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ABSTRACT. - Obstacles K in an odd-dimensional Euclidean space are
considered which are finite disjoint unions of convex bodies with smooth
boundaries. Assuming that there are no non-trivial open subsets of c~
where the Gauss curvature vanishes, it is shown that there exists a sequence
of scattering rays in the complement H of I~ such that the corresponding
sequence of sojourn times tends to infinity and consists of singularities of
the scattering kernel. Using this, certain information on the behavior of the
modified resolvent of the Laplacian and the distribution of poles of the
scattering matrix is obtained. For the same kind of obstacles I~, without
the additional assumption on the Gauss curvature, it is established that for
almost all pairs B) of unit vectors all singularities of the scattering
kernel s (t, ~, B) are related to sojourn times of reflecting (w, B)-rays in H.

On considere, dans un espace euclidien de dimension impaire,
des obstacles K constitues d’unions disjointes finies de corps convexes a
frontiere reguliere. Supposant qu’ il n’ existe pas d’ ouvert non trivial dans
o~K sur lequel la courbure gaussienne s’ annule, on montre 1’ existence
d’une suite de rayons réfléchissants dans Ie complementaire S2 de K dont
les temps de sejours correspondant tendent vers l’infini et constituent des
singularites du noyau de diffusion. A l’aide de ce resultat, on obtient
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18 V. PETKOV AND L. STOYANOV

certaines informations sur Ie comportement de la resolvante modifiee du
Laplacien et sur la distribution des poles de la matrice de diffusion. Pour Ie
meme type d’ obstacles K, sans hypothese supplementaire sur la courbure
gaussienne, on montre que pour presque toute paire (w, 8) de vecteurs
unitaires, toutes les singularites du noyau de diffusion s (t, w, 0) sont

reliees aux temps de sejours des (03C9, 9) rayons réfléchissants dans H.

1. INTRODUCTION

Let 03A9~Rn, n &#x3E; 3, n odd, be an open and connected domain with Coo
boundary ~SZ and bounded complement

Consider the problem

We can associate to ( 1 ) a scattering operator

whose kernel a ~), called o scattering i amplitude, depends analytically
on cv, 9 I E (see [LP]). For fixed o (8, úJ) E X 9, úJ)
is a tempered o distribution in 03BB and o

Here denotes the Fourier transform and the distribution s (t, 8, w)
is called the scattering kernel (see [Ma], [PI]).
The operator 9(A) and the distribution a (A, (), c~) admit meromorphic

continuation in C with poles a~ , Im a~  0, which are independent of B
and w. Notice that in [LP] the scattering poles are related to a (A, (), ~).
One can characterize the poles ~~ using the modified resolvent of the

Laplacian in H given by

Here the operator

Annales de l’Institut Poincaré - Physique theorique



19SOJOURN TIMES OF TRAPPING RAYS

is determined by the (-i 03BB)-outgoing solution of the Dirichlet problem for
the reduced wave equation (see Section 2). The functions 
Co are chosen to be equal to 1 in some neighbourhood of K. Then

(~) admits a meromorphic continuation in C the poles of which and
their multiplicities coincide with these of the Moreover, the poles ~~
do not depend on the choice of cp and 03C8 (see [LP], [V]).

It is well known that if K is non-trapping, there exist e &#x3E; 0 and d &#x3E; 0

such that S (a) has no poles in the domain

On the other hand, Vainberg [V] proved that for non-trapping obstacles
the estimate

holds for each a E L~. Here the constants C &#x3E; 0, a &#x3E; 0 depend on
supp cp U supp 03C8.
The situation changes when the obstacle is trapping. In this case one

expects to have an infinite number of scattering poles in U~, d for all ~ &#x3E; 0
and d &#x3E; 0. Such a result is proved in [BGR] provided the obstacle is an
union of two disjoint strictly convex bodies. In the same case more precise
results concerning the distribution of poles are obtained by Ikawa [11] and
Gerard [G].

The case K = U = 0, i ~ j, Kj strictly convex, has been
~’=1

examined by Ikawa [12], [13], [14] under the condition

(H) 
Kv Ft convex hull (KZ U Kj) = Ø for each triple~ ~ 1 (,~, i v )E~ 1 ,..., N ~ , 3 

This condition implies for instance non-existence of periodic rays in S2 with
segments tangent to The case when the obstacles Kj are in generic
position has been studied in [PS1].
To describe the results in this paper we need several definitions. Given

an obstacle K, fix an open ball Bo of radius po containing K. For each
ç E denote by .~~ the hyperplane tangent to Bo and orthogonal to
ç such that the half space H~, determined by Z~ and having ç as an inner
normal, contains K. Let 03C9 E () E An in H is a
curve of the form ’Y = Im r, where r : R -+ H is the natural projection
on S2 of a generalized bicharacteristic of the wave equation in T* (H x R)
(cf [MS] or Section 24.3 in [H2]) such that there exist constants a  b

with r’ (t) for t  a and r’ (t) = 0 for t ~ b. Geometrically, such a
curve 1 is the trajectory of a point incoming from infinity with direction cv,

Vol. 62, n° 1-1995.



20 V. PETKOV AND L. STOYANOV

moving with constant velocity in H, reflecting at aSZ following the usual law
of geometrical optics and outgoing to infinity with direction 0 (cf [PS3],
Chapter 2). In general an (w , may have segments lying entirely
on these segments, called gliding segments, are in fact geodesics with
respect to the standard metric on If I does not contain gliding segments
on ~03A9 and has only finitely many reflection points, it is called a re, flecting
(w, in H. If moreover I has no segments tangent to then it is

called an ordinary reflecting (w, B)-ray.
The sojourn time Ty of an (w, B)-ray ~y, introduced by Guillemin [Gu],

is defined by Ty = T’03B3 - 2 po, where T’03B3 is the length of this part of 03B3
which is contained in Hw n 

Let 03B3 be an ordinary reflecting (w, O)-ray in H with successive
reflection points x 1, ... , x~ on Note that in this case Ty =

k-l

(w, + ~ ~ (0, where ( , ) denotes the standard
i=l

inner product in Rn. (See [Gu] or Section 2.4 in [PS3].) Denote by t~
the orthogonal projection of Xl on Z = Then there exists a neigh-
bourhood W = W,~ of ~~ in Z such that for every u E W there are unique
9 (u) E and points Xl (u), ..., ~c~ (u) E c~K which are the successive
reflection points of a reflecting (w, 6 (u))-ray in H passing through u. Setting
J~ (~) = B (u), one obtains a smooth map Jy : W~, -+ The ray I
is called non-degenerate if det (u~,) ~ 0.
The main purpose of this paper is to examine when a trapping obstacle

has the following property:
(6") There exists a sequence of directions sequence of

--+ ~ such that

In the case when ( S) holds for a trapping obstacle K we prove that either
there exist poles in for all 6; &#x3E; 0, d &#x3E; 0, or there exist c &#x3E; 0, d &#x3E; 0

for which the domain is free of poles but the estimate

fails for every choice of(7&#x3E;0,~&#x3E;0,pGN and From physical
point of view it is quite natural to conjecture that (S) holds for every
trapping obstacle. However, from mathematical point of view the analysis
of (S) leads to many difficulties. First, for trapping obstacles the existence
of a sequence of reflecting with --+ oo follows

from the continuity of the generalized Hamiltonian flow related to the wave

Annales de l’Institut Henri Poincaré - Physique theorique



21SOJOURN TIMES OF TRAPPING RAYS

operator D = o~t - Ox (see Section 5). The crucial point is to prove that
these rays produce singularities leading to (4). According to the results in
Chapters 8 and 9 in [PS3] and [CPS], to obtain (4) it is sufficient that for
all m the pair has the following three properties:

(a) if 03B4 and 03B3 are different ordinary reflecting 03B8m)-rays, then

(b) for every m, is non-degenerate;
(c) there are no 8~)-rays in f2 containing gliding segments on 9H

or tangent segments to 

To use approximation by suitable directions, we wish to prove that (a)-(c)
hold for a dense set of directions (w, B) E X In Section 4 we
show that given an arbitrary obstacle K, for almost all B) E x Sn-1
(with respect to the Lebesgue measure in x every two different

ordinary reflecting B)-rays have distinct sojourn times. To obtain an
analogue of this for (c), one must study all (w, 9)-rays in f2, i.e. all

projections of generalized B)-bicharacteristics of the wave operator. In
general this is a complicated problem, especially when the set G°° (K) of
points z E where the curvature of K along some direction ç E Tz 
vanishes of infinite order, is not empty. In Section 3 we prove that for each
obstacle K for almost all B) E X all reflecting 9)-rays
in f2 are ordinary. This result can be applied in the case when the obstacle
has the form

K~ convex for all j = 1, ... , N,
to show that (c) is satisfied for almost all (w, B) E X ,S’n-1 even if
Goo (K) ~ ø. Finally, by using Sard’s theorem, one can arrange (b) in the
same way as (a) and (c). The results in Sections 2-5 are established for
obstacles with arbitrary geometry and they have an independent interest.
As a consequence we get the following.

1.1. THEOREM. - Let K have the form (6). Assume that there are no points
z E c~K such that the Gauss curvature J~C (u) of o~K at u vanishes for each
u in some neighbourhood Uz of z in ~K. Then there exists a sequence of
ordinary reflecting (03C9m, e?.,.L ) -rays in !1 with sojourn times -+ oo such
that for t near -Tm we have

s (t, = A’.,.L 8(n-l)/2 (t + + lower order singularities,
with i: 0. Moreover, either the assertion (i) or the assertion (ii) in
Theorem 2.3 in Section 2 holds.

Vol. 62, nO 1-1995.



22 V. PETKOV AND L. STOYANOV

1.2. THEOREM. - Let K have the form (6). Then there exists a set

TZ C x ,Sn-1, the complement of which has zero Lebesgue measure in
,S’n-1 X such that for all (w, 8) E 7Z we have

where ,CW, e is the set of all (w, 8)-rays in O. Moreover, for t near -T~,
we have

with Cy i- 0.

For n =1 3 the assumption of Theorem 1.1 means that there are no points
z E 9~ such that the standard metric on 9J~ is locally flat around z. For

strictly convex obstacles the assertion of Theorem 1.2 was proved in [PS2].
Theorem 1.2 has been used by one of the authors [St] to prove an inverse

scattering result related to singularities of s (t, 0, 03C9). Namely, it is shown
in [St] that if K and L are two obstacles, each of them being a disjoint
union of finitely many compact convex bodies satisfying the condition (H),
and if the equality

sing supp sK (t, 8, w) = sing supp sL (t, 8, w)
holds for almost all (w, ()) E x then K = L. Let us notice

that this result does not depend on the explicite form of the singularities
of the corresponding scattering kernels. For convex K and L it follows

from the results of Majda [Ma].
We close this introduction by a brief discussion on the singularities

produced by periodic rays. In the works of Ikawa ([12], [13]) and Sjostrand
and Zworski ([SjZl], [SjZ2]) the singularities of the distribution

have been exploited. Here the sumation is over all poles ~~ including their
multiplicities. It is well-known that sing supp u (t) is contained in the set

of the periods (lengths) of all periodic rays in 03A9 (see [PS3], Chapter 5).
Thus, to prove that a period Ty belongs to sing supp u (t), it is sufficient to
establish some properties (a’)-(c’) similar to (a)-(c). The reader may consult
[PS3], Chapter 7 for results in this direction. Notice that in general, even
for several strictly convex obstacles, there might be different periodic rays
with rationally dependent periods or periodic reflecting rays with segments

de l’Institut Henri Poincaré - Physique theorique



23SOJOURN TIMES OF TRAPPING RAYS

tangent to the boundary. Thus, the singularities produced by periodic rays
could be canceled. One must also take care about singularities related to
periodic rays having tangent or gliding segments. So, for such obstacles it
seems difficult to prove that there exists a sequence d~ singularities
of ~c (t). The condition (H) in [13], [14] has been introduced in order to

simplify the picture of the periodic rays and, in particular, to avoid the
existence of periodic rays with tangent segments to the boundary.
The novelty in this paper is that we study trapping 8)-rays with

suitable directions instead of periodic rays. This makes it possible to
examine the general case of several convex obstacles and to establish the
property (8). One could expect that (8) holds for every trapping obstacle
K with Goo (~) = 0 and the conclusions of Theorem 2.3 remain valid for
such type of trapping obstacles. The results in Sections 3-5 make a progress
toward the analysis of the general case.

It is an open problem if the existence of a sequence 

singularities always implies the assertion (i) of Theorem 2.3. From general
point of view there might exist some very degenerate examples of trapping
obstacles for which there are logarithmic domains free of poles and the
assertion (ii) of Theorem 2.3 holds.

2. THE BEHAVIOR OF THE RESOLVENT OF THE LAPLACIAN

Consider the problem

The last condition means that and |x| I ~ 00
we have

For Im 03BB &#x3E; 0 the problem (7) has an unique solution for f E L2 (2) and
the operator

admits a meromorphic extension in C with poles Im ~~  0 (see [LP]).
Let s (A, 8, c,~) == (t, 8, c,~) be the Fourier transform of the

scattering kernel s (t, 8, It is well known ([LP], [PI], [Ma]) that

Vol. 62, n 
° 1-1995.



24 V. PETKOV AND L. STOYANOV

s (A, 8, w) has the representation

where cn = const., v (x) is the unit normal to ~03A9 at x E ~03A9 pointing into
H, and v (~c, A) is the solution of the problem

We shall express s ( ~, 8, w) by using the operator R(A). Let a &#x3E; po .
Consider a function cpa E Co (Rn) such that ~pa (x) = 1 for I  a.

Setting £ Fa (A) = + 2 i ~ (B1 we get

Next, choose a function xb (x) E Co (R n) such that xb (x) = 1 on

a neighbourhood of K and = 1 on supp ~b. Then the normal

derivative becomes

On the other hand, for 9 ~ - c,~ by Green’ s formula we have

Thus, using Green’s formula once more, we obtain

Let ’l/;c (x) E Co (Rn ) , c = a, b, be cut-off functions such that ~a (x) = 1
on supp 03C6a, 03C8b(x) = 1 on supp~b. Then in the representation of

s (A, (), úJ) we can replace the resolvent R (~) by the modified resolvent
(A) = ~ (x) R (A) ~a (x). Below we assume that are fixed.

Annales de l’Institut Henri Poincaré - Physique theorique



25SOJOURN TIMES OF TRAPPING RAYS

Next, consider the domain defined in the introduction and assume
that Ra, b (A) satisfies the condition

(A) is analytic in 
and there exist 

() 
 C(1-E- 

for each 03C6 E Co (H) and each A E U~, d.
Since the integration in (8) is over a compact set, we conclude that the
condition (B) implies the estimate

with j3 &#x3E; 0, m E N, uniformly with respect to (9, w) E x 

2.1 REMARK. - The analysis in Chapter III of [LP] shows that the norm
of the scattering operator

is less than the norm of the modified resolvent where

cp (x) E Co (2) and cp (~r) = (~r) = 1 in a neighbourhood of
K. The inequality (9) is sharper since it gives an estimate for the kernel
of the scattering operator 5’(A).
Now we shall deduce from (9) some regularity of s (t, B, w) for t 2014~ -oo.

To do this we need the following lemma, which is similar to Theorem 7.3.8
in [HI].

2.2. LEMMA. - E S’ (R) be a distribution with supp u c ~t : t  T}.
Assume that the Fourier transform u (ç) admits an analytic continuation in
the domain such that for we have

E iN  ~ E (7~ 

::; ~.

Proof. 2014 Choose a function 03C6 E Co (R) such that supp 03C6 C (-1, 1)
and (t) dt = 1. Set 03C603B4 (t) = 1 03B4 03C6 (t 03B4 ), 0  {) ::; 1, and consider

u*03C603B4. Consider the path

where ’Y = 1 and d is given in the definition of Clearly,
( 10) implies

Vol. 62, n ° 1-1995.



26 V. PETKOV AND L. STOYANOV

Using the analyticity of A(() in and the above estimate for fixed

/) &#x3E; 0. we can write the integral

as a sum of two integrals

The second integral is over a compact interval, therefore passing to a limit
as 03B4 ~ 0, we obtain a function.

Next, for ( E 0  03B4  1, we have the estimate

promded a+1+t  0. Given q E N,taketq = 

Then t~tq implies ~(a + 1 + t)  -N - n - 1 - q and, since

d~ = F (~) d~ --+ dç I -+ oo, for t  tq, the integral on T~ is

uniformly convergent for 0  ~  1. The same is true if we take the

derivatives with respect to t up to order q. Letting b -+ 0 and using the
fact that  (8() ~ 1, by Lebesgue theorem we conclude that 
we have 2014~ s -~ o f , f being a Cq function. This completes the

proof of the lemma.

Combining the estimate (9) and Lemma 2.2, we obtain the following.

2.3. THEOREM. - Assume that there exists a sequence of ordinary reflecting
with sojourn times such that

Let 03A6 E Co (R) be such that supp 03A6 C (-1, 1), 03A6(t) = 1 for |t| ~ 2.
Assume that there exists a sequence 1m -+ 0 of non-zero real numbers and
an integer 1~ independent of m such that

where &#x3E; 0. Then there are two possibilities:
(i) For each ~ &#x3E; 0 and each d &#x3E; 0, (~) and ,S’ (~) have poles in

the domain d;

Annales de l’Institut Henri Poincare - Physique theorique



27SOJOURN TIMES OF TRAPPING RAYS

(ii) For some é &#x3E; 0, d 1 &#x3E; 0, Ra,b ( ~ ) is analytic in , 0,
we have

2.4. REMARK. - Notice that if (A) is analytic in the same is
true for 5(A, (9, w) for all ~, (9 E and this implies the analyticity
of the operator 5’ (A) in This shows that the cases (i) and (ii) do not
depend on the choice of ~ (x) and ~b (x) .

3. DIRECTIONS OF TANGENCY

Let X be a compact smooth (n - 1)-dimensional submanifold of
2. In this section we consider pairs (w, ()) E x 

for which there exists at least one B)-ray for X which is not ordinary,
i.e. it is tangent to X at some of its points. It is shown that the set of these
pairs has Lebesgue measure zero in x 

Before proceeding with the statement of the main result in this section,
we introduce a notion that is slightly different from the notion of an 8)-
ray but it is rather convenient for our next considerations. It was also used
in our paper [CPS].
A curve 03B3 in Rn is called an (w, for X if it has the

S

form 03B3 = where Zi = i = 1, ... , s - 1, xi E X for all
i=o

i = 1, ... , s, while lo (resp. is the infinite ray starting at Xl (resp. xs )
with direction -cv (resp. (), and for every i = 0, 1, ... , s - and li+1
satisfy the law of reflection at xi with respect to X.

Clearly, every reflecting 9)-ray is an 9)-trajectory, but the
converse is not true in general, since an (cc;, 03B8)-trajectory may intersect
transversally X.

3.1. THEOREM. - There exists 7Z c X complement of which
is a countable union of compact subsets of measure zero in X such

that for every pair 8) 03B8)-trajectories for X are ordinary.
Fix a hyperplane Z in Rn such that X is contained in one of the open

halfspaces determined by Z.
As a simple corollary of our argument in this section we also get the

following theorem, which is in fact a consequence of a result of Melrose
and Sjostrand [MS], see also Chapter 24 in [H2].

Vol. 62, n ° 1-1995.



28 V. PETKOV AND L. STOYANOV

3.2. THEOREM. - There exists Tr C Z x Sn-1, the complement o, f ’ which
is a countable union of compact subsets of measure zero in Z x ,S’n-1, such
that for every (x, (.)) E T the trajectory of the generalized geodesic flow
(in the exterior domain determined by X ) starting at x in direction cv has
no tangencies to X .

We now turn to the proofs of the above statements.
Fix two integers l~ and s with s 2 1 and 0 ~ 1~  s . Denote by M ( s , 1~ )

the set of those

with x = (xl, ..., xs), such that there exists an (w, 0)-trajectory for

X with successive (transversal) reflection points xl, ..., the segment
of which is tangent to X at the point y E Here by

xo (resp. we denote the orthogonal projection of x1 on Zw (resp. of
x s on Z-~), and by definition

We are going to show that M ( s , 1~ ) is a smooth submanifold of Ms of
dimension 2 n - 3. This and Sard’s theorem would then imply that for every
smooth map ,f : M (s, 1~) 2014~ N, N being a smooth manifold of dimension
at least 2 n - 2, the image f (M (s, 1~)) has measure zero in N. Setting
.À (ç-) - = (~/~ r~) (w; x; yj where r~ = one

gets a smooth map A : MS -+ X X Sn-1. Clearly, N (s, 1~) = A (M (s, l~))
is contained in the sphere bundle SX of  which is a smooth manifold
of dimension 2 n - 3. So, roughly saying, 03BB provides a parametrization of
M ( s , 1~ ) by a subset of a ( 2 n - 3 ) -dimensional manifold. The restriction
of 03BB to M ( s , k) defines a homeomorphism 03BB : M ( s , k) -+ N ( s, k), so
one can at least conclude that the topological dimension of M (s, l~) is not
greater than 2 n - 3. However, due to the singularities of the generalized
Hamiltonian flow (see [MS] or Section 24.3 in [H2]), the inverse map
~ -1 : N ( s , l~ ) --+ M (~ ,1~ ) has rather weak regularity properties. In general
it is not locally Lipschitz and it is even not known whether it is Holder
or not. That is why the information provided by the parametrization A is
not enough for our purposes. It is necessary to consider more complicated
ways to parametrize the set M (s, 1~) and one of them is described in the
proof of Lemma 3.3 below.

3.3. LEMMA. - M (s, a smooth submanifold of MS of dimension
2~ - 3.

Annales de l’ Institut Henri Poincaré - Physique theorique



29SOJOURN TIMES OF TRAPPING RAYS

Proof. - Clearly the sets

are open in Ms and Ms = U Ur (8, k). Thus, the lemma will be proved
if we show that for each r = 1, ..., n, MT (s,k) = M (s, k) ~Ur (8, k)
is a smooth submanifold of Ms of dimension 2 n - 3. We consider only
the case r = n, the other cases are the same.

Let us biefly explain the idea of the proof. Given an element of
Mn ( s , 1~ ) , we consider a certain chart

with yy E D, where i7 is an open subset of R~S+3~ (n-1). Now it is

sufficient to show that ( D n Mn ( s , 1~ ) ) is a smooth submanifold of U
of dimension 2 n - 3. To do this we define a smooth map

such that x-1 (D~Mn (s, k)) = G-1 (0). It turns out that G is submersion
at any point of G-1 (0), and so (cf. [GGu]) it follows that G-1 (0) is a

smooth submanifold of U with

Now we pass to the detailed proof. Fix an arbitrary 7y == (w; ~; fJ; ()) E
Jb). Choose smooth charts !7, -+ X of X around ~, and

: V --+ X of X around ~ such that (!7,) n == 0,
i = l, ..., ~-l, == 0, == ø (for
k == 0 or s the corresponding condition is to be deleted). Assuming 03C9n &#x3E; 0,
we may parametrize around ~ by

where cvn = ( 1 - ... - W~-1)1/2 and Do is the unit open ball in

Similarly, we may assume that is parametrized around 8 by
8" _ (02, ... , 8n ) E Do. In this way we get a chart

defined by ~(03BE) == (W; ’PI (UI)’ ..., 03C8(03C5); 6’) 
(~; M; t;; E !7. Here ~ == (~; 0 == ==

(~B..., 

Vol. 62, n° 1-1995.



30 V. PETKOV AND L. STOYANOV

Assume that 0  1~  s. Given ~ _ (~’; ~; v; e") E U with

x (~) E ~)~ we have

where

is a normal vector to X at ’ljJ (v) . Here f 1, ... , f n are the standard basis
vectors in R n. In correspondence with these conditions we introduce the
functions

Annales de l’ Institut Henri Poincare - Physique ’ theorique ’



31SOJOURN TIMES OF TRAPPING RAYS

Finally, define the map G by

Then G is smooth and, according to the above, we have

Thus, to prove the lemma we have to establish that G-1 (0) is a smooth
submanifold of U of dimension 2 n - 3. To do this it is sufficient to show
that G is submersion at any point of G-1 (0). Indeed, if this is true, then
G-1 (0) is a smooth submanifold with

Fix ~ E G-1 (0) and assume that

for some real coefficients ~B Cj, Pj, q. We have to show that these
constants are zero.

First, consider in ( 11 ) the derivatives with respect to WI, ..., 
According to cvn = (1 - ... - w2 - 1/2, we get

for r = 1, ... , n - 1. Note that ( 12) holds also for r = n. Setting

( 12) implies

V3l.62,n° 1-1995.



32 V. PETKOV AND L. STOYANOV

that is

Consequently, c03C9 is a tangent vector to X at cpl (u1 ) . However,

ç == 16; v; C-1 (o) E ~) c M (s, &#x26;), and
so ( u 1 ) is the first (transversal) refiection point of an 9)-trajectory
for X. In particular, 03C9 is not tangent to X at (u1). Hence c = 0 and
now (13) yields ~1 = ... == 0. 

,

In a similar way, considering in (11) the derivatives with respect to

82 , ..., we find ... 
= = 0 .

Next, we are going to show that A~m~ _ ... ~ A~m 1~ = 0 for each
m =1 2, ..., 1~. Here we assume 1~ &#x3E; 2; for l~ = 1 there is nothing to be

proved in this step. Since 1~ &#x3E; 2, the functions Py, Q, and for i &#x3E; 3

do not depend on the variables i~. On the other hand,

and therefore

where

Now we consider in (11) the derivatives with respect to and find

Setting
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and using the expression for 20142014 found above, we can rewrite

(14) in the form (u1), -e1, 03C9&#x3E; el, (u1) == 0.

B~i / B /
That is, ~ 2014.2014. (~i), ~ 2014 (el, ~) el) == 0, and this is true for all

B~r /
r~l,...,?~20141. Consequently,

for some A E R, ~Vi being an unit normal vector to X at ’PI (~i). Note that
(ei, 0 . Taking inner product of (16) with ei gives 0 = A 
and so 03BB = 0. Thus, by (16), w = (el, If / 0, the
latter would imply e 1 E T~2 (u2 ) X , which would be a contradiction with
ç E G-1 ( 0) . Hence (ei, w~ = 0 and so w = 0. Now ( 15) yields
A21 ~ _ ... =. = O.

Using the above procedure, by induction, we get ~4~ ~ 0 for all
m = 2, ..., ~ and j = 1, ... , n - 1.

Next, if k  s - 1, we repeat the same argument, considering the
derivatives with respect to ~, to show that ~4~ i=0for~=l,...,~-l.
In a similar way, by induction, one gets ~4~ == 0 for all m = s - 1,
s - 2, ...,&#x26;+ 1 and j = 1, ... , n - 1. Therefore all coefficients .4~
in (11) are zero.

Now ( 11 ) has the form

Set for convenience

and note that

We have

Vol. 62, n° 1-1995.



34 V. PETKOV AND L. STOYANOV

and

Further, set pn = 0 and p = (pi, ..., and consider in ( 17)
the derivatives with respect to ~B We get

which is equivalent to

The latter can be rewritten as

Since this is true for all r = 1, ... , n - 1, it implies

for some ~ E R, Nk being an unit normal vector to X at cpk (uk). Taking
inner product of (18) with ek, one finds ~(~ e~) = q (N (~), = 0,
since the segment is tangent to X and

N (ç) is a normal vector to X (v). On the other hand, (N~, e~) 7~ 0,
and so  = 0. Now (18) implies

In a similar way, considering in (17) the derivatives with respect to 
one obtains

Since b = bl -+- b2 &#x3E; 0, combining ( 19) and (20) gives

First, note that the latter and ( 19) imply q = 0. Next, ~ E G’-’ ( 0 ) yields
~ Mn (s, ~) and so (u~+1 ) . Hence 0. On the

Annales de l’Institut Henri Poincaré - Physique theorique



35SOJOURN TIMES OF TRAPPING RAYS

other hand, pn = 0 by definition, therefore (21) implies 0 = (e~, p) 
p) == 0. Again by (21) we get p == 0. Thus, all coefficients in

( 11 ) are zero.

The case k = 0 and k = s can be treated in a similar way. We omit the

arguments in these two cases. This concludes the proof of the lemma.

Proof of Theorem 3 .1. - For given s and k consider the projection

defined by 1r8 (c~; x; y; 9) _ 8). Since 1r8 is smooth and Mr (s, l~)
is a smooth submanifold of dimension 2 n - 3  dim x 

the set Lr (s, k) == 1r8 (Mr (s, k)) C x has measure zero. Let

Mr (8, k) = U Kj with Kj compact. Then Lr (s, k) = is a

j=l j=l
countable union of compact subsets of x with measure zero.

n

Finally, set L = U U Lr (s, I~) and 7Z = x Then

7Z has the desired properties.

Proof of Theorem 3.2. - Consider the projections ps : MS --~ x X,
defined by 8 (~; xl, ... , xs; ~; 8) _ (~, Xl , and set

The same argument as that in the proof of Theorem 1 shows that T has
the desired properties.

3.3. REMARK. - In the case when K has the form (6) with G°° (K) _ 0
it is possible to prove a slightly stronger result than Theorem 3.1. Namely,
for each fixed w E there exists a set C the complement
of which has Lebesgue measure zero, such that for each 03B8 E R(03C9) all

8)-rays are ordinary reflecting ones (see [P2]).

4. SOJOURN TIMES

Let S2 be a domain in R n, n &#x3E; 2, with bounded complement and smooth
boundary X = and let 03C9 be a fixed unit vector in R n. Our aim in

this section is to prove the following.

4.1. PROPOSITION. - There exists S (c,~ ) C the complement of which
countable union of compact subsets of measure zero such that
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if 03B8 E then any two different ordinary refrecting (w, H
have distinct sojourn times.

The rest of the section is devoted to the proof of this proposition.
Let B=BB be the open ball in Rn with center 0 and radius R and

fix R so big that B contains X . Let Z == ZW be the hyperplane tangent to
B and orthogonal to 03C9 and such that the halfspace determined by Z and
having 03C9 as an inner normal contains X .

For a given integer 1~ &#x3E; 1 denote by !7~ the set of those u E Z such that
the trajectory 03B3 (u) of the generalized geodesic flow in S2 is an ordinary
reflecting ray with exactly 1~ reflection points. Denote by J~ (~c) E 
the direction of 03B3 (u) after the last reflection. Clearly, Uk is open in Z and

i U~~ --~ is smooth.

Next, we fix two arbitrary integers k &#x3E; 1, s &#x3E; 1. For u E Uk denote
by f (~) the sojourn time of the scattering ray ry (u) (more precisely,
the scattering ray determined by ~y(~)). Thus, we get a smooth function
f : !7~ 2014~ R. For convenience the same function on !7g will be denoted
by g, so g : US --+ R.

For u E L~; let Xl (u) E X, ..., x~ (u) E X be the successive reflection
points of 03B3 (u). Then xi : ’--+ X are smooth maps. Let for y E X, N (?/)
denotes the unit normal to X at y pointing into H. Then for t6 E L~. we have

k-1

and f (t6) = ~ where [resp.
i=O

(~c)~ denotes the orthogonal projection of Xl (u) [resp. ~ck (v)~ on
Z (resp. Z_a~, 8 (~), and t = (u) - (u) II. It is easy to

see that (B, ~k + t B - R 8) = 0. Therefore t = R - (0, and so
/C-1

f (~) = ~ II (~u) ~i (u) II - (xk (~)~ Jk lu~~ - R.
~=0

For v E !7g the successive reflection points of ~y (f) will be denoted

by Yl (v), ..., ys (v). We set yo (v) = v and define (v) in the same
way as 

Further, denote by W (k, s) the set of those (u, v) E Uk x US such that
Jk (u) = J,5 (v), f (u) = g (v) and rank dJk (u) = rank dJs (v) = n - 1.
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4.2. LEMMA. - a smooth (n - 2)-dimensional submanifold
of UkxUs.

Proof. - Consider an arbitrary point wo = vo) in W (k, s). Then rank
(uo) = rank dJs ’= ~ - 1. Clearly, there exists a neighbourhood

U of t~o in Uk x !7~ such that for every (~, v) E W we have rank
dJk (u) = rank dJs (v) = n - 1. Define the map L : U 2014~ Rn by
L(~,~) = (A(~~); = f (u~ -g (v~,
x (~, v) = J~. (u) - JS (~). Clearly, W (k, s) n U c L-1 (0), and so it is
sufficient ot show that L is submersion at any point of L-1 (0).
We shall show that L is submersion at For the other points of L-1 (0)

the argument is the same. Set () = Jk (uo). Without loss of generality we
may assume that B~~&#x3E; ~ 0.

Suppose that

for some constants C. Set An = 0 and A = ..., An) ERn.
Before going on, we have to compute several derivatives. Setting e2 ==

, f o r p = 1, ... , n - 1 and i = 1, ..., k - 1 we

have

Note that ei _ 1, 20142014 (u0)&#x3E; = e2 , (u0) , since (u0) is tangent
B d~p / B ’/ 

to X at ~r~ (~co ) . Consequently,
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. 8Xk B / a~: B
and using the fact that - (uo), J~ (uo) ) _ ( ek, ~~~ (uo) ), we find

Since eo = ~ this yields

According to ()) = 0, we deduce

Moreover, we have ( uo ) = ( uo ) . Hence, considering in (22)

the derivatives with respect to up, we obtain

for all p = 1, ... , n - 1. Since rank dJ~ = n - 1, this yields

for some a E R. In a similar way, considering in (22) the derivatives with

respect to vp, one gets

for some b E R. Now combining (23) and (24) gives
Since ~(~o) 7~ and the vector

x~ (vo) is orthogonal to (), this implies C = 0. Using (23)

again and taking into account that An = 0 by definition, we find

== 0. Since 9~n~ ~ 0 by assumption, it now follows that a = 0.
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Applying again (23), we find A = 0, i.e. ~4i = ... = = 0. Thus, L
is submersion at t~o which concludes the proof of the lemma.

Proof of Propos ion. 4 .1 . - Define the map 03C6 : Uk  US ~ Sn-1 x 

by cp(u, v) == J~ (u).. Then cp is smooth and since dim W (s, ~) -= n - 2,
cp ( W ( s , 1~ ) ) is a countable union of compact subsets of of measure
zero. Set F~ == {t6 rank 6~ (u)  n - 2}. Then F~ is closed in

and so it can be represented as a countable union of compact subsets
F~ _ Then by Sard’s theorem J~ has measure zero in 

i

for all k and i . Therefore F has measure zero in 
~ ~ i

Finally, setting S (w) = J~ (W (1~, s))), we get a subset
k s

of the complement of which is a countable union of compact subsets
of with measure zero.

To show that has the desired property, consider an arbitrary
e (03C9). Assume that there exists u~03C5 in Z which determine ordinary
reflecting ())-rays in H with coinciding sojourn times. Then we have
~c E U~ and v E U~ for some ~ and s. If rank  ~ 2014 2, then ?z E F~
and so u E Fk, for some z. However, this implies () = Jk (u) E Jk.
which is a contradiction with 8 E ? (03C9). Hence rank dJk (u) = n - 1. In the
same way we find rank dJs ( v ) = n - 1 and therefore ( u, v) E W (k, s ) .
This implies () = J~ (~c) == cp (u, v) which is again a contradiction with
8 E ?(~). In this way we have seen that any two different ordinary
reflecting ())-rays in H have distinct sojourn times which proves the
proposition.
Define ? = {(w, ()) E X S’n-1 : 8 E ~5 (cv~~. It follows by the

properties of the sets S (w) that the complement of S in x has
measure zero and for each (w, 8) E ? any two different ordinary reflecting

8)-rays in SL have distinct sojourn times.

5. EXISTENCE OF SCATTERING RAYS
WITH SOJOURN TIMES TENDING TO INFINITY

Let H be a closed domain in Rn, n &#x3E; 2, with bounded complement and
smooth boundary ~5~. In this section we show that if the obstacle
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is trapping, then there exists a sequence of reflecting 8~ )-rays in

H with sojourn times --+ oo.

Set Q = R x H and denote by (7, ç) the variables dual to (t, x) in
T* (Q). The characteristic set of the wave operator D is defined by

For z = (t, x) E R x ~03A9 consider the compressed bundle

Nz (8Q) being the fiber of one-forms vanishing on Tz (8n). Set T* (Q) =
T* (Q") (9Q), and consider the map rv: T* ((a) ~ T* (Q) which
coincides with the identity on Q", while for (z, () E T* (Q), ~ E 8Q,
we define

The image ~b = E (~) is called the compressed characteristic set, and
if 03B3 is a generalized bicharacteristic of D, its image 03B3 =~ (03B3) is called a

compressed generali.zed bicharacteristic 
Let po &#x3E; 0 be fixed so that K c Bo = ~x E I  Given a

point v = (0, x, 1, ç) E ~b, (x, ç) E T* (9H), consider the compressed
generalized bicharacteristic 03B3v(t) == (t, x (t) , 1, 03BE(t)) E T*(Q) of D,
parametrized by the time t and passing through v for t = 0. Denote by
T ( v ) E R+ U oo the maximal T &#x3E; 0 such that x ( t ) E Bo for 0  ~ T ( v ) .
Denote by E~ the set of those v = (0, x, 1, ~) E ~b, (~, ç) E T* 
such that T ( v ) = oo . Using the continuity of the generalized Hamiltonian
flow of D [MS]), it is easy to see that Eoo is closed in ~b. On the
other hand, ~b. Indeed, take a hyperplane II tangent to 8n such
that K is contained in a half-space determined by II. Consider an arbitrary
vo = (0, xo, 1, ço) E 03A3b with (xo, ço) E T (II), xo E ~03A9 n II. Then we

have  00, since (t) leaves Bo for t &#x3E; 

By definition the obstacle K is trapping if 0. Therefore the

boundary in ~b is not empty. Take an arbitrary v E Since

0, there exists a sequence of elements = (0, 1, çm)
of ~b with çm) E r"(9Q) such that E~ for all m

and ~ 2014~~. Consider the compressed generalized bicharacteristics
== (t, 1, ~~.,.t (t)) passing through for t = 0 and

such that  oo . If the sequence ~T ( v~.,.z ) ~ is bounded, this

would imply T’(P)  oo in contradiction with v Therefore

~ T ( v~.,.t ) ~ is unbounded and we may assume T (vm) 2014~ + oo .

Set = x~-,.t (T ( v~.,.L ) ) E 9Bo, = ~~-,2 (T ( vm ) ) E Passing to a

subsequence, we may assume that ~B0 and úJm --+ úJ E 
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Consider the generalized bicharacteristic ~ (t) == (t, y (t), 1, ~(~)) of D
issued from ~c = (0, z, 1, c~). By continuity we have = oo and

E Bo for t &#x3E; 0.

Let Z~ be the hyperplane passing through z and orthogonal to w.

Denote by Zoo the set of those points ~/ E ZW such that the generalized
bicharacteristic passing through = (0, y, 1, w) has the property

= oo. A simple argument shows that Zoo is closed in Z~.
Clearly Consequently, there exists a sequence --+ ~/o
with zm E for all m such that  oo for all m and

T oo. In general the bicharacteristic could contain gliding or
glancing segments. However, if Goo (J~) = 0, then can be approximated
by multiple reflecting rays (cf. [MS]). Thus, taking ~) sufficiently
close to cc;), we obtain the following result.

5.1. PROPOSITION. - Let the such that Goo (K) = 0 and
03A3~~Ø. Then there exists a sequence of ordinary reflecting (03C9’m,

such that 2014~ oo .

5.2. COROLLARY. - Let the have the form (6) and let 0.
Then there exists a sequence of ordinary reflecting (03C9’m, 03B8’m)-rays 03B3m such

that 2014~ oo .

Proof. - In this case every generalized bicharacteristic 03B3 of D in H
is uniquelly determined by each of its points. Moreover, every such

bicharacteristic can be approximated by ordinary reflecting ones (see
[MS]). Thus, the argument of the proof of Proposition 5.1 works even
if Goo (I~) ~ 0.

Next, we consider a fixed ordinary reflecting which

is non-degenerate (see Section 1 ). We wish to replace (.L, by a pair
(~, ()~) sufficiently close to (.t, 0~) for which there exist ordinary
reflecting (cv~, such that is an infinite sequence of

isolated points in sing supp s ( - t, 
Let S be the subset of x introduced at the end of Section 4.

Assume that K satisfies the following condition:

There exists a subset ~ C x the complement of

(G) which has Lebesgue measure zero such that for each (w, ()) E ~
all (w, 9)-rays in H are ordinary reflecting ones.

it suffices to take an approximation by (~, e E.

On the other hand, to guarantee the existence of such (03C9"m, 03B8"m)-
rays, we shall use a corollary of the inverse mapping theorem (cf. [HI],
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Theorem 1.1.7). Let U and V be open subsets of Rm and let F : U ~ m--&#x3E;

f (x) E V be a Coo map. Suppose that xo E U is such that det df (~o) / 0.
Then a = II &#x3E; .11 being the standard norm in G (R m, R m)
- the space of linear maps. Set ~/o = f (xo) and choose ~ &#x3E; 0 so small that

~ 

=  ~ E yo II  2014 C Y. Then it follows by the inverse
mapping theorem that the map f is injective on !7~ and surjective on Vb.

In what follows we are going to construct suitable approximations
for :co = z’m and Wo = 03C9’m. Consider the hyperplane Z = For 03C9

sufficiently close to the B)-rays issued from y E in direction

w can be considered as suitable (9)-rays issued from a point x E Z,
provided y is close enough to .ro’ Thus we obtain a Coo map

~7 = 0 x r 3 (:r,~) 1-+ 

Here 0 C Z is a small neighbourhood of xo, r c is a small

neighbourhood of and f (.r,, w) is the outgoing direction of the ray
issued from x in direction w. Since ~ is non-degenerate by assumption, we
have det fx 7~ 0. We may assume that U is chosen so small that det

f~ (.r, w) =f. 0 holds for all (:~; w) E U. Set max II ( f~ (x, - - .

(.E, 0152

Then there exists 8 &#x3E; 0 such that for (x, w) E U with ~co II  6,

II  8 we have ~ ~ (.r,; w) - f~ ~ 4 1 0152. We may assume

that 8 is so small that

Clearly, for 03C9 E r6 fixed, the map 05 3 x w) E is injective.
Denote 80 = ,~ o) and consider the set

Choose 03B4’ ~ (0, S) so small that ~ / (x0, 03C9) - 03B80~  03B403B1 4 for 03C9 e 039303B4’. Then

for 03C9 ~ 039303B4’ and 03B8~W03B4 we deduce ~03B8 - / (x0, 03C9)~  03B403B1 2, therefore, ,
according to the above remark, for each fixed e F~ and each fixed ~ e Ws
we can find ~(~,0) E ~ with 8), cv) = 8. This shows that, exploiting
the density of  in x 5’"’B we can approximate 80) _ (03C9’m.
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by pairs for which there exists. with sojourn
times T~ converging to as j --+ oo. Applying the results of 
[PS3}, we obtain a sequence of ordinary rejecting (~, 8m such
that oo, and E sing supp s (~, B~, for all m = 1, 2, ...
Moreover, near the scattering kernel s (t, 03B8"m, 03C9"m) has a singularity
with leading term 8(n-I) (t + with 1: 0. Thus. if the reflecting
rays in Proposition 5.1 are non-degenerate, we conclude that the
assertion of Theorem 2.3 is true.

Finally, notice that by Theorem 3.1 the condition (G) holds for obstacles
.K having the form (6).

6. PROOFS OF THEOREMS 1.1 AND 1.2

Throughout this section we assume that I~ has the form (6):. For z E 9~
we denote by JC (z) the curvatur~e of at z. Following the

argument at the end of the previous section, we need to construct a

sequence of ordinary rejecting non-degenerate 8~ ) -rays ~ in H
with = Tym ~ oo . To do this we use the following.

6.1. PROPOSITION. - Let K have the form (6) and let 03B3 be an o .rdinary
reflecting B)-ray with reflection points xl, ... , xk. Assume that there

exists ,j such that &#x3E; 0. Then 03B3 is 

Proof. - Consider the map Jy defined in Section 1. Then the map
(i~) has the following representation (see [PS3], Proposition 2.4.2)

(u~) ~

Here ai = for i = 1, .... 1 1~, xo = u~,, cr, is a linear
map related to the symmetry with respect to the tangent plane to

at ~2, and Mi are symmetric linear maps defined by Mi == ’l/J 1 ,
Mi - cr, (I + ~i o-i + Øi for i == 2, ... 1 ~, 2~i being linear
symmetric maps depending on the second fundamental form of at xi .
Since Kj are convex, we have 03C8i &#x3E; 0 for all i = 1, ..., k. Hence 0
for each i. By assumption, there exists j with JC &#x3E; 0. 0,
and so Mi &#x3E; 0 for i = j, j + 1, ..., 1~ . Consequently, dJ~ (~) ~ = 0
implies u = 0 which proves the assertion.

Proof of Theorem 1.1. - By Corollary 5.2, there exists a sequence of
ordinary reflecting (03C9’m, 03B8’m) -rays 8m with sojourn times --+ ~. Each
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point z E can be approximated by points z’ E ~K such that J’C t z’ ) &#x3E; 0.

Using this and Proposition 6.1, we find a sequence of ordinary reflecting
non-degenerate ~ with sojourn times -+ oo . To

complete the proof we use the argument at the end of Section 5.

Proof of Theorem 1.2. - Let R and S be the sets from Theorem 3.1 and
the end of Section 4, respectively, and B) ~ R~S:03C9 ~
0} c X Given (w, 8) E 2, there are two possibilities:

1 ) there are no (w, B ) -ray s in H;
2) each B)-ray is ordinary reflecting and different 0)-rays have

different sojourn times.
Let 0 be a sphere in Rn which contains the obstacle I~ in its interior.

Consider the set r of those (x, c,~, ~0) E 0 x x 0 X such that

(c~, 8) E 2 and there exists an ordinary reflecting passing through
x and ?/. Clearly, r is an open submanifold of 0 x x 0 x 

Since the projection

7r: r 3 (x, w, ~/, e) ~ (w, 0) E X sn-1

is smooth, it follows by Sard’s theorem that there exists a set c

X of measure zero such that ~, ~/, B) ~ 0 whenever
(~,6) ~ E(r). As one can easily check, the last condition means that
all 8)-rays with 9) ~ ~ (r) are non-degenerate. Consequently, for
(w, 8) E 2B~ (r), all B)-rays have the properties (a)-(c). Applying the
results of Chapter 9 in [PS3], we complete the proof.
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