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Semiclassical quantum mechanics, IV:
large order asymptotics and more general states
in more than one dimension

by

George A. HAGEDORN (*)

Department of Mathematics, Virginia Polytechnic Institute
and State University, Blacksburg, Virginia 24061-4097

ABSTRACT. — We solve the n-dimensional time dependent Schroédinger
2

oY
equation ih—at— = -5 AY + V¥ modulo errors which have L? norms
m

on the order of #/2 for arbitrary large I The initial conditions are fairly
general states whose position and momentum uncertainties are propor-
tional to A!/2,

REsUME. — On résout I'équation de Schrédinger dépendant du temps

d¥ h?
i = = - E—A‘I’ + V¥ en dimension n modulo des erreurs dont la
m

norme dans L? est d’ordre #Y? pour l'arbitrairement grand. Les conditions
initiales sont des états relativement généraux dont les incertitudes de
position et d’impulsion sont proportionnelles a #!/2,

§ 1. INTRODUCTION

In this paper we study the high order semiclassical asymptotics of
solutions to the n-dimensional time dependent Schrodinger equation

(*) Supported in part by the National Science Foundation under grant number
MCS-8301277.
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364 G. A. HAGEDORN

2
ih-a; = - ;l—mA‘P + V¥. We show that there exist solutions ¥(x, t)
which are concentrated near the trajectory of a classical particle up to
errors which are on the order of #"2 for arbitrarily large .

These results are generalizations of some of our earlier work [3] [4] on
the semiclassical limit of quantum mechanics. In [3] we showed that there
are approximate solutions to the n-dimensional Schrodinger equation
which are accurate up to errors on the order of #'/2. In [4] we showed
that in one dimension, there are approximate solutions which are accurate
up to errors on the order of A2 for arbitrary I Thus, the present paper
generalizes [3] to higher dimension and [4] to higher order. The gene-
ralizations are not straightforward because it is far from clear just what
the n-dimensional analogs of the functions ¢u(A, B, %, a, 1, x) of [4] are.
They are not simply « products of Hermite polynomials of various arguments
multiplied by a Gaussian », as stated in [4]. The complication comes from
the fact that the complex unitary group U(n, C) enters in the problem
where one might expect to see the real orthogonal group O(n, R). This
forces one to study some generalizations of the usual Hermite polynomials.
Once one knows that these functions are, the generalization of [4] is imme-
diate.

The approximate solutions which we study have momentum and posi-
tion uncertainties on the order of 42, This particular semiclassical limit
was first studied by Hepp [9], who computed the first term in the small £
asymptotics of certain expectation values. In the chemistry literature,
Heller [7] used the approximation of the same type, without studying
the question of whether or not the approximate solutions were asymptotic
to exact solutions. He and Lee have also proposed [8] an approximation
similar to the one in [4] and the one we describe here, but he has not found
the natural orthonormal basis in which to do the expansion. Ralston [/0]
has studied approximate solutions to strictly hyperbolic systems of partial
differential equations. His results are similar to the ones which we present
below, but he expands the approximate solution in terms of a non-ortho-
gonal basis for L2(R"), which leads to more complicated evolution equa-
tions for the coefficients in the expansion.

Other semiclassical limits are studied in the literature. In this regard,
we recommend the reader consult the work of Yajima [/4] [/5]. The time
independent problem for limits similar to ours has also been studied.
The reader should consult the works of Combes, Duclos and Seiler [/] [2],
and Simon [I/] [12].

For the potentials which we consider, the quantum Hamiltonian
2

h .
Hh)=— - A+V(x)=Hg(h)+V on L*(R") is essentially self-adjoint on the
m
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SEMICLASSICAL QUANTUM MECHANICS, IV 365

C*(R") functions of compact support. Under this Hamiltonian we will study
the evolution of states which are linear combinations of the wave functions
&i(A, B, h, a,n, x), which are defined below. The state ¢y(A, B, #, a, 7, X)
is concentrated near the position a and near the momentum #. Its posi-
tion uncertainty is proportional to #'/2, and is determined by the matrix
|A|= [AA*]"? and the multi-index k. Its momentum uncertainty is
proportional to #'/2, and is determined by the matrix |B| = [BB*]!/?
and the multi-index k.

The precise definition of the states ¢, (A, B, %, a, 7, x) is quite compli-
cated, and requires the following notation:

Throughout the paper we will let n denote the space dimension. A multi-
index k = (ky, ks, ..., k,) is an ordered n-tuple of non-negative integers.

n

The order of k is defined to be | k| = Z k;, and the factorial of k is defined
) i=1
to be k! =(ky )k, ... (k,!). The symbol D* denotes the differential
olxl
(0x1)¥1(Ox,) . .. (Ox,)
monomial x* = x*1x,* ... x,*. We denote the gradient of a function f
by £V, and we denote the matrix of second partial derivatives of f by /.
With a slight abuse of notation, we view R" as a subset of C”, and let e;
denote the i standard basis vector in R" or C". The inner product on R"

n

orC"is<{v,w) =ZE,~W,~.

i=1

Our generalizations of the zeroth and first order Hermite polynomials are

operator D¥ = and the symbol x* denotes the

Hox) =1
and

A\ %) =2{v,x),
where v is an arbitrary non-zero vector in C". Our generalizations of the

higher order Hermite polynomials are defined recursively as follows:
Let vy, vy, .. ., v, be m arbitrary non-zero vectors in C*. Then,

e}fm(vl’UZa .. "vm;x) = 2<vm7x>‘#m‘l(vl,027 <oy Um—1, x)
m—1
-2 < Uma—ﬁi > t#71—2(1715 v Vi—150i415 o o5 U—1q x)'
i=1
One can prove inductively that these functions do not depend on the

ordering of the vectors vy, v,, ..., v,. Furthermore, if the space dimen-
sion is n = 1 and the vectors vy, v,, . .., v, are all equal to 1eC!, then

Vol. 42, n°® 4-1985.



366 G. A. HAGEDORN

ff,,,(vl, Uz, - - -, U ; X) is equal to the usual Hermite polynomial of order m,
H,.(x).

Now suppose A is a complex invertible n x n matrix. We define
|A| = [AA*]'/2, where A* denotes the adjoint of A. By the polar decompo-
sition theorem, there exists a unique unitary matrix U, sothat A = | A | U,.
Given a multi-index k, we define the polynomial

;%ﬂk(A;x)=e7f|k'(UA€1,. . .,UAel, UAez,. . .,UAezJ,. c ey pAe,,,. . .,UAe,,;x).

ki entries k2 entries ky entries

We are now in a position to define the functions ¢(A, B, #, a, 1, x).

DEerINITION. — Let A and B be complex n x n matrices with the follow-
ing properties:
A and B are invertible; (1.1

BA ! is symmetric ([real symmetric] + i[real symmetric]); (1.2)
ReBA1 =% [(BA™Y) + (BA~Y)*]is strictly positive definite; (1.3)
(Re BA™1)™1 = AA*. (1.4)

Let ae R", n e R", A > 0. Then for each multi-index k, we define

dulA, B, b, a, n, x) = 27 1KI2(J )= 12g midp it [det A2
X H(A; R A" x — a))
x exp { — {(x—a), BA Y(x—a) >/2h+i{n, (x—a)>/h}.

The choice of the branch of the square root of [det A]™! in this definition
will depend on the context, and will always be specified.

Remarks.

1. Whenever we write @A, B, 4, a, 5, x), we tacitly assume that the condi-
tions (1.1)-(1.4) are fulfilled.

2. Condition (1.4) can be rewriten in a more symmetrical way. It is
equivalent to the condition

A*B + B*A =21,

where I is the n x n identity matrix.

3. We prove in § 2 that for fixed A, B, %, a, and 7, the functions ¢«(A, B, &,
a, 1, x) form an orthonormal basis of L3(R").

4. Generically, U, and Uy are complex unitary matrices, and |A |
and | B| are Hermitian. In the special cases in which they all happen to
be real, the functions ¢,(A, B, 4,0, 0, x) are simply rotated, scaled versions
of the eigenfunctions of the n-dimensional harmonic oscillator.

Annales de IInstitut Henri Poincaré - Physique théorique



SEMICLASSICAL QUANTUM MECHANICS, IV 367

5. The scaled Fourier transform which is appropriate for the semi-
classical limit is
[Z5¥1(E) = (2nh)~"2 f W(x)e XMy

Rn
In § 2 we prove that

[yh ¢h(A’ B: h’ an, . )](5) = (_ i)lkle_i“’awh(bk(B’ A’ h’ n, —a, é) -

6. In the definition of the functions ¢x(A, B, 4, q, 5, x), the only place in
which the matrix B appears is in the exponent. Similarly, ¢(B, A, h, %, —a, &)
depends on the matrix A only through the exponential factor. This property
is crucial to our proofs. It also makes the result of Remark 5 rather amazing.

The main result of this paper is the following:

THEOREM 1. 1.— Suppose Ve C'*4R"), | V(x)| < C;eM*F and V(x) > — C,,
for some constants C,, C,, and M. Let a, € R”*, , € R", and let A, and B,
be n x n matrices satisfying (1.1)~(1.4). Given a positive integer J, a posi-
tive real number T, and complex numbers ¢, for | k| < J, there exists a
constant C; such that

e——itH(ﬁ)/h Z ck¢k(A0’ Bo, h, Aaos Ho, ')

|K1<J

— St Z e, PA®), B(t), , alt), n(z), .) H < G2 (1.5)
|k|<T+31-3
whenever |t | < T (det A(t)) is never zero, and the branch of the square
root of (det A(¢))*/2 in the definition of ¢,(A(¢), B(t), #, a(t), n(t), x) is deter-
mined by continuity in ¢). Here [A(¢), B(¢), a(t), (t), S(t)] is the unique solu-
tion of the system of ordinary differential equations:

0

=0 = = VW), (1.6)
da

= ) = noym, (1.7
oA =iB 1.8
—(t) = iB(tym, (1.8)
‘Z—lf(t) = IVO(a(t)A(r) (1.9
as ,

= (0 = ) /2m — Viaz)), (1.10)

subject to the initial conditions A(0)=A,, B(0)=By, a(0)=ao, #(0)=1,, and

Vol. 42, n° 4-1985.



368 G. A. HAGEDORN

S(0)=0. The ¢4(t, h) are the unique solution to the system of coupled ordinary
differential equations

%(t, h)= Z z —ih(™=2%(m 1)~ [D"V J(alt))

0<|j[<I+31-3 3 m[<I+1 X by, j(AQ®))cjt, B), (1.11)

subject to the initial conditions ¢(0, %) = ¢, for | k| < J and ¢(0, h) =0
for J + 1 < |k|. In this equation, the quantity by, A) is a numerical
quantity which is computed in the remarks below.

Remarks.

1. The quantity by ,;(A) is a product of some quantities which are related
to the symmetric tensor representations of the matrices | A |, U,, and U,
To explicitly compute these quantities, we need some notation. Given a
sequence of integers iy, iy, ...,ix Which satisfy 1 <i;<n, we define
ind (iy, i, . . ., in) to be the multi-index k with the property that the number j
occurs in the sequence iy, iy, .. .,in, €Xactly k; times. Let A be a non-
singular complex n x n matrix, and let k and m be multi-indices with
k| =|m|. We fiX ji,j2, ---sjim SO that ind (ji,j2, - - -5 Jjim) = m, and
define

k)2
dy(A) = (ﬁ 2 [UaTon [OaTosn - [OaTomom-

1,802,001k
ind (i1,..., i) =k

In addition, let k, , and m be any three multi-indices, and choose iy, i, . . ., in
with ind (i, i, . . ., ix) = k. Then we define

|kl =» |k|
e xmA) = Z Z CLxixi L xIam )y H]A P
p=1 jp=1
where ¢ I, x)'x2 . .. x/*im ) denotes the matrix element of x/'x/2 ... x/i*!

in the usual harmonic oscillator basis (i. e., the basis { ¢(I, I, 1,0, 0, x) }).
With these definitions, the numerical quantity by, ; which appears in the
theorem is:

bk,m,j(A) = z dj,l(A)el,m,i(A)di,k(A)-

2. The quantities in the above remark arise from the computation of
the matrix elements

{ oA, B, h,a,n, x), (x — a)"¢jA,B,h,an, x)).

These matrix elements do not depend on a or #, and the # dependence

Annales de I’ Institut Henri Poincaré - Physique théorique



SEMICLASSICAL QUANTUM MECHANICS, IV 369

scales out to give a factor of #l™/2. The U, dependence is in the quantity
dnm i (A). It enters the computation through the formula:

¢m(A5 B5 13 05 0’ x)/¢0(A9 B’ 1, 05 05 x)
= Z Am(A) P, 1,1,0,0,| A7 x)/$o(I, 1,1,0,0,| A | 'x).
|k|=|m|
The | A | dependence is in the quantity
el,k,m(A) = < d)l(la I’ Ia 03 Os | A |_ Ix), xk¢m(1> L 1, 09 07 | A !— lx) > .

All of these formulas may be proved by using the definition of ¢(A, B, 4, q,
- 1, x), induction, and explicit computation.
3. Asin [3] [41[5]116]1 [13], A(¢) and B(t) are determined by the relations

_ oa(t) _da(t)
_on(t) . on(z)
B(t) = m—) B(0) — i m A(0)

4. One can prove another theorem which allows some infinite linear
combinations of the functions ¢u(A, B, h,a,, x) if one is willing to do
computations modulo errors on the order of #1/2. We have not stated this
theorem here, since it is the obvious analog of Theorem 1.2 of [¢]. Given
the results of § 2 of the present paper, it is easy to generalize the proof of
Theorem 1.2 of [4] to the n-dimensional case.

5. One can generalize Theorem 1.1 to include more general Hamil-
tonians. Hamiltonians which are arbitrary smooth functions of x, p= —iV,
and t can be accommodated. In particular, one can include magnetic fields,
or one can study problems with time dependent potentials which are qua-
draticin x and p (jointly). Seee. g, [5] [13] and [6] for applications of these
ideas.

In the rest of the paper we give the technical details necessary for the
proof of Theorem 1.1. We do not actually give a proof of the theorem,
since many of the steps are virtually identical to the analogous steps in
the 1-dimensional case.

§2. THE TECHNICALITIES

In this section we give proofs of the crucial lemmas involving the
properties of the functions ¢.(A, B, , a, 1, x). We also present a very rough
outline of the proof of Theorem 1.1. We do not give the full proof because

Vol. 42, n° 4-1985.



370 G. A. HAGEDORN

(once the lemmas are proved) it is essentially identical to the proof of Theo-
rem 1.1 of [4].

LemMMA 2.1. — The functions ¢,(A, B, %, a,, x) form an orthonormal
basis of L%R").

Proof. — By scaling out the | A | dependence of the functions ¢(A, B, #,
a,n, x), we need only prove this lemma for the case in which |A| = L
Furthermore, because of relation (1.4), the value of B is irrelevant in the
computation of inner products of the ¢,’s with one another. So, we can
assume B = I, also. Similarly, it is sufficient to consider only the case
of =0 and & = 1. Let w; = Uye; for 1 < j < n. Define a(w;) to be the
differential operator a(w;) = { W;, x ) + {W;, V) defined on the Schwartz
space Z(R"), and let a(w;)* be its adjoint. On Schwartz space, a(w;)* acts
as the differential operator a(w;)* = { w;, x> — {w;, V). The self-adjoint
operators N(w;) = a(w;)*a(w;) for 1 < j < n are easily seen to commute
with one another. Suppose vy, vy, ..., U, are chosen from the set (w;).
Then, by explicit computation.

AW )Hon(V1, 02, - - ., O3 X)e ™72

m .
= 22<Wj,ﬁi>%m—l(vl9 e Ui—1, Uity e .’Um;x)e—xZ/Z’
i=1

and

AWV H (D1, Vg5 -+ s U3 X)€ T2 = K1 (U1, - o Uy W) x)e 12

From these relations it is easy to see that
n
N(wj)‘;fm(vla V2. o U X)E TP =2 Z(W,—,ﬁ S Hon(v1, Vs - ., U X512,
i=1

Thus, #,,(v1, V3, . - ., Om; X)e /% is an eigenfunction of N(w;) with eigen-
value equal to twice the number of occurrances of w; in the sequence vy,
s, ..., U Since this is true for each j, and the N(w;)’s are commuting
self-adjoint operators, the functions ¢,(A, B, #,a,7,x) are orthogonal.
The function #,(vy, Vs, - - -, Up; X)e” 7% is equal to
a(vy)*a(vy)* . .. a(v,)*e 12,
so using the relations given above, one can easily see that the functions

¢w(A, B, h,a,n, x) are properly normalized.
To prove the completeness of the functions ¢y(A, B, #, a, 1, x), one should

n
note that the operator ZN(WJ) = — A + x? is simply twice the usual
j=1

Annales de I Institut Henri Poincaré - Physique théorique



SEMICLASSICAL QUANTUM MECHANICS, IV 371

Harmonic oscillator Hamiltonian. The states ¢(A, B, 1,0, 0, x) are eigen-
functions if |[A| = I, and for each eigenvalue, one easﬂy sees that there
are as many ¢(A, B, 1,0,0,x)’s as the dimension of the corresponding
eigenspace. |

LemMa 2.2, — Let [#,¥](¢) = (2nh)-"/2J P(x)e™ KEDMgy
Rn

Then [‘977! ¢k(A’ Ba h: a,n, ) ](é) = (—— i)lk'e_i<",a>/h¢k(B7 A: h, n, —a, é)

Proof. — By elementary manipulations, it is sufficient to consider the
case h=1,a=n=0. For the cases | k|=0, 1, we prove the lemma by explicit
calculation. For the larger values of | k |, we use induction and the following
two formulas:

yfm+1(vl5 Upye v ey Um+1;x)=2<vm+15x>%m(01702: R Um;x)

m
—2Z< Um+135i>‘#m—1(vla' < s Vi—15 Vg 15000y Um;x)a
i=1

and

< w, V> %m(vla U ey Uy x>=2 Z< w, 5i>=}~fm—l(vlr-9 Vi—15Vit1.ees Ums X).
i=1

The only difficult step in the induction is the following: Assume the

lemma is correct for all multi-indices m with | m| < M, and let k be a multi-

index with |k| =M + 1. Choose vectors v; = =e¢, for 1<j<M+1,

so that ind (iy, i, ...,in+1) = k. Let u; = UAUJ, w; = Ugp;, and
Cy = 27IMI2(jg )= 1/2="4  Then,

Cv'2n)"* [#144(A, B, 1,0,0,.)1(¢)
= [detA]™"/? fMH(“buz,-- stm+1; | A]71X)
xexp{—(xBATIx>2 —i{&x)}dx
= [detA]~1/2j[z<uM+1,lA,—1x>=}fM(u1,u29---’uM;[Al_lx)
M

Z(uM+lau1>‘#M 1(”1"' j 17u1+1,--->uM;x):|

=1

><exp{—<x,BA‘1x>/2—i<é,x)}dx

= [detA]—I/ZJ‘2<|A|_1uM+19x>%M(ulau29 . 9uM;|AI_1x)
xexp{ —<xBATIx)>/2 —i{&x) }dx

—2Z<uM+l’u > [detA] I/ZJWM 1("1’ . 1 15u1+1: . uMax)

xexp{—(x,BA™'x»2 —i{&x)}dx
Vol. 42, n° 4-1985.



372 G. A. HAGEDORN

= [detA]™'? j2< A" uns 1, iV§><7?M(u1, Uy, ... um; |A]71x)
x exp{ —<(x,BATIx)/2 —i{&x) }dx

@y
- 2Z<uM+17 ['971¢kj,M+1(A’B, 1’0’0’ )](é)

kJ M+1

2 )"/2
B CkM+1
M

2 n/2
—2Z<uM+1,u—j>é”) (%1 bu, e (A BL1,0,0, ).

kjm+1

2l< IA I_luM+15 VC > [‘g;l ¢km+1(A5 B9 1’ 05 0’ )](5)

ji=1
where kv+1 =1nd (iy, ..., iy)
and kimer =1nd (iy, .. ijoqy Gjagy - ooy iy)-
By the induction hypothesis, this is equal to
2(— iMiQ2n)"2 (| A | "um1, Ve ) [det BT 12
X H(wi, Wy, was | Bl 9 exp { — (& ABTIED /2]
M

—2(— M1 2n)? Z<uM+1,7j> [det B]~1/2
X Hoag1(Wis - oy Wity Wit gy oW | B T1E) X exp { —C &, ABT1E)/2}
= 2(— iMTQ2n)"? [det B]7 Y2 (| A| "umss, ABTIED
X HrdWi,s Was- - oWy | B 1) exp { — (&, ABT1E)/2}
M
— 4(= M2 [det B]71/2 Z<|A|uMH,|Brlw—,~>
X %M—i(wlr o Wi, Wik, . -:WMIB |~1&) exp { - <&, AB,_1§>/2}
M
2(— iM*1(2n)"? [det B]™1/2 me, )

&
X ‘}?M—l(wly- Co Wit Wikt,- - W | B |71¢) x exp { —(&ABTYEN /2]
= 2(— iM*1Q2r)"? [det B]7Y2 {wyay, | BIT1ED

X Ho(Wi, Was - - Wy | Bl 1) exp { — (& ABTIE)2 )
+2(— M2y [detB]-l/2

Z[<uM+1’u1 —2<61M+1a I(Bt >]

Annales de I’ Institut Henri Poincaré - Physique théorique



SEMICLASSICAL QUANTUM MECHANICS, IV 373

x Ay 1(Wy,. . s Wim1s Wists. .N,wM;IB|‘1£) x exp{ —C(&ABTEN2)
= (- i)MH(zn)"/z [det B]_I/Z%M+1(w1a .o Wumsrs | B |_15)

x exp{ — (&ABTED/2)
= (_ l)lklck_ l(zn)n/2¢k(B5 A’ 19 05 0’ 6) .

With one exception, all the steps are either straightforward applications
of standard facts about the Fourier transform or applications of the iden-
tities given above. That exception occurs in the second to last step, where
we have used the identity:

(Ua)*Us — 2A71(B) ™! = — (Up)*Us.

By using the polar decompositions of A and B, we see that this identity
is equivalent to the first equality in the identity

A%A")™! + B¥(B) ! = 2A71(B) ™! = 2BT}{(A) L.

This identity is proved as follows: By condition (1.2), we have B‘A = A'B.
If we take inverses on both sides of this equation, we obtain

A—I(Bt)—l — B—I(At)—l — C

As in Remark 2 after the definition of the ¢,’s, condition (1.4) is equivalent
to A*B + B*A = 2I. We multiply this identity on the right by the two
forms of the matrix C to obtain the desired identity. ]

Given the two lemmas above, the proof of Theorem 1.1 is obtained by
closely mimicking the proof of Theorem 1.1 of [4]. One uses the Trotter
Product Formula to separate the effects of the kinetic and potential terms
in the Hamiltonian. Then one expands the potential in its Taylor series of
order I + 1 about the point a(t). The errors committed are of order #"?
due to the # dependence of the functions ¢,(A, B, , a, n, x). The terms of
order less than or equal to 2 in the kinetic energy and the approximate
potential give rise to the equations (1.6)-(1.10). The higher order terms
from the approximate potential give rise to the system (1.11). There is
an additional error of order #Y? due to the fact that we have truncated the
sums which occur in the system (1.11) in order to avoid dealing with an
infinite system.
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