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ABSTRACT. - We study existence, uniqueness and stability of weak and
strong solutions to a d-dimensional stochastic differential equations on a
domain D with reflecting boundary

We do not assume that Moreover, neither H nor the

driving semimartingale Z need have continuous trajectories.

Key words : Stochastic differential equations with reflecting boundary, weak and strong
stolutions, stability of solutions.

RESUME. - Nous etudions l’existence, l’unicité et la stabilité des

solutions faibles et fortes de 1’equation differentielle stochastique en dimen-
sion d sur un domaine D avec frontiere reflechissante

D n’est pas nécessairement R+ x De plus, ni H ni la semi-martingale
Z ne sont supposees a trajectoires continues.
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164 L. SLOMÍNSKI

1. INTRODUCTION

In this paper we investigate a d-dimensional stochastic differential equa-
tion (SDE) on a domain D with reflecting boundary condition

where Z is a semimartingale, X is a reflecting process on D = D U aD and
K is a bounded variation process with variation ] K increasing only, when

(the precise definition will be given in Section 4). This equation is
called a Skorokhod SDE with the analogy of .the one-dimensional case
first discussed by Skorokhod [22] for D = IR + and for a standard Wiener
process W instead of the driving semimartingale Z in ( 1 ). Next, many
attempts have been made to generalize Skorokhod’s results to larger class
of domains or larger class of driving processes. And so, the papers [4],
[6], [7], [ 13], [ 19], [26] are devoted to the study of SDE’s with reflection in
the half-space i. e. D = [R + x [Rd - 1. On the other hand the case of reflecting
processes in a domain more general than a half-space has been discussed
firstly in the paper by Tanaka [25], where D is any convex subset of [Rd
and Z=W. Then Lions and Sznitman [11] ] have investigated domains
satisfying the conditions (A) and (B) given in Section 2, and together with
the admissibility condition that means, rougly speaking, that D can be
approximated in some sense by smooth domains. In their paper Z is any
semimartingale with continuous trajectories. Finally, Saisho in [20] has
omitted the admissibility condition but he has restricted himself to the
case Z = W.

In the present paper we assume, as in [20], that D is a general domain
satisfying the conditions (A) and (B) and then we discuss the problem of
existence and uniqueness of strong and weak solutions to ( 1 ) for any
driving semimartingale Z. We also consider the question of convergence
in the sense of law and in probability of solutions to equations of the
type ( 1 ) .
Now, we describe more precisely the content of the paper. Before solving

the SDE ( 1 ) we solve simpler d-dimensional Skorokhod problem

on a domain D (for precise definition see Section 2). _

In Section 2 we consider a deterministic case of (2). We prove existence
and uniqueness for such problems provided Y has jumps bounded by some
constant ro, depending on a region D only, i. e.  ro (for example if
D is convex then ro = oo). Let us note that if D is a convex domain the
problem (2) has been recently considered by Anulova and Liptzer [2] in
order to characterize diffusion approximation for processes with reflection.

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques



165SDE WITH REFLECTION

In Section 3 we assume that Y = H + Z, where H is a process with
trajectories in D (t~ [Rd) and Z is a semimartingale. Then we prove some
new estimates for the solution (X, K) of (2). These estimates play the key
role in Section 4. We discuss also asymptotical behaviour of the sequence
of solutions of (2).

In Section 4 we consider a sequence {X"} of solutions of SDE’s the
form ( 1 ) i. e.

We assume that the sequence of semimartingales {Z"} satisfies the condi-
tion introduced by Stricker in his paper [24]. Under this condition called
(UT) in [9] limit theorems for stochastic integrals and for solutions of
SDE’s without reflection has been recently proved in many papers (see
e. g. [9], [ 10], [ 14], [23]). In our main theorem in this section we give some
sufficient conditions under which {Xn} converges in the law sense to the
solution X of the SDE (I). As a consequence we obtain existence of weak
solution of the SDE ( 1 ) provided that f is continuous and bounded i. e.

+00, where 11.11 denotes the usual norm in the space of linear
operators from Rd into IRd and If additionally f is
Lipschitz continuous, using discrete approximations of the solution of the
SDE ( 1 ), which are constructed with the natural analogy to Euler’s for-
mula, we show existence and uniqueness of strong solution of the SDE ( 1 ).
Next, we consider the convergence in law and in probability of the strong
solutions of the SDE (3). Let us note, that if D = x the problem
of existence and uniqueness of solutions of SDE’s like ( 1 ) have been
examined in papers by Chaleyat-Maurel, El Karoui and Marchal [4] and
Protter [19]. Unfortunately, their approach cannot be extended to
domain D satisfying conditions (A) and (B).

Let us introduce now some definitions and notations used further on

IRd) is the space of all mappings x, x : R+ - IRd which are right
continuous and admits left-hand limits with the Skorokhod topology J 1.
For x e D (~, A c we denote

where

Every process X appearing in the sequel is assumed to be realized in

® (0~ +, [Rd). Let (Q,, ØJ) be a probability space and let (~ t) be a
filtration on (Q, ~ , ~) satisfying the usual conditions. Let X be an (~ t)
adapted process and T be an (~ t) stopping time. We write X~ and X~ - to
denote the stopped processes and X~~_, respectively. If

Vol. 29, n° 2-1993.



166 L. SLOMÍNSKI

d

X=(XB ...,X~) is a semimartingale then [X]t stands for L [Xi]t, where
i= 1

for i = 1, ..., d [Xi] is a quadratic variation process of Xi. Similarly, if

A;=(~...~) is a process with locally finite variation, then
d

where is a total variation of ki on [0, t].
i= 1

In the paper we use results from general theory of stochastic processes.
Here the books by Dellacherie and Meyer [5] and Jacod and Shiriayev [8]
are good source. For information on the space D (R+, [Rd) we defer the
reader to Billingsley [3] and once more to Jacod and Shiriayev [8].

2. A DETERMINISTIC CASE

Let D be a domain in Define the set %x of inward normal unit
vectors at x E aD by

where

Following Lions and Sznitman [11] ] and Saisho [20] we introduce two
. assumptions.

(A) There exists a constant 0 such that

(B) There exist constants Ö &#x3E; 0, P ~ 1 such that for every x E 3D there
exists a unit vector lx with the following property

where (., .) denotes the usual inner product in ~.
Remark 1 ([11], [20]): 

-

__ _ n e __ if and only if ( y - x, _ 1 ] _ x|2 &#x3E; 0 for every y e D,(i) if and only 0)+ for every y~D, 
..

(ii) if dist (x, D)ro, x ~ D then there exists a unique such that

D) and moreover ([jc]~ - ~)/~ [x]~ - x e ~~]~.
(iii) if D is a convex domain in IRd then ro = + oo .
The Skorokhod deterministic problem is stated in the following manner.

DEFINITION 1. - and y0 ~ D. We will say that a pair
(x, k) E D (fR~, 1R2 d) is a solution of the Skorokhod problem associated with

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques



167SDE WITH REFLECTION

(iii) k is a function with bounded variation on each finite interval such
that ko = 0 and

where ns E ~xs if xs E aD.
.. _ , . , , . , ,

Remark 2. - As compred with classical definitions of the Skorokhod
problem we have added the condition (iv). However it is known, that if
either D is convex or the condition (A) is satisfied and y is continuous,
then for every pair (x, k) satisfying (i )-(iii ) we have also (iv) (see e. g.
[20], [25]). On the other hand, as in our paper, if D is not necessarily
connected then under (i)-(iii) only the solution of the Skorokhod problem
associated with fixed discontinuous y is in general not unique. Moreover,
the set of solutions must be neither relatively compact in IRd) nor
locally bounded as the following example shows.

Example

t I and for ~1. Then the conditions (A), (B) are satisfied with

and one can check that the function xt = yt for t  1 and xt = 0 for
solves the problem associated with y. Moreover, for each the

function xt = yt for t  1 and x~ = 0 for ~1 solves the problem associated
with y. Moreover, for each the function xn defined as for t  1
and xt = 4 n - 2 for t &#x3E;_ 1 is a solution of the problem, too.

LEMMA 1. - Assume the condition (A). If yo E D and I Dy (  ro then the
Skorokhod problem has at most one solution.

Proof. - We will use the inequality proved by Saisho (see [20], 2.6).
Let y, y E ® (f~ +, IRd) and let (x, k), (x, k) be the solutions associated with
y and y, respectively. Then

Vol. 29, n° 2-1993.



168 L. SOMÍNSKI

First assume Suppose (x, k), (x, k) be two solutions of the
4

Skorokhod problem associated with y = y. By (4)

Since | 0394xt | , I 0394t I ~ I I and |0394yt  3 it is clear that |0394kt |+|0394t I __ 3
4 

~ 

2
and has a consequence

Therefore by Gronwall’s lemma (see e. g. [20, Lemma 2 . 2]) x = x.
Now, let  ro. Define -

Obviously on each finite interval there exists only finitely many jumps

bigger than r° . By the arguments used previously for t E [0, s 1) and
4

in particular Therefore by using the notation from
Remark 1 (ii), and additionally setting for every x E D we have

Hence for t E [o, sl]. Analogously we obtain the equality x = x on
every interval The proof is finished. 0

PROPOSITION 1. - Let D satisfies the conditions (A) and (B). Assume that
(x, k) is a solution of the Skorokhod problem associated with y E IT) (R +, 
I Dy I  c for some constant c  ro. If sup I yt I - a then there exists a constant

t

C depending on a and c (and also on ro, ð, ~i) such that

provided that tm  + ~, where

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques
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Proof. - If then by (B) we have

Therefore,

On the other hand by the inequality 2 . 7 in [20] for tm[

Hence for t E tm[

and by Gronwall’s lemma

Therefore using (5) and putting w = ] and

By easy calculations w~8 and b _ 2 a. Hence it is clear that there exists a
constant C 1 such that

Vol. 29, n° 2-1993.



170 L. SLOMÍNSKI

Since b, ~~0, there exists also a constant C2 for which w __ C2 b. As a
. consequence, using (5) once more we get

Thus

Therefore if tm = tm the proof is complete. Assume now tm  tm _ 1. Since k
is constant in the interval 

and it is enough to put C (C2 + 1 ) + 2. 0

COROLLARY 1. - Under assumptions of Proposition 1 there exists a

constant C depending on a and c such that

provided that  + ~,

Proof. - It follows easily by the definition of and by the estimation
from the proof of Proposition 1. 0

COROLLARY 2. - Assume the conditions (A) and (B). Let

II]) (IR+, for every be a

sequence of solutions of the Skorokhod problem associated with the sequence
~ yn ~ . is relatively compact in II]) ([0, q], then

(i) there exists a constant C depending on q, c, sup sup y? I and on the
n t__q

modulus of continuity on [0, q] such that

relatively compact in [D ([0, q], p~3 a+ 1).

Proof. - (i ) By the version of Arzela-Ascoli theorem in D([0, q], 
[3, Theorem 14 . 3] the sequence {yn} is relatively compact in D ([0, q], [Rd)
if and only if the following two conditions are satisfied

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques
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It is obvious that we can rewrite (7) into the form

o 3y&#x3E;0, such that 03C9yn [sk _ 1, snk[  8,

where 0==~ ...  s n = q, Sk - Sk _ 1 &#x3E; y, k =1, ... , rn. Similarly to tm, tm
we define the times tm, tm s for xn, n, By Corollary 1 there exists a
constant C depending on q, c and a = sup sup|ynt| (and also on ro, ð, 03B2)

n 

such that

rovided that  Hence for such m and E = ~
C

As a consequence every interval in (8) contains at most one
point tm for every Therefore by Proposition 1

which yields (i ) .
(ii ) It is a trivial consequence of (i ) and of an estimate

(o~ 2 sup 
t~R

(iii ) By using (i ) and (ii ) we can estimate sup I xt I, sup I ~ I q by sup I yt I
t ~ q t ~ q t ~ q

and the moduli of continuity [s, t~, [s, t~, kn ~s, t] by [s, t~,
s, t  q. Thus, by simple calculations we deduce that the conditions (6), (8)
are satisfied yn, kn, c []) ([0, q], 1R3d+1) instead of

{ yn ~ C IT) (IR + , IRd). 0

THEOREM l. - Suppose that a domain D satisfies the conditions (A) and
(B). c II]) (IR +, R~), yo E D and let { (xn, be a sequence of
solutions of the Skorokhod problem associated with ~ y" }. If yn -~ y in
II]) (IR +, and I Dy I  ro then

where (x, k) is a solution of the Skorokhod problem corresponding to y.
Proof. - Let { be a sequence of constants, ck i ro such that ck

for all t E Define

and

By Proposition 2. 7 in [8] and ~’~’ -~ ysk - in II]) (~ +, Let us
fix such that Then in D([0, q], Since

Vol. 29, n° 2-1993.
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then by Corollary 2 (iii)

is relatively compact in D([0, q], 1R4 ~).
On the other hand lim lim Therefore putting q i +00

we deduce

{ (xn, kn, ~ yn) ~ is relatively compact in 1R4 d). (10)

Now, assume that there exists a subsequence ~ n’ ~ c ~ n ~ such that

Due to Lemma 1 we have to check that (x, k) is a solution of the

Skorokhod problem associated with y, only. Firstly, since for each 
and , it follows by ( 11 ) that I for 

Therefore all we have to do is to show that

By Remark 1 for every continuous z with values in D and every n’ E N,

Now, we will need the following simple lemma which is a consequence
of [9], Proposition 2.9. ..

Since z is continuous, by ( 11 )

, . 

~ ~ , ,- .. ,

in ® ( f~ + , ~ 5 d), and it follows by Corollary 2 (ii ) and Lemma 2 that ( 14)
implies

The last part of the proof follows the proof of [11, Theorem 1.1 ] and
we give it below for completness, only. By the definition of b,

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques
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kt - I k It - k Is __ bt - bs for s -_ t and hence there exists a bounded meas-
urable function hs, I _ 1 such that dks = hs dbs, k Is = Therefore

by ( 15)

Let D° = DBaD and let { 03C6m} be a sequence of continuous functions
~m : f~d ~ I~, ~m T c~m = 0 on Since by Definition 1

t -

~m (Xs ~) d ~ k"~ ~S = o, it follows by Lemma 2 that dbs = o,

which yields xs E aD d I k ~S a.e. and (12). On the other hand by (16)

In order to finish the proof it is sufficient to deduce from (12) that

s 

IS..

which gives (13). The equality nS=~1 is trivial by Remark 1 if 

Assume 0~J1 and define C=~z-[z]~, , where [z]~ is

uniquely determined by Remark 1. Then by (17)

Hence ] and using again Remark 1, Since

[z]a - z - the proof is finished. D

!H.-~! 
It is proved in Saisho [20] that if y is continuous then the solution of

the Skorokhod problem corresponding to y can be approximated by the
solutions of discrete Skorokhod problems. Now, we discuss such a problem

Vol. 29, n° 2-1993.
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for ~d). Let us consider an array {{~}} of nonnegative num-
bers. In each n-th row let the sequence {tnk} form a partition such
that 0=tn0tn1..., lim tnk = Assume that

In addition for the array {{~}} we define the sequence of summation
p,:~~~ by the equality For

every IRd) we define the sequence ~ yPn } of discretizations of y.
More precisely,

It is easy to see that

Now, let us fix It is observed in [20] that if then for

sufficiently large n~N the solution (xn, kn) of the Skorokhod problem
associated with a discretization yPn E D (!R~, has the form

and

COROLLARY 3. - Assume the conditions (A) and (B). Let y E II]) (R + , 
I Dy I  ro and yo E D. Then there exists a unique solution (x, k) of the
Skorokhod problem associated with y. Moreover (xn, is a sequence

of solutions of the Skorokhod problem corresponding to the sequence of
discretizations {y03C1n} then 

, - .

Proof. - The uniqueness was proved in Lemma 1. The existence part
and property (i ) follow immediately from Theorem 1 and ( 18). To see (ii )
first observe that by (i ) and, for example, by Lemma A in [23]

Hence xn - xPn - 0 in D (~, which leads to (ii ) . D

COROLLARY 4. - Assume the conditions (A) and (B). Let

c D (R+, and let { (xn, sequence of solutions of the

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques
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Skorokhod problem corresponding to the sequence ~ yn ~ . If
sup|ynt-yt |~0, q~R+, where |0394y|r0 then sup|xnt-xt| ~0 and

sup kt I ~ 0, q ~ R +, where (x, k) is a solution of the Skorokhod problem

associated with y.

Proof - Since uniform convergence on compact subsets of is
stronger than convergence in IT) (IR +, it follows by Theorem 1 that in
particular

On the other hand, if then by the nature of the Skorokhod
problem Using Corollary C in [23] we completes the proof. D

Now, let Jl be a probability measure on which is equivalent to the
Lebesgue measure. For x, y e D (tR~, IRd) write

So d~ metrizes the topology of convergence in measure, which is weaker
than the usual topology J1 on []) (IR +, For yn, y E II]) (fl~ +, we will
write if and only if d (yn, y) - 0. This kind of convergence turns
out to be very useful in many problems connected with convergence of
semimartingales and SDE’s (see e. g. [ 1 ], [17], [18], [24]). There arises the
problem if it is possible to obtain some stability results for the sequence
of solutions of the Skorokhod problems by using the notion of the
convergence in measure. The answer is not positive. It is not true even in
the classical case d=1, D = [R~.

Example 2. - Define

Then it is well known that

In this case /’ -~ y = 0 but kn   1 1. On the other hand it is
obvious that the solution of the Skorokhod problem associated with y = 0
is of the form (0, 0). D

3. APPLICATIONS FOR STOCHASTIC PROCESSES

Let (Q, ~ , 9) be a probability space and let (~ t) be a filtration on
(Q, ~ , 9) satisfying the usual conditions.

Vol. 29, n° 2-1993.
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DEFINITION 2. - Let Y be an (~ t) adapted process and Yo E D. We will
say that a pair (X, K) of (~° t) adapted processes solves the Skorokhod
problem associated with Y if and only f for every ~ E 0, (X (co), K (co)) is a
solution of the Skorokhod problem corresponding to Y 

Let us note that as a consequence of Corollary (3) for every process Y
such that Yo e D, ]  ro, there exists a unique solution of the Skoro-
khod problem associated with Y.

In this section we will give some estimates for the solution (X, K)
assuming Y is of the form

where H is an (~ t) adapted process, Z is an (~ t) adapted semimartingale,
Zo = 0, decomposed into the sum of a local martingale M and of a process
with bounded variation V, Mo=Vo=O.
THEOREM 2. - Assume the conditions (A) and (B). Let Yo ED,

and let Y is as in (21 ), where sup|Zt|, sup|Ht | are bounded
i t

by some constant a, and M, V are square integrable martingale and a
process with square integrable variation, respectively (i. e. E [M]oo,
E I V I ~  + 00). Then for every (~ t) stopping time cr there exists a sequence
of (~ t) stopping times ~ and a sequence of constants ~ such that

and for every j~N the constant Cj depends
only on cr, a, c, E [M]oo, E I V I ~ and on the modulus of continuity t~H.

Proof. - Without loss of generality we assume [cr  + 00] =1. Define

~ ~ bk ~ ~ are two families of constants such that
~;

bi ,[ 0, - _ bk _ bi and [) = bi, t E R +] = o, [0394H + bk 
= 0] =1. With

2
this notation we introduce a sequence of discretizations to the process H.
We set -- -J

Let qj be such that [qj~03C3]~1 j and [0394Hqj^03C3=0]= 1. By simple calcula-

tions (see e. g. [23]) I A (H .- I ~ b’ and 

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques
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Obviously if then sup (H - H‘)t ~ ~ 0 e. Analogously as

in Proposition 1 we define 

By Corollary 1 there exists a
constant C depending on a such that

For ë=C set ~; = mf{ ~ ~(H - H’),_ ~ ~ }, Then

it is easy to see that 
’

Therefore we can choose ~=~(7) as large that b‘ ~’~  E and
8

Also we can choose hj as small that [03C9’H (hj, qj) _&#x3E;_ b‘ (j)] __ 1. J Now, let us
observe that if 03C9’H (hj, qj)  b‘ (j) then every interval of length less or equal
h~ contains at most one jump of H bigger than bi ~’~. Hence on the set
~H (h~, q~)  b‘ c’~, Yk~’&#x3E; &#x3E; q~ for k &#x3E;_ k ( j), where

and yk is defined by (22). On the other hand

and

Put rJ..j = qj A ~~ ~~~ A ri B1). By (24) and (25)

In the next considerations we discuss only processes stopped in A cr.

For simplicity we write M, Hi ~B V instead of the stopped processes

Vol. 29, n° 2-1993.



178 L. SOMÍNSKI

a’ Hi ( j), a j n a’ a. We have for every m ~ N

Define Then L"’ is an adapted
square integrable martingale is stopping
time. Hence, summing to n and integrating the above inequalities we get

Since the right hand of the last inequality is finite, for sufficiently large
n = n ( j),

and

Finally, if we define crj = ~~~ A by Proposition 1 we conclude that for
a constant C in (24) we have

which is our claim. D

Assume now, we have given another (~ t) adapted process Y such that
Yo e D, and Y admits the decomposition

where Z is an (~ t) adapted semimartingale, Zo = 0 and M is an (t)
adapted local martingale, Mo = 0 and V is an (~ t) adapted process with
bounded variation, Vo = 0. Assume that (X, K) is a solution of the Skoro-
khod problem corresponding to Y. In Theorem 3 below we estimate

which is the crucial step in proofs of uniqueness in
s

Section 4.

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques
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THEOREM 3. - Assume the conditions (A) and (B). Let Yo, Yo eD,
and let processes Y, Y satisfy (21 ) and (26), respectively,

where M, i4 are square integrable martingales and V, V are processes with
square integrable variation. If ro  + 00 we assume additionally that there
exists a constant a such that I K 100’ K I 00  a. Then there exists a constant C

depending on a (and also on ro, ~3, õ) such that for every (~ t) stopping
time cr

Proof. - For simplicity we consider the processes stopped in 0", only.
First we discuss the more complicated case ro  + ~. By (4) for every

.

Since Ko = Ko = 0, by the integration by parts formula

Hence for every stopping time 1

Vol. 29, n° 2-1993.
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By simple calculations based on Burkholder-Davies-Gundy and Schwartz’s
inequalities

and

On the other hand

If we denote

then by the above calculations we deduce that there exists a constant C 1
such that

Since x, bl &#x3E; 0 it is clear that x2 _ C2 (b2 + bi) for some constant C2. To
finish the proof, we will need the following version of Gronwall’s lemma.

LEMMA 3. - Let Y1, Y2 be two increasing processes, yÕ = YÕ = 0 such
that EY~  + oo, Yalfor some constant al. If one of the following two
conditions ~is satisfied

(i ) for every stopping time ’t

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques
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(ii ) for every stopping time t

then EY1~  a2 
Proof - (i ) We give proof of part (i ) for the sake of completeness,

only. We denote YS &#x3E;_ t ~ . Then by [5], VI, Theorem 55, we have

and it is sufficient to use classical Gronwall’s lemma for f(t) = EY;t. Hence
assuming t I ai we obtain our claim.

(ii) See [ 12], Lemma 2. 0
If we set in Lemma 3

and

then the proof in the case ro  + oo is complete.
Finally, let us note that in the case ro = + oo instead of (27) we obtain

simpler inequality, namely Hence there exists a con-
stant C2 such that and we get the desired result putting

D

Since X = Y + K it is easy to obtain from Theorem 3 the following
result.

COROLLARY 5. - Under assumptions of Theorem 3, there exists a constant
C such that for every stopping time ~

The estimates proved in Theorem 3 and Corollary 5 are very similar to
those obtained previously by Chaleyat-Maurel, El Karoui and Marchal
[4], Proposition 8, in the case Moreover, using their
method based on [15], Theorem 1, we can deduce from Corollary 5 esti-
mates on the interval [0, a[ in place of [0, 6].

COROLLARY 6. - Under assumptions of Theorem 3, there exists a constant
C such that for every stopping time ~
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In turn, we will discuss applications of Theorems 1-3 for sequences of
solutions of the Skorokhod problems. Let be a sequence of (3°?)
adapted processes and be a sequence of solutions of the

Skorokhod problems associated with {Y"}. We will assume that Y" is of
the form

where {Zn} is a sequence of (Fnt) adapted semimartingales, satisfying the
condition (UT) introduced by Stricker in [24], The condition (UT)
is given as follows,
(UT) for every q E R + the family of random variables

is tight in R,

where U; is a class of predictable processes of the form
k

Us = U9 + ~ such that tk=q and every
~=o 

U? is measurable, I U71 ~ 1 for every 
We recall a simple characterization of (UT), which has been recently

proved in [14]. Let for every Z~ be decomposed into the sum of
three processes

where Jnt = 03A3
I 

1 A Z: 0394Zns| &#x3E; l}’ Mn is a locally square integrable martin-

gale, Mn0 = 0 and Bn is a predictable process with bounded variation,
B o = 0. Then

PROPOSITION 2. - The following three conditions are equivalent.
(i) ~ Z~ ~ satisfies the condition (UT),
(ii) for every q ~ R+ the families of random variables ( Jn |q}, {I Bn 

{ are tight in R.
(iii) for every q ~ R

+ and ~ &#x3E; 0 there exists a &#x3E; 0 such that for every n E fBJ
and every (fX?) adapted processes Un

Immediately by (ii ) we can obtain the following result proved earlier

by Stricker.

COROLLARY 7. - If ~ satisfies (UT) then for every q 
+ the families

of random variables ~ sup I z: I ~, ~ [Zn]q ~ are tight in R. 0

The following proposition play the key role in the proof of existence of
solutions to the SDE ( 1 ) .
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PROPOSITION 3. - Assume the conditions (A) and (B). be a

sequence of (iF?) adapted processes,  c  ro, and let { K") ~ be a
sequence of solutions of the Skorokhod problem associated We
assume that every Yn is of the form (28), where ~ is a tight in II]) (0~ +, p~a)
sequence of (iF?) adapted processes and ~ is a sequence of (iF?) adapted
semimartingales satisfying (UT). Then

(i) for every q E II~ + the family of random variables ( K" ~q ~ is tight in l~,
(ii ) if Hn = Yn0 then {Xn} satisfies (UT).
Proof. - (i) Define = inf ~ t; ~ I V I &#x3E;__ a ~, a E R +, n Since

by Corollary 7 {sup I }, q E is tight in R, and by the tightness of
,

{ in [D (R +, sup I ) , q E R + is tight in R, it is clear that

Further, by easy calculations

and as a consequence the sequence {Hn, 03C4n,a-} is tight in II]) (R+, Rd), too.
On the other hand by the definition of (UT) also the 
satisfies (UT). But

where , Thus using once more Corollary 7 and
t 5 q

the definition of (UT), it is clear satisfies (UT), too.

Therefore by (30), without loss of generality, we can assume 
Hn = Hn, 03C4n,a- and sup |~a, sup for some constant a ~ R+. Anal-

t t

ogously as in (29) we decompose Z~ as a sum of J~, Mn, and Bn. We define
= v v b ~ . By Proposition 2 (ii )

and as before we can assume Jn = Jn, ,~n’ b, Mn = M~~ ,~n, b,
Bn = Bn, ~"’ ~ for some constant b. As a consequence we can assume that

Mn + Vn, Bn, where
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Finally, it is enough to use Theorem 2. Indeed. Setting 0’ = q we have

By the definition of aj, C? we have

and

for every j E N , which together with (31) gives (i).
(ii) Immediately by (i ) the sequence of processes {Kn} satisfies (UT).

Since by our assumption {Yn0} is bounded in probability satisfies

(UT), the sequence {Xn = Yn0 + Z" + Kn} satisfies (UT), too. D

Assume for the moment that a sequence of processes {Y"} is of the
form considered in (ii)) satisfies (UT). By using the theory of
convergence in Meyer and Zheng’s sense ([17], [24]) we conclude by (ii)
that there exist processes X, K, Y, a subsequence ~ n’ ~ c ~ n ~ and a set A
of full Lebesgue measure such that the finite dimensional distributions of
(X?’, K~, converge to those of (Xt, Kt, A. Since the conver-

gence in Meyer and Zheng’s sense is given by the topology of the conver-
gence in measure, Example 2 in Section 2 shows that (X, K) need not be
a solution associated with Y. Therefore the notion of convergence in

Meyer and Zheng’s sense is not appropriate in stability theorems for
solutions of the Skorokhod problem. This kind of convergence seems to
be to weak.

On the other hand assume additionally that all the semimartingales
are adapted to the same filtration If Y" tends to Y in

the space of semimartingales (see e. g. [5]) then by Theorem 3
E sup Xt 12 - 0 and E sup Kt ( 2 -~ 0, where (X, K) is a solution

t t

corresponding to Y i. e. we have convergence in the space ~2. To see that
this kind of convergence can not be strenghten to convergence in ;jf2 we
consider the following example from [21].

Example 3. - Let d =1, D = and let M be a continuous square
integrable martingale. Then from the definition of local time we have
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where Then it is clear that (M. -~)+,-L~(M)~ is a

solution of the Skorokhod problem associated with Jo and

(M +, ! L 0 (M») is a solution of the Skorokhod problem associated with
Jo 

On the other hand

and as a consequence the convergence (M-~)~ -M~ - 0 does not
hold. D

What we can do, is to give convergence results in law and in probability
in the Skorokhod topology, which is stronger than Meyer and Zheng’s
topology.

PROPOSITION 4. - Assume the conditions (A) and (B). ~Z" }, .

the sequences of processes, Yô E D and let ~ K") ~ be a sequence
of solutions of the Skorokhod problem associated If

[resp. Z", Y") -+ [jJ (H, Z, Y)] in IT) (IR +, 1R3 d)), provided that I ~ Y I  ro
then

[resp. (Hn, Z", ~n, K", Yn) --+9(H, Z, X, K, V)], in IT) ((1~+, 1R5 a), where

(X, K) is a solution of the Skorokhod problem associated with the process Y.

Proof - It easy follows from Theorem 1 and the Skorokhod representa-
tion theorem. 0

By Corollaries 3 and 4 we have the next

COROLLARY 8. - Assume the conditions (A) and (B). Let (X, K) be a
solution of the Skorokhod problem corresponding to a process Y,
Yo ED, 

(i) Let ~ be a sequence of solutions of the Skorokhod problem
associated with a sequence of processes {Yn}. If sup 1 Yt | ~  0, q E R +,

tq
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then

for every 
(ii) Let for every n Yn be of the form YPn, where ~ is the sequence

of summation rules defined in Section 2. Then 
’

D 

’

4. SDE’s WITH REFLECTION

Let (Q, ~ , ~) be a probability space and let (~) be a filtration on
(Q, ~ , ~) satisfying the usual conditions. Given a function

.f ~ D -~ 0 ~ /(jc) = {~ }~= i,..,j we consider the SDE (1) x. e.

where Ht = (H;, ..., Hd) is an adapted process and Zt = (Z;, ..., Zd),
Zo = 0 is an (~ t) adapted semimartingale. We will say that the SDE ( 1 )
has a strong solution if there exists a pair (X, K) of (~ t) adapted processes
satisfying the conditions

K is a process with locally bounded variation such that Ko = 0 and

....v

where ns E if XS E aD.

Remark 3. - Similarly to the deterministic case, if either D is convex or
D satisfies (A) and the processes H, Z have continuous trajectories then
(32)-(34) imply (35).

If any two (~ t) adapted solutions (X, K), (X’, K’) on (Q, ~ . #) of the
SDE (32) satisfy ~ [(Xt, K;), then we will say that

strong uniqueness holds for (32).
We will say that the SDE ( 1 ) has a weak solution if there exists a

probability space (Q, f#, ~) with filtration (~ t) satisfying the usual condi-
tions and (~ t) adapted processes X, K, H, Z such that

2) = W (H, Z) and (32)-(35) hold for processes X, K, H, Z instead

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques



187SDE WITH REFLECTION

of X, K. H, Z. If any two weak solutions eX, K) and (X’, 6l’) of SDE ( 1 ),
possibly defined on the different probability spaces, are such that

6l)=£f(k’, 6l’) we will say that the weak uniqueness for the
SDE ( 1 ) holds.
Now, we are ready to formulate our main theorem.

THEOREM 4. - Assume the conditions (A) and (B). be a
sequence of ~" adapted semimartingale satisfying (UT) and be a
sequence of ~ n adapted processes. Let ~ be a sequence of strong
solutions of the SDE (1). If f is continuous, II f(x) ~) _ L  + 00, x E D and
(Hn, Zn) ~~ (H, X) in II]) (IR+, 1R2 d), where I ] + I  ro then

(i) ~ (Xn, Kn, Hn, is tight in [D (IR +, 1R4 d) and every limit point of
{ Kn) ~ is a weak solution of the SDE ( 1 ),

(ii ) if additionally the SDE ( 1 ) has a unique weak solution (X,K) then

Proof - (i) First let us note that joint weak convergence of (Hn, Z~)
to (H, Z) and the continuous mapping theorem imply

in ® (f~+, (~2 d+ 1). 
~ 

(36)
be a sequence of constants such that

~e~’’]=0, Define

By (36) and [8], Proposition 3.15, for every 

in [D (IR +, 1R2 a~ X [R.
Sincel AH ) + L I OZ I  ro, 6k i + 00 &#x26;&#x3E;-a. e. and as a consequence

Therefore without loss of generality we may assume that there exists a
constant c  ro such that

Due to [ 14], Lemma 1. 6, a sequence of stochastic integrals

~ satisfies (UT), hence by Proposition 3 and Corollary 7
0 J
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the sequences of random variables ( ] ) are tight in R for

every q E 
Now, assume that { bi }, ~ bk ~ are exactly the same as in (22). Put

Yo = 0, 1= min + bk, inf { I ~),
and

Then, as it is observed in [23], for every i E 

As a consequence, for every 

provided that [|0394Hiq =0]= 1, q E 

On the other hand it is well known that for continuous f, f : IRd -+ IRd (8) IRd,
we can construct a sequence of functions {fi} such that for every i ~ N,

f E ~2 and

for all compact subsets K of Define for n, i E N

By simple calculations based on (37) (see e. g. [23]),

Therefore due to (39) and Proposition 3 (iii) we have

On the other hand by is tight in R. Hence {X"’} is a sum
of three sequences of processes satisfying (UT). As a consequence {X"’}
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satisfies (UT), too. Moreover, since f E ~2, by [14], Lemma 1. 7, for every
we have

satisfies the condition (UT).

Now, we will use the following tightness criterion [ 14], Proposition 3 . 3 .

LEMMA 4. - c IT) (f~ +, and let {(Hn, 
be tight in D (R +, 1R2 d). Assume that the sequences of processes { Un }, {Zn}
satisfy the condition (UT). Then

is tight in IT) ( ~ + , 1R3 0

Setting for every i~N we obtain

is tight in 

Hence by (40)
is tight in 1R3 d).

Assume that there exists a subsequence { n’ ~ c ~ n } such that
in 1R3 dl~

where (, 2) = S (G, Z). Then by Proposition 4

in IRs d), where eX, K) is the solution of the Skorokhod problem
corresponding to Y. Moreover, by using the limit theorem for stochastic
integrals [9], Theorem 2. 6

in IT) (R +, 1R4 d)... "
Finally, by the continuous mapping theorem we conclude that (X, K)

is a solution of the SDE ( 1 ).
(ii) It follows immediately by (i ). 0

COROLLARY 9. - Assume the conditions (A) and (B). Let f be continuous
x E D. and Ho E D

then there exists a weak solution of the SDE ( 1 ).
Proof. - be a sequence of summation rules defined in

Section 2. By simple calculations we can prove that for sufficiently large n
there exists a unique strong solution of the following discrete stochastic
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differential equation

Moreover, the special form of HPn and ZPn implies that

and

By ( 18)

Since in view of Dellacherie and Mokobodzki’s theorem (see e. g. [5],
p. 401) the sequence {Z03C1n} of discrete adapted semimartingales,

t E ~ +, n E N satisfies the condition (UT), the conclu-
sion easy follows by Theorem 4 (i). 0

THEOREM 5. - Assume the conditions (A) and (B). Let f be Lipschitz
continuous and bounded i. e. there exists a constant L &#x3E; 0 such that

Ho E D then there exsits a unique strong solution of the SDE (1).
Proof. - By using Corollary 9 there exists a probability space

(Q, ~ , ~), a filtration (~ t) and (~ t) adapted processes H, Z, X defined
on ~ , ~) such that 2 (H, Z) = 2 (H, Z) and (32)-(35) hold. Assuming
the Lipschitz continuity of f we will show a little more, namely that
there exists a measurable map F (depending only on f ),

(~ 2 d) ~ ® ( ~ +’ ~ 2 d) such that

which shows pathwise uniqueness of the SDE ( 1 ) on (Q, ff, ~). Moreover,
if we come back to our basic probability space (Q, ~, ØJ) with
filtration (~ t) and with (~ t) adapted processes H, Z then defining
(X, K) = F (H, Z) we obtain a strong solution on the space (Q, ~ , ~).
This means also, that the solution of the SDE (1) on (Q, ~, ~) is unique
in the strong sense. Without loss of generality we will assume that the
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solution (X, K) of the SDE ( 1 ) is defined on the basic probability space
(Q, ~ , 9) and satisfies (32)-(35). Let {(X", Kn) ~ be a sequence of solutions
of the discrete SDE (42) defined by (43) and (44). We will show that

which leads to (45) for (X, K) and (H, Z) instead of (X, K) and (H, Z).
The proof of (46) is long, so it will be devided into two steps. Before

giving them define Y = L Let {(X", K n)} be a sequence of

solutions of the Skorokhod problem associated with the sequence ~ YPn ~
[we recall that for sufficiently large n Kn) is defined by ( 19) and (20)].
By using Corollary 7 (ii ) for every q E IR + ,

and

Step 1. - We will assume additionally that sup|Ht I, sup|Zt| are bounded
t t

r

by constant 
° 

n 1.
8 (L + 1 )

By our assumption Z is a special semimartingale. Hence Z is uniquely
decomposed into the sum

where M is a locally square integrable martingale, Mo=0, and V is a
process with bounded variation, Vo=0. Define

Obviously ia T + oo and we can assume that the processes H, M, V are
stopped in ia for some fixed a E I~ + .
For n, i E N let us denote

Then it is clear that for every 
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. 

Pn 
(.)

and the processes f (Xs _ ) 
o 

[MPn],  MPn ) , .

stopped in 03C4in are uniformly in n bounded by some constant Ki . In view,
of (49) we can restrict our attention to the processes stopped 

in Then

by Theorem 2 for fixed q E there exists a sequence of stopping
times { and a sequence of constants { such that

and |Kn|q^03C3, K"! ]  C’ (K1 + r0 8(L+1)) In the sequel due to (50) and
(51), we can and will assume that every adapted process is stopped

~K"~~~~ !~L~AT~~2-
Now, suppose that y~ is an stopping time. Then

I ipn 
(t) 

t 12where ~n = E supf(Xs We recall that by the0 0
Doob type inequality proved in [1 6]

On the other hand by Corollary 6
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Therefore for every stopping time yn

If we denote then due to Lemma 3 (ii)

Finally, let us observe that by simple calculations based on (47) and by
the arguments from the proof of [5], Theorem 15, VIII, E(n) - 0. Hence

Since

it follows by (47)-(50) that

and

which gives (46).
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Step 2. - We will show, how to omit the assumption 
t

Define

By the arguments used in Step 1

and as a consequence

where pn (t) = tnk ~ t ~ [observe that contrary to pn (61), pn (cr 1) is

an (3°©n) stopping time!]. By simple calculations

On the other hand

and

Therefore by (53) and by the convergence

we get - 9-a. e. Due to (54)

By replacing the processes H, Z by Hal + - H61 + and +, - Z~l,
respectively, we can obtain the convergence X~ to X on the interval

[0’ l’ 0’2[’ etc. Since 6k i + oo the proof is complete. 0

Immediately from the proof of Theorem 5 we obtain.

COROLLARY 10. - Assume the conditions (A) and (B). Let

and let (X, K) be a unique strong solution of the
SDE (1), where f is Lipschitz continuous and bounded i. e. II II  L,
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for x, y E D. If sequence of
solutions of the discrete SDE (42) defined by (43) and (44) then

COROLLARY 11. - Assume the conditions (A) and (B). be a

sequence of (W?) adapted semimartingales, satisfying the condition (UT)
and be a sequence of (F?) adapted processes. Let ~ be
a sequence of strong solutions of the SDE ( 1 ), where f is Lipschitz continuous
and bounded i. e. II f (x) - f ( y) ] ) I _ L I x - y for x, y E D. Then

(ii ) Z) in D(tR+, then

(iii ) if sup I H: - | ~  0, sup ] Z? - Zt 1--+ ØJ 0, q ~ R + and

then

where (X, K) is a unique strong solution of the SDE ( 1 ).

Proof - (i ) Due to Corollary 10 (ii ) the SDE ( 1 ) has a unique weak
solution. Thus by Theorem 4 (i)

Moreover, in this case the joint law of (X, K, H, Z) is uniquely determined.
Therefore we can strengthen the conclusion of Theorem 4 (ii ) to the

convergence

(ii ) We use the method of the proof of [23], Theorem 1. Since we
assume the convergence in probability, all processes are defined on the
same probability space (S2, ~ , Let BE, 9(B»0. Define

QB (A) = 9 (A B) for every A e ~ . By [23], Lemma 4 { is a sequence of

semimartingales on (Q, ~ , QB), for which the condition (UT) is satisfied.
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Then

and

As a consequence, by part (i),

Hence for all bounded and continuous mappings 1&#x3E;, 1&#x3E;: 1R4 d) -+ IR,

Since (55) holds for all Beff, 9 (B) &#x3E; 0 and all bounded continuous

mappings C: D 1R4 d) - R we have

(iii) It is clear that by the part (ii ) the condition (55) is satisfied. Now,
let us note that

and if then or OZ ~ 0. Using [23], Corollary C, we obtain
that

Finally, let us observe that by (56) we have

in ~g2 a+ y.
Since it is clear that if 0 then ] + L 0 or 0, by

using once more [23], Corollary C, we get

and the proof is complete. D
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