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The short-range expansion in solid state physics

Helge HOLDEN, Raphael HØEGH-KROHN
Steinar JOHANNESEN

Matematisk institutt, Universitetet i Oslo, Blindern, Oslo 3, Norge

Ann. Inst. Henri Poincaré,

Vol. 41, n° 4, 1984, Physique theorique

ABSTRACT. 2014 We study the universal behaviour of the one-electron
approximation in solid state with a short-and zero range interaction
in three dimensions. More precisely, let

where V is a short-range potential, ~ analytic with ,~(o) = 1 and A is a
lattice modelling an infinite crystal, an infinite straight polymer or an
infinite monomolecular layer. We show that HE converges in norm resolvent
sense to the Hamiltonian with point interactions. Decomposing ~

where A is the Brillouin zone (the dual of A) we expand the eigenvalues
and resonances of H,(0) explicitly to first order in G. The first order term
has a simple form.

RESUME. - On etudie Ie comportement universel de 1’approximation
a un electron dans les solides avec une interaction a courte portee et une
interaction de portee nulle, a trois dimensions. Plus precisement, soit

ou V est un potentiel a courte portée,  est analytique avec (0) = 1 et

A est un reseau modelisant un cristal infini, un polymere rectiligne infini,
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ou une couche monomoléculaire infinie. On montre que H~ converge en
norme de la résolvante vers un Hamiltonien à interactions ponctuelles.

Décomposant H, = JÂ où Â est la zone de Brillouin (duale de A),
on développe les valeurs propres et les résonances de explicitement
au premier ordre en s. Le terme du premier ordre a une forme simple.

1. INTRODUCTION

The well-known Kronig-Penney model [9] ] provides an explicitly sol-
vable model of an infinite crystal in one dimension. The model is simply
the one electron approximation with a b-potential interaction.

It was recently discovered by Grossmann, H~egh-Krohn and Meb-
khout [4 ] that it is also possible to give a rigorous definition of an analogue
of the Kronig-Penney model in three dimensions. But the definition is
much more subtle than in one dimension and it is necessary with a renor-
malization procedure. However, then model is still solvable and the spec-
tral properties of it has been thoroughly studied by Grossmann, H~egh-
Krohn and Mebkhout [5] ] and H~egh-Krohn, Holden, Martinelli [6 ].

In this paper we study in which sense this solvable model with zero-
range interactions is well approximated by more realistic short-range
interactions. 

-

More precisely, let the Hamiltonian HG be given by

where the Vs are suitable short-range potentials, e. g. compact support
and the are real-valued analytic functions with = 1.

We note that s’~V(-(~;’;)) -~ ~-x,) as s - 0, while we have
s ’ 2V 1 ( x - x .) = e( 6 ’ 3V 1 E( x - x . which indicates that the limit s - 0(x- // which indicates that the limit e -+ 0
is not a trivial object to study and that some renormalization procedure
is necessary to define point interactions rigorously.

In this paper we prove that H tends to the point interaction Hamil-
tonian as s tends to zero in norm resolvent sense. This extends a result

by Albeverio and H~egh-Krohn [3 ] where convergence in strong resolvent
sense is proved, and where also the case with only a finite number of terms
in the sum is discussed. Stronger results in this latter case where however
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337THE SHORT-RANGE EXPANSION IN SOLID STATE PHYSICS

obtained by Albeverio, Gesztesy and HØegh-Krohn [7] ] and Holden,
Høegh-Krohn and Johannesen [7 ].
The result is applied to the situation where the set { forms a lattice A

and Vj = V, ~. This makes the Hamiltonian HE translation invariant
under A and we can decompose the Hamiltonian as .

where A = and r is the orthogonal lattice to A (for more datails
see section 3, 4 and 5). The negative part of the spectrum of consists
of discrete eigenvalues and we obtain analytic expansion around the point
interaction eigenvalues. The surprising fact is that if Eo(8 ) denotes an
eigenvalue of the decomposed point interaction operator and Eg(0) is
an eigenvalue for converging to Eo(8 ) we have the expansion

where

and h depends only on the lattice and 8. A, B are independent of the
lattice and 8 and only depend on properties of the one center operator
- 0 + V. For the explicit form of h~ and A and B see the next sections.
The expansion also applies to the positive part of the spectrum and is
independent of whether the lattice A is 1-, 2 - or 3-dimensional.
The point interaction model of a straight polymer, i. e. when A is 1-dimen-

sional, exhibits real resonances and also in this case the expansion ( 1. 3)
is valid. We note that the resonances are still real to first order in s.

2. APPROXIMATION TO POINT INTERACTIONS

We consider a countable subset X = ~ x~ ~ of R3 which is discrete in
the sense that &#x3E; 0 and a countable set of potentials {Vj}
such that :

There exists a real Rollnik function V (i. e. V : R3 -t Rand

with compact support such that

See Simon" [7.?] for properties of Rollnik functions. Let { ,ui ~ be a countable

Vol. 41, n° 4-1984.



338 H. HOLDEN, R. HØEGH-KROHN AND S. JOHANNESEN

set of real analytic functions with uniformly bounded derivative in a neigh-
bourhood of 0 with j(0)=1 for By 0394 we denote the self-adjoint Lapla-
cian on L2(R3). With these definition we have the following.

LEMMA 2’.1. - The Hamiltonian

is a self-adjoint operator on L2(R3) defined in terms of quadratic forms
for small B &#x3E; 0.

Proof - Let ,

for s so small that supp V,( -(. 2014 x. n supp V. -(. 2014 xj)) = 0 for allE( / E( ~/
f =~ j. By the KLMN theorem (see Reed-Simon II [70]) it is enough to prove
thatW« -0.

Let Gp now denote the resolvent of the free Hamiltonian, i. e.

In L2(R3) GE has an integralkernel which we denote by GE(x- y) which
is given by

where Im E &#x3E; 0.
As in the proof of theorem 1. 21 in Simon [7~] we only need to prove

that given a &#x3E; 0 there exists an E such that

for all !/ E 
Let

and let Xj be the characteristic function for supp Wj and define

and

de Henri Poincaré - Physique theorique



339THE SHORT-RANGE EXPANSION IN SOLID STATE PHYSICS

Then

from the appendix where II IIH denotes the Holmgren norm (see appen-
dix). From the explicit expression for the kernel of the resolvent GE we
see that ( I can be made arbitrarily small by choosing E such
that Im ~/E is large.

Let now
and

{ 
1 x&#x3E;0

where " sgn denotes the signum function, sgn (x) = 0 x = 0.

We introduce " the Hilbert space 
" -1 x  0

and the operators

with integral kernels

(We suppress the E dependence for the moment in the notation.) For
these operators we have

LEMMA 2 . 2. - Be, C£ and D£ are bounded operators can

be made arbitrarily small when Im ~/E is chosen sufficiently large.
Proof 2014 We have

Vol. 41, n° 4-1984.



340 H. HOLDEN, R. HØEGH-KROHN AND S. JOHANNESEN

which can be " made " arbitrarily small when Im E is sufficiently large,

and 0 similar for II. This implies that also !! can be made

arbitrarily small. For t/J E L 2(R3) we have :

where c is a constant, showing that DE is bounded. A similar argument shows
that (CE)* is bounded, thus making CE bounded.
We can now state the following theorem which was first proved for a

N

finite number of centers (i. e. with jf = Q L2(R3) with N  oo) in Holden,
HpSegh-Krohn and Johannesen [7 ]. See also Albeverio et al. [2] ] for an
abstract version of the finite center case.

THEOREM 2. 3. - When E ~ (7(H,)

Proof 2014 The proof is in 3 steps.

STEP 1. -

where W.M = and 

- We define the functions:

Annales de Henri Poincaré - Physique ’ theorique ’



341THE SHORT-RANGE EXPANSION IN SOLID STATE PHYSICS

Let A : Jf -t J~ be the operator with components A~~ = Then :

using a change in variables.

STEP 2. -

Proof - Using step 1 and lemma 2.2 we see that the right hand side
of (2.19) is norm convergent when Im ~/E is large. The formula then follows
as in lemma 11.11 in Simon [7~].

STEP 3. - Combining now step 1 and 2 we have

when

The theorem follows by analytic continuation on both sides.
We now assume in addition that

i ) 0 is a simple zero energy resonance i. e. -1
is a simple eigenvalue for ujG0vj with eigenfunction 4&#x3E;j such that 
which fullfills (-A+V~)~=0 in the sense of distributions, is not in L2(R3).
For later use we define which fullfills 
A very convenient criterium to decide when 03C8 is in L2(R3) is the following.
We have that iff (v, 03C6j)=0. (See Albeverio, Gesztesy, Høegh-
Krohn [1 ].)

ii) There exists an interval I around 1 such has no zero

energy resonances or eigenvalues for ~, E 1B { 1 } when} E N.
Remark. 2014 For a discussion of assumption (i ) in the finite center case,

see Albeverio, HØegh-Krohn [3 ], Albeverio, Gesztesy, Høegh-Krohn [7] ] -

and Holden, Høegh-Krohn, Johannesen [7].

Vol. 41, n° 4-1984.



342 H. HOLDEN, R. HØEGH-KROHN AND S. JOHANNESEN

We will now introduce the Hamiltonian corresponding to the formal
operator .

where X = (x 1, ... , xn, ... ), v = (v 1, ... , vn, ... ) with and 03B4 is

Dirac’s delta function.
This formal operator can be rigorously defined as the unique self-adjoint

operator - on L2(R3) with resolvent which has an integralkernel
defined by :

where Im ~/E &#x3E; 0

a = (a 1, ... , an, ... ), an E K, and [ J -1 is the inverse 0 the matrix [ ]
on [2(X). See Grossmann, Høegh-Krohn and Mebkhout [4 ], [5 for this
definition and the relation between the 03BDj of (2 . 21 ) and the a j of (2 . 22).
Using this definition we can state the main theorem in this section.

THEOREM 2.4. - Under the general assumptions stated in the

beginning of this section and assumptions (i ) and (ii) we have that He
converges to - in norm resolvent sense as G -t 0 where a

has components

Remarks. 2014 1. In Albeverio, Høegh-Krohn [3] it is proved strong conver-
gence in the resolvent sense.

2. In the one-dimensional case (i. e. as operators on L2(R)) this is proved
in Albeverio et al. [2 ]. However, in one dimension and 

are given by other expressions than in three dimensions.
3. In the finite center case this is proved in Holden, H~egh-Krohn and

Johannesen [7] ] and in the one-center case in Albeverio, Gesztesy and
HØegh-Krohn [1 ]. ,

Proof 2014 Using theorem 2.3 we only have to find the limit of the ope-
rators ( 1 + BE) -1, CE, DE as G tends to zero.

cle l’Institut Henri Poiricaré - Physique theorique



343THE SHORT-RANGE EXPANSION IN SOLID STATE PHYSICS

When 03C8 E L2(R3) we have (for simplicity we 1)

where

A similar argument shows that (C~)* -~ (C°)* and therefore

To study ( 1 + we split BE into the diagonal and off-diagonal ele-
ments with kernels :

thus making l+B’=l+E’+sF’ and

We have that II FE - --+ 0 since

by dominated convergence theorem.

Expanding Ejj in B we have

Vol. 41, n° 4-1984.



344 H. HOLDEN, R. HØEGH-KROHN AND S. JOHANNESEN

where

and 1 ~0j(~) ~ 0 as B -t 0 uniformly in }. (The operator S = |f~  g I

is defined to be S~ = ~).) In lemma 2.6, proved after this theorem,
we show that

where Pj = |03C6j~j| is uniformly bounded and oj(1)~ 0 uniformly in).
(~~~~

From (2.30) and (2.32) we obtain after a short computation (see Hol-
den, Høegh-Krohn and Johannesen [7])

where -t 0 as B -t 0 and

Using now (2.25), (2.26) and (2. 33) we finally obtain

after a computation where a is as defined in the theorem. Before we prove
the remaining lemma we state a corollary.

COROLLARY 2. 5. - If there is only a finite number of different poten-
tials we still have that 

.

without assumption (ii ). 
’

Proof 2014 The only place where we use assumption (ii) is in order to have
uniformity in equation (2. 32).

LEMMA 2. 6. - With the same assumptions as in theorem 2.4 we have

, 

where R = |03C6j~j| (j,03C6j| is bounded uniforml y in J and !! oj (1)!! ~ 0 um-

formly in J.

Proof. 2014 From lemma 3 .1 in Albeverio, Gesztesy and Høegh-Krohn [7] ]
we have the norm convergent expansion

Annales 4e Henri Poincare - Physique " theorique " j



345THE SHORT-RANGE EXPANSION IN SOLID STATE PHYSICS

where

and

where rj surrounds only the isolated eigenvalue -1 of 
We now have that

when z + 0 where is a self-adjoint Hilbert-Schmidt operator.
The operator is bounded with :

where II V IIR = H y 1-2dxdy I/2 is the Rollnik-norm).

Since is self-adjoint,

where d( . , . ) denotes the distance.
From assumption (ii) on the potentials there is a neighbourhood U

around -1 such that n U = { - 1} for 
Since U(G¿/2VjG¿/2) u { 0 } = there exists a constant c

such that

From (2 . 41) we have that (z - is uniformly bounded which
makes Pj and T. uniformly bounded.

3. CRYSTALS

In this section we use the results of section 2 in the case where the set X

of points with point interaction forms a lattice, thus modelling an infinite
crystal.
The convergence of the operator will be used to draw conclusions about

the convergence of eigenvalues similar to that in Holden, Høegh-Krohn
and Johannesen [7 ]. Due to symmetry the formulas will actually be sim-
plified in this case.

Vol. 41, n° 4-1984.



346 H. HOLDEN, R. HØEGH-KROHN AND S. JOHANNESEN

First we introduce some notations.

Let A be the lattice in R3, i. e.

where al, a2, a3 are three linearly independent vectors in R3. The ortho-
gonal lattice r is

where bi ~ R3 and ai.bj = 

We identify the dual group A = with the Brillouin zone B where

finite subset of the basic periodic cell Q where

Assuming that the potentials = 1, .., n, are real Rollnik functions
with compact support and ~(s), ~ = 1, ... , n, are real analytic functions
around B = 0 with ~(0) = 1, j = 1, ... , n, we can use lemma 2 .1 to define
the self-adjoint operator HE

From theorem 2. 3 we have

when E ~ and using corollary 2 . 5 we conclude that

where - is the unique self-adjoint operator on L2(R3) with resolvent

where [ ]-103BB03BB’jl is the inverse kernel as operator on Cn (8) l2(A) (see Gross-
mann, Høegh-Krohn and Mebkhout [5] ] for more details on the limit

operator).

Annales de I’Institut Henri Physique theorique
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Now H from (2.10) can be identified with

The operators BE, C~ and DE have kernels

To simplify (3.5) we use Fourier-analysis on A.
We have a natural unitary operator

where A is to be interpreted as B with its Haar measures, i. e. Lebesque
measure divided by B  the measure of B. U is defined on the Schwartz
space ~ by

with e E B, X-eQ (see Reed-Simon IV [11 ]).
Using this operator we have the commutative diagram

where we define the function

and the operator gE by

where gE(8 ) has integralkernel y, e ), i. e.

Vol. 41, n° 4-1984.



348 H. HOLDEN, R. HØEGH-KROHN AND S. JOHANNESEN

Further we introduce the Fourier transform ~ with respect to A to
obtain the following commutative diagrams

where

and

We want to prove that

To this end we use the faithful C*-algebra homomorphism

(where denotes the bounded operators on ~f) defined by

Annales de Henri Poincare - Physique ’ theorique ’



349THE SHORT-RANGE EXPANSION IN SOLID STATE PHYSICS

From this we have that 1 + Be is invertible in L2(A, C" Q L2(R3)) iff

1 + B’(0) is invertible in (C" (x) L2(R3)) a. e. and

Thus we have the following theorem.

THEOREM 3.1. - We have the integral decomposition

where has resolvent

Similar to this decomposition for HE we also have one for the opera-
tor - ~~8,cx).

THEOREM 3 . 2. 2014 The operator - can be decomposed in the follow-
ing way -

has resolvent

Remark. 2014 We have defined

where we remember if x $ 0 and GE(o) = 0. Then we have
(see Grossmann, Hoegh-Krohn and Mebkhout [5 ])

Vol. 41, n° 4-1984.
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Proof. - In Grossmann, Høbegh-Krohn and Mebkhout [5 the operator
- 0394(0396,03B1) is decomposed in p-space. We denote the p-space version of- 0~ n, considered on L2(A, l2(r)) by - 0~. Then we have

where -039403B1(c) is an operator on [2(r) whose resolvent has integral kernel
given by

Defining the operator S by

and

when 03C8 E L2(A, l2(r)) we can show that the following diagram commutes :

where

this’" is not to be confused with the 8 ) defined by (3 . 29)) and

Using this operator we obtain the stated decomposition.

THEOREM 3 . 3. - The decomposed operator converges in norm

resolvent sense to - as B -t 0 when a = (al, ...,xJ is given
according to

Proof 2014 The proof is identical to that of theorem 2 . 5 in Holden, 
Krohn and Johannesen [7] except that one has to replace GE by gE.
By this decomposition we have in the standard way reduced the band

spectrum ofH, and - 0~ ,,~~ to isolated eigenvalues for each operator H,(0)
Annales de l’Institut Henri Poincaré - Physique theorique
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and - A~ J0) when 8 E A. The union over all eigenvalues for all 8 E A
gives the spectrum of HE and - 
We now want to use the norm resolvent convergence to expand in B

the eigenvalues of - 
To simplify matters we first study the one center case, i. e. 181 = 1, and

we can assume 8 = {0 } without loss of generality. In this case the spectrum
is completely described by the following theorem. We put - A~ = 
and similarly - A~(0) = - 

THEOREM 3 . 4. - ~) 2014A~(0) has pure point spectrum and Ee is an

eigenvalue for - with multiplicity m iff

and

or

(II) There exist m + 1 points yo, ...,y~er such that

b) The spectrum of - Da is absolutely continuous and there exist num-
bers E..(x), E, (a) such that

Proof, 2014 See Grossmann, HØegh-Krohn and Mebkhout [J].

Remark. 2014 We observe that the negative eigenvalues are all in case (I).
We can now prove the following theorem.

THEOREM 3 . 5. - Assume that ze(E) is an eigenvalue for for B &#x3E; 0

which remains bounded for small positive B.
be a positive sequence decreasing to zero and let E~ be an

accumulation point for { Z8(En) ~.
Then E~ is an eigenvalue Assume that this eigenvalue is

in case (I). Then we have that if E~  0 (E~ ~ 0) there exists an analytic
(differentiable) function Ee(E) in B such that is an eigenvalue for 
and we have

where

where A, B and h are given by

Vol. 41, n° 4-1984.
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and

Remarks. 2014 1. The formula for E~ has a surprising simplicity. The terms A
and B are independent of the lattice and depends only on the properties
of one point without any lattice. The lattice dependence is only the term h~ .
From the analysis in Grossmann, HØegh-Krohn and Mebkhout [5]

we know that each eigenvalue Ee in case (I) for - gives rise to a band
when 8 varies. The bands are connected at points Ee where there are at
least three points Y 2, with E~==~+0~==~+0~=~+0 p.

If we now let Ee° be such a point of connection and let with E8
in case (I) we see from (3.43) that E8 ~ 0. Thus in this sense we have that
the bands do not dissolve to first order.

2. Expanding B to higher order makes it possible to obtain formulas
to the .next order of However the formulas do not have the same

simplicity as the first one.

Proof 2014 From the norm resolvent convergence we conclude that E~
is an eigenvalue for - 

CASE (i ). - E~  o.

Then  0 which implies that the pole of the resolvent of 
has to come from ( 1 + B~0))’ B i. e. - 1 is an eigenvalue for 
The proof now closely follows the proof of theorem 3.1 in Holden,

Høegh-Krohn and Johannesen [7 ], so we will sketch this part.
We expand the operator 1 + in e where we have introduced the E

dependence in the operator defined by (3 . 20), i. e.

where
and

We split the space L2(R3) into ~Po and i. e.

where

Then

is a projection onto ~o .
Annales de Henri Poincaré - Physique theorique /
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This enables us to write B~(0) in the following way

where we have

and similarly for S(e) and o(E).
We now introduce the operator ~E(o ) defined by

Then one can deduce that when B &#x3E; 0

and the operator ~E(8 ) has the advantage that when B = 0, 9~(0) depends 
‘’

on E and 8 while ~(0) = S is independent of both E and 8.
This fact together with (3. 56) makes it possible to use implicit function

theory on the function

where det2 denotes the modified Fredholm-determinant (see e. g.
Simon [12 ]).

Putting B = 0 in (3 . 57) we obtain

Now det2 ( 1 + is independent of e, E and the other terms except the
first are never zero.
We have :

~ when we have normalized ~ such that (v, ~) = 1.

Vol. 41, n° 4-1984.
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This implies that

Thus by the implicit function theorem we obtain an analytic function 
with E8(0) = E~ and 

.

i. e. is an eigenvalue for HE(8).
Returning to ~Ee~E~(9 ) we have an analytic operator with - 1 as a simple

eigenvalue when e is small.
Then there exists an eigenvector ~ such that E H M is analytic and

Expanding and 03C6~ in powers of 8 we obtain

to zeroth order where 4&#x3E; = 4&#x3E;~ is independent of 8. We normalize 4&#x3E; such
that (4), v) = 1. To first order we have

which implies that

where ce is a constant. To second order we have when we take inner-pro-
duct with ~ = 4&#x3E; sgn V that

where

Defining

and

we obtain the stated 0 expansion (3.42).
Annales de l’Institut Henri Poincaré - Physique ’ theorique ’
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CASE (ii ). - 0 and E~ is in case (I).
Then E~ == ! y + 8 12 for all y E r which implies that z? =t= y + 0 12

for all ye r thus making a pole of ( 1 + B~(0))~.
We now follow the same argument as in case (i ) except now we cannot

say that and thus ~(0) is analytic.
We have that is a C2 operator-valued function in B when E ~ 0.
Following Kato [8] ] the projection P(B) onto the eigenspace corres-

ponding to the eigenvalue - 1 ofBp(0) is a C2 function 
Defining 4&#x3E;~ = where 4&#x3E; is an eigenfunction for we obtain

(3 . 62) which can be expanded sufficiently to give the equation (3 . 66) for E~.
Also in the general case with n centers par lattice site one is able to give

some properties of the spectrum in the limit when 8=0.
We recall the following theorem (! E | is the number of points in the set E).

THEOREM 3 . 6. - Let n = ~ E ~. Then (7(2014A~)) n (2014oo,0) consists of
at most n disjoint intervals.

Proof 2014 See Høegh-Krohn, Holden and Martinelli [6 ].
Again we can state a theorem concerning the convergence of the nega-

tive eigenvalues of the decomposed operators.

THEOREM 3.7. - Assume that is an eigenvalue for such that
- oo  M 1  ze(E )  M 2  0 when ~ &#x3E; 0 is small.

be a positive sequence decreasing to zero and let E~ be an
accumulation point 
Then E~ is an aigenvalue for - Let m be its multiplicity.
Then we have :

There exist m multivalued analytic functions E~),...,E~(e) with

Ee(o) = E~ such that is an eigenvalue for H,(0) and we have

where is given by (3 . 43) when m = 1 and is a solution of (3 . 82) when
m &#x3E; 1.

Proof 2014 We closely follow the strategy of the proof of theorem 3.5.
Expanding 1 + in B we obtain :

where now

Vol. 41, n° 4-1984.
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Wesplit H = 3 = Ker(1+S) and H1 = Ran(l+S),i.e.

Now

is a projection onto ~o .
Using this decomposition to define the operator in (3 . 55) we

have with

that

and in this case

The explicit expression (3.78) implies the existence of m (where m is the
multiplicity of the eigenvalue E~ of - ~(E,ex)(8)) not necessarily different
multivalued analytic functions

where ge is analytic, = 0.

Considering the operator we have an analytic operator with
constant eigenvalue - 1. 

~ 
.

Then there exists (see the proof of theorem 3.1 in Holden, 
Krohn and Johannesen [7 ]) an analytic eigenvector such that

When m = 1 we get the same formula for E 1 - as before, 1. e.
dE E=o

When m &#x3E; 1 we obtain by taking £ the derivative ’ in (3 . 80) m + 1 times

, Annales de l’Institut Henri Poincare - Physique ’ theorique ’
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that E, the derivative of the function is a solution of the system
ofeauations:

for j = 1, ..., n where ((vl, 03C601), ..., 03C60n)) fullfills

and

4. INFINITE STRAIGHT POLYMERS

In this section we replace the lattice 
from section 3 with the discrete abelian subgroup A = {(0,0, na) E R 3 
where a &#x3E; 0. This then, is a model of an infinite straight polymer.

Let furthermore 8 = { ç l’ ..., çn} be a finite subset of R3 with

0  03BE3i  a where 03BEi = (03BE1i, 03BE2i, 03BE3i). Then we can define the self-adjoint
operator

n

where Vj are Rollnik functions with compact support and j are analytic
function with ~ (0) = 1, and we know from corollary 2 . 5 that this operator
converges in norm resolvent sense to the operator - with resolvent

when

Vol.41,~4-1984.
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To study the spectral properties with this approximation we simplify to
the case when = 1 and again we can assume that 8 = { 0 }. We denote
- and similarly for the decomposed operator. From
theorem 2.3 we have that

and again we use Fourier-analysis to analyse the spectrum.
The analysis is quite similar to that of the model of the crystal so we will

sketch this part..
Considering He as an operator on L2(A, L2(R2) (8) L2(Q)) where Q = [0, a) ~

and A is identified with 2014 -, -) with Haar-measure, we can decompose HE- a a ~ .

where H,(0) has resolvent

The operators gE(8), C’(0), B’(0) and D’(0) have integral kernels given by

where

and

In Grossmann, Høegh-Krohn and Mebkhout [5 ] the operator - Da
is decomposed in p-space.
By making essentially a Fourier-transform we obtain a decomposition

of - da considered on L2(A, L2(R2) Q9 L2(Q))

where
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, 

and

Again we have.

THEOREM 4.1. - The operator HE(8 ) converges in norm resolvent sense
to - A~(0) when ~ -~ 0 and a is given according to (4 . 3).

Proof 2014 Similar to that of theorem 2.5 in Holden, Høegh-Krohn and
Johannesen [7 ].

Using this theorem we could procede as in section 3 to expand the
eigenvalues in e. However this model of an infinite straight polymer has
one property which is not shared by the model for the crystal, namely
real resonances on which we will concentrate here. Concerning the real
resonances of - Da we have

THEOREM 4.2. - If oc &#x3E; - ln 2 there exists at least one 8 E A such
2~ca

that - A~(0) has an infinite number of simple real resonances

when n E 

Proof 2014 From (4.10) we see that resonances and eigenvalues are solu-
tions of

From the assumption a &#x3E; - we can infer the existence of at least
one 8 such that 2~ca

which implies that

In Grossmann, Høegh-Krohn and Mebkhout [5 ] it is argued why these
are resonances and not eigenvalues.

THEOREM 4.3. 2014 Let a &#x3E; - 20142014 and let 0 be accordin g to theorem 4. 2
Vol. 41, n° 4-1984.
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and E~(0) be defined by (4.12). Then for e &#x3E; 0 small H,(0) has a simple
resonance En(E) such that

where

and A, B are given by (3.44), (3.45) respectively.

Proof 2014 The proof follows that of theorem 3. 5, except for the fact that
we have to argue that the resonance for - has not turned into an

eigenvalue. But Hg(0) has at most a finite number of positive eigenvalues.
Remark. 2014 By observing that the formula for gives a real number

we have that the resonance is real also to first order in e.

5. MONO-MOLECULAR LAYER

We can of course also use the methods utilized in section 3 and 4 to

study a model of a mono-molecular layer, i. e. to define A as

where ai = (a1i, a2, 0) E R3 i = 1, 2 and a1 and a2 are linearly independent.
Again we get the same structure of the eigenvalues to first order, i. ~.

where A, B are as usual given by (3 . 44) and (3 . 45) and h is a term depending
on the A considered. In the case of a mono-molecular layer, i. e. when A
is given by (5.1) we have that

where " r is the orthogonal lattice, i. e. 
and 0 y = 1
The dual group 0 A is identified with the Brillouin zone " B where 

"

and0=(~,~,~)eB.
We omit the details.
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APPENDIX

In this appendix we will define the so-called Holmgren-norm.

Let { be a sequence of Hilbert-spaces and define H = @ Hn.

Let further A = be an operator with D(A) = H. If 03C6 = (03C6n) ~ H we have

where

is the Holmgren-norm of A.
We note that
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