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ABSTRACT. 2014 For the scattering of an electron by an atom finiteness
of the amplitude at non treshold energies is proved in the framework of
the N-body Schrodinger equation. It is also shown that both the direct
and exchange amplitudes have analytic continuations for complex values
of incident momentum, with pole or cut singularities on the imaginary
axis.

RESUME. 2014 Pour la diffusion d’un electron par un atome, on demontre,
dans Ie cadre de 1’equation de Schrodinger a N corps, la finitude de 1’amplitude pour les energies differentes des seuils. On demontre aussi que les
amplitudes directe et d’echange admettent des prolongements analytiques
pour des valeurs complexes du moment incident, possedant des poles ou
des coupures sur l’axe imaginaire.

I INTRODUCTION

scattering of electrons from atoms has been studied throughout the
history of atomic physics, both experimentally and theoretically. NevertheThe

(*) Departement de Mathematiques, Universite de Toulon et du Var, 83130 La Garde,
France, Centre de Physique Theorique, Section II, C. N. R. S., Luminy.
(**) FOM-Institute for Atomic and Molecular Physics, Kruislaan 407, 1098 SJ
Amsterdam, The Netherlands.
Annales de l’Institut Henri Poincaré -

Physique theorique - Vol. 40,
84/02/117/23/$ 4,30 cg Gauthier-Villars

0246-0211
6

118

J. M. COMBES AND A. TIP

less it is only recently that progress has been made concerning the existence
of scattering amplitudes for such systems and their analytic continuation
into the complex energy plane. In the present work we consider the elastic
forward scattering of an electron from an atom in its ground state in the
Born-Oppenheimer approximation (fixed nucleus in the origin). We also
neglect spin contributions to the Hamiltonian, so that we are left with a
many-particle Coulomb problem. In the scattering channel we are interested
in we are dealing with two fragments of which one is electrically neutral.
As a consequence the wave-operators exist in the standard sense. Then
the corresponding scattering amplitude exists in an average sense ( [1 ], [2])
but their pointwise existence as a function of energy E does not follow
from this result. In fact there is no general physical necessity for the latter
since scattering amplitudes are related to probability densities rather than
probabilities themselves. Nevertheless it is commonly believed that the
elastic electron-atom amplitude exists pointwise and this has recently
been demonstrated [3], [4] for energies below the three-fragment break-up
energy of the system. Nutall and Singh have also found [5] that partial
wave amplitudes have analytic continuation below the physical part of
the real axis for energies in the above region. In the present work we show
that the amplitude under consideration in fact exists for all E not equal
to excitation or break-up threshold energies and also that analytic continuation is possible above the physical real axis. This fact is of importance
for a proof of dispersion relations for electron-atom scattering as formulated
by E. Gerjuoy and N. A. Krall [6 ]. (See also [7 ]).
The scattering amplitudes that we are interested in can be expressed
in terms of the (inter) channel transition operators

where H is the full Hamiltonian (without the center-of-mass term since
we have adopted the Born-Oppenheimer approximation), V« the interaction
between the fragments in channel a and z the complex energy. In positronatom scattering only one channel enters into the formalism, i. e. a
03B2.
Because of the necessary anti-symmetrization this is different for electronatom scattering, the full scattering amplitude now being a linear combination of a direct part f d and a rearrangement part f r. The total number
N - 1. We use units
of electrons is N so that the nuclear change in Z
=

=

such that h = e2 = 1 and m, the electron mass, is

vectors (associated

momenta

p~)

-. 2

The electronic position

have the nucleus

as

origin.

The full

Hamiltonian
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then acts in the Hilbert space ~f
after spin has been removed
from the formalism. The interaction between electron j and the atom made
up from the remaining particle is
=

For z outside

6(H), the spectrum of H, the resolvent (H - z) -1 is a bounded

operator and for such

scattering amplitude

z

the direct and rearrangements parts of the offshell
be defined as

can

and

Here is

where

(27r) 3/2 exp (ik .

is the relative motion plane wave state (with
and
momentum k, energy
03C60 is the orbital part of the atomic groundstate. We assume 03C60 to be non degenerate, rotational invariant and symmetrized. Then the amplitudes f d and /’only depend on k instead of k.
The eigenvalues of the atomic Hamiltonian

xj)

k2)

denoted

by E~

(so

that Eo corresponds with
and similarly the
the
eigenvalues ofHN-p-1,
positive ion which charge p are denoted by E~.
It is not clear a priori that f d and /’exist. This, however, is indeed the
case. For the Born partsfdB and frB this follows directly from the
exponential
decay and spherical symmetry of ~po and for the non-Born parts and ~r
from the square integrability
In fact each term on the right in ( 1. 3)
is square integrable in ~j with norm proportional to x,. Since ~po has exponential decay
it follows that
are

is square
that case

integrable.
( 1. 4) itself

products

in J~ :
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This argument break down for
is incorrect. We can now write
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and
as inner
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( 1. 4) and ( 1. 5) the physical amplitudes are obtained by substituting
and taking the limit e ~ 0. Thus in order to
E(k) + f8 = k2 + Eo
show that the physical amplitudes exist we have to prove that ( 1. 9) and (1.10)
From

z

=

This matter is considered in section 2 where we find
have limits
that this limit indeed exists for E(k) not equal to a threshold energy for
excitation or break-up processes. The method used there also applies to
a non-forward scattering. If we want to make an analytic continuation
for complex k = I kI we run into the problem that the exponentials
in (1. 6) blow up. It is therefore convenient to make a unitary
scale transformation and consider the transformed Hamiltonian [8]

This family extends for complex k to
after this transformation is performed

function

even

for

complex

singular behaviour
limit

~~

limit

~~0

0. In section III
can

is also true
not

comes

apply

Arg k

Arg k == -

as

from

we

Furthermore
obtains a square integrable

analytic family.
one

long as Arg k |

(H(k) - z) -1

for

show that also in the

be taken for 0

for -

for

k’s

an

-.
z

=

case

So the

E(k)
of

possible
in the

complex

k the

-. By reflection symmetry this

Arg k

03C02. Since dilation analyticity techniques do
we use as an

auxiliary method,

the so-called

boost transformation [9]. Finally we find that for the direct amplitude
there is an analytic continuation domain in k in the upper half-plane
with poles on the imaginary axis corresponding to bound state energies ;
+ oo)
for the exchange amplitude however there is an additional cut i
where a~o is the square root of the ionization energy of the atom. We also
show that a meromorphic continuation exists below the physical real axis
for energies smaller than the first excited state of the atom.

II FINITENESS OF THE SCATTERING AMPLITUDE
FOR REAL INCIDENT MOMENTA

In the section

when

z

show that the non-Born parts of the scattering amplias given by ( 1. 9) and (1.10) have boundary values
E(k) + fs and we let ~ tend to zero. The main mathematical
comes from the fact that since E(k) belong to the spectrum of H
we

=

difficulty
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the operators

(H - E(k) - iE) -1

have

no

limit

as a

bounded operator

on L2(Rn).
The most recent contribution to this problem is due to P. Perry, I. Sigal,
B. Simon [10 ]. They extend to a very general class of many body systems
including those considered here some, some results of S. Agmon [77];
T. Ikebe, Y. Saito [72]et E. Mourre [7~]. To state their result in the present case let us introduce the weighted L2-spaces :

and the set E of

«

thresholds » of the system i.

e.

in

our

i= 1

situation [7~]the union of 0 and the set of eigenvalues of ionized atoms
Then ([7~]) the following limits exist in
hamiltonians HN -1, HN - 2,
the norm topology of 2(L;, L2 S~, the space of bounded linear operators
from Ls to L~ :
...

for all

s

&#x3E; -

and

E ~ E U 6p(H)

where

Op(H)

denotes the

point spectrum

of H. Existence of the limit when E~03A3 remains to our knowledge an open
problem. This result will be referred to as PSS ; it does not apply directly
and 03C8N-1k are not in Ls for some
to the analysis of(l. 9) and (1.10)

since 03C8Nk

s &#x3E;

-;

this is due to the

long-range

overcome this difficulty
these states.
Let us first introduce

To

we

character of the Coulomb forces.

will need to

use

the

explicit

structure of

is clear that Hoj is the Hamiltonian of a system
electron-atom and an electron j not interacting
with it. It will be useful to have in mind the tensorial structure (with 1
the identity operator)v
with

Vj given by (1.3). It
consisting of an (N - 1)

acting

on

the spectrum and essential spectrum of a
We will denote by (7(’),
+ oo).
given closed operator. By the HVZ theorem [7~]one has
In ( - oo, Eo) the spectrum of H consists of isolated eigenvalues with
finite multiplicities corresponding to the N-electron negative ion stable
=
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states. One also has

or

oo) by general results [14]

+

=

the spectrum of operators of tensorial
Let G(z) = (H - z) -1, Goj(z) = (Hoj resolvent equation
on

type like (2.2).

sum

z) -1 ;

we

will often

use

the

its iterate

analysis presented here the analytic structure of the states ~rk
given by ( 1. 8) plays a very important role. One has denoting by F the
In the

Fourier transform

on

L2

where
is the atomic ground state wave-function involving the electrons
different from j.
It is well-known that ff ~po is analytic in all its variables in a complex
neighbourhood of R3(N-1) (see for example Lemma 1, 9 III . 2 below for
an equivalent statement). So obviously
only has a singularity at
a Coo function x
introduce
we
this
isolate
to
order
In
singular part
k.

kj

=

l, x( q)

such that 0 ~

1x~
if |q2 - k2| 1 4 (E01 - E8).
plication by

-

o if

We denote

4
the function

has a

splitting

(since

we are now

dealing

I q 2 - k21

&#x3E; - 2 1 ( E° - 1 E° 0)acting x( q)
and

by ~j the operator

in momentum

with

a

fixed k

we

as

representation.

will

notation of t/1’s).
Notice that ~ 2~r’ is infinitely differentiable in
in Ls for all s E R.
We further decompose

L 2(R 3N)

so

1

multi-

Then

drop this index

-

one

in the

that

is

...

~po Q9

where

Q~

=

1

-

Pj.

1 in accordance with the

decomposition (2 . 3)

and

One has
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Since ~po is rotation invariant and its Fourier transform is
in

singularity
qi

in

disappears

= ~ 2014 ~ are performed. Accordingly
all its variables in L2 hence
is Ls

when

is
for all

analytic

integrations

the

around

infinitely differentiable

So clearly in order to apply the Perry-Sigal-Simon theory to the scattering
amplitudes (1.9) and (1.10) it remains to investigate the contributions

from

=

LEMMA

N

or

N - 1. For this

II .1. 2014 lim

Proo,f: Consider

the

+

we

need
E

some

intermediate results.

L2 .

subspace containing
Range of Q~
=

denote the
It reduces Hoj since Qj and ~j commute with Ho,j. Let
for
then
restriction of Hoj to
0. So it is enough
and z in the connected domain Re z
Eo or Im
the
structure (2. 2)
tensorial
to show that Eo + k2 is not in
Using
one can write

and

accordingly [14 ] :

By the construction of X this set is contained in
which concludes the proof since Eo &#x3E; Eo.
LEMME 11.2.

Proof

for all real s with s

2014 Let

us

first show that

1.

is in the domain of the

operators

for |Im03C4|2 = 03A3|Im03C4l|2

small enough. Since

does by the enponential

/

decay properties of ~po ( [9 ]) we only have to show that if 1 ~r’(i)
and
1(i), ! E ~3N, then

=

=

has

By

an analytic continuation under this type of condition
the tensorial structure (2.2), (2.3) one has

on Im i ~ .

family is analytic of type A in 03C4 ([7J]) and the spectral analysis of
HN -1(0 (see [9]or ch. III below) shows that its essential spectrum consists
This
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of parabolas and their interior centered around the thresholds Eo, E~
of HN -1, whose size depends on Im ’t’ I Furthermore the point spectrum
is the same as for HN-1 with the exception of those eigenvalues absorbed
of
to the
by the parabolas. Consider now the restriction
where
1
and
subspace
Range
...

=

=

-

(see Lemma 111.1 below for the properties of P~(~) Then
in Lemma 11.1 that the spectrum of
Re

z

&#x3E;

2

+

H0, j(03C4)

lies

entirely

k . Also for any 03C8 E

Re

z

one shows as
in the domain

Eo,

one

has

Accordingly in this domain
I small enough ; by a standard
is
since
also
E(~))"
~
E(k) and { z E C, Re z Eo 1
(HO,~,l1j~) ==

1

z)-1
argument

is

analytic in 03C4 for

belong to a common connected component of the resolvent set of
So finally
is analytic
E(k))-11~’ _ (Ho,~(r) is in the domain of
for
I small enough which implies
any polynomial in the xi’s, i + j.
Now coming back to the definition (1. 3) of Vj and using ~ ~ ! xi -x~ ~
it is clear that
E ~(x~) hence finally belongs to L i (we omit
here the problem linked to the unbounded character of V which can be
solved by a « relative boundedness » argument ( [15 ]).
We are now in position to prove our first main result.
THEOREM 11.1. 2014 The

scattering amplitudes

and
exist and

continuous

on

the

complement

in R

T

0 the set

investigate separately the various contributions to
amplitudes coming from the decompositions (2.7) and (2.8) when
7p(H). Let us look at fd(k) first ; the non Born part of the ampli-

Proof
the

are

-

We will

tude is the limit when

t;

tend to

zero

of

o03C8N and 203C8N are in Ls for all s E R they give finite contributions
according to PSS.
So we only need to look at those terms involving
Using the resolvent
equation (4) one gets first, with 5 0 or 2 :
Since

=
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By Lemma 1 the first term on the right-hand side has a finite limit as t; ! 0.
With a little extra argument it is easy to show from Lemma 11.2 that
so that another
converges in Li to
VNGo,N(E(k) +
the
limit
of
for
the
second
term on the
existence
of
PSS
application
gives
r. h. s. of (2.12). It remains to look at
+
G(E(k)
by equation (2. 5) with i = j N one has
=

The first two terms on the r. h. s. of this equality have finite limits by
Lemma II.1 and a relative boundedness argument in order to deal with
As to the third term existence of the limit follows
the unboundedness of
again from lemma II . 2 and PSS. Let us now look at fr(k). Here again
it is enough to look at contributions like

Terms of the first type are analysed as before
or
G(E(k) +
N or N - 1. The term of the second type
with the help of eq. (4) with j
N - 1, j
is analysed with eq. (2 .12) in which one takes i
N ; then
0.
Lemma II.2 and PSS provide again the existence of the limit
To show
So the limits (2.10) and (2.11) exist when
and
continuity in this open set we notice that all components
have a continuous dependence in k as elements of L~
s
1. On the other hand the boundary values of G(E(k) + iE) as elements
also vary continuously in k (see [10 ]). Thus
E(k) + iE)
=

=

=

lim

and

iE) are continuous in a neighbourhood of each k such
u 6p(H). For the Born term fB(k) continuity follows from

03C6 (k, E(k)

that

X

+

elementary arguments.
REMARKS II .1.
1 ) A by-product of the previous result is the finiteness
of the cross-section for the process under consideration.
2) We could as well have considered the non forward scattering ampli-

tudes

(see ( 1. 4), ( 1. 5))

with k1 k2 = k in the limit z E(k) + ~ s ~ 0. The same arguments
U 6p(H).
apply to show that these limits exist and are continuous for
non
threshold
that
to
show
3) There is an argument (see e. g. [18 ]) allowing
eigenvalues of H actually decouple from the scattering amplitude in the
=
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sense that they do not give rise to
singularities. We will not develop this
point here since the mathematical proof is quite involved (although formally
it is not difficult to convince oneself that e. g.
0 if H03C8
for all j E (1,
n).
=

=

-

...,

III . ANALYTIC CONTINUATION
OF SCATTERING AMPLITUDES
III 1

Complex

canonical transformations.

The

problem of continuing analytically the scattering amplitudes for
complex values of k has been discussed by one of us ([7], [16 ], [77]) in
connection with the dispersion relations of Gerjuoy and Krall [6 ].
In the previous references the parameter t; in (2.10, 2.11) was kept
fixed and non zero and the problem of taking the limit was left open.
The method of complex canonical transformations developped by Combes
and Thomas [9and already used in [3 ], [4 ], [7], [16 ], [7 7]appears as very
well adapted to this type of analysis. It has already been used successfully
to prove analyticity in the one-body problem [18 ]. However the method
leads to transformed Hamiltonian operators which are no more self-adjoint
and are not covered by the PSS theorem. Nevertheless it turns out that using
the connected integral equations ofWeinberg-Van Winter [7~]] one can
still reach the on-shell limit 8=0. This is due to the fact that for complex k,
the canonical transformations separate the singularities of the resolvent
and for the problems considered here only those coming from the groundstate channels need to be investigated ; but, this reduces essentially the
difficulty to a one-body problem. We introduce two families of unitary
transformations. The group of dilation operators is defined by
3N

~(~)~W ~ :...,~) = ~, ~(~,.xl,
~,xn), ~e~
The group of boosts (or translations in momentum space) has been already
used in the previous section and is given by
...,

These groups act in the

following

way

on

the kinetic energy operator

whereas
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where

As for the

potentials they transform under

the dilation group

as :

and they are invariant under the boost group. The main idea of complex
canonical transformations is to make the parameters ~, and -c complex.
Then one gets families H(~,) and H(-c), which are analytic of type A
]
in these parameters, whose spectrum has the following structure [8 ]:
where the set of thresholds :I:(Â) is defined as
~,2 ~ + +

Here the union is over all fragmentations D of the system electrons + nuclei
into disjoint clusters D = {C1,
C, } , 1 l N + 1 and the set
set
of
and
the
zero
is the union of
eigenvalues of the hamiltonian for the
in
that
C
particular it reduces to zero if C has no bound
subsystem (so
if
and
occurs
this
only if C contains only electrons). Since for ~,
state ;
is independent of ~ ~, one sees that ~(HN(~,)) consists of
real the set
a set of parallel half-lines, the leftmost: ones originating at the eigenvalues

o~(2)

...,

~(/L)

...

of HN-1.

In addition to this spectrum
as

H

Arg ~, ~

-)

and

6(H(,))

contains the

possibly

in addition

same
some

values and cuts in the domain { z E C, 0
Arg (z - Eo)
Concerning the spectrum of H(i) one has ( [9 ])

Here

is the spectrum of

Vol. 40, n° 2-1984

where

real

eigenvalues

complex eigen2 Arg /L}.

Ho is the kinetic energy operator
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for the centcrs-of-mass of the clusters C. As an illustration let us consider
the decomposition with 2 clusters consisting of the electron N and the
+ !.N)2 which has as spectrum the
remaining atom. Then H~(r) =
interior of parabola
it has to be shifted over the eigenvalues of
the atomic Hamiltonian Eo,
The decomgiving parabolas ~1(i),
position in which electrons are interchanged gives the same type of contributions to
...

...

The next decomposition is into three clusters, say electrons N and N - 1
and the remaining positive ion. Here Ho - (PN-i + IN-1)2 + PN + IN)2
whose spectrum is also the interior of a parabola f!}J ~(!) which has to be
shifted over the eigenvalues of the positive ion Hamiltonian Eo,
giving
It has to be noticed that Im
new parabolas ~(r),
(Eo - Eg)1/2
the parabola P’1(03C4) will absorb E00; this eorresponds exactly to the complewhen r = (0,..., r~ -1,0)
ment of the domain of analyticity of
later.
a
will
be
used
( [9 ]), fact which
...

I =

...

=

III.2
We

now

turn to the

Boundary

values of resolvents.

analysis of the Weinberg-van Winter equation [14 ] :
G(z) D(z) +
=

Henri Poincaré -
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where

and

with the following meaning for the notations : Dz is a decomposition of
means
the system (nucleus + N electrons) into l clusters and D~ =)
is
of
clusters
two
is
obtained
that
Dz ;
1
by linking together
cluster
new
in
the
those
between
the
of
interactions
sum
the
particles
which are not in the same clusters of D~. For example if D2 is the
of
partition in which one cluster is electron j and the other the remaining (N -1)
(Ho - z) -1
electron-atom then VD2D1= Vj as given by ( 1. 3). Finally
in D, i. e.
clusters
non
the
for
Hamiltonian
is
the
where HD
interacting
to
between
interactions
of
the
sum
H minus
particles belonging different
in
clusters in D;
(Ho - z)
particular
Obviously there is a similar set of equations for the transformed Hamilof the operaor
tonian H(/).) or
involving the resolvents
interactions.
transformed
the
tors HD transformed under ~(~,) or BU, and
of
the
These equations allow to derive the structure
spectrum of the transuses
formed Hamiltonians as described above ; one
compactness of I(z)
Since the cluster
of
all
and its transforms for z outside the spectra
be analyzed
can
their
Hamiltonians HD are tensorial sums
spectrum
further
For
purposes let us notice
inductively using Ichinose’s lemma [14 ].
into
is
the
that in the case where D2
electron j and the remaining
partition
as
atom one has H02
Hoj given by (2.1). Let us decompose
=

.

=

with
notations of II and a similar decomposition for the transformed
and
Pj under the groups 11(Â) or B(!). The point of interest in this decomHoj
the threshold Eo so that either
position is that one has eliminated in
the half-line Eo + ~,2f~+ in the case of dilations, or the parabola f}J 1 in the
case of boosts do not belong anymore to the singular set of Go2~~z). As to
it has the simple structure
the part

(with

(3.4)
and a similar form involving the transformed p~ when canonical transformations are performed. This will be particularly convenient to discuss
the boundary values of Go,/z) when z reaches the physical value E(k).
The next lemmas conclude these technical preliminaries.
Vol. 40, n° 2-1984
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_ ~ -1 (~.)P~~(~,), ÀE

LEMMA 111.1. Let

li
is

=

o. Then

~ + and

=

B(~ -1

Pj(03BB) has an analytic continuation in 0 |Arg 03BB,

analytic for

I "2 and

D

For the

proof

of this lemma

we

refer to

[8 ], [9]]

or

[14 ].

the operator
is a bounded
all
to Ls for
linear operator from
s ~ 1. The same property holds fo~~
the operators obtained from it by complex dilation or boost transformations
satisfying the conditions of Lemma II. 1.
LEMMA III . 2. For all

Proof

It is

enough

z~03C3(H0,j)

to show that

for each i ~ j the operator

is bounded operator on L2. Now 03C6j0 decays exponentially in (X2 - x2j)1/2 ;
furthermore by using commutation relations between and p it is quite
is
e. g. [18 ]). So
+
easy to show that
it is enough to show that if f E L 2(~3N ;
the function

bounded (see

with

for

satisfies

=

some

constant C

we can assume

in

(3 . 5)

into

N

=

y 2x

independent

2 and y

==

of

xi. We

/.

now

jc.

Without

restricting generality

separate the integration region
x

it is easy to

see

that

Thus
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For y

&#x3E; -

x one can

write

since 03C6 has pointwise exponential decay [14]one
sup ~(Y) ~11/2 ~ C(l + x2)-1 for all x E ~3.

Now

has in

particular

Y&#x3E; 2x

So

finally from (3.7)

and

(3.8)

one

gets

12)1/2

for some constant C and p(x) =
from which (3 . 6)
follows.
Similar arguments apply to the transformed operators since in the range
imposed for the variation of the dilation or boost parameters the exponential decay argument remains valid whereas Vj is either multiplied by
a constant in the case of dilations or left invariant by boosts.
We are now ready to prove the extension of the PSS theorem to the
case of transformed Hamiltonians :
~

THEOREM III .1.

-

Let

Gu (k)
,

exists in the

Csu (k)

is

norm

analytic

=

+ ei~k2, 0
; then
E(6, k) - Ego
Arg k
lim (H(k) - E(E, k)) -1
eO

topology o f

(L2s, L2 or

in k in this domain.

all

s &#x3E;

-.2 1

Furthermore

with however poles for those
enjoys the same properties as
imaginary k’s such that E(k) E 6p(H).

Proof 2014 We denote by G(/~ z), D(~, z), etc. the operators involved in
the Weinberg-van Winter equation under the action of the dilation
and extend the notation to their analytic continuations
group U(~), /). E
for complex /L These families are bounded analytic as elements
L 2) in both parameters ~, and z provided z lie in in the resolvent set of the
Hamiltonians involved. It is technically simple but lengthy to show that
for all s E R. Consider
actually they also are analytic families in 2(L;,
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first D(k, z) ; (3.1) involves those sequences of cluster decompositions
with l &#x3E; 2, the corresponding contributions to D have a singular set
given by a set of half-lines and points lying at the right of ~~ + k2 ~ +,
hence El &#x3E; Eo.
inf
where El
=

Di

So z
k) is in the analyticity domain of these terms for 0 ~ e ~ vr.
Hence the main problem comes from those terms in (3 .1 ) with= 2
and GD2
Goj for some j (In fact if D2 is the decomposition into the
nucleus and the cluster formed of the N electrons then HD2 is simply the N
electron Hamiltonian with no nuclear attraction). This Hamiltonian has
whereas it is simply k2 (~ + for general k. If
positive spectrum for
the
we perform
z) has a singular set
decomposition (3 . 3) the part
so that here again
k2
~
+
of
at
the
+
of
half-lines
in z consisting
right E~
now
Consider
domain.
in
the
are
the points E(e, k)
analyticity
=

=

1

then
as t;

( [11 ], [12 ])
! 0 ; hence

this operator has

a norm

limit in

2(L;, L~s),

s &#x3E; -,

2

since the other
has a norm limit as e ! 0 for z
E(e, k) in 2(L;,
are bounded analytic in 2(L;, L2 S) (here again we skip
resolvents in
the irrelevant arguments concerning the relative boundedness of the
=

potentials).
z). If D2 in (3.2) is the decomapply similar arguments to
with N electrons then
formed
the
cluster
and
the
nucleus
into
position
the spectral analysis of each of the resolvents in the corresponding terms
of (3 . 2) contributing to
z) shows that E(e, k) is in the analyticity domain
of these terms for 0 ~ E rc. When GD2
Goj, the same property holds
for the contribution of Go2~~. To treat the part
We

now

=

z)Vj
enough to apply Lemma III . 2 above. According to it this is a bounded
to Ls for S 1 when z
E(e, k), e &#x3E; 0. Near the limit
operator from
resolvent
e=0 one has to use the first
equation
k))
k)) +
k))

it is

=

=

vc.
where Eo is some fixed positive number, eo
From this and the basic Agmon’s theory it follows that

converges in

norm

of

the other factors leave

2’(L;, L2 _ S)

as t:

invariant

goes to

one

zero

obtains that

for norm

l’Institut Henri Poincaré -

E(s, k))
s

1. Since

lim

E(e, k))
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exists in
on

L2

IZ,).
for 0

Now for

1 and

s

each E, 0

accordingly

Now

e

Vs

&#x3E;

~

is compact

I(k, E(e, k))
.

"2. 1

analyticity in k of the ~ 0 limits of D and I follows from Ascoli’s
analytic theorem since analyticity holds for e &#x3E; 0. From
=

and Fredholm

-2

s

analytic theorem [14 ], the

1, which is meromorphic in 0

spurious solutions of the equations (
discussion of the poles of
We

exists in

Arg k

-.

2(L;, L2 S),

The existence of

1 - I)u = 0 requires some auxiliary
postpone it up to the end of this

proof.
We

turn to the

discussion of
As before we need to look
of
the
various
in D and I. Inductively
involved
spectrum
on the number of electrons and using the tensorial sum structure of
HD
it is easy to show that if electron N belongs to a cluster C in D then the
is the interior of the parabola &#x26;0 shifted over Ec
spectrum of HD(03C41(k)
where Ec is the lowest threshold of cluster C. So if HD + Ho, N the points
for t; &#x3E; 0 and small enough for all k
k) stay away from
with 0
Arg k 7r. If
Ho,N then again one decomposes Go,N
to
the
has spectrum consisting of the interior
according (3 . 3) ;
part
of &#x26;0 shifted over E~ which does not contain E(E, k). So it is enough to
+ k~2 the limit of this
investigate
E(E, k)) =
now

at the

operator in

2(L;,

&#x3E;

-, 1 follows from the extension of Agmon ’ s
,

theory to boosted Hamiltonians
ments used in the dilation case.

( [18 ]).

So

we can

carry over all the argu-

We conclude this proof with a standard argument [8] which shows
that spurious solutions of the homogeneous equation 1
I
0 do not
or
So the only possible poles of
are on
give poles of
the positive imaginary axis for those values of k such that E(k) is an
or
eigenvalue of H lying below the threshold Eo. Assume
has a
pole at k = ko ; then for some Gaussian type function exp 2014 (~2014~==~(~)
the expectation values ( fa,
or ( fa,
have a pole at k = -ko,
since the set of
is a total set in L 2 for all
Since such functions
-

have both dilation

whole

analyticity in|Arg 03BB|

-

or

boost

=

analyticity

in the

it is possible to dilate or boost back from k or
Then one obtains that (H - z) -1 has a pole for z
E(k).
Since for
&#x3E; 0 such poles can appear only at eigenvalues of Hone
obtains the desired result.
to one

complex plane
or zero.
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For the analysis of
of boosts :

The

exchange amplitudes

previous result is weakened

THEOREM 111.2.
~~~

exists in the

norm

-

Let k~i(0,

we

will need to

use

the

family

to :

(EÕ -

operator topology

such that

&#x3E; - 2 1
with poles for those purely

2(L;, L2 S) ,

all

and is

s

mero-

morphic in a complex neighbourhood of such k’s
imaginary values of k such that E(k) E o’p(H).
For
Proof 2014 Let us look at the spectrum of the various
with
l
&#x3E;
3
the
cluster
any
points E(e, k) stay away
decomposition D~
from
since it consists of the interior of the parabola ~o(~2(k))
shifted over some threshold Eo , y &#x3E; 1. This is also true if D is a three
cluster decomposition different from the one, say D(N, N - 1), consisting
of electrons N and N - 1 and the remaining positive ion. For D(N, N -1)
the spectrum ~1(_i2(k)) whose leftmost point is Eo + 211m k ~2 ; it reaches
Let us look finally at two-cluster decomE(k) precisely for k2
positions D2 ; we need to consider only those decompositions where
=

electron N or electron N - 1 is the isolated cluster. Then the spectrum
is again ~1 (~ 1 (k)) leading to the same restriction
The other statements of the theorem follow from the same type of arguments as in the previous theorem.
To conclude this section we briefly discuss some implications of the
Balslev-Combes theory ( [8 ], [14 ]) concerning analytic continuation
in the unphysical sheets with Arg k
0.
of

We refer to the recent review article by W. Reinhart [19]for the relevance
of this theory to the discussion and numerical calculations of resonances
energies in Atomic Physics. Since H(k) H"(k) it is easy to apply our
previous discussion of the transformed Weinberg-van Winter equations
=

under the dilation group to the situation
-

where - 2

Arg

k
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since

one has
k) lies on the interior side of the cut Eo +
account, in the discussion of the singular sets of D and I, the
possible eigenvalues and cuts in the spectrum of the
Complex
eigenvalues in the point spectrum of H(k) are independent of k as long as
they are not covered or uncovered by the cuts originating from the set of
now

to take into

thresholds

~(k)

6p(k). These complex eigenvalues are commonly

=

~

CeD

interpreted

Then

as resonance

one can

easily

THEOREM III . 3.

energies ;

extend Theorem III. 1 to

-

Gu (k)

(0, (E? - E8)1/2) in the domain
occur

at

those values

III.3

define

of k

has

a

meromorphic

k C, - ~

Arg k

E

continuation

0. Its

poles

through
can

only

such that

Analyticity

of the direct

amplitude (*).

apply the previous results to the analytic continuation
let
fk us first rewrite the definitions (2 .10, 2 .11 ) under the form

In order to

problem for
where k

(ù

=

Since the

=

1, and

term fdB

is independent of k the analytic continuation of
the
term in the r. h. s. of (3.10). But since
second
is now
depends
free of the diverging phase exp (~’~), and
has an analytic contion

nuation to 0

-2

with continuous

boundary

values for

=

0

(Lemma III. 1), the whole problem is now reduced to the analyticity of
the resolvent (H(k) - E(s, k))-1 in the limit t;
0. But due to Theorem 111.1,
=

(*) The method presented here has already been discussed and used in [3], [7],
[16], [17], [18]. We refer to these papers for more mathematical details.
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faced

we are now

since

with the

essentially

L;

is not in

for

some s &#x3E;

same

1

and

problem

as

for Im k

will solve it m

we

a

=

0

similar

(and in fact simpler) way. With the use of dilations and the first part of
Theorem III. 1, we will be able to obtain an analytic continuation in
the sector 0

Arg

.

in - 2

Arg

k

~c .

03C0 2. By

k

However

reflexion symmetry this

we

axis. This is why we need to
help of boosts writting now:

cannot reach in

supplement

the

gives analyticity

this way the

imaginary

previous analysis

with the

with
and

i 1 (k) as defined in Theorem III.1.
Obviously this provides the same analytic continuation as before (since
this continuation is unique) in 0
Arg k -2 but it allows now to reach
the full domain 0

Arg

k

~.

Our main result is

The scattering amplitude fd(k) has a meromorphic
THEOREM III . 4.
continuation to the half-plane C + = { k, Im k &#x3E; 0} with possible poles at
those imaginary values of k such that E(k) E Qp(H). Furthermore it has a
in the domain
meromorphic continuation tlirough (o,
-

(E~ - Eg)1/2)

whose

poles

REMARKS.

can

-

imaginary ko
where

is

only

occur

for

1) The residue
given by

those value

at a

of k

such that

E(k) E 03C3res

pole E(ko) corresponding

to

a

and

purely

is the projection operator on the eigenspace of H associated
and
E(ko)
Exponential properties ( [9 ], [14 ])
is analytic in the strip Im .I
imply that
(E(ko) - Eg)1/2. Existence
of the limit in (3.13) is accordingly anon-trivial by-product of Theorem III.4.
2) A stronger analytic continuation result on unphysical sheets has
been obtained by Nutall and Singh [5 ]. They show that for partial waves
such an analytic continuation exists through all the cuts having threshold

Pko

to

m(0,(E~-E~).
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Proof of Theorem III ..4. We investigate first the domain o Arg k
since

- 2;

have Theorem III. 1 above available in place of the PSS
will
be able to apply the arguments of Theorem II.1.
result,
to
According
(2.12) we need to investigate the boundary values of
In analogy with (2.8) we decompose
G(03C41(k), E(k,
we now
we

Then

is in L2 since 03C8N does and E(k) is not in the singular set of
z).
Also by arguments developped in the proof of Lemma 11.2 we obtain
that
is in Ls for ~ 1 uniformly
0
E(k,
and sufficiently small. On the other hand 003C8N is in Ls for all s E R (apply (2 . 9)
for k
0). We can now repeat the proof of Theorem II .1 (with the difference
that here we do not have to make an initial cut-off on the momentum
of electron N). Since the boundary values of the resolvent G~o~N(~(k), E(k, E)),
l
1 or 2 are analytic in 0
Arg k 7r and those of
e))
are meromorphic one obtains the first statement of Theorem 111.3. For
the analytic continuation through (Eo, E~) we use the form (3.10) of the
amplitude and apply Theorem III. 3 along the same lines as above namely
with the decomposition
=

=

In this

0

Arg k|

-

by

both

and

are

Lemma III.1 hence

singularities

decomposition

analytic
of the

in k in

amplitude

those of
To be complete one needs to show that the analytic function defined
in this way in the lower and upper-half planes really is the analytic continuation of the physical scattering amplitude defined in § II. This follows
from the remark that the property holds when the parameter e in (3.10)
is kept fixed and non-zero. Since on the other hand the scattering amplitude
is continuous for real k (outside the set E(k) E E u 6p(H)) this remains
0 by Walsh’s theorem.
true in the limit e
are

v

=

III.4 The

exchange amplitude.

In order to apply the same type of techniques to the non Born part
of the exchange amplitude (1.5) we rewrite it alternatively as
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with

given by (3.11),

with

i2(k) defined by (3.9)

From the first

or

and

expression (3.15) one obtains as before analytic continuation

in the domain 0

Arg k|

-.

From the second one, it is

possible

to

reach this part of the imaginary axis considered in Theorem III. 2 provided
and
are analytic
one makes sure that both vectors ~~(in a neighbourhood of this domain. This is in fact precisely the case as
follows from the previously mentioned results on exponential decay
([9], [14 ]). Then one gets
properties of
THEOREM III . 5. 2014 The scattering
continuation to the domain

amplitude fr(k)

has

with possible poles when
nuation through (0, (E? -

It also has
for fd(k).

meromorphic

E(k) E

Eg)1/2)

as

a

a

meromorphic

conti-

is analytic
(resp. exp
in
all
its
variables
for
rapidly decreasing
(Eo - Eg)1/2
I
([9]] [14 ]) the analyticity of the Born term under this condition on
is easily shown. It can be extended to the full domain ~ using 111.1. It
and
remains to look at the non Born part of fr(k). Since
also are analytic (as elements
for
(Eo - Eg)1/2)
by Theorem III.2 and (3.16), the scattering amplitude is meromorphic
in k in a neighbourhood of L’(0, (Eo - Eg)1/2). To reach the full domain ~
one uses the form (3.10) and Theorem 111.1.

Proof

2014 Since exp

in k and

t/lN -1( -

IV CONCLUDING REMARKS

The results presented here can be extended in two directions namely
when the atom is in an excited s-state or when the scattered electron is
replaced by another atom or an ion.
Concerning excited atom corresponding to E~ Eo, in an s-state the
arguments developped in chapter II to prove finiteness of the scattering
amplitude can be extended with some minor modifications. However the
dilation analyticity technique is not sufficient since once the complex
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dilation is performed the energy E~ + k2 lies below the half-lines E~ + k2 (1~ +,
k p [3 ]. Then it is necessary to use local distortion techniques as those
of Nutall and Singh [5 ], exploiting the full analyticity properties of the
Fourier transforms of the states
For p-states it is easy to see that even
the Born-term is not finite for real k and that all the arguments of § II
and III break down.
The second remark concerns ion-atom scattering. The difficulty in
extending our results to this situation is twofold. On one hand since it
is not possible anymore to make the infinite nuclear mass approximation
one has to deal with an extra book-keeping of the kinematics. Also the
threshold analysis of the full Hamiltonian is not so simple. However
both difficulties are of purely technical nature and our analysis can be
applied in a similar way. It is not clear however that this would really
be the right approach ; it seems that a reformulation of the problem in
a Born-Oppenheimer framework taking into account electronic levels of
the clamped nuclei Hamiltonians would be more satisfying both physically
and mathematically. This is presently under investigation.
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