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"

Newton

successfully wrote apple = moon,
apple=neutron.

you cannot write

but

"

J. L. SYNGE
"

la torsion de l’Univers continue a etre nulle
dans le vide.
E. CARTAN
...

"

ABSTRACT. - The gravitational field in General
Relativity (GR) is
coupled to the energy-momentum tensor of matter, i. e. it is the dynamical

manifestation of energy-momentum. In Section 1 we try to collect
all arguments which show that it is very plausible to look also for a
dynamical manifestation of spin-angular momentum of matter.
In Section 2 it turns out that this program can be fulfilled
by generalizing Riemannian geometry of space-time to a Riemann-Cartan geometry.
The affine connection is now asymmetric and chosen in such a
way that
the covariant derivative of the metric still vanishes. The
newly introduced contortion tensor or, equivalently, Cartan’s torsion tensor describe
independent rotational degrees of freedom of the space-time continuum.
Hence we couple contortion to spin-angular momentum in a similar
way
as metric to energy-momentum.
In Section 3 we discuss certain situations in 3-dimensional continuum mechanics where the Riemann-Cartan
geometry has already been used. We especially get a clear idea of the
physical interpretation of torsion.

(*)

This article is based on a Seminar given by the first named author
(F.W.H.)
at the Institut Henri Poincare, Paris on November
28, 1972. This author would
like to thank for the invitation.
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In Section

4, with the help of

an action principle, GR is appropriately
generalized. The new field equation (4.9) generalizing the Einstein
equation is derived. In Section 5 we compare the emerging U4-theory
with GR. The U4-theory describes in a unified way usual gravitational
interaction and a very weak universal spin-spin contact interaction.
For very high matter densities, spin becomes the dominant source of
the gravitational field. Hence in the neighborhood of singularities,
the metric of space-time is expected to be determined to a large extend
by the spin distribution of matter.

1. A DYNAMICAL THEORY OF SPIN ?
The only property of matter which enters General Relativity (GR)
is its energy-momentum distribution. This is sufficient and works quite
well in macroscopic physics. If one wants to penetrate into more microscopic domains, however, not much is experimentally known and one has
to extrapolate in one or another direction.
The

theory we shall speak of is an attempt to find a gravitational field
for microphysics. Nevertheless, we will still work in the framework of classical field theory with a matter field (xk) (k
0, 1, 2, 3).
The process of field quantization, if it is necessary at all in the context
of GR, is not yet applied to this theory.
In macrophysics we can describe matter by quantities such as matter
density, velocity, pressure, etc. In microphysics, in the framework of
classical field theory, we start from Special Relativity (SR). Using the
representations of the Poincare group it turns out that fields, or let us
say elementary particles, are labelled by m and s, m being the mass,
connected with the translational part, s being the spin, connected with
the rotational part of the Poincare group. Hence m as well as s are kinematically related to the Minkowski space-time continuum of SR.
In the context of a field theoretical formalism m corresponds to the
and s to the (canonical) spin(canonical) energy-momentum tensor
angular momentum tensor
(=-T~i~). This can be recognized, as is
well known, in a field theoretical Lagrangian formalism with the help

theory

=

of Noether’s theorem :

(1.1 )
(1. 2)

mass m

~

spin s

-

translation

-~

rotation - ¿..

(canonical) energy-momentum
(canonical) spin-angular momentum Ti l’‘ .

Macroscopically we live in an unpolarized world, if we disregard such
fairly untypical things as ferromagnets. In macrophysics spin usually
averages out and the dynamical properties of matter are correctly
described by energy-momentum alone. It is due to this fact, as it
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as it appears to us, that the description of space-time by the
Riemannian geometry of GR remains valid.
In conventional GR the gravitational field is the dynamical manifestation of energy-momentum [see Sakurai (1960), e. g.]. Consequently
the gravitational field is coupled to the energy-momentum tensor of
matter. Let be given the potential of the gravitational field, i. e. the

fact,

metric
(Xk) of the Riemannian space V,~ of GR.
is the Lagrangian density of matter, then the (metric)
tensor ~i~ is defined according to Hilbert (1915) by

(~ ~xk),

(Xk»)

energy-momentum

( 1. 3)
#

V -

det g~~ and V means the covariant derivative with
The kinematical definition of energy-momentum (1.1)
respect
is now superseded by the dynamical definition (1.3). Weyl (1961) has
put this in the following sentence : ~ The general theory of relativity
alone, which allows the process of variation to be applied to the metrical
structure of the world, leads to a true definition of energy ". A variation
of the metric leads to a variation of the mutual distances of the events
of space-time. Hence such a
deformation " is of a translational type.
But if spin does not average out, i. e. if we look for the gravitational
properties is microphysics ? Would it not be tempting to consider the
and
translation
rotation
motions
on an equal footing ?
Why
should translations and energy-momentum be of more fundamental
There
importance than rotations and spin-angular momentum ?
does not exist any known property of particles showing that spin is less
important than mass ", as Lurcat (1964) has spelled it out. If one
studies the notion of Regge trajectories, e. g., one recognizes that spin
does not seem to have a lower position than mass.
Accordingly let us look for a dynamical manifestation of spin in an
analogous manner, as it was done for energy-momentum in Einstein’s GR.
[Technically speaking we are looking for a local gauge theory (YangMills theory) for the Poincare group. See Utiyama (1956), Sciama
(1962,1964) and Kibble (1961)]. This dynamical theory of spin should be
a general relativistic field theory, which in the limit of macrophysics
(and normal matter densities) goes over into GR, i. e. GR should be valid
in the macrophysical region, whereas in microphysics a more detailed
theory should be appropriate.
Here

e

to the

V4.

"

"

"

"

"

"

2. THE AFFINE

CONNECTIONi’~ ~

Experience seems to teach us
angle between two of them

the
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In an affine and metric space(-time) this is fulfilled, as soon as the
metric
is covariantly constant with respect to the affine connection
Hence we postulate

(2.1)
If

we

furthermore

assume a

symmetric connection,

leads to the connection of

(2.1)

a

Riemannian space V~

(2.2)
i.

e. to the Christoffel symbol of the 2nd kind, which
represents the
gravitational field strength in GR.
If we drop the assumption
=0, (2.1) yields the connection of
a Riemann-Cartan space U4 (1) :

(2.3)
The contortion tensor

K**kij

can

be

expressed through

Cartan’s torsion

tensor

(2.4)
according

to

(2.5)
The Riemann-Christoffel curvature tensor of a U.~ is defined in the
usual way as vector vortex ". We finally get for it [see Schouten (1954),
"

e. g.]
.

(2. 6)
There exist the following arguments (not all of them being independent
of each other, however) to believe that (2.3) is the correct space-time

connection :
a.

If
to

dynamical manifestation of spin, we except the spin
correspond a geometrical quantity of the same rank, i. e. a 3rd

we

look for a

to

(1) A connection of this type has already been used by Infeld in an attempt to
formulate a unified field theory, c f. Tonnelat (1965), e. g. Nevertheles, the formalism
and the interpretation of Infeld’s theory and the U4-theory presented here are
completely different.
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rank tensor antisymmetric in two indices (24 independent components), as is the case with the contortion Kijk
(or the
torsion Sij k
=

-

b. The contortion tensor Kijk describes rotational degrees of freeedom
of space-time, as will be recognized if one parallelly transfers tetrads
from one point to another. This fact will also be illustrated with
the help of a model in Section 3 [compare (3.9)].
c.

Thus in analogy with (1.3) we postulate the
of spin-angular momentum according to

dynamical

definition

(2. 7)

(03C8, ~03C8) [compare (3.12)]. This definition whichi
contortion to spin, works in the sense that the quantity
defined by (2.7) later on turns out to be identical with the canonical
spin tensor mentioned already in (1.2).
where

a’

==

couples

d. The kinematical relation between spin-angular momentum and rotations mentioned in Section 1 allows for an interpretation of spin as
a real internal rotation, as used, for instance, by de Broglie and his
coworkers in the rotating liquid droplet model of elementary particles
[see de Broglie (1963) and Halbwachs (1960), e. g.]. This semiclassical understanding of spin is also inherent in our considerations.
According to an axiom due to Minkowski (1958), it should always
be possible to transform substance, i. e. massive particles to rest.
If we interpret spin as an internal motion, this is no longer possible
for spinning massive particles, and the axiom breaks down. Then the
proportionality of 4-momentum and 4-velocity is no longer valid,
a fact which immediately leads to an asymmetric energy-momentum
tensor as was repeatedly stressed by de Beauregard (1942, 1943,
1959, 1963) and others. Hence one should expect for spinning massive
particles a slight modification of conventional SR. Of course this
automatically would lead to a corresponding modification of GR, too.
Let us consider as an example a ferromagnet in a freely falling
and non-rotating laboratory. Across the ferromagnet there is a non-

vanishing macroscopic spin density.
If we take the affine connection of space-time (2.3), in the case
of vanishing contortion Kijk we are able to choose geodesic coordinates for the laboratory and thereby to transform away Christoffel’s
symbol{ ~ ~. Then SR should be valid in accordance with the
equivalence principle. But for a non-vanishing contortion tensor,
r ~ cannot be transformed to zero any longer, and for that reason SR
is modified.
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This is the case of the ferromagnet with its intrinsic spin motion,
because here spin and therefore, according to (2. 7), also contortion
cannot vanish. Then a slight violation of the equivalence principle
is to be expected. Morgan and Peres (1962) have shown, inter alia,
that such a possibility is not ruled out as yet experimentally for test
bodies with aligned spins. Since for vanishing spin conventional GR
should result, spin should depend algebraically (and not via a differential equation) on the contortion of space-time.
By the theorems on holonomy [c{. Lichnerowicz (1955), e. g.] curvature
and torsion of a U.,~ are related, respectively, to the groups of rotations
and translations in the tangent spaces of the U,~4, as was nicely worked
out by Trautman (1972 a, b) :

(2. 8)
(2. 9)

rotation

-~

translation

-

curvature

torsion

-

-~

energy-momentum,

spin-angular

momentum.

Curvature

according to GR corresponds to energy-momentum, and
comparing (2.8) and (2.9) with (1.1) and (1.2), respectively, we are
led to the correspondence torsion
spin-angular momentum, as was
already to be expected according to (d).
Such being assured that there is good evidence for the affine connection (2. 3), let us refer to some of the former work on
The differential geometric notion of torsion was introduced by E. Cartan
(1922, 1923, 1924, 1925). He was aware of the fact that torsion should
have something to do with what we today call spin. But he did not
present a genuine theory. After certain investigations mainly by de
Beauregard (1942, 1943, 1959), Papapetrou (1949), and Weyl (1950),
Sciama (1962, 1964) and Kibble (1961) gave a dynamical theory of spin.
Kroner and one of the authors [Hehl and Kroner (1965), Hehl (1966,1970)]
gave the explicit form of the affine connection and rederived the theory
from a different starting point using another formalism. For more
recent work see for instance Clerc (1971, 1972 a, b), Datta (1971),
Hayashi and Bregman (1973), Hehl and Datta (1971), Lenoir (1971),
Kopczynski (1972), and the highly interesting investigations of Trautman
(1972 a, b, c). Fore more detailed references see Hehl (1973).
N

3. DISLOCATIONS : A MODEL OF TORSION
Strain and Force Stress

Dislocations are certain defects in crystals. According to Kondo (1952)
and Bilby, Bullough, and Smith (1955) the continuum theory of discolations can be formulated in a 3-dimensional space with torsion. In
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this context a physical interpretation of torsion was discovered for the
first time. Compare the review article of Kroner (1964), e. g..

1.
state.
limit.

Fig.

Model of an elastic body : An ideal cubic crystal in an undeformed
The part shown is supposed to be a volume element dV in the continuum

-

Let us first consider classical elasticity theory. In order to describe
the deformation of the crystal in figure 1, we use a cartesian coordinate
system xa fixed in space. The lattice constant of the crystal is assumed
to be small in comparison with dx;x. All deformations are performed

isothermally.

The homogeneous dilatation of the crystal in xl-direction is maintained
Fig. 2.
The mean distances of the lattice points have changed;
by the force stress
-

strain and force stress

If
to

we

macroscopically.

the

arbitrary material point with the coordinates X(X
(x~), the crystal in general will be deformed (fig. 2).
distance ds of the points xa and xa + dxa after the defor-

displace
X(X

occur

+ sa

The mutual
mation process turns out to be

(3.1)

dS2

=

dx03B1 dx03B2

+ 2

In classical elasticity, by
expressed for small relative

(3.1), the strain
displacements as

(3.2)
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In order

to preserve the

arbitrarily
(3.3)

oriented

area

deformation, there acts
element in the. crystal df#

is the static response of the

The force stress

a

force dF~

according

crystal

on

each

to

to the strain

~3 . 4)
Here L is the free energy of the
force stress and vice versa.

Strain

crystal. Shortly :

produces

Now we make the following interesting observation : (3.1) defines
the metric of a 3-dimensional Riemannian space Vs. This space can
be constructed according to the following prescription :
a.

Each material point of the deformed continuum is characterized
the cartesian coordinate xa which it has before deformation.

b.

Lengths

and angles
formed continuum.

are

measured

by

with the unde-

by comparsion

Thereby each deformation is mapped into a certain metric space.
Two parallel (lattice) vectors C~ of equal length, attached in the undeformed state to the points xa and xx + dxex, after deformation differ by

(3. 5)
The anine connection raw can be expressed in
in this case to the connection of a V 3 :

i.

e.

reduces

(3.6)
The strain tensor (3.2) is of a very special kind, and the correlated
space is correspondingly simple. It is a Euclidean space, since de SaintVenant’s compatibility relations are fulfilled :

(3.7)
=

curvature

tensor).

But of which kind is the strain belonging to a non-Euclidean space V~ ?
Imagine the crystal is " blown up irregularly by a macroscopic distribution of interstitials. This causes a macroscopic strain ~a~ and a corresIn general, the strain produced by these interponding self stress
0,
stitials cannot be derived from a displacement field sa and thus
i. e. ~a~ now has six independent translational functional degrees of
freedom. If we cut the continuum into small pieces dV, it will relax
and the self stress will vanish, but the elements dV do not fit together
any longer. Hence we conclude : self stress is caused by the fact that
the non-Euclidean continuum is forced into a Euclidean space.
"
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Contortion and Moment Stress
Let us look at figure 3 in order to understand that a Riemannian
space V3 is too special to describe all types of deformations occuring

1
Deformation of the crystal by edge dislocations of the
3.
type alters
the relative orientation of the crystal structure. Thereby the vector in x2-direction,
parallelly displaced along the xl-axis, will rotate : there occurs a closure failure
of the infinitesimal parallelgram. The crystal’s deformation will be maintained
by the moment stress 03C4**121. The mean distances of the lattice points have not
changed, hence no macroscopic strain and stress are produced.

Fig.

-

in a crystal. With
the following :
a.

respect to

the

edge dislocations in figure 3 we

observe

The infinitesimal parallelogram shown was forced open by the dislocations, which we can imagine to have immigrated from the outside
of the volume element. A closure failure dby was produced, by
which we are able to define the dislocation density
according to

(3.8)
=

-

=

area

element).

b. The mean distances of the lattice points have not changed.
there occurs no macroscopic stress and strain :{ ocj3, y}
0.

Hence

The orientation of the lattice structure has changed, however.
quently the parallel displacement is related to a rotation

Conse-

=

c.

(3 . 9)
is called contortion and
The deformation measure Kocpy
contains nine independent rotational functional degrees of freedom.
According to Nye (1953), it can be expressed in terms of the dislocation
=2014

density

(3.10)
d. In order to preserve the deformation, there has to act
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on

the

area

elements :

(3 .11)
The moment stress
contortion

is the static response of the

crystal

to the

’).T

(3.12)
In short : Contortion produces moment stress and vice versa (~).
On the one hand infinitesimal parallelograms are broken up by immigrating dislocations, on the other hand in a space with non-vanishing
torsion closed infinitesimal parallelograms are impossible in general. By
this and (3.9) it is evident that macroscopically the deformation of a
crystal containing dislocations should be mapped into a Riemann-Cartan
space U,~ . Its connection reads

(3.13)
Using (3.10)
(3 .14)

we

have

hence Cartan’s torsion and dislocation density are identical notions.
Accordingly torsion is directly measurable by the closure failure (3.8).
An Elastic

Space-Time

Continuum

Containing

Dislocations

We will work out now the close relation between the 3-dimensional
statics of a dislocated crystal with point defects and the 4-dimensional
statics " of the space-time continuum. The following facts are wellknown :
is
(mi) The 4-dimensional generalization of the force stress tensor
"

(metric) energy-momentum tensor ail.
(m2) The generalization of the definition (3.4) of the force stress tensor
immediately leads to the dynamical definition (1.3) of energythe

momentum. The connection seems clear : variation of the metric gij
means a variation of the distances of the space-time continuum.
As response to this deformation, through each 3-dimensional hypersurface element, there acts an infinitesimal 4-momentum, identifying
space-time as a sort of an elastic continuum.

(2) A theory of a continuum with independent rotational degrees of freedom and
moment stress was developped already at the beginning of our century by the
Cosserats (1909). Cartan was influenced by their work in introducing torsion in GR.
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symbol

(m;1)

The affine connection
of GR (2.2).

(si)

The 4-dimensional generalization of the moment stress tensor
At regions where spinis the spin-angular momentum tensor
an infinitesimal spinis
there
acts
momentum
present,
angular
an
oriented
momentum
arbitrary
hypersurface
through
angular
element.

(3.6) corresponds

analogous continuation seems now to suggest itself :
(s) The generalization of the definition (3.12) of the moment stress
tensor is the dynamical definition (2.7) of spin-angular momentum.
Thus spin is the response of space-time to a variation of the contortion Kijk, identifying space-time as a sort of a dislocated continuum.
(~) Consistently (3.13) leads to the asymmetric connection (2.3). This
An

is an additional
tion (2.3).

argument for

4.
Let us start with the
in cartesian coordinates (c

the correctness of the affine

connec-

U.-THEORY

special relativistic
velocity of light,

=

material action function
d~
4-volume element) :
=

(4.1)
According
We go

over

to our hypothesis all events should take place in a U’fto curvilinear coordinates and apply the minimal substitution

(4.2)
We end up with the material action function

(4.3)
Let be k m 2 X 10-48 dyn-1 the relativistic gravitational constant and
11 the density of the curvature scalar of the U;. Then we get for the
total action function, using the conventional simplicity arguments, in
analogy with GR :

(4.4)
The

independent
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Hamilton’s

principle

(4 . 5)
leads

finally

to

(4.6)
and, after

some

computation (3),

to

(4. 7)

(4.8)
(modified

torsion tensor

=

k X spin).

(4 . 7) is of the general form of Einstein’s field equation, but it has
additionally an antisymmetric part. (4. 8) states that space-time possesses
torsion at those points where spin is .present. As expected, we get an
algebraic relation between torsion and spin. Apart from a constant,
modified torsion and spin are synonyms. Substitution of (4.8) into (4.7)
leads to one single field equation [Hehl (1970)] :
(4 . 9)

Here Gij (~ ~ is the conventional Einstein tensor of the V4 and cij
the metric (and symmetric) energy-momentum tensor (1.3) taken with
respect to the Lagrangian density entering the action function (4.3).
(4 . 9) is suggestive in the sense that for vanishing spin one immediately
recognizes that (4.9) goes over to Einstein’s field equation of GR. The
explicit U~ terms in the bracket are clearly exhibited as corrections to

original V4-theory.
Using Noether’s theorem one is able
Lagrangian density in the usual manner.
the

(3)

In

deriving(4.7)

~ is

de fined

here V

accordingto

to derive identities for the
This leads to the observation

+ ~-(~k+ k )
.

Vk + 2 S~. Later on E; turns out to be identical with the canonical
energy-momentum tensor. The antisymmetric part of (4.7), expressing angular
momentum conservation, supplies no independent components to the field equation.
This is clear from the derivation, since we varied with respect to the symmetric
field gij. Sciama (1962) and Kibble (1961), combining the tetrad formalism with
a Palatini technique, were the first who derived the field equations (4.7) and (4.8).
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that
and

gets

and

are

identical with the canonical energy-momentum
Furthermore one

spin-angular momentum tensors, respectively.
the conservation theorems in the U4 as follows

(4) :

Incidentally (4.10) can be put in another form. If we denote the
we have fj
0.
right-hand side of (4. 9) by k
Integrating (4.10) for spinning dust on the background of external
curvature and contortion fields, one is led to the equation of motion
[Hehl (1970, 1971), see also Trautman (1972 c)]. Since therein contortion is coupled to the antisymmetric part of the energy-momentum
it is possible in principle
distribution, basically according to
to measure contortion and torsion of space-time, respectively.
Two remarks should be added :
For a photon the spin is a quantity not gauge invariant. A closer
look on the field equations shows that for the photon the substitution (4.2) is not valid, hence photons do not produce torsion (5).
b. The field equations (4.7) and (4.8) are also valid for matter described
by spinor fields. One only has to refer the spinors to tetrads and
to modify the dynamical definition of the energy-momentum tensor.
No new features do appear.

a.

5. UNIVERSAL SPIN-SPIN CONTACT INTERACTION
Let us compare our results with conventional GR. Already in (4.9)
have noticed that U4-theory, among other things, supplies correction

we

what is important for deriving the equation of motion.
(~) 1969 Imbert discovered a transvers shift in the total reflection of a circularly
polarized light beam as proposed by de Beauregard [see Imbert (1972) and references
given therein]. In the interpretation of this Imbert-shift due to de Beauregard,
Imbert, and Ricard (1971) it is assumed, that the energy-momentum distribution
of the photons within Fresnel’s evanescent wave, in
spite of being in the vacuum,
has to be described by the asymmetric energy-momentum tensor of de
Broglie. If this
interpretation is correct, photons in the vacuum would produce torsion in contrast
to our conclusion above.
It is not clear to us, however, whether this interpretation is
compulsory. Interestingly the Imbert-shift may be calculated by only using Maxwell’s theory and the
see
appropriate boundary conditions,
Imbert, loco cit. Thus a non-MaxweIlian
behaviour of photons seems not to be present.
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terms
action

quadratic

in the

spin. If we trace this back to the total
turns out that the U4-Lagrangian differs from the
of GR to 1 st order in the term

function, it

V4-Lagrangian
(5.1)

Accordingly (5.1) represents a very weak universal spin-spin contact
interaction characteristic for a U~ and proportional to the gravitational
constant. In this theory there is no
spin field " which is emitted and
the
carrier
of
a
new
thereby
interaction ; there is rather a very weak
interaction as soon as spinning matter is in contact with each other.
In particular there results a universal self-interaction of spinning matter,
which leads to non-linearities in an analogous manner as energymomentum does via gravitational interaction. Hence a U.;-theory
supplies a unified description of the universal long-range gravitational
interaction and a universal weak spin-spin interaction of vanishing
range.
"

The deviation of the U4-theory from V,.-theory is very small indeed,
be seen from (4.9) because the 2nd term carries a factor k2. In
order to estimate the relative contribution of the spin interaction to the
right hand side of (4.9), let us use for spinning dust the semi-classical
matter density,
approximation ~~~ p c2 ui uf and
Sij cuk (p
spin density, ui velocity of the dust). We get
s~~
as can

=

==

=

=

=

(5.2)
For

particles

with

mass m

carrying

a

spin

of the order of ~,

we

expect

(5 . 3)
if the

spins

are’

oriented.

parallelly

(5.3)

substituted in

(5.2)

leads to

(5.4)
The

spin terms
density term as

are

of the

same

order of

magnitude

as

the matter

soon as

(5.5)
For electrons this
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This estimate shows that the contribution from spin to gravitational
interaction can be neglected in the case of normal matter densities. In
the region of densities of the order of (5.5) or higher, however, spin
becomes the dominant source of the gravitational field. Hence it is
to be expected that the metric of a U~, in the neighborhood of singularities, is determined to a large extend by the spin distribution of matter.
There are indications (") that the gravitational interaction of parallel
spins is of a repulsive type. If so, one could speculate whether thereby
the occurence of singularities might be prevented in gravitational collapse
and cosmology. A first attempt in this direction has been undertaken
by Kopczynski (1972) [see also Trautman (1972 b)]. His very simple
cosmological model of the Robertson-Walker type with a spatially
constant spin density is somewhat unrealistic in its assumptions, but
it shows how spin could prevent singularities in principle. In the meantime we have proved that in Kopczynski’s model it is at densities of the
order of (5.5) that spin becomes effective.
For a Dirac particle, as is well-known, the canonical spin-angular
momentum tensor is totally antisymmetric and hence equivalent to
an axial vector.
In this case (5.1) is the exact difference between the U4and V4-theory and we get an axial vector interaction

(5.6)

matrices).
The axial vector interaction (5.6) can also be discovered in another
way. One starts with the Dirac Lagrangian and applies the formalism
of Section 4. Then the matter equation, after substitution of (4.8),
turns out to be a non-linear spinor equation of the Heisenberg-Pauli

type (7), (i2

==2014

1,

=

covariant derivative with

respect

to the

V4) :

(5.7)
(6) Spin at rest can be shown to produce time-like " screw dislocations in space[Hehl (1970)]. Parallel screw dislocations, according to 3-dimensional dislocation
theory, repel each other.
Q In the original Heisenberg-Pauli equation there enters a fundamental length
L ~ 10-13cm. We can arrive at a spinor equation with such a constant by a suitable
choice of the Lagrangian density of the field. If we choose in (4.4) instead of
~(F)-~~(; ~)-}-6T;~K~/o~ with a dimensionless constant a, we get (5 . 7)
with I -~ a 1. In (4.9), for the 2nd term on the right-hand-side, we wouldha ve
k2 - (a k)2. Such a choice of the Lagrangian would seem artificial to us, however.
All this has already been remarked on by Peres (1962). For still more
general
Lagrangians, we refer to Hayashi and Bregman (1973), see also Hehl (1973).
"

time
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This equation is equivalent to ya Va 111
im W. In (5.7) it can
be seen directly : torsion leads to a self-interaction introducing additional
non-linear terms in the Dirac equation. Thus in this special case the
affine connection of space-time is influenced by an axial vector.
Let us just note that it is appealing to speculate whether this axial
vector interaction is a classical analogue of the weak interaction of elemen=

tary particle physics.
There is another deviation from GR.

The

right-hand-side

of

(4.10)

(5.8)
is

expected to be a volume force acting on each spinning particle in the
presence of a gravitational field. This presumptive force is of the
Mathisson type [Mathisson (1937)]. Nevertheless, it is different from it,
because (5.8) vanishes for ~z - 0. (5.8) would correspond to a slight
violation of the equivalence principle, a fact being mentioned in Section 2.
With today’s experimental techniques (5.8) does not seem to be
measurable.
6. SUMMARY
In one respect, U4-theory seems to give a final answer : if spacetime possesses torsion, then torsion has something to do with spinangular momentum of matter. Hence all theories which try to connect
torsion, say with the electromagnetic field, are obsolete. Consequently
we understand the potential physical meaning of torsion.
The utility
of an asymmetric connection has been shown, the IJ4 as a physically
reasonable generalization of the V~ seems to be near at hand.

On the other side we could make plausible the introduction of torsion
in connection with material spin, i. e. a dynamical manifestation of spin
seems to be a natural thing.
We know as yet no argument, however,
which could enforce a torsion upon space-time.
Hence we just have to wait for experiments or astronomical observations refering to extremely high matter densities, which will show the
existence of the very weak universal spin contact interaction characteristic
for a space-time continuum obeying the Riemann-Cartan geometry.
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