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ABSTRACT. — For the system af-dim stochastic differential equations,

dXé(t) = b(XE (1)) dt +e0 (XE(1))dW (1), t€][0,1],
X*0)=x"e R4,

whereb(x) ando (x) are smooth except possibly along the hyperplgie, . .., xq); x1 = 0},
we shall demonstrate that the natural setup of its large deviation principle is to consider the
probabilitye?log P(|| X — ¢|| <8, |[u® — | <8, €5 —nll <8) ~ —I(p, ¥, n) of the triplet
(X?, u®, £%) simultaneously. Here® is the occupation time oXi(-) in the positive half line and
£°(-) is the local time ofX ] (-) at 0. The explicit form of the rate functiaf., -, -) is obtained. The
usual Wentzell-Friedlin theory concerns only probabilities of the fefing P(|| X% — ¢|| < 8)
and its limit is a consequence of the contraction principle of our resut002 Editions
scientifiques et médicales Elsevier SAS
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RESUME. — Pour I'équation differentielle stochastique R
dXé(@) =b(X?())dt +eo(X5())dW(t), te]0,1],
X0)=x%€ RY,

oub(x) eto(x) sont lisses a I'exception de I'hyperpléfxy, .. ., x4); x1 = 0}, nous démontrons
que la forme natuelle du prinicipe des grande deviations s’eait

e2log P(IX* — gl <8, |lu® =yl <8, €5 =l <8) ~—I(p. V. ).
Ici, u® est le temps possé p&f¥ (-) sur la demidraite positive €t (-) est le temps local d&j (-)
en 0. Nous obtenong¢, v, n) explicitement. La théorie de Wentzell-Freidlin étudie seulement
les probabilités de la forme

e2log P(I| X — |l <8) ~ —1(¢).
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La limité procéde alors de notre resultat par le principé de contractio002 Editions
scientifiques et médicales Elsevier SAS

1. Introduction

For the stochastic differential equation&,
dX°(t) =b(X° (1)) dt + eo (X°(r))dW(r), t€][0,1],

(1.1)
X¢(0) = x°,

we shall be concerned with its large deviation principle (I.d.p}f$r0. Here, we assume
the following conditions on (1.1) throughout the paper:

(i) b()anda(-) = o (-)o*(-) are smooth with possibly jump discontinuities
along the hyperplan&® = {x = (x1, ..., x4), x1 = 0}.
1.2
(i) There are positive constantg andc, such thate17 < a(x) < ¢! for
all x e R? wherel is the identity matrix.

More precisely, we assume that there ard-), b= (-),a™(-) anda~(-) with bounded
derivatives such that

_ [bT(x) ifx1>0, _fat(x) ifx3>0,
blx) = {b_(x) if x; <O, ax) = {a_(x) if x; <O.

For notational convenience, we shall write a veotan R? or a function f with value

in R? asx = (x1, %) or f = (f1, f) to distinguish the first components from the rest.
We shall briefly recall the definition of I.d.p and refer the details to [9,14] or [22].

A family of probability measure$P¢},.o on a complete separable metric spéaag d)

is said to satisfy the I.d.p with rate functidr-) if the following (i)—(iv) are satisfied:

(i) I:X — [0, o0]islower semicontinuous;
(i) K,:={xeX, I(x)<r}isprecompact;

(i) For anyM, there exists a compact sEtC X’ such that for any > 0
ande small (1.3)

& c M
P*(Bs(K)) < exp(—;);
(iv) gimolim igf e?log P¢(Bs(x)) = —1(x) = gimolim sups?log P¢(B;(x)).
— £— — >0
Here, Bs(x) is the §-neighborhood ofc and K¢ the complement oK in X. We give
a few words for the definition of I.d.p of this form. The definitions given in [14] and

[22] are different but are equivalent. See Theorem 3.3, Chapter 3 in [14]. The result.
Theorem 3.5, Chapter 3 [14], implies the properties in our definition. On the other hand.
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by using (iv), it is easy to prove that the following holdsdifis a compact set,

lim supe?log P*(A) < —inf{I(x); x € A}.

e—0

Then, by using (iii), we can prove that this also holdd ifs a closed set. Therefore, we
can verify the properties in the definition of .d.p in [22].

If b(-) ando (-) are smooth and(.) is strictly positive throughour?, the I.d.p of the
trajectories for (1.1) was known [3]:

I
PUIX = 0y <) ~exp 5 ) (L.4)

for ¢ € C[0, 1], where

1

1 .
16)=3 [o7H6®) (60 ~ b6 ) o

0

for an absolutely continuoug and (¢) = oo otherwise. Here and hence aftgr, |45

will denote the supnorm for a function defined @m »]. We sometimes omit the
index [a, b] when no ambiguity arises. The problem becomes more involved when
discontinuities are allowed in (1.1). First, the strong solution of (1.1) may not exist
and the usual Picard’'s approximation method thus fails. Secondly, the rate functior
I(-) in (1.4) cannot be interpreted literally (this can be most easily seen by taking
b(x) = sgnx, o(x) =1 and¢ = 0 in one-dimensional case) and hence there is no
candidate for performing the change of measure technique in large deviation theory
The first generalization of (1.1) with jump discontinuities (1.2) allowed was proved in
[16,17] for the special case that= I and (in addition to some smootness conditions on
b*(-), b= (-)) a stability condition holds oh(-):

inf (b7 (0,%) — b (0,%)) >0, (1.5)

YeRd-1

Under these conditions, (1.4) was proved to hold with the rate function expressed ir
a complicated variational form. For the special case 1 but without the stability
condition (1.5), the l.d.p was proved in [7]. We note that it is natural to do the
analysis for such processes by using occupation tim&“oin the positive half space

H* = {(x1, %) € R, x; > 0}. See some studies in [6,10,11]. However, dos 1, the
following setup for the I.d.p of (1.1) is first proposed in [8] and is then proved for the
case ol =1I:

P(Ix* = o[ <3

1(¢,1ﬂ)) (1.6)

e = v <) ~exp( - =%,

where u () (= fé X0.00)(X1(s))ds) and ¢ are occupation times ok® and ¢ in the
positive half spacél* = {(x1, X) € R?, x1 > 0} respectively. In general, for a continuous
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function £ : [0, 1] — R¢, an absolutely continuous real functigiis called an occupation
time of f in H™ if, for almost allz, ¢(¢) € [0, 1] if f1(r) =0 and

. . 1 iffl(t)>0,
g(”—{o if f1(t) < O.

In general, occupation times are not unique. It is unique if and om{af f1(z) =0} =

0 wherem(-) is the Lebesgue measure. We shall wgite H*(f) if g is an occupation
time of f in H*. Along this line we shall consider the I.d.p under (1.2) allowing general
o (-) and jump discontinuities in both(-) ando (-) in this paper. The novelty to have a
nonconstant (-) is that the natural form of the I.d.p for such a system is a level even
higer than (1.6):

P(||x*— ¢l <34, (1.7)

u® —yl| <34,

I ) )
GEIEE)) ~eXp(_W)

where¢® andn are local times o and¢; at O respectively. Here the local tindér) at
0 for a continuous semimartingate(z) is defined as the increasing process such that

m(n)| = |m(©)] + /sgn(m(s» dm(s) + £(1).
0

See [23]. For a real-valued functiogfion [0, 1], a local time of f at 0 is an absolutely
continuous function(-) satisfyingn(0) =0 and

n(t) =0 if £(t)#0,
{ﬁ(t) €[0,00) if f(r)=0. (1.8)

We shall denote by.%( f) the set of all local times of at 0.

In [6], they directly proved the I.d.p for the trajectoriesXf by using a weak conver-
gence approach which is quite different from ours. The rate functional described below
is suggested by their work. See also [8]. Their arguments also apply to the cases of nol
constant coefficient, but the existence of strong solution for the dynamics was required

We now formalize our result as follows.

If x; >0, p=21andd =0 (orx; <0, p=0andéd = 0), then

1, »
L(x,p,p,0)=L(x; p)= §|U(X) (p—bW))|"~
Forx, p e R? suchthatt; =0, p1=0and O<p < 1,6 >0, let
L(x,p,p,0)

(1 1
= |nf{§/)|<7+()6)_1(q+ - b+(x))|2 + 5(1— Plo~ () g™ = b~ () ?

q*.q” € R? satisfyingpg™ + (1—p)g~ =p

0 0
+:—— . = . l
N =g B T aa— ) } &9




T.-S. CHIANG, S.-J. SHEU/ Ann. I. H. Poincaré — PR 38 (2002) 285-318 289

If p=00r1,0=0,then

1

Sl @ p—orm)[L p=1,
L(x,p,p,0)= ,

§|0_(x)_1(p—b_(x)) , p=0.

For an absolutely continuous functigne C[0, 1], v € H*(¢) andn € L%(¢), let

1
1., n)=/L(¢(r),¢3<t),x/'f(t),ﬁa))dt- (1.10)
0

For other triplets/ (¢, ¥, n) = oc.

Finally, let AC*[0, 1] denote the set of all absolutely continuous functiong@®m]
starting from O with derivative in [0, 1] anﬁ”{)r [0, 1] be the set of real, continuous non-
decreaing functions starting from 0.

The main result of the paper is the following:

THEOREM A. —Let P¢ be the distribution of(X*, u¢, £°) induced by the solution
of (1.1) on C = C[0, 1] x AC4[0,1] x C4[0, 1] whereu?® is the occupation time of
X¢(-) on H* and ¢¢ is the local time of\%(-) at 0. Then{P¢}.. satisfies the I.d.p with
rate function(1.10)

We shall denote”[0, 1] x ACZ [0, 1] x C§ [0, 1] by C in the sequel.

Remark— Using the supnorm as the metric, the spéatés a complete separable
metric space. It is also easy to verify that., -,-) has precompact level sets. We
shall show the lower semi-continuity @f(, -, -) in Appendix A. Our main work is to
prove (1.3)(iv) which is given in Sections 2—4 under different conditions.

As a consequence of the contraction principle, we have the following result.

THEOREM B. —The distribution generated b¥* on CI0, 1] satisfies the I.d.p with
rate functionZ(-) given by the following. Fop(¢) absolute continuousR‘ valued
function defined of0, 1] with ¢ (0) = x°,

1
1(¢) = / L(p().d()) .
0

and I (¢) = oo otherwise. Here ift; # 0,

2.

1
L(x,p)= §|o—<x>‘l(p —b(x))

if x; =0and p; =0, then

) 1 1
L(x,p)= mf{ép\oﬂxrl(f bt ) [+ 5(1—p>|o—<x>—1(q‘ —b‘(x))|2}
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theinf is taken over alD < p < 1andg™, g~ € R? satisfying

pqg"+@A—p)q =p, g7 <0, g1 >0.

2. Brownian motion: b=0,0 =1

In this section, we shall establish the I.d.p for the 1-dim Brownian motion in the
form (1.7). In this case, (1.9) can be calculated explicitly. We have

02
O<p<landd >0,
p=0o0rland® =0,

1
L(0,0,p,60) = §p<l“’)
00, p=0orland > 0.

Forx #0, L(x, p,0,0) = 1|p|2.
First, we define a notion of log-equivalence to simplify the notation.

DEFINITION 2.1. —For two real positive functionsg (e, §) and g(e, §), we say that
£(e.8) D g (e, 8) if
lim limsups?log f (¢, 8) = lim lim sups?log g (s, 8),
=0 .o =0 .o
(!I_r)T}JlIT_)IQfS Ing(S’S)_(!@o"En_JQfS logg(e, d).
Obviously, if {P;} and {P;} are two family of probability measures such that
log

P (Bs(x)) = Pj(Bs(x)) for any x, then{P;} satisfies (1.3)(iv) with rate (-) if and
only if { P;} satisfies (1.3)(iv) with the sami(-).

We recall a lemma from [8] (see Lemma 3.3 in [8]).

LEMMA 2.2.—Let f be a real-valued function oR? with f(x) = f*(x) if x; >0
and f(x) = f~(x) if x; <0 where f* and f~ are bounded and continuous. Then
the function(¢, ¥) — fol fo.4 (1) dt is continuous. Heref, , (1) := FH@O)Y () +
@) A —v(@).

The main result in this section is the following.

THEOREM 2.3. —-Let P¢ be the distribution of(eW, u?, £°) on C where W is the
standard1-dim Brownian motionu?® is the occupation time anéf is the local time aD
of eW. ThenP* satisfies the I.d.p with rate functiai(¢, ¥, n), where

17

1
_1r —
1(¢. ¥, n)—20/¢ W“so Y () (L= (1)

if ¢ (¢) is absolutely continuous; € H*(¢) andn e L°(¢); Otherwise/] (¢, ¥, ) = oo.
Proof. —We shall only prove the case that

¢ =0, V(1) = pt, n(t) =0t
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for some constants @ p < 1 andf > 0. We calculate the asymptotics of

P{x7) <.

vl <s, [l —nf <s}.

Here X®(t) = eW(t). The general cases can be treated through successive conditioning
Since this idea is used in several places of the paper, we shall give some detail of it il
Appendix A.

We consider a diffusioX® satisfying

dX®(r) = v(X°(r)) dr +edW (7).

Let #° be the occupation time of¢ in H+ and¢® the local time ofX* at 0. HereW is a
standard 1-dim Brownian motion and-) is given by the following,

0 ) 0 .
v(_x):—z, if X1>0 and U(X)—Z(l_p), if X1<0-
By Cameron—Martin—Girsanov Theorem,
P{llx*| <8, vl <8, ¢ —nl| <8}
1
=E{ ex —}/v(f(s(t)) dW(I)—i/W(XS(I)HZdI ;
= p e 2¢2 ’
0 0
[l <o 1o vl <o, 7=l <51 2

For (X¢, i, £¢) in Bs(¢, ¥, n) we have the following estimates: from

Fooo o 6 \? 6 \?
0/|v(x/(z))| dt:<5) u/<1)+(2(l_p)) (1— (1),

this can be approximated by

NG 0 2 62
(Z) ”(2(1—;))) A=m=ga=p

with an error bounded bys for somec > 0; Also, by Tanaka’s formula,

1 1
(X)) = f(X°0) + /\ (X)) |2dt+s/v(5(f(z)) dw (1)
0

2/<__p_ 201— p))dﬂ ®.

where f(x) = [§ v(u) du, then
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1 1

/v(fm)) AW (1) = i;L (f(ffs(l)) — f(X°(0) - /|v(5f5<t))|2df

0 0

+1/1(9+ o )dif(t)
2 ) 20 2(1—p) ’
which, after some calculation, is approximately equal to zero with an error bounded by

cd/¢e. Therefore,
P{|lx*[| <3,

w — vl <s.

Ig; _ 92 Se
_exp( 7882,0(1—,0))P{HX | <8,

In the following, we estimate the probability on the right hand side by using ergodic
theorem.
We define

e —n| <8}

-l <8} (2.2)

# vyl <s,

1 -~
Xo(t) = ?XE (%), Wo(r) =

o |

W(azt).
ThenWy(t) is a 1-dim Brownian motion and
dXo(r) = v(Xo(t)) df + dWo (7).

It is easy to see thafy(¢) is ergodic and has the invariant density

Qexp(—gx), x >0,
p(x) = P 9
GGXp(— x), x < 0.
1-p

By ergodic theorem, for eaai 0,

t/e?

it (1) = &2 / X(0.00) (Xo(s)) ds — pt (2.3)
0

in probability ass — 0, since[;° p(x) dx = p.
By Tanaka’s formula,

|Xo(t)] = | Xo(0)| + / Sign(Xo(s)) v (Xo(s)) ds + / sign(Xo(s)) dWo(s) + €o(1).
0 0

with £o(t) = 3% (¢2r). Therefore,

1/&?

(1) :82< Xo(é> ’ - |X0(O)|> —s%%(é) —g? / sign(Xo(s))v(Xo(s)) ds,
0
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whereWy(t) = fé sign(Xo(s)) dWy(s) is a Brownian motion. But, for eaah> 0,

/€2

&? / sign(Xo(s))v(Xo(s)) ds — t/sign(x)v(x)p(x) dx =19 =n(@)
0

in probability ass — 0 by ergodic theorem. From this, it is not difficult to prove that
P& —n| <8} —1 (2.4)

ase — 0. ~
Also, by X*(t) = 82X0(;—2) and the fact thaKy(¢) is ergodic, we can show that

P{||xf| <8} —1 (2.5)

ase — 0. The proof of the theorem is complete by combining (2.1)—(2.5).

3. Thecasean(x) =1

Leta € S} be a symmetric positive definite x d matrix on R¢ such thate;/ < a <
coI for somecy, ¢, > 0. We shall define a particular satisfyingoo* = a. Here are
some notations.

Let “*” denote the transpose of a matrix. Forledim column vectow such thaw* =
(v1, ..., v4), we shall denotey the (d — 1)-dim column vector and* = (vo, ..., vy).
For a generadl x d matrixm = (m;;); j=1,...4, We shall adopt the following notatior
is the(d — 1) x (d — 1) submatrix ofm omitting the first row and column from i.e.,
m = (m;;);, j=1,..a—1 and

n_ii’jzm,-+1’j+1, i,j=1,...,d—1;

miy
. mia
my = : = i .
1

The first row and column o are defined as follows.

m1 is the first column ofn,

a1 .
011 = 4/a11, O’ilz\/;_ and 0’1[:0 forz:2,...,d.

Denote
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Then

a; —x
or = (VI O) (VR ) )
iz O 0o o a GL+55"
In order to define so thatoo* = a, we need the following lemma.

LEMMA 3.1.—c1I <a— % <ol

Proof. —Sinceaja; > 0 anda < c»!, it is obvious that the upper estimate holds. For
the lower bound, lef = (ys, ..., ys) € R4 L Let y; = — Zizzaljay—i"l. Then
d d
ClZ)’iz <D aiyiy;
i=1 i,j=1
d d
= Z aijyiy; +anyi + 22%’)’:‘)’1
i,j=2 i=2
2 2

d d d
= Z a;yiyj + (Zaljyj> /all_2<zaliyi> /Clll
i, j=2 j=2 i=2

d d 2
= Z aijyiyj — <Za1jyj> /6111-
i,j=2 j=2
This impliesciI < a — % The proof is complete. O
Now, leto be the square root of — % Theno satisfiesso* =a.
Let 0" (x),0~(x) be chosen as above far"(x),a (x) respectively andr(x) =
o (x) if x; > 0ando (x) =0~ (x) if x; <0. Theno (x) has bounded derivatives except

along hyperplang(x, ..., x4); x; = 0}. Now SDE (1.1) has the following form:

dXi(t) =b1(X° (1)) dt + eo11(X°(1)) dW1(2),
d
dXE (1) = b; (X° (1) dr + e0a (X5 (1)) AWe(r) +& > oy (X5 (1)) AW, (1),

j=2
i=2....d.
or
AX5 (1) = by (X°(1)) ot + 011 (X° (1)) AW (1), -
dX* (1) =b(X* (1)) dr + e% AW1 (1) + &6 (X° (1)) dW (1),

whereW = (VVYVl). For technical reasons, we shall assumgx) = 1 for eachx € R in
the rest of this section. This assumption will be romoved later.

Let X¢(¢) be the solution to (3.1) and’ (r) and ¢¢(¢) be its occupation time i *
and local time at O respectively. In other word&(z) = fé X(0.00) (X7 (s)) ds and £ (z) is
the local time ofXj(-) at O up to time. LetC be defined as in Section 1. The main result
in this section is the following theorem.
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THEOREM 3.2. —Assume that1;,(x) = 1 and P¢ is the distribution of(X?, u®, £¢)
defined above. TheP?} satisfies the I.d.p with the rate function given(in10)

For a triplet(¢, ¥, n) € C, we shall consideP?(Bs(¢, ¥, n)) where

Bs(p, ¥, ) ={(X,u, O): |IX =@l <8, lu—yl <8, I€—nl <8}.

We first use Cameron—Martin—Girsanov theorem to chakig&) to a Brownian
motion

1 1
P?(Bs(¢p, ¥, ) = / exp(/c(X(t)) -dX () —/c(X(t)) b(X (1)) dr
Bs(¢,¥,m) 0 0
1
82
— E/C(X(t)) ca(X(@®))e(X (1)) dt) do®, (3.2)
0

where ¢ () = b(X (1)) dt + o (X(¢))dW(¢) under Q¢ andb = b + £2ac. Here we
choosec = (4,0, ...,0)*. Then

. 0
b=b—¢’ac=b—bra;=| - .
b—blal

Hence, unde?,

dX(t) = edWy(2),
{ dX (1) = b(X (1)) dt + 61(X (1)) dW1(1) + &6 (X (1)) AW (2).

Let u(r), £(t) be the occupation time i/ ™ and the local time at 0. They are uniquely
determined byX(-). In the following, we shall writeX € B;s(¢, ¥, n) instead of
(X, u, ) € Bs(¢, ¥, n) if no confusion occurs.

Hence

P*(X € Bs(¢, ¥, m)

1 1
1 1
_ / exp(; / b1(X(0) Xs(0) — 5 / b2(X (1)) dt) do’.  (3.3)

Bs(¢.vr.m) 0 0
By using Lemma 2.2, it is not difficult to deduce the following:

P(Bs(¢, ¥, )

1 1

0 1 1 .

log exp(—@/bi(w(t) dt) / exp(;/bl(X(t))Xm(t)) do®. (3.4)
0 Bs(¢,v.n) 0

We next apply an Ito’s formula to estimate the stochastic integral on the right hand side
of (3.4). We want to remark that the main difficulty of a direct estimate is caused by the
discontinuity ofb4(-). We will overcome this difficulty by expressinfg1 bi(X(@))dX (1)

as a combination of a stochastic integral with respedi;i@) and the local time ok (¢)
through Ito’s formula, but now the new stochastic integral has a smooth integrand.



296 T.-S. CHIANG, S.-J. SHEU/ Ann. I. H. Poincaré — PR 38 (2002) 285-318

Let F(x) = F(x1, X) = [y bi(u, X) du. Then by Ito’s formula,
2

0°F
——(X(s)) ds

F(X(@) =F(X(0) +/VF (X(s)) -dX (s) + = /Za,, X(s) —=
XiOXj

+3 0/ (b (X () — b7 (X(9))) de(s)

=F(X(0) +/b1(X(s)) Xm(s)+/?F(X(s)) -dX (s)

(X(s) )ds + = / (bF — by) (X (5)) de(s),

*t2 /Z“” X0)3

whereVF = (E’ Iy e R-1 Hence

"’dx

1

1

x / ba(X(s)) dX1(s)
0

1

= 8_12 (F(X(l)) — F(X(0)) — /?F(X(s)) : d)‘((s))

0

1
1 0°F
-5 /Zaii (X(s)) P (X(s))ds — = /(bJr b1)(X(s))de(s). (3.5)
0 i Y

SinceF is a bounded Lipschitz function, we therefore have, for any 0, the existence
of anég such that

[(F(X(D) = F(X(0)) — (F(¢(D) — F(¢(0))| < ¥ (3.6)

for any X (-) € Bs(¢) with § < 0. Also, by the boundedness of; (x) and ‘;iF 3(;‘/? (for
x1 # 0), for anyy > 0 we have '

X(t) (X(t)) dr| <y (3.7)

if ¢ is small.
The other two integrals on the right hand side of (3.5) are estimated in the following.

LEmMMA 3.3. —For anyy > 0, there exists aldg > 0 such that inB;s(¢, ¥, n),

1

1
/ bHX (1)) — by (X(1))) der) — / (b (1)) — by (6()))in (1)
0

0

<Y

for any§ < do.



T.-S. CHIANG, S.-J. SHEU/ Ann. I. H. Poincaré — PR 38 (2002) 285-318 297

Proof. —

1

1
/b+ X (1)) — by ( xa)))de(t)_/(b;(qs(t))_bl-(qs(t)))ﬁ(z)dt
0

0

1
< /I(bir — b)) (X(1) — (bf —by)(#(n)]der)
0

1
+ / (b — b)) (6(0) (de(r) — (1) )
0

<2K[X — ol +

1
/(bir —b1)(¢(r)) de(r)
0

N
— > (b —bD) (B () (Etipr) — K(n))‘

i=1

N
— b)) ()0 dt = (b —b7) (D)) (ntir1) — n(&:))
i=1

+ ZW (@) || (€tis1) — £(t)) — (n(tip1) — n())],

whereK is the Lipschitz constant df* andb~ and{; }"“rl is a partition off0, 1]. Since
¢ is uniformly continuous offi0, 1],

— b)) (1)) de(r) — Z(b+ b)) (#(1)) (€(tiva) — €(1)) | < %
if the partition{z;}Y1* is fine enough. Similarly, ifz;}*! is fine enough,
1 N
/(bIL — b)) (p) 00y dr =D (bf — b)) (¢(1)) (ntiz) — (1)) | < %
0 i=1

For X (-) € Bs(¢, ¥, ), |(€ — n)(¢)| < & for everyz. Hence
Z\(W b)) (@) ||€(ti1) — n(tip2) — £(5;) +n(t:)| <2MNS < Z

if § <y/8MN, whereM = sup|b{ (x) — by (x)|. The proof is complete by combining
the above estimates.
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)

LEMMA 3.4.—Forany M > 0andy > 0, there exists a® such that

0° <35(¢ ¥.m), sup

\l\

M
s exp(‘?)

if 8 <50.

/VF X(s)) - dX(s) — /VF (6(s)) - p(s) ds

Proof. —Let 7 = {1g=0,14, ..., ty = 1} be a partition of [0,1] and let defing, (1) =
o) ift;, <t <ty fori=0,1,..., N — 1. Then
> )/)

v
>_
4)

(VE(¢(s)) — VF(¢r(s))) -dX (s)| > =

%
>_
4)
v
>_
4)

0° (Ba(d),l/f, 1), sup /?F(X(S)) -dX (s) —/?F(¢(S)) p(s)ds
0

0<r<1
0

t

<Qf <Ba(¢»‘ﬂ» 1), sup / (VF(X(s)) — VF(¢(s))) - dX (s)

0<r<1 5

+ Qs <Bé(¢v W» 77)» sup

0<r<1

o —_ .

+ 0° <35(¢ y.n). sup| [ VF(¢x()) - (dX(s) — ¢ (s) ds)

o<1

(VF(pr(5) = VF($(5))) - $(s) ds

o —__ o\ﬂ

+ Qs <B¢3(¢’ ‘//, 77)’ sup

0<r<1

=h+ DL+ L+ 14

We havel; < I1; + 12> where

o<1

In=Q° <35(¢ ¥, m), sup (/WF(X(S)) — VF(¢(s))) -d)’((s)> > %)
0

and

L= 0% By, vr.m), sup (= [(VF(X(5)) = VF($(s))-dX(s) | > 2 ).
4
0

01

Let G(r) = (0, G(1)), G(t) = VF(X (1)) — VF(¢(1)). SinceVF is Lipschitz, we have
|G(¢)| < K§ for some constanK independent ob if X(-) € Bs(¢, ¥, n). Hence for
6 >0,
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I1= Q" (Bs(d) ¥, ), sup | G(s)-dX(s) > )

\l\

0<r<1

=0° (Bs(dm/f, 1), sup (/GG(S) (dX(s) — (X(S))ds)>

922

/G(s) a X(s))G(s)ds+9/G(s) I§ (X(s))ds

2.2
9 /G(s) a(X(s))G(s)ds) > %)

<0Of <Ba(¢,1ﬂ, n),exp< sup </9G(S) (dX (s) — (X(S)) ds)

01

92 2 92¢2
/G(s) a(X(s))G(s) ds)) > exp(— —0K's — TK/(S))

whereK' is a constant satisfying
/|G(s)||l§ X(s))|ds <K's, and /G(s) a(X(s))G(s)ds < K'$

for X(-) € Bs(¢p, ¥, ). Thus

0<r<1

92 2 922
/G(s) a(X(s))G(s)ds) >exp(— —0K'§ — — > K/8>>

I11 < Q*?( sup exp(/@G(s) (dX (s) — (X(s)) ds)

22

<exp<—97y +60K's + QTK 8) (exp(/GG(S) (dX () = b(X (5)) ds)

92 2
/G(s) ~a(X(s))G(s) ds))

Oy o 0%7 (4 —8K')?
:exp(—T +60K'5+ TK 8) = exp<—7>

2e2K'8

if 6 = 21«5 and — 8K’ > 0. From the first relation to the second relation we use the
martingale mequallty. See [15, Theorem 6.2, Chapter 1]. Therefore; exp(—M/&?)
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if 5 is small. We can treaf;,, I, similarly; I3, I, can be proved to be 0 i is small
enough by an argument as in the proof of Lemma 3.3. The proof is complete.

<)

Now, by (3.5), (3.6) and (3.7) and Lemma 3.3 and Lemma 3.4, we have

1
/ exp(/bl(X(t)) Xm(t)) do®

In particular, Lemma 3.4 implies that for apy> 0
O (Bs (¢, ¥, m))

08 <Ba(¢» v, ),

1 t
/6F(X(s)) -dX (s) —/6F(¢(s)) -¢(s)ds
0 0

Bs(¢. 1) 0
1 1
= / eXp(; (F(X(l)) — F(X(0) —/@F(X(t)) -dX (1)
Bs(¢.¥.m) 0
2 1 82F 1 1 N )
-5 J %:aij (X)) 3x,0%; (X)) dt — EO/(bl - b)) (X(®)) de(t))) do

1
1 1
= exp<82 (F(as(l)) ~ F(9(0) - / (b5 — b)) ($ )71
0

1

- [Fp®)-o0) dt))

0

1

exp( ( / (X (1)) - dX (1)
0

Bs (¢, ¥,m)
l .

+/6F(¢(z)) 10 dt)) dos.
0

Let A= [EVF(p(t)) - p(t) dr — folﬁF(X(t))-d)‘((t) Then

/ eXp( (/V (X(®)) - dX(t)+/V (p(0)) ¢(t)dz))de

Bs(¢.4.m)

. 1
<e?Q (B yom.lal<y)+ [ ex"(?A) e

Bs(¢.¥.m). A2y

< €70 (Bs(, vrum), 1Al <v) + (/exp(2 )dQ )2

x (Q° (Bs(d. Y. m)., 1A] > 7))

Y K _ M
<e2Q°(Bs(p, ¥, m), Al <y) +ele 22,

where K is a constant depending enb, ¢ and M is as in Lemma 3.4. From these
calculations, we have
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1 1
1 - _ - -
exp(; (—/VF(X(t)) -dX (1) +/VF(¢(t)) (1) dt>> do?
Bs(¢, 1) 0 0
< O° (Bs(¢, ¥, m), Al < y) = O° (Bs(¢, ¥, m)).
These can be summarized in the following lemma.

LEMMA 3.5.—Let dX(t) = b(X(¢))dt + o (X (1)) dW () under Q¢ and bh(x) =

b(x) — bi(x)ar(x), whereb(x) = (’;;1((;))) anda; (x) is the first column ofi(x). Then

1
o 1 1
P?(Bs(¢p, ¥, 1)) = eXp(—@ /bfd,,w(f) dt) eXp(; (F(¢(l)) — F(¢(0))
0

1 1
1 - -
=3 [ —mw@ind - [VFem) -6 dr))
0 0

x Q°(Bs (¢, ¥, m)).

Itis clear from Lemma 3.5 that we now only need to obtain the I.d.p for the measures
{Q°}. The advantage ofQ¢} over {P¢} is that underQ¢, dXi(t) = edWy(¢) and
can be solved independently &f(r). It is important to solveXy(r) first because the
discontinuities ob(-) ando (-) only occur atX, = 0.

Hence we concentrate on

Q°(Bs(¢, ¥, m) =0°(I1X — ol <8, lu—vll <8, [€L—nl <3§) (3.8)
where under?, X (r) satisfies the stochastic differential equation of the special form:

dX1(r) = edW1(r),
dX (1) = Z(X(z)) df + eG4 (X (1)) dWa(t) + &6 (X (1)) dW (1), (3.9)
X(@0) =x.
We assume that; = 0 in the rest. Our strategy to study the I.d.p €@f is the following.
Define the following auxiliary processes,

t t

Vi) = / Koo (X1(9)) dWi(s), V(D) = / Kooy (Xa(s)) AW (s),
0 0

7+ = / Koo (X)) dW(s), V(1) = / Koo (X1()) AW (s),
0 0

and
Vie) = (Viim, Vvi®), v =(vi@), Vo).

Then (3.9) can be rewritten as



302 T.-S. CHIANG, S.-J. SHEU/ Ann. I. H. Poincaré — PR 38 (2002) 285-318

dX (1) =edWy (1),

dX(t)=b (X)) du(t) +b (X)) (dr — du(r)) + & (55 (X1(t), X (1)) dV{ (1)
+ 67 (X1(t), X)) dVy (1) + 6 (X1(), X (1)) dV T (1) (3.10)
+67 (Xa1(0), X)) dV ™ (@),
X(0) =x.

Now the coefficients in (3.10) are smooth. Following the argument in [3, Chapter III], if
we can show that the proce&$: (1), u(t), £(t), eV (), e Vi (1), eV*(t), eV~ (1)) under
Q¢ satisfies I.d.p, then the proce@s(z), u(¢), £(¢)) under Q¢ satisfies the I.d.p.
For V{ (t) (and similarly forV; (t)), we consider a functio* such thatG*(y) = y
if y>0andG™(y) =0 otherwise. Then by Tanaka’s formula, we have

dG* (X1(1)) = X(0,00) (X1(1)) dX1(2) + %dﬂ(r),
that is,
eV (1) = G (X1(1)) — %E(r). (3.11)
Similarly,
eVy (1) =G~ (X1(1)) + %E(t), (3.12)

whereG~(y) =y — G*(y). Therefore,V;"(-) andV; () can be considered as the image
of (X1(-),u(-), £(-)) under the continuous mappings given in (3.11) and (3.12). We
denote these mappings By and’H~. That is,

Vi=H" Xy u,0),  eVi =M (X1 u,l). (3.13)
From this, it is enough to show that the process (¢), u(r), £(t), eV T (t), eV (1))

satisfies I.d.p. This is given in the following lemma. Before state it, we need some
notations. Let denote

n(t)?

_— 3.14
8] yod—dw) (314)

1O, v ) = = / o)t + =

if v € HY(¢1), n € LO(¢1), andI© (¢4, ¥, n) = oo otherwise. By Theorem 2.3,

o 1
0° ((X1,u,€) € Bs(¢1, ¥, 1)) '=9‘exp<—31<°><¢1, v, n)).

Letv*, v~ be absolutely continuou®?~* valued functions on [0.1]. Define

1 .
Lo ( MO 0e)
e 20/ 7o T1mg0)?
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LEMMA 3.6.—Leto*(-), v~ (-) be R‘~* valued and absolutely continuous. Then
0°((X1,u, £) € Bs(p1, ¥, 1), (8‘7+, 8‘7_) € Bs(v*,v7))
Iog

1
= exp( S (I%pr. o) + 1, (0%, fr))).

Proof. —Let W (¢), W~ (¢) be two independen(d — 1)-dim Brownian motlons which
are independent withv (r). Then(X1,u, £,eV*+, eV™) and (X1, u, £, VT, V™) have
the same distribution, where

VHO =WHu@®), V@) =W (t—u@)).
Let# be a small positive number and define
Vi) =WHu@) +601),  Vy@) =W (140 —u()).
Note that(X1, u, £) € Bs(¢1, ¥, n) and
eV, () — 97 (1)| <8 forallre[0,1]
imply

leW* (1) — ot (a(®)| <8 forallze [0,y (1) +6 3],

wherea(-) is the inverse of the mapping
t— Y(t) +0r.

Then by a routine argument and using Theorem 2.3, it is not difficult to show that
Q°((X1,u,0) € Bs(¢1, ¥, ), (V. 6Vy) € By(@F,57))

log

= exp( : Sy + 1), 6‘))),

0) (5t - T2 v ()2 )
Iy, /(«9—!—1[/0) i1y

On the other hand, we can also show that for any 0, M > 0, there ar@, > 0, §p >
0 such that fop < 0, § < 8o, we have

Q° (X1, u, £) € Bs(p, ¥, 1), (VF,eV7) € Bs(5F,07), (eV;5,eVy) ¢ B, (0, 07))
+ Q°((X1,u, £) € Bs(¢r, ¥, 1), (V5 eV,7) € Bs(vt, 57),

(eV*t,eV7) ¢ B, (", 07)) < exp(-%),

The lemma follows from these two relations. This completes the proaf.

where
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COROLLARY 3.7.—Letv*(-), v=(-) be R valued and absolutely continuous. Assume
that

vy (1) =H" (@1, ¥, ) (@), vy (1) =H ™ (¢1, ¥, m(1), (3.15)
with the mapping$(* given in(3.13) Then
0° ((X1,u, £) € Bs(p1, ¥, 1), (VF,eV7) € Bs(v™,v7))
log

1
= exp(—; (I9pr, v, ) + Iy (Y, z‘r))).

Given (¢, ¥, n), we shall consideb™(-), v~ (-) which are absolutely continuous and
satisfy

qS(z)=q§(0)+/B(s)ds+/5+(¢(s))i7+(s)ds+/5—(¢(s))i7‘(s)ds. (3.16)
0 0 0

Here
BOY=b (60)F®) +b (1) (L= 1) + 1) (6 (1)) X000 (b))
1
+ 51 (9 1) Xm0 ($1(0)) = 510 (EF (9(1) = &7 (6(1))).

Here we note that (3.16) is just the relation (3.1Q)Xf, u, £) = (¢1, ¥, 1), (eV T, eV ™)
= v+, v7) and(eV;, eV]) = (v{, vy) given by (3.15). Define

J (b, ¥, n) = (_i+nf7){l¢(17+, 07); (07, 07) satisfiex(3.16)}. (3.17)

LEMMA 3.8. —LetIO (¢, v, n), J (¢, ¥, n) be given in(3.14)and (3.17) Then

log

e 1 )
Q°((X,u, ) € Bs(p, ¥, m) = eXp(—;(l (b1, ¥, m) + J (9, ¥, n))>.

Proof. —This follows from the argument in [3, p. 91, Theorem 2.13] by using
Corollary 3.7. O

Proof of Theorem 3.2. By Lemma 3.8, it remains to simplify

1, ¥, ) =191, ¥, ) + T (d, ¥, ).

Similar to (3.16), we considerft, ) which satisfies

qS(r)=qS<0)+/é<s>ds+/5+(¢<s))ﬂf+<s) ds
0 0

+/6‘(¢(s))\/1— ¥ f(s) ds.
0
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Then

1
. 1 : 2 2
= f — +
CRA) fnpf{zof(lf Ol SVEO] )ds}

1
=/£(¢(s),<ﬁ<s),¢<s),ﬁ<s)) ds
0

where the inf is taken over such pairs,

Lx,p,p.0)=2= |o<x)—( — (b(x) + (pr— b1(0))61(0)))|° if x50,
and
- . 1
L(x,p,p,e)zlnf{—(|ﬁ+|2+|ﬁ—|2)} (3.18)

if x1=0, pp=0, 8 >0, 0< p <1, where the inf is taken over all paitp™, p7)
satisfying

)P+ (D)1= pp-

=p—p(b*(x) —bf ()57 (X)) — (L= p) (b~ (x) — by (x)57 (X))

1
+ 59(5{@) — &7 (x)). (3.19)
Now we simplify (3.18). Giverix, p, p, 8), consider; (| 5* |2+ |5~ [?) with (5*, p~)

satisfying (3.19). Definég ™, ¢ ) by the relations
Vo 5" =p (7 =5 W+ 0 0+ 5 W)

6
VI= 55 00 == p) (a7 =700+ b1 057 () + 5707 (),

and
6 6
+_ _ 7 - _ )
q, 2,0, q, 2(1_,0)
Then
+ —
pqT+A—p)g” =p,
. P i 9 (3.20)
41 = —5 q1 = :
2p 21— p)
Moreover,
1
ot gt —bT () =—=p*,
( )=—
1, _ 1 _
o (x) (g —-b ()= 4

T=s
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with

Therefore,
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pi=vplad —bf (),  pr=vV1-plg — b

1 __ 1 _
ST +157P) + 5 (pf P+ 1pyT7)

1
=S (plo @ Mgt =T @) + A= plo @) g

We then have fop; =0,

L(x,p,p.0)

. 1
_ |nf{§(p|0+(X)_1(q+ — b @) P+ = )o@ (g

Since,

q*.q7) satisfies(3.20)}

2

y

——( ’—+b+(x)

e —p)] by ()

)

2(1-p)

2

( ‘— + b7 (x)
2

" 4p(1—p)

+@1- p)‘

20—p)

then using also the expression 6P (¢4, ¥, ) in (3.14), we have

where

1
1., n)=/L(¢<s>,¢é<s),x/'f<s>,ﬁ<s>) ds
0

1
L(x.p.p.0)=3lo@) H(p— b())|?

if x; #0, and

L p.p. ) =int{ 5 (plo (04 a" = b7 ) [+ A= o (0!

q*.q7) satisfies(3.20)}

if x1 =0, p1 = 0. This completes the proof.O

LEMMA

(x)).

T b))

“— b )]%):

+ (pb (x)? + (L — p)by (x)?) + 0 (bf (x) — by (x)),

(a~ = b~ @)[):

3.9.-1(¢, ¥, n) is alower semi-continuous function.

This will be proved in Appendix A.
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4. General cases

The system we are concerned with is the following,
dX®(t) =b(X° (1)) dt + co (X*(r)) dW (1),
X°(0) =x(0),

whereo11 = /a1; andoy; =0for j=2,..., d. The purpose of this section is to show
thatthe l.d.p ofX“(-) in (4.1) holds if and only if it holds fot ¢ (-) in (4.3) (Theorem 4.5),
where the leading coefficient;(x) = 1. The new procesg®(-) is obtained fromX®(-)
through scaling (4.2).

Let

(4.1)

(1) = / o11(X(5)) 2 s
0

and
t

p) = [ (06®) ) +01(6)* (1 (5))) .
0
Also, y*(t) andy (¢) are the inverses @#° and g respectively. Let* () = X°(y*(t)),

=0 (y®), 'O =ny®).
y(t) t

v () = / ()07 (6 (s)) 2 ds = / I (v ()06 (v 9))) 7 () ds.
0 0

(4.2)

Let u¥(-) and¢”(-) be the occupation time df; in H* and the local time of’{ at 0
respectively. In the following, we shall omitin X¢, Y¢ when no ambiguity arises.
From (4.1) and (4.2), it follows that (¢) satisfies the following SDE:

b(Y (1)) q o(Y (1))
1 &
011(Y (1))? 011(Y (1))
Y (0) =x(0).

LEMMA 4.1.—For any y > 0, there exists &y such that|g°(#) — B(¢)| < y and
lyé@) —y @) <y forall r €[0,1] ande > Oif || X® — ¢| < o, |[u® — ¥ < So.

Proof. —This is easy, we omit the detail.0

day (1) =

dw @),
(4.3)

We shall next demonstrate that

P (By(d. v m) L P¥(Bs(¢¥ . w7 . n")). (4.4)
where
pe (35 (¢Y’ wY, nY))

= PE(HY - ¢Y||[0,,6(1)] <38, H“Y - ‘/’YH[o,ﬁ(l)] <34, ||£ - ’7Y||[o,,3(1)] <3).
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Supposing this, since (4.3) has the leading coefficiaat= 1, P*(Bs(¢¥, v, n¥))
satisfies the I.d.p with rate function
B(D)
P ) = [ L@ 0.6 0, 00 )

0

Here
-1

Ly(x,p,p,e):%’(“(x)) (p b(x))

o11(x) on(x)?
(29 (- 2)
@)\ 7 oim?
+-1-p)

(Z0) (- 2t)
2 o) \1 T o2

if x; =0, py =0, where the inf is taken over al}*, ¢ 7) satisfying

2

if x; #0, and

1 2

LY(-xv p, ,0,9)=|nf{§,0

]

16 _ 190

+ l— T = = ——— = -
pg"+A=p)g =p, 41 2, 1T T1-,

From (4.4) and the following result?®(Bs(¢, ¥, n)) satisfies I.d.p with rate function
I(¢, ¥, n). This proves our main theorem for the general cases.

LEMMA 4.2. -We have

LY (¢" ), ). " @). 7" @) =L(¢(y ). d(y ). ¥ (y ©). (¥ 1))y ()
and
(@ . v n") =1, v.n).
Proof. —First, we have
LY (¢" (1), 6" (1), ¥" ). 7" (1))

=L (1)), oy )y ). ¥ (y ©) o1 (d (y )7 0. i (y ) 7 (1)).

Letx =¢(y (1), p=¢(y (1)), p =¥ (y () andd =7 (y (1)). Forx; =0, py =0,
LY (x, py 1), poi(x)?y (1), 07 (1))

) 1
_ .nf{ SP7Olo (0 Mg o0 = b )

1
5= POl (0 Mg oR(? ~ b () |2},
where

Y poti(x)2qT + y ()1 — p)o(x)%g™ = py () (4.5)
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and
S { O B o6
! 2p01h(x)2y (1) 2p051(x)?’ 1721 - p)ofi(x)?
In the above relation we use

(4.6)

1— poy(0)*y (1) = (1= p)og(x)*y (1)

by the definition ofy (). Let ¢*o;7(x)?> = gt andg~o;;(x)?> = G~. Then from (4.5)
and (4.6),

0 0

p —|— (l — p) = , = -, = — .
q g =p n==> n="30

Thus
LY (x, py (1), poi(x)?y (1), 67 (1))
=y inf. (%p‘aJr(x)_l(c]“L — b )|+ %(1 — o~ )G - b () \2>
=y@)L(x, p, p,6).
The proof is complete.

LEMMA 4.3.—For any y > 0, there exists amo such that|u’ — ¥ |lj0.51)-y) < ¥
and [1€¥ — n¥llo.pa)—y) < y forall e if X € Bs(¢, ¥, 1), 8 < o.

Proof. —By definition,
W (1) = / X0y (YE(s)) ds = / Koo (X7 ((5))) ds
0 0
yE@) yE@)
= / X(0.00) (X5 (5)) B (s) ds = / X000 (X6 (5)) a7 (X¢ () ds.
0 0

Since| fé X(0.00)(X?(s5)) ds — ¥ (¢)| — O uniformly overr asé — 0 if X® € Bs(¢, ¥, n),
we have

O] 0)

/ afl(qb(s))zlﬁ(s) ds — / al“Ll(Xg(s))z)((o’oo) (X*(s))ds — O
0 0

asé | 0 because/®(t) — y(¢) uniformly in ¢ by Lemma 4.1 ands;; is a continuous
function. Henceu' — ¥ [lj0,5(1)-y] — 0 asé — 0. Similarly, [€¥ — " lj0.c2)-y1 < ¥

for all e becausé! (1) = £X(y*(¢)) by Tanaka’s formula and Lemma 4.1. This completes
the proof. O

On the other hand, the following converse of Lemma 4.3 can be proven using the sam
arguments.
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LEMMA 4.4. —For any$ > 0, there exists afy such that ford < 6,

X = @lljo.1-61 < 3, llu —¥llo1-51 <8, 1€ = nllo,1-51 < 6

HY - ¢Y||[o,,3(1)—e] <0, H”Y - ‘ﬂYH[o,,s(l)—e] <0, HEY - nYH[o,/s(l)—e] <#0.

Finally, we now prove (4.4). Let denotee B, 10 51—y (¢". ¥, ") if

||Y - ¢YH[0,;3(1)—)/] <Y ||“Y - wYH[O,ﬁ(l)—y] <Y HEY - nYH[O,/S(l)—y] <Y

Then
P(Bs(¢, ¥, m) < P (B, 05m-y1(¢" . ¥" . 0"))
for § small, thus
gimoﬁszlog P?(Bs (¢, ¥, n) < |imoﬁszlog P*(B, 10pm-n(¢". v". n"))
—0e— y—>0¢e—
= I[{),ﬂ<1>](¢y’ vhon').
Similarly, for anyM > 0, chooses so small that for all smaly,

4.7)

M
P*(Bs(¢. ¥, m) = P (Bsj0.1-51(¢. ¥, 1)) — exp<_ 82>
M
> P*(Bojopw-er(¢. ¥ n")) = exp(—;).

Therefore,
”_m082|09 PE(B(S(¢a Y, 77)) = inf(l[}(;’ﬁ(l)](qbyv WY, ny), M)
= I[)(/),,g(l)] (¢Y5 WY» UY)

if M is large enough. From this and (4.7), then (4.4) follows.

Appendix A

In the first part of this appendix we shall give a proof of

£° —n|| ga}'%’exp(—il((p’g;p’ 77)) (A.2)

w v <.

P{|[x*—¢| <.
for generalp, v, n with I(¢, ¥, n) < co, whenX*(t) =W (z). Here
1 17 @
co2
I ’ ) = = d +_ —_—
@ ¥ 20/|¢<r)| 43 oo

In the second part, we shall prove Lemma 3.9.
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To prove (A.1), we need to construgt, v, n, satisfying the following properties:

Gu(t) = 9 (1), Un (1) = ¥ (1), M (1) = n(1)

uniformly for ¢ € [0, 1] asn — oo; ¥, € H(¢,) andn, € L%¢,); For eachn, there

are 0=a{’ <a\” <ay’ <. < az(w,, <ayy .1 =1 such that supa?; —a”) — 0 as

n — oo and for each ig,, ¥, n, are linear oria", a1 and

(@) =o@”), @) =v(@),  mla)=n(a").
Moreover,
{rel0,1: (1) =0} U{[a". a}1]; ¢(a") = ¢ (a}y) = O};

We have
n"—>moo L&, Yn, ) = 1(d, ¥, m).

Before proving this, we remark thét-, -, -) is lower semicontinuous. To see this, first,
we have the relation,

1 2
/|¢(f)|2df = sup [P (ti1) — @ (1) '
0

O=to<t1<--<tyy=1 ti+1 -1

See [14, Lemma 2.1, Chapter 3]. From this, it is easy to see that the mapping
1
o [lo@0fd
0
is lower semicontinuous. On the other hand, we have the relations,

-2 1.5 -2
o (f). w1 (f) +/ n(t) N
/ v()(1—v(@)) / V(1) 1- 1//()

and

2(t)
) V(1) _0>0 e+w<r)

’

.2 .2
1 (.t) dr =sup _ T (t).
/ 11—y (@) 6>0 O+1—y()

For eachy > 0, we define;(¢) by

N0t +v @) =n).
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Then,
1 .2 6+ (1)
t .
9’77(.)(0 dr = / )|,
0 + W 0
From this and above reasoning, we see
1
.2
oy — [1O
/ 0+ Y(@)
is lower semicontinuous. Hence,
1
.2
W — [T
A V()
is lower semicontinuous. Similarly,
1
.2
n<(t)
(Y, n) — :
J =9

is lower semicontinuous. We conclude tlat, -, -) is lower semicontinuous.
We now show the existence @f, ¥,,, n,. For this, let fixn. We first choose a subset
U of [0, 1] such that it is a disjoint union of finitely many closed intervals,

No
U =Jla:, b,
i=1
such that
U2 {t¢()=0}
and
60| < forreu, /\d&(r)\zdml.
n n
U

We may choose;, b; in such a way tha (a;) = ¢(b;) = 0. Otherwise, we can replace
a;, bi by

G =inf{t>a;¢(1)=0}, b =supt <bi;¢@)=0}.

Denote

N1
[0, INU = [ J(ci, i)
i=1
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We may divide eaclic;, d;) into subintervals with lengths smaller thapwland define
¢, such that, is linear on each subinterval, the valuegpfaind¢g are equal at endpoints
of each subinterval and the following properties hold:

¢,t)=0, teU,

SIH

o .21
I — 1l < [l =g <.
0
We now definey,, andn,. For each,

VY (ci) = Y (di) =¥ (ci), na(ci) =0, (d;) = n(c;).

We remark,

f) _ Sup In(tir1) — n(;)|?
(l) O=tg<ti<tp<--<tyy=1 Y(tiv) — ¥ (@)

[V

n2(t) & — sup In(tir) — ()2

) 1- V(1) Oto<timtyz<tm=1 lix1 — t; — ¥ (tip1) + ¥ (&)

and
1

by a argument similar to that in [14, Lemma 2.1, Chapter 3]. Therefore, we can divide
each(q;, b;) into subintervals finer enough such that the length of each subinterval is
smaller than 1n and define/,, n, suchthaty,, n, are linear on each subinterval and the
values ofy,,, v (1., n) at the endpoints of these subintervals are equal and the properties
hold:

1 1
I =¥l < —, l7n = nll < —,
n n

2
|/ . (t). dr — $dt|<—.
5 Y (1) (1 — Y, (1)) A v()(1—vy(@)) n

This completes the construction é&f, ¥, n,.
We now show (A.1). We shall show the following statements separately,

lim liminf e%log P{|| X - ¢|| <8, [ju" — y[| <8. [[¢" —n] <8}
and

girrblimsupszlogP{HXg—M<5, vl <8, ([ —n| <5}

- e—0

We first treat (A.2).
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Lets > O be fixed. We have
P{lx 4] <o -l <)
PHthn<— —ml<3)
nij 2a M| < 2

if n is large enough. We may assume tiiatr) > 0 if ¢, (r) = 0. Otherwise, we replace
Ya (1) by

v <3,
MS—K[’nH < Ea

t
wn(t)‘i‘e/)(d)n(s):ods
0

for a smallg. We fix suchn. To simplify the notation, we write; for al.(”) and M for
M,. Then we have the following relation,

Plix =sll <3 lu =l <3 e —ml <3}
n \25 u n \25 nn \2

ut — 0|
n

< i1,

841, laiaita] =

lai.ait1] S

M
>[I inf Py {[[X° = ¢
i=0

Ix—¢(ai)|<i

|¢° — ﬁ,ﬁ")H[ai,aHﬂ <81} (A.4)
where ;.1 = K§; , Kéy = §/4, and K = 2 + maxX{8p;/0;,0; # 0}, p;,6; are the
derivatives ofy,,, n, on (a;, a;11). Here we use the notations,

GO =Y (1) = Yula), 1D =n0,(1) — na(a)

for ¢ € [a;, a;+1], and P, ,[-] is the probability measure generated by the process starting
from x at times. To see (A.4), applying the conditioning givefi(¢), 0 < ¢t < ay, and
the Markovian property of the process, we get

P{||X8—¢II< vl < ’—nll<é}
n 2 n 2 n
&€ 8 8
P HX _¢n|’[0,a1\4] < E’ w”” [0,am] <7 nnH[O’aM] S Z
hy N 1)
. e _ _ & _ (M) —
|x—¢n<lan;>\<sM P“M’X{HX Dl < 3 =V ltaw < 4’

.. 8
1€ = 1y < 3}
Then (A.4) follows by repeating this procedure.
Next, we use the following relation,

)
@)
’u - w H[a, aiy1] < E’

lim I|m|nfe lo inf P X _ ,
§—0 &—0 g —n (ai)| <8 ai,x H ¢”H[ata+l l+l

[ee =P S é} (A.5)

lai,aiv1] = 9
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is equal toly, 4, ,1(dn, ¥, ). Here we use the notation,

n2(t)

oo o) = 2/|¢(r)| df+8 TOa-3®)

Then (A.2) can be proved by letting— 0,8 — 0 andn — oo. To see an argument
for (A.5), we consider only the case that=0, a; 1 =1, ¢,(t) =0, ¥,,(t) =¥ () =

ot, n,(t) =n@) =0t for ¢t € [0, 1]. We note that this is the case considered in the proof
of Theorem 2.3. Then we have the relation (2.2). That is|fp& §,

V| <8, ||€°—n| <8}

log 6? ) Ve ~
= ————— | P ||X°|| < K, — Y| <6,
oxp( gz ) PAIE < K= v

We refer to the proof of Theorem 2.3 for the notations. Sikée) satisfies

P X7 < K.,

° —n|| <8}

dX*(t) = v(X*(1)) dr + e dW (1),
X?(0)=x,

it is easy to see that

8
Pt > Ko} < exp(—c Kosz) (A.6)
for somec > 0 if |x| < §, whereKo =4maxXp,1— p}/6. Here
t =inf{r > 0; X*(r) = 0}.
Then

P X7 < wH<5
P {‘L’ Ko(S}Po{HXEH

—nH<5}
— v <8, [€° =l <35}

By the proof of Theorem 2.3 and (A.6), the probabilities on the right hand side converges
to 1 uniformly for |x| < 8 ase — 0. We conclude that the probability on the left hand
side converges to 1 uniformly fax| < § ase — 0. This completes the proof of (A.5),
hence (A.2).

Now we prove (A.3). Let fixo > 0 and take: such that

[ (@ Vs 1) > 1. Y1) — g

Again, we writeg; for o and M for M,,. Similar to (A.4), we have the relation,
P{||x* — o[ <8, [[u" =y <8, || —nl <8}

< P{|X%(a) — ¢p(a)| <6, |u (ai)—xlf(ai)|\ ,
i=0,1,....M)

(ai) —n(a;)| <6,
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<H SUp P {| X% (aiy1) — dairn)| <6,

i—0 X —9(@|<s
|t (aiy1) — (Y (aiy1) — ¥(a))| <28,
|€°(ai+1) — (n(ai+1) — n(a))| < 28}.
Using a argument similar to that for (2.2), we can deduce

Po o {| X5 (@i1) — p(air)| <8, |u®(aiv) — (Y (aiv) — ¥(a))| <28
[€°(ai1) — (n(ait1) — n(a))| <28}
|n(aiv1) — n(a)l? ) exp<@ )
8e2(Y(aiy1) — V(@) (@1 — @) — (Y (aiy1) — ¥ (@) &2
if ¢(a;) =¢(a;11) =0, |x| <6, wherec is a constant and

< exp(—

n(ai1) —n(a;) n(ai+1) —na;) .
V(a1 — V(@) (aip1—a) — ((aiv1) — (@)’

V(aip1) — ¥ (a) #0, (a1 — a;) — (Y(aip1) — ¥ (@) # 0}-

K =su

Otherwise,

Pa,',x{‘XE(ai+l) -
€% (ai11) — (n(aiv1) — n(a))| < 28}

(V(aiv1) — ¥(a@))] <28,

|¢(ai+1)—¢(ai)|2> (cK’(S)
< —
\exp( 2e2(aj1 — a;) P g2
if |x —¢(a;)] <6, where
K —su |¢(ai+1)—¢(ai)|; =0, 1,...,M}.
ai+1 —4a;
Then
P{|x* - =l <8}
I1(o,, ¥, 1y K+ K)YMS 1(¢, Y,
@Xp(_ G Y1) | (K + K )gexp<_ (¢;/xn)+ﬁ2>
& & 3 3

if § is small enough. Since > 0 can be arbitrarily small, this proves (A.3).

Proof of Lemma 3.9. First we prove that the mapping

@, Ym0t 0) > 1Q@ v + I (0F v7) (A7)

is lower semicontinuous for ea¢h> 0, where

1
© + _} ( PERINE: 1 . 2)
19 w* v 20/ 9+w<>‘ OF + g OF )@
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Define the function$*, v~ by the following relation,
0T (0 + ¢ (1) =vT (1), 0T (r+ 0t — (1)) =v (7).

Then

1 0+ (1) 146 (1)

— <t 2 AT 2

1wt v )=§< / 15 @)+ / 5 ()] ds>.
0 0

From this expression, it follows that the mapping in (A.7) is lower semicontinuous.
Define

1D, . ) =191, v, n) + TP, ¥, 1),
where
JO@, y,m) =inf{1” ", v7); (vF, v7) satisfies3.16)}.

ThenI®@(., ., ) is lower semicontinuous by the following standard argument. Let

(@™, v ™ ™) — (¢, . 1)
asn — oo. For each, there is(vt™, v=™) such that
JO (G ® oy = 1;09(’)” (v ™ @, y= )

and (vt®, v=®) satisfies (3.16) with¢, v, n) = (¢, ™, n™). We may assume
that

(v ™) — (T, )
asn — oo for some(vt, v™). Then

|im)i£f 7©® (¢(n), ™, ,7(”)) - |imior<!f (](0) (¢§")’ AL 77(n)) + Iz(pe(')” (v+’(”), v_’(”)))
> 1%, v + 1) (0" v7)

>17(¢, v, ).

The last step is by the definition ¢f® and the fact thatv™, v~) satisfies (3.16). This
proves the lower semicontinuity @f?.

It is easy to see that® (.) 7 I(-) as# N\ 0. Together with the lower semicontinuity
of 1¥(.), we can easily deduce that-) is lower semicontinuous. This completes the
proof of Lemma 3.9. O
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