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Huygens’ principle on Petrov type N space-times
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ABSTRACT. - By means of the moment equations it is proved that

Maxwell’ s equations and Weyl’ s neutrino equation on a Petrov type N
space-time or on a C-space-time satisfy Huygens’ principle if and only if
the space-time is conformally equivalent to an exact plane wave space-time
or conformally flat.

Keywords : Conformally invariant field equations, moments, Huygens’ principle, Petrov type
N, plane wave space-time.

Grace aux equations de moments on demontre que les

equations de Maxwell et 1’ equation de Weyl sur un espace-temps de type N
de Petrov ou sur un espace-temps C satisfont Ie principe d’ Huygens si et
seulement si 1’ espace-temps est conformement equivalent a un espace-temps
des ondes planes.

1. INTRODUCTION

In an arbitrary four-dimensional pseudo-Riemannian manifold (M, g)
with a smooth metric of the signature (+---) the following conformally
invariant field equations are considered:

Scalar wave equation gab ~a ~b u - 1 6 Ru = 0 (Ei)

Maxwell’s equations dw = 0, ðw = 0 (E2)

Weyl’ s neutrino equation B71 ~pA = 0 (E3 )
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88 V. WUNSCH

where R denotes the scalar curvature, w the Maxwell 2-form, d the exterior
derivative, 8 the co-derivative, cp a valence 1-spinor and the covariant
derivative on spinors. For one of the equations El - E3 Huygens’ principle
(in the sense of Hadamard’s "minor premise") is valid if the solution of
Cauchy’s initial value problem in a sufficiently small neighbourhood of
the initial space-like surface F depends only on the Cauchy data in an
arbitrarily small neighbourhood of the intersection of the past semi null
cone with F ([Ha]; [G2, 4]; [W4]). Only if Huygen’s principle is valid is
the wave propagation free of tails ([F]; [G4]; [McL2]; [W4]), that is the
solution depends only on the source distribution on the past null cone of
the field point and not on the sources inside the cone. Huygens’ principle
is valid if and only if the tail term with respect to E~, cr = 1, 2, 3 vanishes
([Ha], [F]; [G4]; [W4]). Because the functional relationship between the
tail terms and the metric is very complicated the problem of determination
of all metrics, for which any equation E~ satisfies Huygens principle, is
not yet completely solved (see [G4]; [W2, 4, 8]; [McL3]; [CM]; [I]). The
usual method for solving this problem is the derivation and the exploitation
of the moment equations ([G4]; [W4])

I~ 21 ...2r = 0, ~ = 1, 2, 3, r = 0, 1, 2, ... (ME)~
where the moments I...ir are symmetric, trace-free, conformally invariant
tensors. They are derived from the tail terms with respect to E~ ,
~G{l,2,3}by means of a certain conformal covariant differentiation
process. If g is analytic we have the following relationship between
the moments and the validity of Huygen’s principle: The equation E~,
CF E {1, 2, 3}, satisfies Huygens’ principle if and only if all corresponding
moments vanisch on M ([G4]; [W8]). The moment equations (ME)~
are determined explicitly at present for 0 ~ r ~ 4 (see [G4]; [McL2];
[WI, 2, 4]). Using some results on the theory of conformally invariant
tensors [GW2, 3], in particular suitable linear independent systems of
conformally invariant tensors, one obtains information about the general
algebraic structure of the moments for 0 ~ r ~ 6 ( [RW] ; [GeWl, 2] ;
[W8]).

If the equation Eu, cr e {1, 2, 3} satisfies Huygens’ principle, then,
in particular the following moment equations must be satisfied (see [G4];
[W4, 8]; [McL2]; [RW]; [GeW1, 2])
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89HUYGENS’ PRINCIPLE ON PETROV TYPE N SPACE-TIMES

where

and where TS (T) denotes the trace-free, symmetric part of the tensor
T. The moments were given by P. Gunther [G2, 4] in the cases

r = 2, cr = 1, 2, and by the author [W 1, 2, 4] in the cases r = 2, cr = 3
and r = 4, cr = 1, 2, 3. The explicit form of one can find in

([GeW2]; [W8]). With respect to for r = 5, 6 see also ([RW];
[GeW1, 2] ) . The moments are identically zero for r e {0, 1, 3} and
r = 5, cr = 1 ([G4]; [W4]). Because of the conformal invariance of the

equations El - E3 and of the corresponding tail terms ([G4]; [W4, 8]) a
conformal transformation

preserve the Huygens’ character of e {1, 2, 3} ( [G4] ; [W4] ; [McL3 ] ) .
In particular, each of the equations El - E3 satisfies Huygens’ principle
for flat metrics ([G4]; [W4]), which implies that if g is conformally flat for

El - E3 Huygens’ principle is (trivially) valid.

A step towards the determination of all Huygens’ metrics is a program
outlined by J. Carminati and R. G. McLenaghan, which is based on the

conformally invariant Petrov classification [PR] of the Weyl conformal
curvature tensor Cabed ([CM]; [W7, 8]). The procedure consists in

considering separately space-times of the five possible Petrov types. To
date the problem has been settled for El on the type N space-times [CM],
for all equations El - E3 on type D space-times ([W7]; [CM]) and on

type III space-times [CM]. At present only partial results are available for
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90 V. WUNSCH

type II space-times [CM]. Space-times of Petrov type N are characterized
by the existence of a null vector field l such that the Weyl curvature tensor
satisfies the equation [PR]

Special classes of type N metrics are the generalized plane wave metrics,
investigated by McLenaghan and Leroy ( [McL, L] ; [McL3 ] )

where z = x3 + ix4 and a = a, D, e, F are arbitrary functions of x1 only.
For the special case a = 0 we obtain the important subclass of plane wave
metrics ([PR]; [McL, L]; [G4]; [Sl, 2]).

If g is a plane wave metric, then each of the equations E’i 2014 E3 satisfies
Huygens’ principle ([G3]; [51]; [W4]). Consequently, the moment equations
(ME)~ hold for all rand c-. If g is an Einstein metric, a central symmetric
metric, a (2, 2)-decomposable metric or a conformally recurrent metric
and cr e {1, 2, 3}, then from {(ME)03C3r/r = 2, 4} it follows, that g is

conformally flat or a plane wave metric [W4, 8]. Let g be of Petrov type D
and 03C3 6 {1, 2, 3}, then there are no metrics, for which the equations
{(ME)~/r = 2, 4} are valid ([CM]; [W7]; [McL, W]). In [W6] it was

proved for C-spaces, i. e. space-times with ~a Cabcd == 0 :

PROPOSITION 1. - Let g be conformally equivalent to a C-space-metric
and 03C3 e {1, 2, 3}. Then the = 2, 4} imply, that g
is of Petrov type N.

= 2, 4, 6} it follows [CM]

PROPOSITION 2. - The equation El for any Petrov type N metric g
satisfies Huygens’ principle if and only if g is conformally equivalent to a
plane wave metric.

Let g be of Petrov type N and 03C3 G {2, 3}. The moment equations
{(ME)03C3r/r = 2, 4, 5} are satisfied if and only if g is confomally equivalent
to a generalized plane wave metric (see [AW]; [GM]). Consequently, one
has [AW].

PROPOSITION 3. - If the field equation E2 or F’3 for any Petrov type N
metric g satis, fies Huygens’ principle, then g is conformally equivalent to a
generalized plane wave metric ( 1.6).
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91HUYGENS’ PRINCIPLE ON PETROV TYPE N SPACE-TIMES

By means of (ME)6’ o- E {2, 3} we prove in this paper the following
extension of Proposition 2:

THEOREM 1. - The field equation E2 or E3 satisfies Huygens’ principle
for any Petrov type N metric g if and only if g is conformally equivalent
to a plane wave metric.
As a consequence we get for C-spaces:

COROLLARY 1. - Each of the equations El - E3 satisfies Huygens’ principle
for any metric g conformally equivalent to a C-space metric if and only if g
is conformally equivalent to a plane wave metric or to a flat metric.
A conjecture is ([W4, 6]; [CM]), that the moment equations {(ME)~/

r ~ 6} are also sufficient for the validity of Huygens’ principle for

E {1, 2, 3}, and that these equations are satisfied if and only
if g is conformally equivalent to a plane wave metric or to a flat metric.

2. PRELIMINARIES

Let (M, g) be a space-time, a 4-manifold together with a smooth
metric of Lorentzian signature, and gab, Rabcd, Rab, p Cabcd
the local coordinates of the covariant and contravariant metric tensor, the
Levi-Civita connection, the curvature tensor, the Ricci tensor, the scalar
curvature and the Weyl curvature tensor, respectively. V and 11p denote the
space of the Coo scalar fields and the p-forms of class respectively.
On 11P the exterior derivative d, the coderivative 03B4 and A := -(d03B4 + bd)
are defined. Assuming that (M, g) can be equipped with a spin structure we
denote the complex spinor bundles of covariant and contravariant 1-spinors
and their conjugates by S, S* , S, S* , the set of all cross sections of S, S* ,
S, 9*, by S, S*, S, S*, respectively, the coordinates of cp E E s, the
connection quantities (generalized Pauli-matrices), the Levi-Civita spinor,
the spinor covariant derivative and the connection coefficients by [PR]

If we define for cp E E S

Vol. 61, n° 1-1994.



92 V. WUNSCH

we have ( [W4] ; [PR] )

n the tollowing we consider the conformally invariant wave equation

the (source-free) Maxwell equations

and Weyl’ s neutrino equation

Let M be a causal domain ([F]; [G4]) and T (x, y) the square of
the geodesic distance of x, y E M. For any fixed y E M the set

{~r E (~c, y) &#x3E; 0} decomposes naturally into two open subsets of
M; one of them is called the future D+ (y) and the other one the past
D_ (y) of y. The characteristic semi null cones C~ (y) are defined as the
boundary sets of D~ (y), respectively.

Let G~ (y), G~1~ (y) and G~1~2~ (y) be the fundamental solutions of the
linear operators £)0) ~ =..e(1) and (., ?/), 0152 = 0 1 1/2 the
tail terms of (y) with respect to 7/, respectively. The tail term is just
the factor of the regular part of the corresponding fundamental solution,
which is a distribution supported inside the future of y ([F]; [G4]).

For there is an asymptotic expansion in r

where the Hadamard coefficients are determined recursively by the
transport equations ([F], [G4]; W4])

with the initial conditions

where " Iy denotes the identity.
Annales de l’Institut Henri Poincaré - Physique ’ theorique ’
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In ( [Ha] ; [F] ; [G2, 4] ; [W4] ) it was proved:

PROPOSITION 2.1. - The equation E {1, 2, 3} satisfies
Huygens’principle iff

Here the superscripts (1), (2) indicate whether the derivative is meant with
respect to x or y.

DEFINITION 2.1. - The terms

are called tail terms of the ’ equation El, E2, E3, respectively.
The tail term K (x, ~) is a double differential form of degree 2:

One defines for every y E M and r ~ 2 the coincidence values ([G4; W8])

c

whereV, denotes the conformal covariant derivative (see [OWl, 2]; [W8]).

Furthermore, if N XA (x, ~)~1&#x3E; are the coordinates of the tail term N (x, ~/),
then we define for every y E M and r ~ 1 the (complex) coincidence
values (see [W8]; [W4])

The usual method for solving the problem of determination of all metrics,
for which any equation E~ satisfies Huygens’ principle, is the derivation and
the exploitation of the moment equations (see [G4]; [W2, 4, 8]; [MeLt, 2]

( 1 ) The underlined indices refer to y.

Vol. 61, n° 1-1994.
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where the moments are symmetric, trace-free, conformally invariant
tensors of weight (-1) ([G4]; [W8]). They are derived from the tail terms
with respect to E {1, 2, 3}, by means of a conformal covariant
differentiation process. If g is analytic it holds ([G4]; [W8]):

PROPOSITION 2.2. - The equation EO", cr E {1, 2, 3}, satisfies Huygens’
principle if and only if all corresponding moments vanish on M.

In particular, in the case of Bili2 = 0 [see (ME)2] we have (see
[G4]; [W8])

where Re denotes the real part of the tensor.

On the other hand, using the linear independent, generating systems
of conformally invariant tensors of rank 6 and weight ( -1 ) (see
[GeW2]; [W8])

one has the following information about the general algebraic structure of

~,,, [W8]).

where 03B4(2, 03C3)m, 03B4(3, 03C3)p 
e R.

If the equation G {1, 2, 3}, satisfies Huygens’ principle, then, in
particular the moment equations {(ME)~/r ~ 6} must hold. In [CM] it was
proved that the general solution of {(ME)~/r = 2, 4} for Petrov type N
space-times are conformally equivalent to special cases of the complex
recurrent space-times of McLenaghan and Leroy [McL, L]. If in addition
(ME)5", cr E {2, 3}, is satisfied, then the metric is conformally equivalent to
a generalized plane wave metric (1.6) (see [AW]; [W8]) and Proposition 3).
Conversely, in [AW], [GeW2] it was shown:

(2) For the definition of the tensors S~ 2 ~ "z &#x3E; , S~ 3 ~ p&#x3E; , which contain many monomials see
[GeW2J.
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LEMMA 2.1. - For a generalized plane wave metric (1.6) one has

and

where

LEMMA 2.2. - A generalized plane wave metric is a plane wave metric

l,~ Z21...2g - o.

Consequently, in virtue of (2.17) it holds for a generalized plane wave
metric

and under the assumption

from I03C3i1...i6 = 0, cr E {2, 3 it follows, that g is a plane wave metric.

I i ...i6 is explicitly known ([RW]; [GeW2]), the condition (2.19) is satisfied
for a~ = 1 and our problem is completely solved for the equation El (see
Proposition 2 [CM]). Because of Proposition 3, I~ ...i6 = 0 and (2.18) for
the proof of Theorem 1 it remains to show the property (2.19). For this

the following method is used.

Let g be an arbitrary anlytic metric, 9t the tensor algebra which is

generated by the fundamental tensor, the Riemannian curvature tensor and
its covariant derivatives by means of the usual tensor operations and ~~
the subset of those tensor of R with the covariant rank k. Each such

polynomial tensor T E 9t~ can be represented by a linear combination of
monomials of 9t~ [GW2, 3]. For example, the tensors 

I~ .,.i6 ~ 5~2~.~6 (~ = 1, 2, 3; ~ = 1, 2} are elements of 9B6 ([G4]; [W4, 8]).
Under their monomials there are only two, which are quadratic in the zeroth
and fourth derivatives of the Weyl tensor, namely

Vol. 61,n" 1-1994.
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We are interested on the coefficients only of the monomials (2.20) and1 2

write for T, T E 9î6

1 2
iff the tensor T S ~T il _..i6 - does not contain the monomials (2.20).
Then we have by (ME)4’ (1.2), (1.3)

and (see [GeW2])

hence by (2.17)

On the other hand the ansatz

and (2.14), (2.15), (2.22) imply

We continue the proof of (2.19) assuming the opposite of (2.19) i. e.

then we obtain from (2.23)-(2.27)

and

Annales de l’Institut Henri Poincare - Physique theorique ’
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where

DEFINITION 2.2. - Let a rational number r said to have the Property F,
if r is representable in the form r = 2014 where n, m are integer numbers

0 (mod 11), m - 0 (mod 11).
From (2.29) it follows, that under the assumption (2.28) at least one of

the rational coefficients p~. or ~ (~ = 2, 3) must have the Property F. In
the following Section we show, that this cannot be satisfied. Consequently,
we obtain contradictions to the assumption (2.28).

3. THE PROOF FOR MAXWELL’ S EQUATION (cr = 2 )

We prove, that the coefficients ~2,~2 defined by (2.24) have not the
Property F. From (2.5 ) and (2.9) we imply ( [G2, 4] ; [GW 1 ] ; [W2] )

where

Because of (3.1) and OK = 0 (see [G4]) in (2.12) one can replace 
0

by K i~, a,~ . By Bab = O we have

Further, under consideration of the equivalence relation (2.21 ), the properties
of V, i (see [GW2, 3]; [W8]) and (3.2) it is easy to see that

Vol. 61, n° 1-1994.
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Let V (y) be a normal neighbourhood of y and normal coordinates in
y. Then the following equations hold ([G2, 4]; [W4]):

Let be

and

where

Then one obtains after a straightforward calculation ([GW1]; [W2]; [G4])

From the transport equations (2.6) it follows for a = 1 0 in
normal coordinates [G2, 4]. 

"

with the initial I conditions Ll ~ &#x3E; a ~ = 0 (~/, ~/) = gia (~/).
In order to determine Mil...i6 (y) we need the derivatives of u2i, 03B1 up

to fourth order and the derivatives of u1i, 03B1 up to sixth order, which we
can express by means of (3.5) by the derivatives of up to eighth
order [G 1 ] . The coefficients of these representation formulas (see [G 1])
up to eighth order have not the Property F. Consequently, if we express
in this way the summands of (3.4) by the covariant derivates of 
the coefficients have not the Property F. Finally, symmetrizations and
alternations up to eight incides, the Ricci identity, the Bianchi identity
and the elimination of monomials, which are linearly with respect to the
covariant derivatives of by means of B~b = 0 don’t imply the
Property F. Hence, the coefficients p2 , ~2 have not the Property F.

Annales de l’Institut Henri Poincaré - Physique theorique
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4. PROOF FOR WEYL’S EQUATION (r = 3)

Now we show in analogues manner, that the coefficients ~3, p3 defined by
(2.25) haven’t the Property F. As in Section 3 we use normal coordinates
~xi ~ in y and additionally an adapted basis system in the spinor space.
Then we have ( [G 1 ] ; [W4] )

From (2.5), (2.10) if follows

Putting

where

we obtain because 0 ( .2), (2.13) and

as in the case of Maxwells equations

Vol. 61, n° 1-1994.
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Using normal coordinates and an adapted basis system from the transport
equations (2.6) it follows for a = 1/2 and k = 0, 1 [W4]

with the initial conditions

For the determination of 9te (y) we need the derivatives of u1K A up
to sixth order, which we can express by means of (4.4) by the derivatives
of gab and up to eighth order [W4]. Using normal coordinates
and an adapted basis system one can represent these derivatives by (~/)
and by the covariant derivatives of Rabcd up to sixth order (see [G 1 ] ) . The
coefficients of these represention formulas up to eighth order have not the
Property F. Consequently, if we express in this way the summands of (4.3)
by the covariant derivatives of Robed the coefficients have not the Property
F. Finally, symmetrizations and alternations up to eight indices, the Ricci-
and Bianchi identities and the elimination of the linear monomials by means
of Bab = 0 don’t imply the Property F. Hence, th¿ coefficients p3, p3 have
not the Property F, i. e., the condition (2.19) is correct for cr E {2, 3} and
the Theorem 1 is proved.
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