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Local perturbations and approach to equilibrium

R. LIMA (*) A. VERBEURE (**)

Ann. Inst. Henri Poincaré,
Vol. XVIII, no 3, 1973,

Section A :

Physique théorique.

ABSTRACT. - For the Fermi Lattice system locally perturbed equi-
librium states are studied and conditions are found for approach to

equilibrium within an order where « = n, or -; n is a positive integer.

1. INTRODUCTION

We study the approach to equilibrium of a perturbed state by a local
perturbation. We start with a solvable model (bilinear Hamiltonian)
of a Fermi system. Its equilibrium state is well-defined. Then we

apply a local perturbation. The first problem is to establish the

perturbed equilibrium state (theorem 1 below). Then for those states
which tend to equilibrium (in particular for ergodic states) we study
how fast they tend to equilibrium. Sufficient conditions are given for

an approach to equilibrium faster then t-a. where a = 1 or a = n;

n is a positive integer.
Technically we use the algebraic set-up and start with the C*-Clifford

algebra (H, s) (see e. g. [1]) built on a real Hilbert space (H, s) ;
it is also the smallest C*-algebra generated by the set of elements
{B (W) where B is a real linear map of H into ét satisfying
the anticommutation relations

1 is the unit element of L’l.

(*) Attaché de Recherche, C. N. R. S., Marseille (France).
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228 R. LIMA AND A. VERBEURE

In particular we are interested in the description of the Fermi lattice
system (F. L. S.). Let Z be the set of all positive and negative integers,
and { 9n }n~Z an orthonormal basis of H. For any finite subset 11 of Z

consider the C*-subalgebra et (A) of (’:1 generated by the set

{ B  }; then et is the norm closure of ~ 03B1 (A) and
~Z

can be considered as the algebra of quasi-local observables of the lattice.
a E Z ---~- o-~ be a mapping of the group Z of lattice translations

into the *-automorphisms (Ja of et defined by ~~ Bk = 

On the other hand, consider a time translations induced by the
following locally defined bilinear Hamiltonians : for each l1 c Z, the

hamiltonian HoA is given by

the c-numbers Vij satisfy :

The details of the time evolution automorphisms will be given in
the next section.

2. THE EQUILIBRIUM STATES

Define 03B10z by (x) = for x ~ 03B1 (zec) (complex
numbers). The set is a group of automorphisms of ét

(*-automorphisms if Im 2=0).
If is a sequence of finite subsets of Z tending to infinity in

the sense that is contains every finite subset then for each ~ E R (real
numbers), the sequence tends strongly to a *-automorphism 03B10t
of e1 defining a strongly continuous one-parameter group of auto-

morphisms ([2], Th. 7.6.2).

LEMMA 1. - The set o f automorphisms a~ i1’ tends to a group

o f automorphisms ( a§ ) z ~ C } densily defined on ét as .!1 tends to infi-
nity and

where
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229LOCAL PERTURBATIONS AND APPROACH TO EQUILIBRIUM

Proof. - For where is some finite subset of Z, consider

where is an antisymmetric operator on H defined by

Note D == Dz.
An immediate calculation shows that for all A,

The existence of the limit : lim 0~ (Bk) _--_ 0~ (Bk) follows from the
...’B*- 00

fact that B (D ~ qk) tends in norm to B (D" as A tends to infinity
because ~ B (D 1 cpk) 112 = s (Dn 03C6k + Dn 03C6k) and that (Bk) is the

limit, uniform in A, of the sequence f 1 (z) }N with

Q. E. D.

Now we consider perturbations of the free (bilinear) Hamiltonian
defined in (1). In particular consider the locally defined Hamiltonian :

where HoA is defined in (1) and Vn is any monomial of order n in the Bi :

From [2] (Th. 7.6.2) it is clear that also the map

tends to a *-automorphism «t of êt as A tends to infinity.

LEMMA 2 : t

(a) For each finite subset A c Z and E R, exp (- (3 is an
element of t1. and can be written in the form

where
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230 R. LIMA AND A. VERBEURE

(b) If 1B tends to infinity, tends to an element T~ of
the algebra such tah~

(c) The group o f *-automorphisms extends to a group
o f automorphism (not *-automorphisms). ai~ ~ ~ E R ~ densily defined
on L’t such that

Proof. - (a) is proved in [4], Appendix I.

To prove (b) remark first that

and

Hence for all A :

To prove the existence of the limit T~ in c1 it is sufficient to remark
that is the norm limit, uniform in i1 of the sequence g 1 }N,

and that by lemma 1, each of the elements g ~ has a limit if A tends to
infinity. An analogous argument establishes the limit T~1 

1 in L’t.

Using analogous arguments to derive (a) (see [4]) with an imaginary
variable (- it) instead of the real variable ~3, we get

As in (b), TA,-;i tends to an element T_it of the algebra if A tends

to infinity. Then trivially

The proof of (c) is complete if we prove that this expression can be
extended to a purely imaginary variable. For this it follows from (b)
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231LOCAL PERTURBATIONS AND APPROACH TO EQUILIBRIUM

that (Tp) exists, hence on all elements x ~  in the domain of 
«~~ is defined and given by

Q. E. D.

In the F. L. S. for any evolution a ° (B = B (e~~ 
there exists a unique quasi-free state on d, satisfying the Kubo-Martin-
Schwinger boundary condition with respect to the evolution a ° [5].
The quasi-free state is uniquely determined as is well known see e. g. [1~
by an antisymmetric operator A on H given by

This state will be called the equilibrium state for that evolution.
Note by coo the equilibrium state linked to the evolution « ° induced by
the bilinear Hamiltonian given above in (1) and let Ho, {/Co, go be the
G. N. S.-representation, respectively representation space an cyclic
vector induced by mo.
Now we look for the equilibrium state Mp linked to the evolution

t -~ at, induced by the Hamiltonian (3). We prove that

LEMMA 3. - With the notations of above and R defined in
Lemma 3, we have

where À is a constant.

Proof. - We prove that :

commutes with a weakly dense subset of IIo (a)", hence it belongs to
the commutant Ho Otherwise it follows from Lemma 2 (b) that
it also belongs to the algebra Ho (e:1.)", and Mo being a factor state [6]
the lemma follows..

By lemma 2 (c) there exists a dense set of elements re such that
(for convenience (3 = 1) :

Also
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hence

.and

Therefore

for a dense set of elements IIo (x) of IIo (~L)".
Q. E. D.

LEMMA 4. - With the same notations as in lemma 3,

;where p is a conslanl.

Proof. - As in the proof of lemma 3 for a dense set of elements ~ 
= 1) :

.and

Hence

and

By the factoriality of IIo :

Q. E. D.

THEOREM 1. - The functional 03C903B2 defined by (4) on 03B1 is a state satis-

the K. M. S. boundary condition with respect to the evolution t ~ «t

linked to the Hamiltonian defined in (3).

Proof. - First we prove that it is a state. By lemma 3 for a dense
et of elements x E Cl,
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233LOCAL PERTURBATIONS AND APPROACH TO EQUILIBRIUM

By the invariance of Wo for a2 :

By the fact that oeo is a K. M. S. state for the evolution t -~ ~ :

and by lemma 4 :

hence oep is a state. 
’

That ~~ satisfies the K. M. S. condition with respect to the evolution
t - at follows from the fact Wo is a K. M. S. state for the evolution
t - « ° as follows :

for all and a dense set of elements x E 
Q. E. D.

3. APPROACH TO EQUILIBRIUM

In this section we consider the evolution and behaviour at infinity
of the state

this is the free evolution of the perturbated state. Because of the

particular form of the equilibrium state mp in terms of the state coo

(see theorem 1), an easy argument shows that the state pt tends point-
wise to the original state if the latter one is ergodic in the sense that
it is an extremal time invariant state.
A necessary and sufficient condition for ergodicity is that the spectrum

of the operator D is purely continuous ([3], Th. 1). In what follows
we suppose that the evolution « ° satisfies this condition, and we are
interested in the question, how fast the state pt tends to Wo as t tends
to infinity. We do not give a general answer to this question, but
only consider the situation that the convergence is faster than any
rational power of t.

LEMMA 5. - For ergodic bilinear interactions as given in (1), the
approach in the weak sense, for local observables of the perturbed state pt (5)
to the equilibrium state Wo is majorized by homogeneous polynomials in
the functions
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in particular, if X = Bi1 ... then

tends to zero i f t lends to infinity, at least as fast as F~~ (t)2~n.

Proof. - We prove the lemma explicitly for observables which are
monomials of order two, i. e. m = 1 in the lemma. The generalization
to arbitrary order is trivial.

By lemma 2 : 
,

Using the time invariance of mo ; in particular :

we have

But

hence
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235LOCAL PERTURBATIONS AND APPROACH TO EQUILIBRIUM

From lemma 1 : 
n --

for all I and p.

Suppose for the moment Vn = Bi B2 and put (Bs) = 
for I = 1, ..., k and s = 1, 2, then using the recursion formula for
quasi-free states (see e. g. [5], Appendix) :

where G,~ and Gq stand for Gm and Gq omitted in the product
The right hand side is majorized by

with

Hence

In general, for Vn a monomial of order n as in (3) :

Hence the majorization is dominated by the behaviour of the function

By straight forward calculation, analogous to that in the proof of
lemma 1, we get

where Pi ~ p, Ps 7~ ~ Pi, ....
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Remarking that the right hand side is convergent, the lemma follows.
Q. E. D.

From lemma 5, it follows that the approach to equilibrium is reduced
to the study of the asymptotic behaviour of the function

as t tends to infinity.
Remark first that because of the translation invariance Fij (t) depend s

only on the difference 5==~2014~. It will become clear that the

asymptotic behaviour of Fij (t) for large t does even not depend on 3.
Let an = - von) and

then for all ~ elements of the orthonormal basis

and

THEOREM 2. - Let Ho be a bilinear Hamiltonian [see (1)] such that
the corresponding function g (x) [see (7)] is at least K-times differentiable
and also K is the maximum order of the stationnary points in the interval

[0, 2 z], then lhe function Fij t see (6)] tends fo zero as if t tends

~to infinity.

Proof. - The theorem follows immediatly from [7] (p. 52) applied
to the integral (8). The result is independent of o. We remark that

the function g ~x) being odd , the contribution of the term do es

not vanish if g ~x) has a stationnary point of order K.
Q. E. D.

THEOREM 3. - ~et Ho be as theorem 1 and the function g (x) such that
there exists a finite sequence ..., xl) :

such that :

(i) The function g (x) is monotone and (K + 1)-times continuously

di f ferentiable in the open intervals (xi, xi+1) with i = 0, 1, ..., I - 1

and g’ (x) ~ 0 and g continuous.
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237LOCAL PERTURBATIONS AND APPROACH TO EQUILIBRIUM

(ii) g (x) has le ft and right points of contact of order K in each x~, i. e.

if g-’ is the inverse function of g, then :

Then F~~ (t~ tends to zero if t ~ends to infinity as 

Proof. - In each interval introduce the variable u by
iu = g (x) then

where

If == ~ (xj) ; j = 0, 1, ..., I then

Now the result follows from [7] (p. 49).
Q. E. D.

Remarks. - If in theorem 3, the function g (x) satisfies condition (ii)
for all integers K, then the function Fi~ (t) is a " rapidly decreasing "
function of t as t tends to infinity.
Although we only stated the results for the Fermi lattice systems,

the treatment can easily be generalized to the continuous Fermi system,
where is the free Hamiltonian for the volume for the interaction
we take a finite linear combination of monomials

such that all W; belong to the domain of the operator D induced by
the free Hamiltonian.
The independence of the results on the local perturbation suggests

that the results remain valid for some strictly quasi-local perturbations.
The characterization of the most general perturbation such that the
perturbed equilibrium state is a K. M. S. state for the same von Neumann
algebra is an open question.
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APPENDIX

As an example we treat the perturbed XY-model given locally by

o-~ being the ordinary Pauli matrices.
The Hamiltonian (A 1) is a particular case of (1). An explicit calcula-

tion of the operator D [see formula (2)] yields :

where

By a straightforward calculation, the function s is obtained
as the sum of integrals of the type (8), where g (x) is replaced by the
function h (z); then can apply theorem 2; the equation for the station-
nary point is

The solutions of this equation are

These stationnary points are of order one (K = 1), because

The asymptotic behaviour of is therefore of order ~-’~~-’

as t tends to infinity.
In particular for X = Bk it follows that

tends to zero proportional to I-’ as [ tends to infinity, a result found
in [8]. Remark that in [8] only a perturbation of the type V.~ = Bit Bi2
is considered. In lemma 5 we proved furthermore that the results

are independent of the perturbation as far as the perturbation remains
strictly local.
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