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Finding eigenvalues of the period-doubling operator
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ABSTRACT. - The infinitely period-doubled map at the transition to
chaos in one-humped maps, is attracted under renormalization to the

Feigenbaum fix-point, which has representation as a simple hyperbolic
repelling map with two branches.
The equation for the eigenvalues of the linearized renormalization opera-

tor around that fixpoint has a particularity elegant formulation in terms
of the periodic orbits of the repeller. In this note we extend earlier results
[11] to show that not only the leading eigenvalue, but also the subdominant
ones can be extracted in this way.

In essence the method finds an eigenvalue by solving a characteristic
equation for a transfer matrix, which is not the recomended numerical
scheme [10]. In addition, the subleading eigenvalues are all found by
(numerical) analytical continuation of a characteristic equation beyond its
original region of convergence. Except for the leading eigenvalue, the

accuracy does not indeed compare favorably with other computations [14],
but provides interesting information about the analytical structure of the
characteristic equations.
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468 E. AURELL

1. INTRODUCTION

Family of one-humped functions on the unit interval, such as,

have been extensively studied for their own sake, and as models of cascades
of period-doublings in real systems [ 1 ] . As J.l increases, F J1 undergoes a
series of bifurcations forming periodic orbits of period 1, 2, 4, etc.; each
new orbit is formed by period-doubling the one before, it, which then
becomes unstable. The period-doublings accumulate at a finite value of

and the resulting aperiodic orbit has a self-similar structure encoded
by the renormalization operator

where a = - 2.502,97... for maps with a quadratic maximum.
All the universal properties (common to a large class of families of

maps F) are determined by the Cvitanovic-Feigenbaum [1] ] fixpoint of
(2).

The "universal" period-doubling attractor is then the closure of the
forward orbit of zero of the map g. By writing out the number of iterations
in base two and repeatedly using (3), one sees that this set is also a repeller
of the period doubling representation ([6], [2], [11]) function, a related
map defined by

The map F maps the interval like a "tent" map (x -~ (I - x); }..L&#x3E; 1 ),
linear in the branch with index 1 and slightly non-linear in the other [11].
The points remaining on the repeller are labelled by their passages on the
left or right hand branches (which we call 1 and 0). This labelling is simply
the complement (0-~1) and vice versa of the iteration written out as a
binary number.
The linearised renormalization equation is obtained by substituting

g (x) ~ g (x) + hn (g (x)) in (3) "

The condition that the function h (x) is an eigenfunction with eigenvalue
8 gives:

Many iterations of the linearized operator give more and more powers of
8; on the other hand, the value of h at one point is then a sum over initial
values of h at a large number of points.

clo I’Institut Henri Poincaré - Physique 



469EIGENVALUES OF THE PERIOD-DOUBLING OPERATOR

In the presentation function form, the linearized renormalization equa-
tions are [11] ]

where we use

Assuming now that the perturbation h (x) is smooth, we replace it by
hn where x~ is the periodic point with symbol sequence 81 E~ ... En. We
can then define the iterated perturbation by

After n iterations we expect that

It is now clear that we can solve for the eigenvalues of the linearized
equation either from (6) or from (9), which has the form of a partition sum
of a one-dimensional spin system, as other averages (fractal dimensions,
lyapunov exponents, etc.) in hyperbolic dynamical systems ([3], [1 1], [5]).
The asymptotic in n growth of rn can be monitored by the generating

function

which diverges when z =1 /~. By combinatorial rearrangement ([4], [ 11 ]),
ones sees that Q is the logarithmic derivative of the zeta function [4] that
has a nice development as an infinite product over non-repeating (primi-
tive) orbits p of the representation function:

Dp is here a shorthand for FP’ (xp) the derivative of p iterations staring
from any one of the points xp on the cycle p. The smallest zero in z of
( 11 ) is hence 1/8 [ 11 ], where 8 is the leading eigenvalue, 4.669... of (6).
This note is about the higher zeros of ( 11 ) and related functions, and their
closeness to the higher eigenvalues of (6). It is not quite ( 11 ) that behaves
as a characteristic equation of (6) (having its zeros at the location of the
eigenvalues), but a product of such functions. Before we state the numerical
results, we will therefore interprete (7) as an integral equation with a
singular kernel, and write down the formal expression for its characteristic
equation (the Fredholm determinant) [12].

Vol. 53, n° 4-1990.
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2. FREDHOLM DETERMINANT

We may write (7) as an integral equation by simply taking the kernels
to be appropriate delta functions:

The kernel of this integral operator is not bounded, but suppose for a
moment that it is, for instance by broadening the delta function to

6~ (z - y). Then it would have a discrete spectrum, and one can form the
resolvent function G, that satisfies a twinning relation with the kernel [12]:

and has the power series expansion

convergent for small enough z. The singularities of G are only poles, and
they are simultaneously the zeros of the Fredholm determinant D (z), that
is a characteristic function of the operator H. D is connected to the trace
of G in a very similar way as the zeta function ( 11 ) is connected to the

generating function ( 10):

If one now makes delta dunction in the kernel sharp ([9], [ 11 ]), the traces
of powers of H are simply

where the denominator, which arises from the integration over the delta
function, can be written out as an infinite sum:

Annales de l’lnstitut Henri Poincaré - Physique théorique
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If one thus forms the generating function by summing over all orders,
one obtains a double sum over prime orbits and I:

where we by analogy with the Selberg zeta function in number theory [7],
call the infinite product of functions like ( 11 ) Z (z). It is this product which
behaves as a characteristic equation of the operator (5), and one sees that
by numerically finding the poles and zeros of each of the factors.
The poles of one zeta function cancel with zeros of other ones, and the

remaining zeros match the eigenvalues of (6) ([14], [1]) as computed by
other means.

In fact, one can not find very many poles and zeros: if all computations
are carries out to extended precision on a SUN 3/50 workstation (18
decimal digits), one is limited to three poles for ( 11 ). It is fortunate that
all the cancellations we describe occur among the low-lying poles and
zeros: otherwise they would not be seen.

3. NUMERICAL RESULTS

The numerical results are rather straight-forward to present. I have used
an approximation of g by Lanford [ 13], and found the periodic orbits and
their stabilities as in [ 11 ] . Stabilities of periodic orbits up to length 4, with
their symbolic labels are given in Table I. Similar results up to length 6
have been given in [ 11 ]; here I have sometimes used cycles up to length
12, which are too many in number (and not very interesting in themselves)
to be quoted here.
One then multiplies out the product defining each zeta function, where

the stabilities are taken to power n, writing it as a taylor series in the
complex variable z ([4], [ 11 ]). The resulting power series for n = 1 and
n = -1 are written out in table 2.
From the numerics, these power series grow or decay geometrically, i. e.

have a finite radius of convergence limited by a pole. Inside this pole they
have zero, which can be found as an ordinary zero of the truncated

Vol. 53, n° 4-1990.



472 E. AURELL

TABLE I. - The first periodic orbits with their cycle derivatives.

polynomial. Thereafter the zeros and poles roughly alternate, so that one
has divide out the first singularity to find the second zero, etc. Estimates
of converged poles and zeros are found in table III and IV (actually
written are the inverses of the poles and zeros to facilitate the comparison
with the eigenvalues).

Before I discuss by what methods these numbers have been obtained, it
is useful to consider how many one could hope to get with finite accuracy
of the cycle eigenvalues. Let us take the case n =1 as an example and
suppose that the cycle eigenvalues have been computed to 18 decimal

digits. Formally one can compute as many orders as one wants of the
zeta function, but as the number of terms multiplying zm grow as 2m, and
each of them is large between ocn and m, there will be cancellations of

One thus arrives at a taylor coefficient that grows as 2m. When one
subtracts off this leading divergence, the resulting power series decays as
( - 0.214,4)m, which is an order of magnitude less. If one only wants two
poles, one can not use more than 10 orders before all significance is lost:
the values in table II show that in fact already at order 8 errors begin to
creep in. In eight taylor coefficients there is not more information than to
indicate the location of at most eight poles and zeros, and since the zeros
are generally closer, that shows that it is not reasonable to try more than
three poles. Actually I don’t get reliable estimates of the third pole:
presumably it lies another order of magnitude away.
We can write

where

Each of the functions Zn is formally a Fredholm determinant just like Z,
and I assume that it is entire analytic in z, which makes the zeta functions

rlc- l’Institut Henri Poincaré - Physique théorique
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TABLE II. 1. - The taylor series c 1 [a‘] for n =1. The subtracted series are

c 2 [i~ = c 1 [i‘] - c 1 [i -1 ]/0. 500000, and c 3 = c 3 [a’] + c 2 [i - 1 ]/4. 592. The asymptotic
ratios are estimated by generalized Shanks transformations from the most convergent
diagonal entries in the Padé table [ 15] .

TABLE II . 2. - The taylor series c 1 [i] for n = -1. The subtracted series are

c2[z]=clH-cl~’-l]/5.240863, and c 3 [i] = c 2 [i] + c 2 [i -1]/ 15.386718. The

asymptotic ratios are estimated by generalized Shanks transformations from the
most convergent diagonal entries in the Pade table [15].

(19) the quotient of two analytic functions. One notes that Ço equals
( 1- 2. z) [11] so its only zero is known exactly.
The standard way to express functions with both poles and zeros is by

Padé approximants [15]. We have already seen (table II) that the first and
second pole can be determined just be the geometric growth (or decay) of
the coefficients in the power series. Estimates of the poles and zeros can

Vol. 53, n° 4-1990.
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TABLE III. 3. - The (inverse) poles and zeros extracted from the Padé table r161.

TABLE IV. - The (inverse) poles extracted from the Pade table [16], and the zeros
computed by zero of truncated polynomial.

TABLE V . I . - Leading poles are compared with leading zeros.

TABLE V. 2. - Second poles are compared with zeros.
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also be read off directly from the Padé table by an algorithm due to
Rutishauser ([16], [15]). In table III I present the values of the poles and
zeros obtained in this way. It is sometimes better to extract the zeros by
solving the truncated polynomial, not direclty but after one or two geome-
tric transients have been divided out. Especially this is so if one takes

seriously the connection between the poles and zeros and uses the leading
zeros of one another zeta function, which is known with higher accuracy,
as a best guess for the location of the poles [11]. In both cases I have

applied convergence acceleration by generalized Shanks transformations
on the partial sums [15]. The zeros obtained this way are listed in table
IV. The number of decimal places quoted have somewhat arbitrarily been
taken to 7 in table III and 10 in table IV, which is always more than the
convergence without acceleration, but often less than what seems the most
convergent accelerated estimates. These accelerated estimates are in a sense
treated twice, and it is therefore a delicate matter to separate errors from
spurious convergence, which I have not attempted to do.

TABLE VI. - Comparing (inverse) zeros that do not match any (inverse)
poles with eigenvalues of (7) taken from ([14]). The zeros are identified
by the power, to which the cycle derivatives are raised in the zeta

function, and their order; the eigenvalues are identified by their order
in decreasing size.

In table V the poles are paired to zeros, and in table VI the remaining
zeros are compared with the best known eigenvalues of (7) [14].
Even if the quality of the fit is not perfect, it is clear that the pairing is

natural. The leading pole is in all cases matched by the leading zero of
the zeta function with one index less, while the second pole is in one case
matched by a zero of a zeta functions with two indices less. It seems that
the "unmatched" zeros all lie in the upper right corner of tables III and
IV.

Vol. 53, n° 4-1990.
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4. CONCLUSION

I have presented numerical results that one the one hand make probable
that the formal Fredholm determinant of a singular operator is an entire
analytic function, as are usual Fredholm determinants. This extends earlier
considerations ([I 1 ], [9]) and accords with recent rigorous results by Ruelle
[8].
On the other hand one sees that this formal Fredholm determinant has

the zeros, as far as we can determine these, at the eigenvalues of the
operator, whose characteristic function it is.

Except for the leading one, the accuracy of the eigenvalues so determined
is no match for other methods, and if the unmatched zeros lie in the

upper right corner of tables III and IV, it would be increasingly difficult
to extract more of them. The last sentence should be taken as a correction
to the overly optimistic conclusion in [9].

It is to be noted that the major numerical difficulty in extracting higher
eigenvalues by this method, in contrast to functional iterational methods
(7) [3] or (6) [1], is simply cancellation errors that I do not know how to
cure.
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