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ABSTRACT. - We extend some recent results of Howland [ 1 ], concerning
the absence of absolutely continuous spectrum of Floquet operators for
time periodic perturbations of discrete hamiltonians with increasing gaps.
Our result cover the case of n coupled pulsed rotors (the case n =1 has
been considered by Bellissard [2]):

Nous faisons

Howland, [1]]

une

extension de

concernant l’absence du

quelques résultats récents

de

spectre absolument continu des

opérateurs de Floquet pour les perturbations périodiques d’hamiltoniens
discrets avec des discontinuités croissantes. Notre résultat couvre le cas
de n roteurs pulsatoires couples (Ie cas n = 1 avait été considéré par
Bellissard [2]);

avec

(*)

conditions

périodiques
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1. THE RESULT

origin of the problem and previous results the reader is referred
[1], [2] .
Let Ho be a positive self-adjoint operator in 9V with discrete spectrum.
Suppose that
For the

to

where m, d, c, a are independent of n. Let V (t) be a strongly continuous
family of uniformly bounded self-adjoint operators satisfying

Consider the evolution

and let M be the

given by

corresponding monodromy matrix

THEOREM 1.
If r.t&#x3E;
continuous spectrum.
-

1 /2

and V (t) is

norm

i. e.

~2 then M has

no

absolutely

Remarks. - 1. Actually Howland considered, instead of the monodromy
matrix M, the Floquet hamiltonian corresponding to Ho + V (t) i. e.

with periodic boundary conditions. Since the
spectral properties of M and K are related (see e. g. [3], [4]) it is irrelevant
which one of the operators is considered.
2. Our result removes the condition, imposed by Howland, that an
consists of a nondegenerate eigenvalue. Actually the fact that this condition
can be removed has been conjectured in [1].
3. The proof is based on the adiabatic expansion machinery as developed in [5], [6] and references therein. At the expense of imposing more
differentiability on V (t) one can lower the value of a in Theorem 1 but
the proofs are more involved.

defined in

L~[0, 2~]0Jf
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2. PROOF
A finite number of constants will appear during the proof; for simplicity
shall denote all of them by the same letter c. Some technical points
will be stated as lemmas and their proof will be given at the end. We
we

shall

use

the standard notations:

dk

- f (t) =

(t)

and AB - BA

=

[A, B].

Consider the hamiltonian
Since V (t) is uniformly bounded, without restricting the generality (with
eventual relabeling of the spectrum) one can assume that the spectrum,
6 (t), of H (t) satisfies ( 1 ) uniformly in t. Let r n be a circle enclosing 6n,
of radius
and satisfying
an

and

Pn (t)

be the

Obviously,

one

spectral projection

of H (t)

corresponding

from

obtains the estimate

Consider the operator

Due to

(2),

B (t) is

LEMMA 1.

Consider

Again

Vol.

-

B (t) is

now

one can

59, n° 1-1993.

everywhere defined

and

self-adjoint and:

the operator

suppose

that oe (Hi1 {t))

satisfies

( 1 ) and then

to crn (t) i.

e.
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be defined. By direct verification
differentiable and
can

uniformly in

that

B (t) is

norm

t. Let

LEMMA 2. -

Consider

one can see

B1 (t)

is trace-class and self-adjoint,

UA (t) given by

LEMMA 3:

Consider

H1 (t)

now

the "Möller" operator

corresponding

to the

pair H (t),

i. e.

By the usual computation

From

The

(4) and

is trace class

Lemma 2 it follows that

monodromy matrix

M

can

be written

as

Since P~(2~)=P~(0), from (3) it follows that [U A (2 x), P 1, n (21t)] 0
and since Pi ~(2~) are finite dimensional, this implies that U A (21t) has
pure point spectrum. This together with the fact that the second term in
the r. h. s. of (5) is trace class, finishes the proof in view of the fact that
by Theorem 1 in [7] the absolutely continuous spectrum is invariant under
trace class perturbations.
=

Proof of Lemma

1.

-

Let

QN

be the

spectral projection

of H (t)

corres-

QO

ponding to U

Notice that

(the variable

t is

omitted)

N+1

where y~ is

a

point between

~N and

such that
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(6) and (7) it follows

Consider

now

From

and

(8)

it follows that

Using the identities

one can see

that

and for n _ N

which

together with (9) finishes

Proof of Lemma 2.

Using the identities

Vol.

59, n° 1-1993.

the

proof.

- It is sufficient to prove that

95
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and Lemma 1 one obtains

The second term in the r. h. s. of ( 11 ) is bounded in norm by
direct estimate. Consider now the other terms. Notice that by (10)

by

a

with

Since all the terms in the r. h. s. of
the estimation of

( 11 )

are

of order n-03B1

we are

left with

and

Now

The

use

gives

of (2),

[Pn, (H-z)-’]=0 and

the needed estimation. To estimate

and again
For the

( 13) and (2).
self-adjointness

and

the

apply

of

B1

proof of Lemma

(12) use the fact

that

notice that

1 to the first term in the

r.

h. s. of (
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3. - The lemma is a generalisation [6] of the KreinKato transformation matrix lemma [8], [9]. Consider for f~D (H)

Proof of Lemma

By direct computation
Then using (14) and Lemma 1 applied to PI, n’ the curly braket in the
does not
r. h. s. of (15) vanishes. This means that
the
with
proof is
Pi~(0).
depend on t and since at t = 0 it coincides
finished.
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