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The n-field-irreducible part
of a n-point functional

Erwin BRÜNING
Fakultat fur Physik, Universitat Bielefeld

Ann. Inst. Henri Poincaré,

Vol. XXXIV. n° 3, 1981.

Section A :

Physique

RESUME. 2014 La notion de partie irreductible d’ordre n pour une fonction
a n points est introduite a 1’aide d’une decomposition en secteurs de champs
des fonctions a n points. Cette decomposition peut etre consideree comme
une generalisation du processus de troncation. Afin de motiver et de
justifier la definition de la partie irreductible d’ordre n d’une fonction
a n points on isole les elements « essentiellement independants » de la
decomposition en secteur d’une suite de fonctions a n points et on etudie
certains de leurs proprietes. Une application possible a la theorie quantique
des champs est discutee.

ABSTRACT. 2014 The notion of the « n-field-irreducible part of a n-point
functional » is introduced in terms of the « field-sector decomposition »
of the n-point functionals. This field-sector decomposition can in one
respect be viewed as a generalization of the truncation procedure. In
order to motivate and to justify the definition of the « n-field-irreducible
part of a n-point functional » the « essentially independent » elements of
the « field-sector decomposition » of a sequence of n-point functionals
are isolated and some properties of them are investigated. A possible
application to relativistic quantum field theory is discussed.

0 INTRODUCTION

If A E L c.c.(E, L(D, D)) is a « field » over a suitable space E of test func-
tions on on a dense subspace D = DA of some separable Hilbert space
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310 E.BRUNING

~A with cyclic unit vector ~o its n-point functionals are defined
according to (n E N)

Canonically associated with every field there is a hermitian represen-
00

tation A of the tensor algebra y(E) = (locally convex direct
sum) over E such that 

hold. The sequence

of n-point functionals of the field A can then be expressed in terms of
this representation according to

Therefore, TA is a normalized monotone (e. g. T(~*’ ~) &#x3E; 0 for all 
linear functional on J(E). The usual assumptions on E are

i) E is nuclear,
ii) En (= completion of E ° n) is barrelled for all n E M ( 1 ).
Then it follows that TA has a unique continuous linear extension to the

completion E of J(E), e. g. Now it is well-known and very easy
to prove that the « essential » part of the 2-point functional T2 = T2 is

which is again monotone in the sense that

holds. Thus we have a decomposition of the 2-point functional into two
monotone continuous linear functionals Tf 1 = Tl (x) Tl and Ti i,
T2 = + where the first summand is fixed by the 1-point
functional while the second summand is not (and is indeed completely
independent of T1). The analogue is true for all = 2, 3, ....
A well-known and very important application of a symmetrized version

of this observation has been made by R. Haag [1] ] in relativistic quantum
field theory (r. q. f. t.) when he introduced the notion of « truncated »
n-point functionals in order to eliminate symmetrically the contribution
of the « vacuum-state » in these functionals. These truncated functionals
in turn play a very important role in the analysis of general r. q. f. t., in

particular in scattering theory [2 ].
The mathematical basis of the possibility of this subtraction is the

following simple consequence

Annales de Henri Poincaré-Section A



311THE N-FIELD-IRREDUCIBLE PART OF A N-POINT FUNCTIONAL

of the monotonicity condition 1 for the sequence of n-point func-
tionals. But this monotonicity condition is by no means exhausted by the
above sequence of inequalities. For instance there is a similar sequence
of inequalities

which thus allows a corresponding subtraction.
Here we intend to give a systematic analysis of this aspect of a sequence

of n-point functionals of a field. This analysis will generalize the concept
of truncation as introduced by R. Haag in the sense that we will give a
general « field-sector decomposition » of the m-point functionals (notice
that the one dimensional subspace spanned by the vacuum vector in r. q. f. t.
can be interpreted as the 0-field-sector). But there is an important difference.
As the vacuum state is in the domain of all field operators the elimination
of the 0-field-sector contribution can be done symmetrically ; but this is
in general not the case for the n-field-sector contribution 1. A class
of fields for which this however is possible is known, this is the class of
Jacobi-fields as introduced in [3 ].
The way the « field-sector decomposition » is introduced is very simply

and at first this decomposition seems to be of no use. But nevertheless
the field-sector decomposition has several interesting properties :

1. First of all it is as good as the sequence of n-point functionals to
characterize a field.

2. The elements of the field-sector decomposition of a

sequence T == {1, T1, T2, ... } of n-point functionals satisfy convolution-
type equations. This then allows to prove in terms of which n-point func-
tionals the element Tn,m of this decomposition is fixed and to give a precise
meaning to this notion.

3. The main advantage of this decomposition is that it allows to dist-
inguish which parts of a sequence of n-point functionals are independent
and which are not. Specifically this decomposition allows to distinguish
that part T° of a n-point functional Tn which is « fixed » in terms of the
lower m-point functionals Tb ..., Tn- 1 and a rest Tn - T0n = Tirrn which
is not.

4. An interesting application of this decomposition is the solution of
the following problem. How to calculate Tn E En, M &#x3E; 2N + 1, such that

if T1, ..., T1N are given such that T~N) == {1. Tb ..., T1N } is monotone
and T2N = 0. The solution of this problem says that the whole sequence
of n-point functionals is fixed in terms of T1, ..., 1 if the irreducible

part T2N of the 2N-point functional vanishes.

Vol. XXXIV, n° 3-1981.



312 E. BRÜNING

5. To characterize a field to be a Jacobi-field demands continuity and
hermiticity properties of the n-field-sector decomposition of the sequence
T == { 1, Tb T2, ... } of the n-point functionals, not of the n-point func-
tionals directly [3 ]. If this n-field-sector decomposition is applied to r. q. f. t.
it is possible to give a more precise description of the energy-momentum
spectrum of the theory. This in turn is important to analyze the « particle
content » of the theory in question. In particular one can look for the
connection of the n-field-irreducible part of a n-point functional and the
n-particle-irreducible Green’s functions as analyzed by J. Bros and

Lassalle [4 ].

I. THE FIELD-SECTOR DECOMPOSITION
OF THE n-POINTS-FUNCTIONALS OF A FIELD

The following definition will be motivated by proposition 2 and the
well-known relation between normalized continuous linear functionals
on and fields over E (GNS-construction).

DEFINITION 1. A system {Tjn,m 0 : n, of functionals Tn,yn E 
is called a (normalized) field-sector decomposition over E iff

As usual the positivity conditions c) of a field-sector decomposition
imply the following hermiticity- and continuity-properties of its elements :

for all xn ~ En, xn ~ Em, and all 0 ~ j ~ n, m.
Here we used the definition S*(x) = S(X*) for S E En. The relations (2)

will become apparent in the course of the proof of

PROPOSITION 2. 2014 There is a one-to-one correspondance between nor-
malized field-sector decompositions over E and normalized monotone
continuous linear functionals on the tensoralgebra over E.

l’Institut Henri Poincaré-Section A



313THE N-FIELD-IRREDUCIBLE PART OF A N-POINT FUNCTIONAL

. Proof. 2014 Suppose { Tn,m 0 m} to be a normalized field-sector
decomposition over E. According to constraints a) and b) above

is a well-defined continuous linear functional on EN for all N = 0. L 2.....
In particular we have To ==1. ThusT={ 1, T1, T2, ... }eE’ satisfies Te!) = 1.
The positivity constraint c) implies monotonicity of this functional T on E.
Whenever x E ~ the following chain of equations holds :

and thus i.

Conversely suppose i is given. Then according to the GNS-
construction there is a strongly continuous hermitian representation A
of E with a cyclic unit vector some separable Hilbert space Jf such
that

holds for all .B’eE. More precisely there is a whole class of unitarily equi-
valent such representations. The restriction of A to E defines a field
A E~ Y~(E, L(D, D)) (on D = for instance) over E. The various
n-iield sectors Hn of this field A are defined according to

These sectors define an orthogonal decomposition of the state-space ~f
of the field A :

if the field A is of infinite order

or

if the field is of finite order N

in both cases Jfo = is used. Now let

Vol.XXXIV, n° 3-1981.



314 E. BRLJNING

denote the component of = E En, in the j-field sector ~~
(Q~ denotes the orthogonal projection of ~f onto and define

for all xn E Em where ( ., . ~~ denotes the scalar product in As the
representation A is strongly continuous the functionals Tn,m are separably
continuous on En x Em and therefore according to the assumptions on E
and the nuclear theorem belong indeed to E~. By construction ~(-) = 0
holds for j &#x3E; n. Therefore a) of definition 1 follows. Condition b) is implied

n

by n = and 0 =  &#x3E; . The representa-

tion (6) of the functionals Tn,m in terms of scalar-products yields the positi-
vity condition c). Thus the system {Tjn,m 0 ~ j ~ n, m} of functionals Tn,m
defined according to (6) is a field-sector decomposition over E such that
relation (3) holds.

Furthermore it is easy to check that any other representation of E
which is unitarily equivalent to that one we used above yields the same
system of functionals { T~ }. This then proves proposition 2.
The remainder of this section is used to discuss some simple but important

properties of field sector decompositions. The first point is to show convo-
lution type equations for the elements of a field-sector decomposition.
In the case E = g«(R4) (the Schwartz-space of rapidly decreasing 
tions on such a convolution equation reads in a formal manner

with a suitable kernel K J of j-variables.
In order to prove such a relation we will use nuclearity of E in an essential

way. Note first that the n-field-sector is spanned by

Furthermore nuclearity of E implies nuclearity of E and thus of

because is dense in [5 ]. This in turn implies that for all n == 1, 2, ...

there is a countable set of vectors of the form { |xnj E En, j
which spans The Gram-Schmidt orthonormalization procedure
together with the linearity of P: == yield the existence of an ortho-
normal basis of the n-field-sector ~n of the form

Annales de Henri Poincure-Section A
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The relation

shows that the restriction of the scalarproduct of Jf to is determined
by T(2n) = {1. Tb ..., T2n }. This implies that every orthogonal basis
of ~" is determined by T(2n) but is independent of possible choices of TJ
for j &#x3E; 2n. We thus get that the orthogonal projections are

determined by T(2n) and that these projections can be expressed in terms
of the basis ~p~ == ~n ~h~~, j == 1, 2, ... according to

Now introducing this into the definition of Tn,m yields

for all and all Our considerations above show that the
right hand side of this equation does not depend on the special choice of
the orthonormal basis in but only on the projection onto this space
as the left hand side does. Therefore a -convotution of Tjn,j and TJ,m is
well defined according to ~xn E E", ym E ’

is any orthonormal basis of Jf,. Thus the following
convolution-type equations result :

In the case E = g([R4) one can define formally

to get equation (7) out of (9).
Note that by construction the orthonormal of ~~

only depends on T~ == {1, Tb T2, ..., T2j }, but is independent of Tn
for n &#x3E; 2j. Therefore the Q-convolution itself is determined by 
Having this in mind we discuss some applications of these Q-convolutions.
Thus we have shown the first part of

Vol. XXXtV, n" 3-1981.
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PROPOSITION 3. a) The elements Tn,yn of a field-sector decomposition
0 ~ ;’ s n, m } satisfy the following convolution type equations

b) 0 ~ /’  ~ ~ } is the field-sector decomposition of

T == {1, Tb T2 ... } then the element Tn,m is fixed in terms of

- We prove statement h) by induction on ,j. If j = 0 then
= Tm and thus is fixed in terms of {Tn, Tm}. Now suppose

the statement to hold for ... , , jo - 1 all n, m ~ j for some

fixed ,jo &#x3E;- 1. For all n &#x3E; jo equation (3) implies

By induction hypothesis the first summand is fixed in terms of

Therefore is fixed in terms ... , Tn, ... , 

Similarly is fixed in terms ... , T2~-i, Tm, ... , 

Therefore, according to equation (9), is fixed in terms of

and the j0-convolution, that is in terms of

according to our remark above.

Remark. The j-convolutions, j = 1, 2, ..., are well-defined by equa-
tions (8). But these definitions are not very convenient. Therefore one
would prefer to give the more elegant but formal relations (7) and (10)
a precise meaning. This then demands further investigations.

II THE n-FIELD IRREDUCIBLE PART

OF A n-POINT FUNCTIONAL

The field-sector decomposition of a sequence T= {1, T1, T2, ... } E E~ 1
of n-point functionals associates with this sequence another countable

set of functionals which looks even more complicated accordings to rela-
tions (3) and (4) and thus hardly useful. But the number of elements of the
field-sector decomposition allows a considerable reduction to « essentially
independent » elements. This in turn allows to distinguish that part of a

n-point functional Tn which is already fixed in terms ..., 

Annales de l’Isntitut Henri Poincaré-Section A
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and a rest which is not (a part which is « essentially independent » of
Tb ..., To have such a characterization in terms of « essentially
independent » functionals is of considerable interest for the construction
of a sequence of n-point functionals. Together with another result (theorem 6)
this reduction to « essentially independent » functionals will motivate
and justify our definition of the n-field irreducible part of a n-point func-
tional.
The following construction shows which elements of a n-field-sector

decomposition have to be given and which properties they must have in
order to construct all elements of this n-field-sector decomposition and the
associated n-point functionals.
For two sequences of functionals { R~ I j and { one can

demand the following properties :

S~ E 1 such that for all x E Ej and all y E. Ej+ 1

with the continuous semi-norm qj on Ej

and some continuous semi-norm 1 on 

Furthermore the recursively defined functionals &#x3E; / + 1
(see below) satisfy

with some continuous semi-norm pjn on En ; and the recursively defined
functionals T~, J+ 1, 0 ~ i ~./ - 1 (see below), satisfy

With this specifications we are going to show

PROPOSITION 4. 2014 Any two sequences {Rj|j~N } and { of
functionals which have the properties ( 11 ) and ( 12) and any T1 = Ti 
determine exactly one sequence T = { 1, Tb T2, ... } of n-point
functionals whose field-sector decomposition satisfies

~’roo, f: 2014 ~) Each has a canonical pre-Hilbert space realiza-
tion V~ _ ~~J (E~), ~ , ~~) where Dj denotes the canonical quotient map
Vol. XXXI V, n° 3-1981. 13
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from E~ onto the factor-space of E J with respect to the kernel 1 (0) of the
continuous semi-norm qj on Ej defined according to

and where the scalar product (, ~~ is defined according to

As E J is nuclear the completion ~f, of the pre-Hilbert space V~ is sepa-
rable. Assumptions (11 b) and (11 c) then imply (using a well known theorem
of Riesz and Frechet)

for all and all 1 with some linear continuous function

b) Now we are prepared to define recursively all elements of the field-
sector decomposition we are looking for. This will be done by induction
together with the definition of the n-point-functionals of this field sector
decomposition. To this end we prove by induction on N.

Si, R1, ..., RN, are given and if these functionals satisfy
the constraints (11) and the chain of hypothesis (12) up to the corresponding
order j = N there is a unique way to construct

and

and that the conditions a), b), c) of a field sector decomposition are fulfilled
up to the corresponding order and such that equation (2) holds. Here

denotes that part of T2N + 2 which is fixed by T 1, ... , T 2N + 1 according
to proposition 3 &#x26;).
We start with N = 1. Define first

Ri 1 E E2, + and T1 == T1 imply that T2 belongs to E2, + . If we define

Annales de l’Institut Henri Poinoare-Section A
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it follows T3 E E3 and assumption (12 b) for j = 1 implies

Furthermore we define

where we used assumption (11 b) for j = 1 in order to be sure that the
1-convolution is well-defined. This way we succeeded in constructing

such that equation (2) holds. The only non-trivial point which has to be
checked in the list of defining properties of a field sector decomposition
is the positivity condition c) for j = 0 and j = 1 ~ ~  2. But
this follows from the representation of the functionals involved in terms
of scalar products according to eq. ( 14)-( 15) for j == 1. Thus (Ii) holds.

Suppose now IN to hold for some N &#x3E; 1. Then we may assume that

are constructed according IN. In order to prove I+i 1 the functionals

T2N+2, T2N+3, T2N+4 and

have to be constructed. This is done in the following way. We construct
T2N+2, T2N+3 and

in such a way that these functionals admit a j-convolution and then define

To begin with we use T2N + 2 to define

to get functionals T~~+i 1 and T2N + 2 in E2N+2,+’
The consistency relations b) of definition 1 are used to define the missing

functionals, e. g. we define for j = 1, ..., N

Vol. XXXI V, n° 3-1981.
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Checking the range of the indices involved shows that all functionals on
the righthand side of equation (20) are given by IN. Assumption ( 12 a) in
this order implies that there is exactly one continuous linear function

such that

holds and similarly for Tj2N+2-j,j. Then these functionals admit the j-convo-
lution for = N. Thus

and

are well defined in E~+2N+2-j respectively in In defining (22 a) the
functionals _ n  2N + 1 - j are given according to IN. The others
are constructed in (20) respectively in (21).
Now by IN the functionals TN + 1 ~J , j - 0, 1, ..., N and 

j = 0, 1, ..., N - 1 are given and admit the j-convolution. Thus the
functionals

result. By equation (20 a) for j = N is constructed and admits a

N-convolution according to equation (21 ). This allows to construct

and therefore to define

in E~+3. Now it is possible to construct the next n-point functional

Assumption (12 b) for j = N + 1 implies T*2N+3 = T2N+3’
Again the missing functionals of the field sector decomposition in this

step are defined according to the corresponding consistency relation b),
e. g.

Annales de , Henri Poincaré-Section A
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with

The functionals which are used to define 0 - i _ j - 1
in (25 c) are given according to IN respectively according to the construc-
tion (20) and these functionals admit the corresponding i-convolutions.
Again by assumption ( 12 a) in this order there exist continuous functions

such that

holds. Therefore these functionals again admit the j-convolution for

j = 1, ..., N + 1 and thus the functionals T,2N + 3 - j can be constructed

Collecting the results of the various steps we conclude that all functionals

have been constructed such that conditions a) and b) of definition 1 hold
for these functionals up to the corresponding order. Again the positivity
condition c) for the functionals in (28 a) results from the representation
of these functionals in terms of scalarproducts.

In particular the functionals T~+2~+2~ ~ = 0, 1, ... , N + 1 have been
constructed so that

is also well-defined and belongs to E’2(N+2),+. Thus 1 is shown and the
proof is complete.
As the converse of proposition 4 is trivial one gets

THEOREM 5. 2014 Any sequence of n-point-functionals

is uniquely characterized in terms of TB == Ti E E i and a sequence
{(R~ of « essentially independent » functions (R~, which satisfy
the constraints (11) and (12).

Remarks. 2014 ~) One might think that the complicated constraints (12)
imply that the functionals { and { depend on each other in a very
strong way. We want to argue that this is not the case.

Vol. XXXIV, n° 3-1981.
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b) A simple way to see this is to consider the class of Jacobi-fields.

Within this class of fields one can show

i) to prescribe Rj = means to prescribe 1 and 

ii) to prescribe S J = means to prescribe 
if Aik E L(Dk, Di)) are given for ~  ~’ - 1 and 1.

As the various Ai~ ofaJacobi-field are independent (up to natural domain
restrictions) we conclude a corresponding independence for the functionals

and therefore call them « essentially
independent » functionals.

c) As the constraints (11) and (12) on the sequence of functionals S J)
are rather complicated it is not obvious that in concrete cases a construction
of a sequence of n-point-functionals is practicable at all along
the lines of proposition 4. Such a construction will be presented together
with some other applications in a forth coming paper.

d) Clearly according to the proof of proposition 4 the chain of indirect
assumptions ( 12) can be translated into a chain of direct assumptions for
the sequence {R~ itself, but these then look horrable.

The following theorem clarifies another aspect of the importance of the

functionals {Tjj,j} for a sequence of n-point functionals. It generalizes in
particular the well-known fact that T = { 1, Tb T2, ... } and

T2 - Tl @ T1 == 0 imply Tn = Tf" for all n.

THEOREM 6. Suppose that for T = { 1, T1, T2, ... } there is a

minimal such that Tn,n = 0 holds. Then all Tm. m &#x3E; 2n, are fixed

in terms of

In particular one knows how to calculate all the functionals Tm, m &#x3E;_ 2n,
in terms 

a) Tn,n == 0 implies by definition (3) ~n = 0 and thus

We want to show that

holds. Now according to its definition T is the sequence of n-point func-
tionals of a field A with dense domain D. We establish (30) by proving

By definition c D n and thus by (29) c D n 

and therefore for all x in E and all y in En
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