups,
and n “ pe for some e ě m.
Now there are precisely m ` 1 groups between A and Zk`2, namely all

Zk`1‘Z{piZ for i “ 0, . . . ,m. This feature distinguishes A from Z‘Z{peZ
for all e ‰ m, and therefore A is fixed by φ. �

Lemma 3.12. — Let φ be an order-preserving bijection of the infinite
abelian groups, such that φpZ‘ Z{pZq “ Z‘ Z{pZ for all primes p.
Then φ fixes all groups of the form Zk ‘ C with C an abelian p-group.

Proof. — By Lemma 3.10, we have φpZk ‘ Cq “ Zk ‘ C 1 for a finite
group C 1 with the same number of factors in a minimal decomposition as
a product of cyclic groups.

Write C “
Àr

i“1 Z{peiZ, with 1 ď e1 ď e2 ď ¨ ¨ ¨ ď er. We proceed by
induction on r, the case r “ 1 being covered by Lemma 3.11.

Write A “ Zk ‘C. Since, when ` is large, A ă
ù Z`‘Z{qZ with q prime

if and only if q “ p, we find that C 1 is a p-group of the form
Àr

i“1 Z{pfiZ,
with 1 ď f1 ď ¨ ¨ ¨ ď fr.
Consider B “ Zk`1‘

Àk´1
i“1 Z{peiZ, which is fixed by induction. We have

A
ă
ù B, so φpAq ă

ù B and therefore f1 “ e1, . . . , fr´1 “ er´1, fr ě er by
Proposition 3.3. It remains to prove fr “ er.
Again by induction, the group Z ‘ B is fixed by φ. There are er ` 1

groups between A and Z ‘ B, namely B ‘ Z{peZ for e “ 0, . . . , er. This
distinguishes A among all Zk ‘

Àr´1
i“1 Z{peiZ‘ Z{pfrZ with fr ě er. �

We are ready to finish the proof of Proposition 3.7. Consider again φ

fixing all Z‘ Z{pZ for p prime, and an abelian group A “ Zk ‘ C with C
finite; let us show that the torsion of φpAq is isomorphic to C.

First, by Lemma 3.11, we have φpAq “ Zk ‘ C 1 for a finite group C 1.
Observe that, for ` large and D a p-group, A preforms Z`‘D if and only if
D is a subgroup of C. By Lemma 3.12, this group Z`‘D is fixed by φ, so C
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and C 1 have the same p-subgroups. Since every abelian group is the product
of its p-Sylow subgroups, it follows that C and C 1 are isomorphic. �

3.1. Virtually abelian groups

There are countably many components of virtually abelian groups, as we
now show:

Example 3.13. — Let N2,2 be the group with presentation

N2,2 “ xa, b | c “ ra, bs centraly,

and for every n P N let Gn be the virtually abelian group

N2,2,n “ N2,2{xc
ny “ xa, b | ra, bsn, ra, bs centraly.

Then every N2,2,n is virtually Z2, but if m ‰ n then N2,2,n and N2,2,m
belong to different components of G {–.

Proof. — Without loss of generality, assume m ă n, and let H belong to
the component of N2,2,m; so there is a sequence N2,2,m “ H0, H1, . . . ,H` “

H withHi
ă
ù Hi´1 orHi´1

ă
ù Hi for all i “ 1, . . . , `. By Lemma 2.7(1,2),

every Hi is finitely presented and satisfies the identity rx, ysm. However,
N2,2,n does not satisfy this identity. �

Remark 3.14. — If p is prime, then the set of groups preformed by N2,2,p
is precisely tN2,2,p ˆ Z` : ` P Nu.

Proof. — Elements of N2,2,p may uniquely be written in the form axbycz

for some x, y P Z and z P t0, . . . , p´ 1u. Consider a sequence of generating
sets S1, S2, . . . of same cardinality k. Clearly, if each Sn is changed by a
bounded number of Nielsen transformations, then without loss of generality
one may assume (up to taking a subsequence) that the same transforma-
tions are applied to all Sn, and therefore the limit does not change.

Using at most pk transformations, the set Sn, whose elements we write
as tsn,1, . . . , sn,ku, can be transformed in such a manner that two elements
sn,1, sn,2 generateN2,2,p while the other sn,3, . . . , sn,k are of the form axbycz

with p|x and p|y, and therefore belong to the centre of N2,2,p. Some of these
elements will belong to xs1, s2y in the limit, and others will generate extra
abelian factors. �
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4. Nilpotent groups

Given a group G, we denote its lower central series by γ1pGq “ G and
γi`1pGq “ rG, γipGqs for all i ě 1. By Ns,k “ Fk{γs`1pFkq we denote the
free nilpotent group of class s on k generators.

We study in this section the structure of connected components of nilpo-
tent groups; our main result is that, if G{TorsionpGq generates the same
variety as G, then the connected component of G is determined by the
variety that it generates and conversely.

4.1. Free groups and subgroups in nilpotent varieties

Following [47, Def 17.12], a group G is said to be discriminating if, given
any finite set W of identities that do not hold in G (i.e., for every w P W

there are g1, g2, ¨ ¨ ¨ P G with wpg1, . . . q ‰ 1), all identities in W can be
falsified simultaneously (i.e. there are g1, g2, ¨ ¨ ¨ P G such that wpg1, . . . q ‰ 1
for all w P W ). We will say G is discriminating on k generators if, given
any finite set W of identities in k letters that do not hold in G (i.e., for
every w P W there are g1, . . . , gk P G with wpg1, . . . , gkq ‰ 1), all identities
in W can be falsified simultaneously on a generating set (i.e. there exists a
generating set tg1, . . . , gku of G such that wpg1, . . . , gkq ‰ 1 for all w P W ).

Baumslag, Neumann, Neumann, and Neumann show in [14, Cor 2.17]
that finitely generated torsion-free nilpotent groups are discriminating; see
also [47, Thm 17.9]. If G is a nilpotent group with torsion, the matter is
more delicate: Bausmlag and the Neumanns prove in the same place that
G is discriminating if and only if G and G{TorsionpGq generate the same
variety.

Lemma 4.1. — LetG be a discriminating group, and let V be the variety
generated by G. Let Vk :“ Fk{VpFkq be the free group on k generators in
V. Then for every k P N there exists a group H that is preformed by G and
contains Vk as a subgroup.

If furthermore G is discriminating on k generators, then G preforms Vk.

Proof. — Consider first a finite set of words W Ă Fk that are not iden-
tities of Vk, that is w P FkzVpFkq for all w P W . Observe that for each
w P W there exist elements gw,1, . . . , gw,k P G with wpgw,1, . . . , gw,kq ‰ 1;
otherwise, w would be an identity in G and therefore would vanish on
Vk. Since G is discriminating, there exist gW ,1, . . . , gW ,k P G such that
wpgW ,1, . . . , gW ,kq ‰ 1 for all w P W .
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We apply this with W the set of words of length at most R in Fk
that are not identities in Vk, and denote the resulting gW ,1, . . . , gW ,k by
gR,1, . . . , gR,k.
Let S be a finite generating set for G, and put SR “ S\tgR,1, . . . , gR,ku.

Choose an accumulation point pH,T q of the sequence pG,SRq in the space
G of marked groups. Then H contains Vk as the subgroup generated by
the limit of tgR,1, . . . , gR,ku.
If G is discriminating on k generators, then we can take S “ H in the

previous paragraph, to see that H is isomorphic to the relatively free group
Vk. �

For a real constant C, let us say that the sequence of positive real
numbers x1, x2, . . . , xs grows at speed C if x1 ě C and xi`1 ě xCi for
i “ 1, . . . , s´ 1. Similarly, an unordered set tx1, . . . , xsu grows at speed C
if it admits an ordering that grows at speed C.

Lemma 4.2. — Suppose that f1, . . . , ft are nonzero polynomials in s

variables with real coefficients. Then there exists C such that fipx1, . . . , xsq‰

0 for all i “ 1, . . . , t whenever px1, . . . , xsq grows at speed C.

Proof. — It suffices to prove the statement for a single polynomial f .
Let xe1

1 ¨ ¨ ¨x
es
s be the lexicographically largest monomial in f ; namely, es is

maximal among all monomials in f ; then es´1 is maximal among monomials
of degree eS in xs; etc. Then this monomial dominates f as px1, . . . , xsq

grows faster and faster. �

Lemma 4.3. — Consider d ě 1. Then for all e ě d ` 1 and all C ą

0 there exists a set of numbers tx1,1, x1,2, . . . , x1,d, x2,1, . . . , xe,1, . . . , xe,du

growing at speed C and such that tpx1,1, . . . , x1,dq, . . . , pxe,1, . . . , xe,dqu is
a generating set for Zd.

Proof. — It suffices to prove the statement for e “ d ` 1. We start
by proving the following claim by induction on n “ 1, . . . , d: there exists
an n ˆ n integer matrix pxi,jq whose coefficients grow at speed C, and
such that for every k “ 1, . . . , n the determinant of the upper left corner
pxi,j : 1 ď i, j ď kq is a prime number pk, with all primes p1, . . . , pn distinct.

The induction starts by setting x1,1 “ p1 for some prime number p1 ą C.
Assume then that an pn ´ 1q ˆ pn ´ 1q matrix An´1 “ pxi,jq has been

constructed, with entries growing at speed C and determinant a prime
number pn´1.
First, an nth row pxn,1, . . . , xn,n´1q may be added to An´1 in such a

manner that the entries still grow at speed C, and the determinant dn
of A1n´1 “ pxi,j : i ‰ n ´ 1q is coprime to pn´1. Indeed the coefficients
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xn,1, . . . , xn,n´2 may be chosen arbitrarily as long as they grow fast enough.
Then increasing xn,n´1 increases the determinant of A1n´1 by pn´2 which
is coprime to pn´1; and sufficiently increasing this coefficient makes the
augmented matrix A2n´1 “ pxi,j : i ď nq still grow at speed C.

Then an nth column may be added to A2n´1 as follows. Start by choosing
x1,n, . . . , xn´2,n arbitrarily as long as they grow fast enough, without fixing
xn´1,n and xn,n yet. Call An the resulting matrix. Then increasing xn´1,n
decreases the determinant of An by dn, while increasing xn,n increases the
determinant of An by pn´1. Since dn and pn´1 are coprime, there exist
choices of xn´1,n and xn,n such that An has determinant 1; and the entries
of An grow at speed C, except perhaps for xn,n.

Now, by Dirichlet’s theorem, there exist arbitrarily large primes pn that
are ” 1 pmod pn´1q. For such a prime pn “ 1` apn´1, add a to the entry
xn,n yielding a matrix An of determinant pn. Choosing a large enough
makes the coefficients of An grow at speed C.

To prove the lemma, consider a d ˆ d matrix A with integer entries
growing at speed C and determinant p. Its rows generate a subgroup of Zd
of prime index, and a single extra generator, with fast growing entries that
are coprime to p, gives the desired generating set. �

We are ready to sharpen [14, Cor 2.17], claiming that torsion-free nilpo-
tent groups are discriminating:

Lemma 4.4. — Let G be a torsion-free k-generated nilpotent group.
Then, for each N ą k, the group G is discriminating on N generators.

Proof. — We start by considering more generally poly-Z groups, namely
groups G admitting a sequence of subgroups G “ G1ŹG2Ź¨ ¨ ¨ŹG``1 “ 1
such that Gi{Gi`1 – Z for all i.
If G is torsion-free nilpotent and pZiq denotes its ascending central series

(defined inductively by Z0 “ 1 and Zi`1{Zi “ ZpG{Ziq), then each Zi`1{Zi
is free abelian, so the ascending central series can be refined to a series in
which successive quotients are Z.
Choose for all i “ 1, . . . , ` a generator of Gi{Gi`1, and lift it to an el-

ement ui P Gi. Then every g P G may uniquely be written in the form
g “ uξ1

1 ¨ ¨ ¨u
ξ`

` , and the integers ξ1, . . . , ξ` determine the element g, which
we write uξ. Philip Hall proves in [36, Thm 6.5] that products and inverses
are given by polynomials, in the sense that if uξuη “ uζ and puξq´1 “ uχ,
then ζi and χi are polynomials in tξ1, . . . , ξ`, η1, . . . , η`u and tξ1, . . . , ξ`u

respectively. In particular, every identity w P W , in N variables, is a poly-
nomial in the exponents ξ1,1, . . . , ξ`,N of its arguments x1, . . . , xN written
as uξ1 , . . . , uξN .

ANNALES DE L’INSTITUT FOURIER



ORDERING THE SPACE OF FINITELY GENERATED GROUPS 2119

By Lemma 4.3, there exist sequences with arbitrarily fast growth that
generate the abelianization of G; and by Lemma 4.2 the identities in W

will not vanish on these generators, if their growth is fast enough. Finally,
since G is nilpotent, a sequence of elements generates G if and only if it
generates its abelianization. �

Lemma 4.5. — Let G be a finitely generated nilpotent group such that
G and G{TorsionpGq generate the same variety. Then G preforms a torsion-
free nilpotent group.

Proof. — Infinite, finitely generated nilpotent groups have infinite abe-
lianization; we apply Lemma 2.20 to G and the variety V of abelian groups.
Since every infinite abelian group preforms a free abelian group, we assume
without loss of generality that G has torsion-free abelianization.
Assume that G is k-generated, and consider N ą k and R ą 0. Consider

the set W pRq of all words w of length at most R in N variables such that,
for some g1, . . . , gN P G, the evaluation wpg1, . . . , gN q is a non-trivial tor-
sion element in G. In particular, such w are not identities in G. Since G and
G{TorsionpGq generate the same variety, none of these words is an iden-
tity in G{TorsionpGq. Since G{TorsionpGq is a torsion-free nilpotent group,
Lemma 4.4 implies that W pRq is discriminated by an N -element generating
set of G{TorsionpGq, which we denote by S1R. Let SR denote a preimage
in G of S1R. Since the abelianization of G is torsion-free, it is isomorphic
(under the natural quotient map) to the abelianization of G{TorsionpGq.
Therefore, SR generates the abelianization of G, so generates G.

Let pH,T q be an accumulation point of the sequence pG,SRq in the
space G of marked groups. Observe that H is torsion-free. Indeed, by
Lemma 2.7(3) the torsion of H imbeds in that of G; and if a is a tor-
sion element of G, then for all R large enough there are words w P W pRq

that assume the value a. By construction of SR, the value a is not taken
by a word of length ď R in SR, so a does not have a limit in H. �

Proposition 4.6. — Let G be a k-generated nilpotent group, and as-
sume that G and G{TorsionpGq generate the same variety, V.
Then, for every N ą k, the group G preforms VN .
Consequently, the connected component of G for the relation ă

ù has
diameter 2.

Proof. — By Lemma 4.5, we may assume that G is torsion-free nilpo-
tent. By Lemma 4.4, the group G is discriminating on N generators. By
Lemma 4.1, the group G preforms VN . �
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Remark 4.7. — The assumption that G is torsion-free is essential for the
first claim of the proposition above. Consider indeed the variety of nilpotent
groups of nilpotent class 2 in which every commutator is of order p. This
variety is generated, e.g., by the group N2,2,p from Example 3.13. However,
there does not even exist any group preformed by G and containing V3 as
a subgroup, because the torsion in V3 is larger than the torsion in N2,2,p.

Remark 4.8. — Let V be a nilpotent variety. Then, if Vm
ă
ù Vn, then

m ď n.

Proof. — Since Vn is finitely presented, Vm is a quotient of Vn. The
abelianization of Vn is n-generated, so the abelianization of any quotient
of Vn is also n-generated, so m ď n. �

Proposition 4.6 has the following

Corollary 4.9. — Consider a nilpotent variety V generated by a group
G such that G{TorsionpGq also generates V. Let c be the nilpotency class
of G.
For m,n ą c, we have Vm

ă
ù Vn if and only if m ď n.

Proof. — It is known from [47, Thm 35.11] that Vm generates V as soon
as m ě c. �

Remark 4.10. — Consider a nilpotent variety V generated by a torsion-
free nilpotent group. For small m,n the free groups Vm and Vn need not
belong to the same component. For example, if V the variety of nilpotent
groups of class 5 then V2 does not generate V, since it is metabelian but
V3 is not. See [47, 35.33] for details.

4.2. When generators of a variety lie in different components

We will see that if G and G{TorsionpGq lie in different varieties then the
variety of G contains infinitely many connected components under ă

ù.

Lemma 4.11. — Let G be a nilpotent group such that the varieties
generated by G and G{TorsionpGq are different. There exists a variety V
such that the verbal subgroup VpGq is non-trivial and finite.

Proof. — First recall that torsion elements of a nilpotent group G form a
finite subgroup of G. Since G and G{TorsionpGq generate different varieties,
there exists an identity w of G{TorsionpGq that is not an identity in G. Set
V “ twu; then VpGq is non-trivial and is contained in the torsion of G,
hence finite. �
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Corollary 4.12. — LetG be a nilpotent group and let V be the variety
that it generates. The connected component of G coincides with the set of
groups generating V if and only if G{TorsionpGq generates V. If this is
not the case, the set of groups generating V consists of infinitely many
connected components for the relation ă

ù.

Proof. — If G{TorsionpGq generates V, the corollary follows from Propo-
sition 4.6. Assume now that G{TorsionpGq does not generate V. Then by
Lemma 4.11 there exists a variety W such that the verbal subgroup WpGq

is non-trivial and finite. Observe that a verbal subgroup of a direct product
is the product of its verbal subgroups. Therefore, for all n P N, the verbal
subgroups Wp

Ś

nGq are non-isomorphic. By Lemma 2.26, all the groups
Ś

nG lie in distinct connected components. However, they all generate
V. �

4.3. Examples and illustrations

In the variety of abelian groups, the following is true: if G is a quotient
of H and the torsion of H imbeds in the torsion of G under the quotient
map, then G ă

ù H. This is not true anymore among nilpotent groups.

Example 4.13. — Consider the groups G “ N2,2 and H “ N2,2 ˆN2,2,
see Example 3.13. Then both G and H are torsion-free, and G is a quotient
of H. However, G doesn’t preform H.

Proof. — Consider the following universal statement:

@a, b, c, zppra, bs “ 1^ ra, cs “ 1^ rb, cs ‰ 1q ñ ra, zs “ 1q.

It states that if a commutes with two non-commuting elements b and c,
then a is central.
This property does not hold in H: take a, z the generators of the first

N2,2 and b, c the generators of the second one.
On the other hand, in N2,2, this property holds. Indeed if ra, bs “ 1 then

the image of ta, bu in N2,2{ZpN2,2q – Z2 lies in a cyclic subgroup; Similarly
the image of ta, cu lies in a cyclic subgroup; so either a is central or the
image of tb, cu lies in a cyclic subgroup. �

Example 4.14. — As soon as the nilpotency class is allowed to grow
beyond 4, there exist nilpotent varieties whose free groups are not virtually
free nilpotent. For example, consider the group G “ F3{xF23, γ5pF3qy. This
group is nilpotent of class 4, and is an iterated central extension of 29
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copies of Z. The 3-generated free nilpotent groups of class 3 and 4 have
respectively 14 and 32 cyclic factors, so G is not commensurable to either.
This is easily seen in the (Malcev) Lie algebra associated with these groups.

Lemma 4.15. — Let G be a non-virtually abelian nilpotent group. Then
the connected component of G is not isomorphic, as partially ordered set,
to the component of abelian groups.

Proof. — In the component of abelian groups, the following holds: for
any A there exists B with A ă

ù B and such that the set of groups that are
preformed by B is linearly ordered. We claim that the connected component
of G does not have this property.
More precisely, for any non-virtually abelian nilpotent G, we construct

incomparable groups H1, H2 that are both preformed by G.
SinceG is not virtually abelian, rG,Gs is infinite. Then bothG and rG,Gs

have infinite abelianization, so that G maps onto N2,2, the free nilpotent
group of class 2 on 2 generators. Since N2,2

ă
ù N2,k for all k ě 2, there

exists by Lemma 2.19 a group H1 such that γ2pH1q{γ3pH1q has arbitrarily
large rank, in particular rank larger than that of γ2pGq{γ3pGq. Set then
H2 “ G ˆ Zd for d larger than the rank of H1{γ2pH1q. Then H1 is not a
quotient of H2, because γ2pH1q{γ3pH1q is not a quotient of γ2pH2q{γ3pH2q;
and H2 is not a quotient of H1, because H2{γ2pH2q is not a quotient of
H2{γ2pH2q. �

5. Imbeddability of orders. Solvable groups

We characterize the preorders (transitive, reflexive relations) that can be
imbedded in the preorder of groups up to isomorphism, under the relation
ă
ù. We show in this manner that ă

ù has a rich structure, even when
restricted to solvable groups of class 3.
In this section, we view ă

ù as a preorder on G , defined by pG,Sq ă
ù

pH,T q if and only if G ă
ù H. For X a set, we denote by PpXq the family

of subsets of X.

Proposition 5.1. — Let B be a countably infinite set, and let X have
the cardinality of the continuum. Put on PpBq ˆX the preorder

pX, cq À pY, c1q if and only if X Ě Y.

Then the preorders pG , ă
ùq and pPpBq ˆX ,Àq imbed into each other.
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We note that pPpBqˆX ,Àq is the relation obtained by the partial order
on subsets of B by inclusion; its equivalence classes (strongly connected
components) have the cardinality of the continuum. We also remark that
pPpBq,Ďq is isomorphic to pPpBq,Ěq, via the map X ÞÑ BzX.

Corollary 5.2. — A preorder imbeds in pG {–, ă
ùq if and only if

it imbeds in pPpBq ˆ X ,Àq. In particular, a partial order imbeds in
pG {–,

ă
ùq if and only if it is realizable by subsets of a countable set under

inclusion.

Proof. — Proposition 5.1 yields imbeddings between G and PpBq ˆX .
We therefore have an imbedding of G {– into PpBq ˆX .
Conversely, isomorphism classes of groups in G are countable, because

there are countably many homomorphisms between finitely generated
groups. On the other hand, equivalence classes in PpBq ˆX are uncount-
able; so there exists an imbedding PpBq ˆK Ñ PpBq ˆX , which is the
identity on its first argument, and such that its image imbeds in G {–. �

Proof of Proposition 5.1, ãÑ. — Consider first the space G of marked
groups. For every k,R P N, there are finitely many possibilities for the
marked graphs Bp1, Rq of degree ď k that may appear in the Cayley graphs
of these groups; letting k,R range over N, we obtain a countable collection
B of finite graphs. Now to each pG,S1q P G we associate the subset OG of
B consisting of all marked balls that may appear in Cayley graphs C pG,Sq,
as we let S range over generating sets of G. Clearly, G ă

ù H if and only if
OH Ď OG.
We deduce that pG , ă

ùq imbeds in pPpBq,Ďq. We can make this map
injective by taking X “ PpFq, and mapping pG,Sq to pOG, kerpF � Gqq,
for the natural map F � G presenting G. �

To construct the imbedding in the other direction, we begin by a general
construction. Let P be a group. Consider first the free nilpotent group N2,P
of class 2 on a generating set indexed by P . Denote its generators by ap
for p P P , and for p, q P P write cp,q :“ rap, aqs. Written additively, we
have cp,p “ 0, and cp,q “ ´cq,p for all p, q P P . Define then N2,P as the
quotient of N2,P by the relations cp,q “ cpr,qr for all p, q, r P P . Finally
let HpP q be the semidirect product P ˙N2,P , for the action ap ¨ q :“ apq.
The centre of HpP q is generated by the images of the cp,q. Let P` Ď P zt1u
contain precisely one element out of each pair tp, p´1u; then tc1,pu freely
generates the centre of HpP q. If S be a generating set for P , then SYta1u

generates HpP q.
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The case P “ Z is considered by Hall in [35, §3]; he introduced this
group in order to construct 2ℵ0 non-isomorphic solvable finitely generated
groups (of solvability length 3).
In this proof, we take P “ Z2, and for convenience pZ2q` “ tpm,nq P

Z2 : m ą 0 or m “ 0 ă nu. We abbreviate HpZ2q as H, generated by
tx, y, au with tx, yu the standard generators of Z2 and a “ ap0,0q.

A prime colouring is a function φ : pZ2q` Ñ t1u Y tprimesu; it extends
to a function still written φ : Z2 Ñ Z by φp´zq “ ´φpzq and φp0q “ 0.
Given a prime colouring φ, we define the standard quotient Hφ of H as the
quotient of H by all the relations cφpzq1,z “ 1, as z ranges over pZ2q`. Clearly,

Lemma 5.3. — A standard central quotient Hφ contains an element of
order p if any only if there exists z P pZ2q` such that φpzq “ p.
If Hφ

ă
ù Hψ, then the set of primes in ψpZq is contained in the set of

primes in φpZq. �

Let I be a set of primes. A prime colouring φ is I-universal if its values lie
in I and it contains every finite I-colouring, in the following sense: for every
R P N and every function θ : t´R, . . . , Ru2 X pZ2q` Ñ I Y t1u, there exists
M P SL2pZq such that θpzq “ φpMpzqq for all z P t´R, . . . , Ru2 X pZ2q`.

Lemma 5.4. — For every set I of primes of cardinality ě 2, there exist
a continuum of I-universal colourings.

Proof. — One enumerates all finite I-colourings, and constructs φ step
by step. At each step, only finitely many values of φ have been specified,
say within the box t´S, . . . , Su2, and we want to extend φ using the partial
colouring θ : t´R, . . . , Ru2XpZ2q` Ñ IYt1u. A large enough M P SL2pZq
can be found such that Mpt´R, . . . , Ru2q X t´S, . . . , Su2 “ tp0, 0qu, for
example M “ p

pS`1qpS`R`1q`1 S`1
S`R`1 1 q. Extend φ by setting φpMpzqq “ θpzq

for all z P t´R, . . . , Ru2XpZ2q`. Once this is done for all R P N, set finally
φpzq “ 1 at unspecified values in pZ2q`.
To obtain a continuum of different I-universal colourings, note that

countably many matrices M0,M1, . . . were used in the construction, and
the only condition was that they had to be sufficiently far away from the
identity. Fix a finite-index subgroup Γ Ă SL2pZq. Then, given a subset
C Ď N, one may choose the matrices Mi as above, and additionally such
that Mi P Γ ô i P C. This encodes C into the constructed colouring. �

Proof of Proposition 5.1, Ðâ. — We are ready to imbed PpBqˆX into
G . Without loss of generality, we may assume that B is the set of primes
ě 10.
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Given X Ď B, consider I “ t2, 3u Y X. By Lemma 5.4, there exist
continuously many I-universal prime colourings φI,C , parameterized by
C Ď N. Let HX,C be the central quotient HφXYt2,3u,C

, and note that the
pHX,C , tx, y, auq are distinct points of G for distinct pX,Cq. We have there-
fore defined an imbedding PpBq ˆ PpNq Ñ G .

On the one hand, if HX,C
ă
ù HY,C1 , then X Ě Y by Lemma 5.3. On

the other hand, if X Ě Y Ď B and C,C 1 Ď N, then consider the prime
colourings φ, ψ with HX,C “ Hφ and HY,C1 “ Hψ, and choose T “ tx, y, au
as generating set of Hψ. Consider an arbitrary R P N. Then the restriction
of ψ to t´R, . . . , Ru2 is a finite pt2, 3u Y Y q-colouring, and therefore a
finite pt2, 3u Y Xq-colouring; so there exists M “ p

α β
γ δ q P SL2pZq such

that ψ and φ ˝ M agree on t´R, . . . , Ru2. Consider the generating set
S “ txαyβ , xγyδ, au of Hφ; then the Cayley graphs C pHψ, T q and C pHφ, Sq

agree on a ball of radius R. �

Remark 5.5. — By Lemma 2.7(3), if A ă
ù B and F is a finite subgroup

of B, then F imbeds in A. In general, if F is a torsion subgroup of B, this
need not be true. There exist finitely generated solvable groups A ă

ù B,
such that B contains the divisible group Q{Z, while A does not contain
any divisible elements.

Proof of remark. — We modify the proof of Proposition 5.1. Before,
we enumerated finite I-colourings θ : t´R, . . . , Ru2 X pZ2q` Ñ I Y t1u and
imposed the relations cθpzq1,Mpzq “ 1, for appropriate M P SL2pZq. Now, we
enumerate pZ2q` as tp1, p2, . . .u, and we impose relations on H step-by-
step. At each step, only finitely many of the c1,z will have been affected by
the relations; we call the corresponding z P Z2 bound.

For each N “ 1, 2, . . . , we find M P SL2pZq such that Mptp1, . . . , pNuq

is disjoint from all bound z P Z2. We impose the relations c1,Mpp1q “ 1 and
ci1,Mppiq

“ c1,Mppi´1q for all i “ 2, . . . , N . Finally, we set c1,z “ 1 for all
unbound z P Z2.
We call the resulting central quotient G, and note that it is solvable, and

that its torsion is the subgroup generated by the c1,z; this group is a direct
sum of cyclic groups, and in particular is not divisible.
On the other hand, let pH,T q be the limit of pG,SM q in the space G

of marked groups, along the generating sets SM “ txαyβ , xγyδ, au corre-
sponding to the matrices M “ p

α β
γ δ q P SL2pZq used in the construction of

G. Then H contains a copy of Q{Z, with the limit of c1,Mppiq playing the
role of 1{i!. �
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6. The connected component of free groups

We concentrate, in this section, on those groups that either preform
or are preformed by free groups. Both of these classes have already been
thoroughly investigated; the first are known as “limit groups”, and the
second as “groups without almost-identities”.

6.1. Limit groups

Groups that are preformed by free groups are known as “limit groups”.
This section reviews some known facts about them; we refer to the recent
expositions [15, 50, 42].

Benjamin Baumslag considers ω-residually free groups in [11]. They are
groups G such that for all n and all distinct g1, . . . , gn P G there exists a
homomorphism π : G � F to a free group such that all πpg1q, . . . , πpgnq

are distinct. Baumslag proves in particular that G is ω-residually free if
and only if it is both residually free and commutative-transitive (see Equa-
tion 2.1).
Remeslennikov proves in [54] that the following are equivalent for a resid-

ually free group: it is ω-residually free; it is universally free (namely has
the same universal theory as a free group); it is commutative transitive (see
Equation 2.1). All three statements are characterizations of non-abelian
limit groups. The terminology was introduced by Sela, referring to limits
of epimorphisms onto free groups.
Champetier and Guirardel show in [21] that G is a limit group if and

only if it is a limit of subgroups of free groups. In other words, G is a
non-abelian limit group if and only if F2

ă
ù G.

Kharlampovich-Myasnikov [40, 41] and Sela [56] prove that limit groups
are finitely presented.

6.2. Groups groups with no almost-identities

Groups that preform free groups will be shown to be “groups with no
almost-identities”. We write G ă

ù F if there exists k P N such that G ă
ù

Fk; equivalently, G
ă
ù Fk for all k large enough.

We begin by some elementary observations and examples. We include
the proofs for convenience of the reader.
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Lemma 6.1 (See [55] and [21, Example 2.4(d)]). — We have Fm
ă
ù Fn

if and only if m ď n.
More precisely, let tx1, . . . , xmu be a basis of Fm and let SR be, for all

R P N, a set of n ´m words of length at least 2R satisfying the C 1p1{6q
small cancellation condition. Then pFm, tx1, . . . , xmu Y SRq converges to
pFn,basisq in G .

Proof. — Consider m ď n. Let S “ tx1, . . . , xmu be a basis of Fm.
Given R ą 0, consider a set SR :“ tw1, . . . , wn´mu such that each word
wi has length larger than 2R, and tw1, . . . , wn´mu satisfies the C 1p1{6q
small cancellation condition. The presentation xx1, . . . , xm, y1, . . . , yn´m |

y1w1, . . . , yn´mwn´my then defines the free group Fm, and also satisfies
the C 1p1{6q small cancellation condition. By Greendlinger’s Lemma [27],
the shortest relation in it has length larger than 2R, so the ball of radius
R in C pFm, tx1, . . . , xmu Y SRq coincides with that in Fn.

Conversely, if Fm
ă
ù Fn then Fm is a quotient of Fn, by Lemma 2.4, so

m ď n. �

Lemma 6.2 (See [55, Lemma 5.1]). — If G be an s-generated group
which admits Fm as a quotient, for some m ě 2, then G preforms a free
group on m` s elements.

Proof. — Let tg1, . . . , gsu generate G, and let g11, . . . , g1s be the projec-
tions of the gi to Fm. Let also h1, . . . , hm P G project to a basis x1, . . . , xm
of Fm. Let N be the maximal length of a g1i in the basis tx1, . . . , xmu.
For each R ą 0, consider words w1, . . . , ws in tx1, . . . , xmu of length at

leastR and satisfying the small cancellation condition C 1p1{6q. Consider the
generating set SR “ th1, . . . , hm, g1w1ph1, . . . , hmq, . . . , gswsph1, . . . , hmqu

of G of cardinalitym`s. Its projection to Fm is tx1, . . . ,xm,g
1
1w1, . . . ,g

1
swsu.

These elements may be rewritten as words of length at most N ` 1 in
tx1, . . . , xm, w1, . . . , wsu. Therefore, by Lemma 6.1, no relation of length
ď R{pN ` 1q holds among these elements. �

Example 6.3. — For every group A and everym ě 2 we have AˆFm
ă
ù

F, A ˚ Fm
ă
ù F and A o Fm

ă
ù F.

In particular, there exists a continuum of non-isomorphic groups that
preform free groups.

Remark 6.4. — If A preforms a non-abelian free group and A is a quo-
tient of B then B preforms a non-abelian free group.

Proof. — By Lemma 2.19 we know that B preforms some group C that
admits a non-abelian free group as a quotient. By Lemma 6.2 we know that
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C preforms a non-abelian free group. Therefore, B preforms a non-abelian
free group. �

By Lemma 2.7(1), if G satisfies an identity then G doesn’t preform a
free group. However, this does not characterize groups that preform free
groups.

Lemma 6.5. — Given words w1, . . . , w` P Fn, there exists a word w P Fn
such that, for every group G, the identity w is satisfied in G as soon as at
least one identity wi is satisfied.

Proof. — Construct words v1, . . . , v` P Fn inductively as follows: v1 :“
w1; and for i ě 2, if vi´1 and wi have a common power vai´1 “ wbi “ z then
vi :“ z, while otherwise vi :“ rvi´1, wis.
Observe that v` is non-trivial, and v`pg, hq “ 1 if wipg, hq “ 1 for some

i P t1, . . . , `u. Therefore w “ v` is the required identity. �

Corollary 6.6. — A group satisfies no identity if and only if it pre-
forms a group containing a non-abelian free subgroup.

Proof. — If a group G satisfies an identity, than so does any group that
is preformed by it; so no group which is preformed by G may have a non-
abelian free subgroup.
Conversely, consider a group G which satisfies no identity. Let the set

S generate G. For every R ą 0, apply the previous lemma to the set
tw1, . . . , w`u of non-trivial words of length at most R in F2. Let w be the
resulting identity. Since it does not hold in G, there are gR, hR be such
that wpgR, hRq ‰ 1, so vpgR, hRq ‰ 1 for every word v of length at most
R. Consider the generating set SR “ S YtgR, hRu of G. Take a converging
subsequence, in G , of the marked groups C pG,SRq, and let C pH,T q be
its limit. Then the last two elements of T generate a free subgroup F2 of
H. �

Akhmedov [3] and Olshansky and Sapir [48] give the following definition.
Let G be a k-generated group. A non-trivial word wpx1, . . . , xkq is a k-
almost-identity for G if wpg1, . . . , gkq “ 1 for all g1, . . . , gk P G such that
tg1, . . . , gku generates G. The group G satisfies an almost-identity if for all
k P N there exists a k-almost-identity satisfied by G.

Corollary 6.7 (Olshansky & Sapir, [48, Thm 9]). — A group preforms
a free group if and only if it satisfies no almost-identity. More precisely,
G

ă
ù Fk if and only if G is k-generated and satisfies no k-almost-identity.

Proof. — If G satisfies a k-almost-identity and G ă
ù H, then H satisfies

the same almost-identity; therefore H cannot be free.
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Conversely, consider a k-generated group G which satisfies no k-almost-
identity. For every R ą 0, apply the previous lemma to the set tw1, . . . , w`u

of non-trivial words of length at most R in Fk. Let w be the resulting
word. Since it is not a almost-identity satisfied by G, there exists a gener-
ating set SR :“ tgR,1, . . . , gR,ku of G such that wpgR,1, . . . , gR,kq ‰ 1, so
vpgR,1, . . . , gR,kq ‰ 1 for every word v of length at most R. Take a converg-
ing subsequence, in G , of the marked groups C pG,SRq, and let C pH,T q be
its limit. Then H is a free group of rank k. �

Following an idea sketched by Schleimer in [55, §4], Olshansky and Sapir
show in [48] that there are groups with almost-identities but without iden-
tities; see also [3, §4].

Example 6.8 (Schleimer, Olshansky & Sapir). — There exist groups
without identities, but with almost-identities. For all n large enough, such
an example is the group F2{xw

n : w R Fn2 rF2,F2sy.

It is known that the following groups preform F:
(1) Non-elementary hyperbolic groups (see Akhmedov [4], with a refine-

ment in by Olshansky and Sapir [48] on the number of generators
of the free group); furthermore, [48, Remark 5] states, using results
of Osin, that “strongly relatively hyperbolic groups” have infinite
girth;

(2) linear groups [4];
(3) one-relator groups [4];
(4) Thompson’s group F (Brin shows in [17] that it preforms F2, and

Akhmedov, Stein and Taback give a slightly worse estimate in [5]).
Akhmedov also shows that there exist amenable groups that preform F.

We show later in this section that there are groups of intermediate growth
(e.g. the first Grigorchuk group) that preform free groups.

Remark 6.9. — Any order satisfying the assumption of Corollary 5.2 is
imbeddable in the set of groups that preform F.

Proof. — If G preforms H, then Lemma 2.14(1) implies that G ˆ Fm
preforms H ˆ Fm. Observe, by considering the torsion subgroups, that the
converse is true for the groups used in the proof of Proposition 5.1. �

6.3. A criterion à la Abért for having no almost-identity

We start by recalling a general result by Abért [1, Thm 1.1]. Consider
a group G acting by permutations on a set X. Say that G separates X if,
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for every finite Y Ď X, the fixed point set of the fixator GY of Y is equal
to Y . It follows that GY has infinite orbits on XzY : if xGY Ă XzY were a
finite orbit, then the fixator of Y YxGY ztxu would also fix x. Abért proves
that if G separates X then G satisfies no identity.

In the theorem below we strengthen the assumption of Abért’s theo-
rem in order to get a criterion for absence of almost-identities, not only
identities. Recall that the Frattini subgroup ΦpGq of a group G is the in-
tersection of its maximal subgroups. It is the maximal subgroup of G such
that S generates G if and only if SΦpGq generates G{ΦpGq. Equivalently,
if ts1, . . . , sku generates G, then ts1g1, . . . , skgku also generates G, for ar-
bitrary g1, . . . , gk P ΦpGq.

Theorem 6.10. — Let G separate the set X on which it acts on the
right, and assume that ΦpGq has finite index in G. Then G satisfies no
almost-identity.

Proof. — We follow [1, Thm 1.1]. Let k be large enough that G can
be k-generated, and let w “ wpx1, . . . , xkq “ v1 . . . v` be a non-trivial
reduced word in Fk. Write wn “ v1 . . . vn for all n P t0, . . . , `u. Fix a point
p0 P X. A tuple pg1, . . . , gkq P Gk is called distinctive for w if all the
points pn “ p0wnpg1, . . . , gkq, for n “ 0, . . . , `, are distinct. This implies in
particular p` ‰ p0, so wpg1, . . . , gkq ‰ 1.
We prove by induction on n “ 0, . . . , ` that there exists a distinctive

tuple pg1, . . . , gkq for wn such that tg1, . . . , gku generates G. The case n “ 0
follows from the fact that G can be k-generated; we choose any generating
sequence pg1, . . . , gkq.
By induction, we may assume that p0, . . . , pn´1 are all distinct. Put

Y “ tpi : vi`1 “ vn for i ď n´ 1, or vi “ v´1
n u.

If vn “ xj , then we modify gj into hj :“ cgj for some c P ΦpGq X GY to
be chosen later, while if vn “ x´1

j then we modify gj into hj :“ gjc. In all
cases, we leave the other gi unchanged, and write hi :“ gi for all i ‰ j.
Clearly ph1, . . . , hkq still generates G.

For i “ 1, . . . , n´1, we have pi “ pi´1vipg1, . . . , gkq “ pi´1viph1, . . . , hkq

since c P GY . From vn´1 ‰ v´1
n we get pn´1 R Y , so the GY -orbit of

pn´1 is infinite because the action is separating, and its pGY XΦpGqq-orbit
is infinite too because ΦpGq has finite index. Therefore, we may choose
c P GY X ΦpGq such that

pn´1c R tpivnpg1, . . . , gkq : i “ 1, . . . , n´ 1u,
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from which pn “ pn´1vnph1, . . . , hkq R tx0, . . . , xn´1u and ph1, . . . , hkq is
distinctive for wn. �

6.4. The first Grigorchuk group

We now show that the first Grigorchuk group G012 satisfies no almost-
identity, and therefore preforms a non-abelian free group. We begin by
recalling G012’s construction.
Consider the following recursively defined transformations a, b, c, d of

t0, 1u8: for ω P t0, 1u8,

p0ωqa “ 1ω p1ωqa “ 0ω,
p0ωqb “ 0pωaq p1ωqb “ 1pωcq,
p0ωqc “ 0pωaq p1ωqc “ 1pωdq,
p0ωqd “ 0ω p1ωqd “ 1pωbq.

This action is continuous and measure-preserving; it permutes the clopens
tvt0, 1u8 : v P t0, 1u˚u, preserving the length of v. We call such actions
arborical. The first Grigorchuk group G012 is xa, b, c, dy; see [29, 6] for its
origins, and [37, Chapter VIII] for a more recent introduction.
Recall that a group G acting arborically with dense orbits on a Cantor

set Σ8 is weakly branched if, for every finite word v P Σ˚, there exists g P G
which acts non-trivially in the clopen vΣ8 Ď Σ8 but fixes its complement.
It is known that G012 is weakly branched.

Lemma 6.11. — If G is weakly branched, then it separates Σ8.

Proof. — Consider a finite subset Y Ă Σ8, and ω P Σ8zY . Let v P Σ˚
be a prefix of ω that is not a prefix of any element of Y . Let H denote the
stabilizer vΣ8, and let K ŸH be the set of g P G that fix Σ8zvΣ8.

Since G has dense orbits on Σ8, its subgroup H has dense orbits on vΣ8.
Assume for contradiction that K fixes ω; then, since K is normal in H, it
fixes ωH which is dense in vΣ8, so K “ 1, contradicting the hypothesis
that G is weakly branched. �

Corollary 6.12. — The first Grigorchuk group G012 preforms F3. In
particular, G012 has infinite girth.

Note that this gives a negative answer to a question of Schleimer, who
conjectures in [55, Conjecture 6.2] that all groups with infinite girth have
exponential growth.
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Proof. — Lemma 6.11 shows that G012 separates t0, 1u8. Pervova proves
in [51] that all maximal subgroups of G012 have index 2; so the Frattini
subgroup of G012 satisfies ΦpG012q “ rG012, G012s. Theorem 6.10 then
shows that G012 satisfies no almost-identity, so G012

ă
ù F3 since G012

is 3-generated. �

Note that Pervova proves, in [52], that a large class of 2-generated groups,
called “GGS groups”, satisfy the same condition that all of their maxi-
mal subgroups are normal, and hence contain the derived subgroup. Every
weakly branched GGS group preforms F2, following the same argument as
in 6.12; and most GGS groups are weakly branched, those that are not
constituting a few, well-understood exceptions.

6.5. Permutational wreath products

We return to wreath products, and consider a more general situation.
Let A be a group, and let G be a group acting on a set X. Recall that the
permutational wreath product is the group

A oX G “ tf : X Ñ A finitely supportedu ¸G,

with the standard action at the source of G on functions X Ñ A. The
standard wreath product A oG is then the wreath product in which X “ G

carries the regular G-action.
We extend the notion of Cayley graph to sets with a group action (they

are sometimes called Schreier graphs). If G “ xT y, we denote by C pX,Uq

the graph with vertex set X and an edge from x to xt for all x P X, t P T .

Lemma 6.13. — Let A “ xa1, . . . , aky be an arbitrary group, and let
G “ xT y be a group acting transitively on an infinite set X. Fix a point
x1 P X, and assume that, for all R P N, there exist x2, . . . , xk P X, at
distance ą R from each other and from x1 in C pX,T q, such that the
balls of radius R around x1 and xi are isomorphic for all i “ 2, . . . , k. Let
e1, . . . , ek denote the orders of a1, . . . , ak respectively. Then

A oX G
ă
ù pCe1 ˆ ¨ ¨ ¨ ˆ Cek

q oX G.

Proof. — We adapt the argument in Example 2.17. As generating set of
pCe1ˆ¨ ¨ ¨ˆCek

q oXG, we consider tb1, . . . , bku\T , in which bi corresponds
to the generator of Cei supported at x0 P X.

For arbitrary R P N, choose x1, . . . , xk P X as in the Lemma’s hypothe-
ses, and consider the following generating set ts1, . . . , sku \ T of A oX G:
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the generator si corresponds to the generator ai of the copy of A supported
at xi.

Both
ś

Cei oXG and A oXG are quotients of p˚i Ceiq˚G; for the former,
the additional relations are rbi, gs for all i P t1, . . . , ku and g P Gx0 , and
rbgi , bjs for all i, j P t1, . . . , ku and g P G.
For the latter, the additional relations are rsi, gs for all i P t1, . . . , ku

and g P Gxi
, and rsgi , sjs for all i, j P t1, . . . , ku and g P G with xig ‰ xj ,

and wpsg1
1 , . . . , s

gk

k q for every relation wpa1, . . . , akq “ 1 in A and every
g1, . . . , gk P G such that xigi “ xjgj for all i, j.
Our conditions imply that these two sets of relations agree on a ball of

radius R. �

Our main example is as follows. Let X be the orbit of 08 under G012.

Corollary 6.14. — For every finitely generated group G, there exists
an abelian group B such that G oX G012

ă
ù B oX G012.

Proof. — Let ta1, . . . , aku, of respective orders e1, . . . , ek, generate G.
Define B “ Ce1 ˆ ¨ ¨ ¨ ˆ Cek

. Choose x1 “ 08, and for R P N choose
distinct words v2, . . . , vk P t0, 1u˚ of length 2tlog2 Ru. Set xi “ vi08 for
i “ 2, . . . , k. Since the action of G012 is contracting, the R-balls around the
xi are isomorphic. The conclusion follows from Lemma 6.13. �

6.6. A necessary and sufficient condition for standard wreath
products

Proposition 6.15. — Consider a wreath product W “ G o H with H
infinite. Then G oH ă

ù F if and only if one of the following holds:
(1) G does not satisfy any identity;
(2) H does not satisfy any almost-identity.

We split the proof in a sequence of lemmas. The following generalizes
the construction in [4, Lemma 2.3] and the main result of that paper:

Lemma 6.16. — Let G be a k-generated group that satisfies no identity,
and let H be an infinite group. Then G oH preforms Fk`1 ˚H, and hence
preforms F in view of Lemma 6.2.

Proof. — Fix generating sets S “ tg1, . . . , gku of G and T of H; we then
identify gi with the function H Ñ G supported at t1u Ă H at taking value
gi at 1.
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By Lemma 6.6 and Lemma 2.14(4) it is sufficient to consider the case in
which G contains a non-abelian free subgroup. Given R ą 0, we construct
the following generating set of GoH. Let B denote the ball of radius pk`1qR
in H. Since G contains a free subgroup, it also contains a free subgroup FB
of rank #B. Let w be a function GÑ H, supported at B, whose image is a
basis of FB . Choose also h P HzB, and h1, . . . , hk P H such that }hi} “ Ri

for all i “ 1, . . . , k. Consider then the set

U “ tw,wh1gh1 , . . . , w
hkghku Y T.

It is clear that U generates G o H. Consider a word u of length ď R in
U˘1. Assume that it contains no relation in H (that would come from the
T letters). If u is non-trivial, then it contains at least one term whighi .
Concentrating on what happens in B, we see generators of FB that cannot
cancel, because to do so they would have to come from a term pwhighi q

´1,
which would imply that u was not reduced, or from a term pwhjghj q

´1 via
conjugation by a word of length at least R in T .
Therefore, the relations of length ď R that appear in C pG oH,Uq are

precisely those of C pH,T q. �

Lemma 6.17. — If H satisfies no almost-identity, then G o H preforms
a non-abelian free group.

Proof. — Let H be k-generated. Since H does not satisfy any k-almost-
identity, it preforms Fk by Corollary 6.7. By Lemma 2.14(4), we get G o
H

ă
ù G o Fk. Then G o Fk admits Fk as a quotient, hence by Lemma 6.2

preforms a non-abelian free group. �

If two groups satisfy an identity, then so does their wreath product. An
analogous statement is valid for almost-identities:

Lemma 6.18. — Suppose that the group G satisfies an identity, and
that for all k P N there is a k-almost-identity in H. Then for all k P N the
wreath product G oH satisfies a k-almost-identity.

Proof. — Let k P N be given, let vpx1, . . . , xmq be an identity for G,
and let wpx1, . . . , xkq be an almost-identity for H on generating sets of
cardinality k.
Let ts1, . . . , sku be a generating set for G oH. Its projection to H then is

a generating set for H, so wps1, . . . , skq belongs to the base GH of G o H.
For a1, . . . , am P Fk to be determined later, let us consider the word

upx1, . . . , xkq “ vpwpx1, . . . , xkq
a1 , . . . , wpx1, . . . , xkq

amq.

We clearly have ups1, . . . , skq “ 1, so u is an almost-identity in G oH. We
only have to choose the ai P Z in such a way that u is not the trivial word.
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Since w is a non-trivial word, there exists a P Fk such that xw, ay is a
free group of rank 2. Observe that twan : n P Nu freely generates a free
subgroup E of Fk. Select then ai “ ai. Then, since v is a non-trivial word,
vpwa1 , . . . , wamq is a non-trivial element of E and therefore of Fk. �

Example 6.19 (A solvable group in the component of free groups). —
Consider A “ F2 o Z and B “ Z2 o Z. Then B is solvable of class 2. By
Lemma 6.13, the group A preforms B. Since F2 satisfies no identity and
since Z is infinite, Lemma 6.16 implies that A preforms a free group.

In summary, A preforms a solvable group, and also preforms a non-
abelian free group.

Example 6.20 (A group of bounded torsion in the component of free
groups). — Let p ě 3 be such that there exist infinite finitely generated
groups of p-exponent (any sufficiently large prime p has such property,
see [2]). Let H be an infinite s-generated group of exponent p. Set A “

p˚s Z{pZq oH and B “ pZ{pZqs oH. By Lemma 6.13, the group A preforms
B.
Observe that ˚s Z{pZ contains a non-abelian free subgroup and therefore

satisfies no identity. SinceH is infinite, Lemma 6.16 implies that A preforms
a free group. Clearly B is a torsion group of exponent p2.

6.7. Distance between finitely generated groups

Given two finitely generated groupsA andB, let us denote by dist ă
ù
pA,Bq

the distance between A and B in the (oriented) graph corresponding to
the ‘ ă

ù’ preorder. It is the minimal length ` of a chain of groups A “

A0, A1, . . . , A` “ B such that either Ai´1
ă
ù Ai or Ai

ă
ù Ai´1 for all

i “ 1, . . . , `. We also write dist ă
ù
pA,Bq “ 8 if A and B are in distinct

connected components.
If A is a torsion-free nilpotent group, then we have seen in Proposition 4.6

that the diameter of the connected component that contains A is equal to
two.
Examples 6.19 and 6.20 exhibit solvable groups and groups of bounded

exponent at distance 2 from some non-abelian free group.
In contrast to the nilpotent case, the diameter of the connected compo-

nent that contains non-abelian free groups is at least 3:

Remark 6.21. — If A is a finitely presented group satisfying an identity
(for example, a finitely presented solvable group), then dist ă

ù
pA,Fmq ě 3
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for all m ě 2. Indeed, any group that is preformed by A satisfies the same
identity. Any group that preforms A is a quotient of A (since A is finitely
presented) and hence also satisfies the same identity. This implies that all
groups that are preformed by or preform A are at distance at least 2 from
non-abelian free groups. Therefore, the distance from A to free groups is
at least 3.

Before we discuss in more detail some groups from Remark 6.21, we need
the following

Example 6.22. — Consider p ě 2, and let

BSp1, pq “ xa, t | t´1at “ apy

be a solvable Baumslag-Solitar group. Then BSp1, pq preforms Z o Z2.

Proof. — We write A “ BSp1, pq. Fix sequences pmRq, pnRq in N such
that mR, nR are relatively prime, mR Ñ 8, nR Ñ 8 and nR{mR Ñ 8.
For example, mR “ i and nR “ i2 ` 1 will do.
Consider the generating set ta, xR “ tnR , yR “ tmRu of A. Let us prove

that pA,SRq subconverges to Z o Z2 “ xa, x, y | rb, cs, ra, ax
iyj

s@i, j P Zx in
G .
Observe that a, xR, yR satisfy all the relations satisfied by a, x, y in Z o

Z2. Therefore, pA,SRq subconverges to a quotient pZ o Z2q{N of Z o Z2.
Furthermore, pxty, txR, yRuq converges to pZ2, tx, yuq, so N maps to the
trivial subgroup of Z2 under the natural projection Z o Z2 Ñ Z2.
Now every element of Z o Z2 may uniquely be written in the form

wpa, x, yq “
ś

i,jPZ a
`i,jx

iyj

xpyq, and if this element maps trivially to Z2

then p “ q “ 0.
Let us therefore assume by contradiction that there exists a non-trivial

word wpa, x, yq “
ś

i,jPZ a
`i,jx

iyj with wpa, xR, yRq “ 1 for all sufficiently
large R.
The group A is isomorphic to Zr1{ps ¸Z, with the generator of Z acting

on Zr1{ps by multiplication by p. Since wpa, x, yq maps trivially to Z2, we
have wpa, xR, yRq P Zr1{ps, and in fact under this identification

wpa, xR, yRq “
ÿ

i,jPZ
`i,jp

inR`jmR .

Let pi, jq P Z2 be lexicographically maximal such that `i,j ‰ 0; that is,
`i1,j1 “ 0 if i1 ą i or if i1 “ i and j1 ą j. Set N “

ř

i,jPZ |`i,j |. For R
sufficiently large, we have pinR`jmR ą Npi

1nR`j
1mR whenever pi1, j1q P Z2

is such that `i1,j1 ‰ 0. For such R, we have |wpa, xR, yRq| ě pinR`jmR ´
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ř

pi1,j1q‰pi,jq `i1,j1p
i1nR`j

1mR ą 0, contradicting the hypothesis that w is a
relation in the limit of pA,SRq. �

Example 6.23 (Groups at distance 3 from free groups). — The distance
between solvable Baumslag Solitar groups and free groups is equal to 3.

Proof. — Consider p ě 2 and A “ BSp1, pq a solvable Baumslag-Solitar
group. Since A is finitely presented and solvable, Remark 6.21 implies that
the distance from A to free groups is at least 3.
By Example 6.22 we know that A preforms Z o Z2. Since Z ă

ù Z2,
we know by Lemma 2.14 that Z o Z2 ă

ù Z2 o Z2, so A
ă
ù Z2 o Z2. By

Lemma lem:any<direct, F2 oZ2 ă
ù Z2 oZ2. By Lemma 6.16, F2 oZ2 preforms

a free group. We therefore have a chain A ă
ù Z2 o Z2 ą

ø F2 o Z2 ă
ù F4,

and dist ă
ù
pA,F4q ď 3.

On the other hand, if we had dist ă
ù
pA,F4q “ 2 then either there would

exist B with A
ă
ù B

ą
ø F4; this is impossible because B would then

be both solvable and preformed by a free group; or there would exist B
with A

ą
ø B

ă
ù F4; and again B would be both solvable and without

almost-identities. �

7. Groups of non-uniform exponential growth

Let G be a group generated by a set S. The growth function of G with
respect to S,

νG,SpRq “ #Bp1, Rq Ď C pG,Sq,

counts the number of group elements that may be expressed using at mostR
generators. This function depends on S, but only mildly; if for two functions
γ, δ : NÑ N one defines γ À δ whenever there exists a constant k P N` such
that γpRq ď δpkRq, and γ „ δ whenever γ À δ À γ, then the „-equivalence
class of νG,S is independent of S.
The group G has polynomial growth if νG,SpRq À Rd for some d; then

necessarily G is virtually nilpotent and νG,SpRq „ Rd for some d P N,
by [30, 10]. On the other hand, if νG,SpRq Á bR for some b ą 1, then
νG,SpRq „ 2R and G has exponential growth; this happens for free groups,
and more generally for groups containing a free subsemigroup. If G has nei-
ther polynomial nor exponential growth, then it has intermediate growth.
The existence of groups of intermediate growth, asked by Milnor [19], is
proven by Grigorchuk in [28].
Set λG,S “ lim R

a

νG,SpRq; the limit exists because νG,S is submulti-
plicative (νG,SpR1 ` R2q ď νG,SpR1qνG,SpR2q). Reformulating the above
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definitions, we say G that has subexponential growth if λG,S “ 1 for some
and hence all S; that G has exponential growth if λG,S ą 1; and that G
has uniform exponential growth if infS λG,S ą 1. The existence of groups
of non-uniform exponential growth, asked by Gromov [31, Remarque 5.12],
is proven by Wilson in [64].

Lemma 7.1. — If G ă
ù H, then infS λG,S ď infT λH,T . In particular,

if G has exponential growth and H has subexponential growth, then G has
non-uniform exponential growth.

Proof. — For every ε ą 0, there exists a generating set T for H such that
λH,T ă infT 1 λH,T 1 ` ε. There exists then R P N such that νH,T pRq1{R ď
λH,T `ε. Choose then a generating set S for G such that the balls of radius
R in C pG,Sq and C pH,T q agree. Then νG,SpRq “ νH,T pRq, so λG,S ď

νH,T pRq
1{R because growth functions are submultiplicative. Therefore, for

all ε ą 0 there exists S generating G such that λG,S ď infT 1 λH,T 1 `2ε. �

Note that the inequality in Lemma 7.1 can be strict; for example, the
Grigorchuk group G012, has intermediate growth, yet G012

ă
ù F3.

Corollary 7.2. — For every group G of exponential growth, the
wreath product G oX G012 of G with the Grigorchuk group G012 acting
on X “ 08G012 has non-uniform exponential growth.

Proof. — From Corollary 6.14 we get G oX G012
ă
ù B oX G012 for an

abelian group B. It is proven in [9, Thm A] that B oX G012 has subexpo-
nential growth, in fact of the form exppRαq if B is finite, non-trivial, and
of the form exppRα logRq if B is infinite, for some constant α ă 1, see
Corollary 7.3. The claim then follows from Lemma 7.1. �

Corollary 7.3. — Every countable group may be imbedded in a group
of non-uniform exponential growth.
Furthermore, let α « 0.7674 be the positive root of 23´3{α ` 22´2{α `

21´1{α “ 2. Then the group of non-uniform exponential growth G has the
following property: there is a constant K such that, for any R ą 0, there
exists a generating set S of G with

νG,Sprq ď exppKrαq for all r ď R.

In particular, there exist groups of non-uniform exponential growth that
do not imbed uniformly into Hilbert space.

Proof. — Let G be a countable group. Imbed first G into a finitely gen-
erated group H. Without loss of generality, assume that H has exponential
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growth (if needed, replace H by H ˆF2), and that the generators of H are
torsion elements.
By Corollary 6.14, the group H oX G012 preforms A oX G012 for a finite

abelian group A. Since A oX G012 has growth „ exppRαq, the first claim
follows.
The second claim follows from the first, since there exist groups G that

do not imbed into Hilbert space [32]; and the property of not imbedding
into Hilbert space is inherited from subgroups. �

Brieussel asks in [16, after Proposition 2.5] whether there exist groups
of non-uniform exponential growth and without the Haagerup property.
Recall that a group has the Haagerup property if it admits a proper affine
action on Hilbert space; this property is also known as “a-T-menability”,
see [24]. It is clear that any group with the Haagerup property can be
uniformly imbedded into Hilbert space. Therefore, Corollary 7.3 implies in
particular that there exist groups of non-uniform exponential growth that
do not have the Haagerup property.

7.1. Non-uniform non-amenability

Let G be a group generated by a finite set S. By Følner’s criterion, G is
non-amenable if the isoperimetric constant

αS :“ inf
FĂG finite

#pFSzF q{#F

satisfies αS ą 0. Arzhantseva et al. [7] call G non-uniformly non-amenable
if G is non-amenable, but infS αS “ 0.

If G has non-uniform exponential growth and is non-amenable, then it is
non-uniformly non-amenable. However, there are groups of uniform expo-
nential growth that are non-uniformly non-amenable. Clearly, if G preforms
an amenable group, then G may not be uniformly non-amenable:

Example 7.4. — F2 o Z has uniform exponential growth, but is non-
uniformly non-amenable.

Proof. — The group F2 o Z maps onto Z2 o Z, which is solvable and of
exponential growth; so its growth is uniformly exponential, and the same
holds for F2 o Z.

By Lemma 6.13, we also have F2 o Z ă
ù Z2 o Z, so F2 o Z preforms an

amenable group, so is not uniformly non-amenable. �
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8. Open problems and questions

Question 8.1. — Is every non-virtually nilpotent group in the con-
nected component of the free group?

A positive answer to the following question would imply a negative an-
swer to the question by Olshansky: “Is there a variety other than virtually
nilpotent or free in which the relatively free group is finitely presented?”

Question 8.2. — Do two nilpotent groups belong to the same con-
nected component if and only if they have the same positive universal
theory?

We answer positively the question above in the case of nilpotent groups
G such that G and G{TorsionpGq generate the same variety.
We show in Remark 6.21 that the diameter of the free group’s component

is at least three:

Question 8.3. — What is the diameter of the connected component of
the free group?

The following question complements the previous one; we show in Propo-
sition 4.6 that its answer is positive, in particular, in the case of torsion-free
nilpotent groups. Guyot considers limits of dihedral groups in [33], and
shows that they are semidirect products of (a finitely generated abelian
group with cyclic torsion subgroup) by Z{2, the latter acting by ´1. His
result implies that the groups preformed by the infinite dihedral group form
a directed set.

Question 8.4. — Is every connected component of virtually nilpotent
groups directed, namely, is it a partially ordered set in which every finite
subset has an upper bound?

If G ă
ù Fk, then there are generating sets Sn for G, of cardinality k,

such that the girth of C pG,Snq tends to infinity.

Question 8.5. — If a finitely generated group G has infinite girth, does
one have G ă

ù Fk for some k P N?

In other words, the question asks whether in the definition of girth one
can always chose a sequence of generating sets with a bounded number of
generators.

Cornulier and Mann ask in [26, Question 18]: “Does there exist a group
of intermediate growth that satisfies an identity?” The following question
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is also open: “Does there exist a group of non-uniform exponential growth
that satisfies an identity?” So as to better determine which groups preform
free groups, we ask:

Question 8.6. — Does there exist a group of intermediate growth that
satifies an almost-identity? Does there exist a group of non-uniform expo-
nential growth that satisfies an almost-identity?

A well-known question by Adyan asks: “Are there finitely presented
groups of intermediate growth?” Such a group would not be preformed
by a group of exponential growth. The following question by Mann is also
open [45, Problem 4]: “Are there finitely presented groups of non-uniform
exponential growth?”

Given a group G of non-uniform exponential growth, it admits generating
sets Sn with growth rate tending to 1. If furthermore the cardinalities of
the Sn are bounded, then a subsequence of pG,Snq converges to a group of
intermediate growth.

Question 8.7. — Does there exist a group of non-uniform exponen-
tial growth that doesn’t preform a group of subexponential (equivalently,
intermediate) growth?

Question 8.8. — Does there exist a group G such that, for every
finitely generated group A of non-polynomial growth, there exists a group
H with G ă

ù H and the growth of A and H are equivalent?
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