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Abstract. We study a continuous time random walk X in an environment of dynamic random conductances in 74, We assume
that the conductances are stationary ergodic, uniformly bounded and bounded away from zero and polynomially mixing in space
and time. We prove a quenched invariance principle for X, and obtain Green’s functions bounds and a local limit theorem. We also
discuss a connection to stochastic interface models.

Résumé. Nous étudions une chaine de Markov en temps continu X dans un environnement dynamique de conductances aléatoires
dans Z4 . Nous supposons que les conductances sont stationnaires ergodiques, uniformément positives et polynomialement mélan-
geantes en espace et en temps. Nous montrons un principe d’invariance « quenched » pour X, et nous obtenons des bornes sur les
fonctions de Green et un théoreme limite local. Nous discutons aussi les liens avec les modeles d’interfaces aléatoires.
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1. Introduction

We consider the Euclidean lattice Z¢ equipped with the set E4 of non-oriented nearest neighbour bonds: E; = {¢ =
{x,y}): x,yeZ |x — y| = 1}. We will also write x ~ y when {x, y} € E4. Denote by 2 =10, 00)Ed and by £2 the
set of all measurable functions from R to 2. We equip §2 with a o-algebra F and a probability measure P so that
(£2, F,IP) becomes a probability space. The random environment is given by the coordinate maps u$ (¢) = w,(t),
t eR,e € E;. We will refer to u.(t) as the conductance of the edge e at time ¢. Further, write ,u;"y @) = i,y @) =
Myx (), and pyy(t) =0if {x, y} ¢ Eg4, and set

() =y () =Dy (0). (1.1)

yezd y~x

We denote by D(R, Z¢) the space of Z¢-valued cadlag functions on R. For a given w € £2 and for s € R and x € Z¢,
let P{", be the probability measure on D(R, Z4), under which the coordinate process (X;);cr is the continuous-time
Markov chain on Z¢ starting in x at time = s with time-dependent generator given by:

LYFx) = ulO(f0) — f). (12)

y~x
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That is, X is the time-inhomogeneous random walk, whose time-dependent jump rates are given by the conductances.
Note that the counting measure, independent of 7, is an invariant measure for X. Further, we denote by p®(s, x; ¢, y),
X,y € 74, s < t, the transition densities of the time-inhomogeneous random walk X. This model of a random walk
in a random environment is known in the literature — at least in the case of time-independent conductances — as the
Random Conductance Model or RCM. Note that the total jump rate out of any site x is not normalized, in particular
the sojourn time at site x depends on x. Therefore, the random walk X is sometimes called the variable speed random
walk (VSRW). However, for the purpose of this paper it would also be possible to consider the constant speed random
walk (CSRW) with total jump rates normalized to one (cf. Remark 1.5 below).
On (£2, F,P) we define a d 4 1 parameter group of transformations (z;, x)(,,x)eszd by

TT,)C :Q - 99 (Me(s))SER,EEEd = (Mere(t + S))seR,eeEd
so that obviously Tyy; x4y = Ts,x © T7,y. Notice that
pC(s, x5t ) =pP(s+h,x+zit+hy+2), Mfc’}’zw(t)=M?+z,y+z(t+h)~ (1.3)

We are interested in the [P almost sure or quenched long range behavior, in particular in obtaining a quenched
functional limit theorem (QFCLT) or invariance principle for the process X starting in O at time 0. To that aim we
need to state some assumptions on the environment measure P.

Assumption Al (Ergodicity). t; x(A) € F for all A € F, and the measure P is invariant and ergodic w.r.t. (t; x), i.e.
P[A] € {0, 1} for any event A such that t; x(A) = A forallt e R and x € Z4.

Assumption A2 (Stochastic Continuity). For any § > 0 and f € L*>(P) we have
lim P[| f (m1,00) — f (@)] = 8] =0.
Thanks to Assumption Al and A2 the family of operators (7;);ecr acting on L2(P), defined by T; f = f o 1.0,

forms a strongly continuous group of unitary operators. Its L2 (IP)-generator will be denoted by D; : D(D;) — L*(P),
defined by

0 d
D; f(w) = Ethlt:O(w) = Eltzof(ft,ow)

By Corollary 1.1.6 in [15] the generator is closed and densely defined. Note that D; is an anti-selfadjoint operator in
L*(P), i.e.

(Dif.gle =—(f. Digle, [f,g€D(D),
in particular

(Dif, flp=0, feD(D). (1.4)
Assumption A3 (Ellipticity). There exist positive constants C; and C, such that

P[C) < pe(t) <Cy,Ye € Eq,t €eR] = 1. (1.5)

We recall that under Assumption A3 the following heat kernel estimates have been proven in [11] (see also [18],
Appendix B, for similar bounds).

Proposition 1.1. There exist constants cy, ..., ¢s5 such that for P-a.e. w and for every t > s > 0 the following holds:

Q) Ifx,yeZand D = |x — y| < ci(t —s), then

c . .
pe(s,x;t,y) < m exp(—C3 Dz/(t — s)) (Gaussian regime).
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(i) Ifx,ye€Z¥ and D =|x — y| > ¢1(t — s), then

pl(s,x;1,y) < ﬁ exp(—C5D(1 +10g(D/(t — s)))) (Poisson regime).

Our first result is the following averaged or annealed FCLT. Let P ® P, be the joint law of the environment and
the random walk, and the annealed law is defined to be the marginal }P’S f o Py’ dP(w). Further, let

x® = eX, /2, 120,

Theorem 1.2. Let d > 1 and suppose that Assumptions A1-A3 hold. Then, the law of X© converges under PE;,O to

the law of a Brownian motion on R¢ with a deterministic non-degenerate covariance matrix X.

To prove a QFCLT we will need some mixing assumptions on the environment. We denote by B(£2) the set of
bounded and measurable functions on 2 and C ; 1OC(.Q) the set of differentiable functions on £2 = [0, 00)Ed with
bounded derivatives depending only on a finite number of variables.

Assumption A4 (Time-mixing of the environment). There exists py > 1 such that for every m € N the following
holds: Iior each ¢, € B(82) of the form ¢p(w) = ¢(w(t1)) and ¥ (w) = W(a)(tz)) with [t — | > 1 for some @, w €
Cbl loc (§2) depending on m variables we have

|Elpy] — El@IE[Y]| < cmlti — &2 7P @l ooy 1 Il oo p).-

Assumption A5 (Space-mixing of the environment). Let d > 3. There exists py > 2d/(d — 2) such that for every
m € N and for every x € 7% the following holds: For each ¢,y € B(£2) of the form ¢(w) = @(w(ty)) and ¥ (w) =
Y (w(ty)) for some ¢, € Cbl,loc(‘Q) depending on m variables we have

|E[¢(@) ¥ (10,x®)] — E[QIE[Y]| < cmlx| ™2 l@ll oo 1Y | Lo p).-
We are now ready to state the following QFCLT as our main result.

Theorem 1.3. Let d > 3 and suppose that Assumptions A1-A5 hold. Then, P-a.s. X© converges (under Py in law
to a Brownian motion on R¢ with a deterministic non-degenerate covariance matrix X.

Notice that Theorem 1.3 only covers the transient lattice dimensions d > 3. In order to get an invariance principle
for X also in dimensions d < 2, we need to modify the mixing assumptions as follows.

Assumption A4'. Assumption A4 holds with py >d + 1ifd >2 and py >4 ifd=1.

Assumption A5'. There exists py > 1 such that for every m € N and for every L > 0 the following holds: For each
@, ¥ € B(82) of the form p(w) = ¢(w(t1)) and Y (w) = ¥ (w(tr)), where [t — 12| < L and ¢, € Cli,loc(‘Q) depend
on variables contained in two subsets A, and Ay of 72 with diameter at most m and dist(Ag, Ay) > L,

|Elev] — El@lE[¥]| < cmL™ "2 [l@ll oo @) 1V | Lo @)-

Theorem 1.4. Let d > 1 and suppose that Assumptions A1-A3, A4’ and A5’ hold. Then, P-a.s. X® converges (under
Pg’y) in law to a Brownian motion on R with a deterministic non-degenerate covariance matrix X.

Remark 1.5. One can also consider the time-inhomogeneous constant speed random walk or CSRW Y = (Y;,t €
R, P®_, (s, x) € R x Z%) with generator given by:

§,X°

Ll fo=> p/: ”((f)) (FO) = f@).

y~x
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In contrast to the VSRW X, whose waiting time at any site x € Z depends on x, the CSRW waits at each site an
exponential time with mean one. Since the CSRW is a time change of the VSRW, an invariance principle for Y follows
from an invariance principle for X by the same arguments as in [1], Section 6.2. In this case the limiting object is a
Brownian motion in R¢ with covariance matrix Yo =1/Euo(0)) Xy, where Xy denotes the covariance matrix of
the limiting Brownian motion in the invariance principle for X.

Next we state some consequences of our results, which follow from arguments in [4] by combining the invariance
principle for X and the Gaussian bound for the heat kernel. First, we have a local limit theorem for the heat kernel.
Write

ke(x) =k (x) = xp(—x - £71x/21) (1.6)

1
—_— ¢
VQrt)ddet X
for the Gaussian heat kernel with diffusion matrix X'.

Theorem 1.6. Let T > 0. For x € R? write |x] = (|x1], ..., [xd]).

(i) Suppose that Assumptions A1-A3 hold. Then,

lim sup sup|n?/?E[p®(0,0; nt, |n'*x |)] — ki (x)| = 0.

00 eRd 1>T
(ii) Under the assumptions of Theorem 1.3 or Theorem 1.4 we have

lim sup sup|nd/2p"’(0, 0; nt, |_nl/2xJ) —ki(x)| =0, P-as.

N>00 R t>T

Proof. Given the annealed or quenched invariance principle and the heat kernel bounds in Proposition 1.1 this can be
proven as in Section 4 of [4]. O

When d > 3 the calculations in Section 6 of [4] then give the following bound on the Green kernel g“ (x, y) defined
by

o0
g‘”(x,y)=/o p®0,x;¢t,y)dr.

Theorem 1.7. Let d > 3 and suppose that the assumptions of Theorem 1.3 or Theorem 1.4 hold.
(1) There exist constants c1 and c such that for x # y

Ccl ® 2
— =< X, S—'
2 S8 Y S T

(i) Let C = F(% —1)/2n?/? det X. For any € > 0 there exists M = M (¢, w) with PIM < oo] = 1 such that

(1—-¢)C o (1+¢)C
- < O, < -
|x|d_2 =g7(0.x) = |x|d_2

for |x| > M (w).
(iii) We have, P-a.s.,
lim |x*"¢”(0,x) = lim |x|*"E[g”(0,x)] =C.
Jx| =00 x| =00

In the case of static conductances, quenched invariance principles for the random conductance model have been
proven by a number of different authors under various restrictions on the law of the conductances, see [3,7,22,29].
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Recently, these results have been unified in [1], where a QFCLT has been obtained for the RCM with general non-
negative i.i.d. conductances. We also refer the reader to [6] for a recent survey on this topic.

On the other hand, to our knowledge the present paper is the first one proving an invariance principle for the
RCM with a time-dynamic environment. However, quenched invariance principles have been proven for several other
discrete-time random walks in a dynamic random environment. In [9] a QFCLT is obtained for random walks in space—
time product environments by using Fourier-analytic methods. This result has been improved in [10] to environments
satisfying an exponential spatial mixing assumption and in [2] to Markovian environments by using more probabilistic
techniques. Another very successful approach is the well-established Kipnis—Varadhan technique based on the process
of the environment as seen from the particle. In [25] this approach has been used to get a QFCLT for the random walk
in space—time product environments. Moreover, it has been applied in [13] to random walks in a dynamic enviroment,
which forms a Gibbsian Markov chain in time with spatial mixing, and in [20] to random walks on R?, where the
environment is i.i.d. in time and polynomially mixing in space. Recently, a general class of random walks in an ergodic
Markovian environment satisfying some coupling conditions has been studied in [27].

Also in this paper we will follow the approach in [25], so we use the process of the environment as seen from the
particle and the method of the “corrector,” that is we decompose the random walk X into a martingale and a time-
dependent corrector function. Due to the time-inhomogeneity and the resulting lack of reversibility we need to apply
the adaptions of the Kipnis—Varadhan method to non-reversible situations in [23] and [21]. In particular, in order to
construct the corrector we show that the generator of the environment seen from the particle is a perturbation of a
normal operator in the sense of [21], Section 2.7.5. This is done in Section 2. As a byproduct this will already imply
the annealed FCLT in Theorem 1.2.

Once the corrector is constructed, the QFCLT for the martingale part is standard, so it remains to control the
corrector. To that aim we still follow [25] and apply the theory of “fractional coboundaries” of Derriennic and Lin
in [12]. The main step in this approach is to establish a subdiffusive bound on the corrector (see Proposition 3.1
below), which is done in Section 3. To obtain this bound we establish so-called two-walk estimates, i.e. we consider
the difference of two independent copies of X evolving in the same fixed environment w (cf. e.g. [20] or Appendix A
in [26]). In d > 3, following [24] we show that the variance decay of the environment viewed from the particle is
strong enough for our purposes by using the mixing Assumptions A4 and A5 (see Lemma 3.3). In the recurrent
lattice dimensions d < 2 the estimate for the variance decay is not good enough, so we give a different argument here
involving the modified mixing Asumptions A4” and A5'.

In Section 4 we prove the main result, i.e. we state a tightness result, which is a direct consequence from the heat
kernel bounds in Proposition 1.1, and show the QFCLT for the martingale part. To control the corrector we apply the
results in [12], which are stated in the discrete-time setting. Since it is not clear to us, how to apply them directly in
the continuous-time setting, we first prove the QFCLT for the discretized process as in [3]. More precisely, we define
}?n = X,, n € N, and consider the process

th Z‘SXU/SZJ'

We can control sup, .7 | X t(g) -X ,(8)| — see Lemma 4.2 — 5o an invariance principle for X ®) will follow from one for
X©,

Finally, in Section 5 we point out a link to stochastic interface models (see [16]). Namely, a local limit theorem
for the RCM with dynamic conductances can be used to obtain scaling limits for the space—time covariation of the
Ginzburg-Landau interface model via Helffer—Sjostrand representation.

Throughout the paper we write ¢ to denote a positive constant which may change on each appearance. Constants
denoted ¢; will be the same through each argument.

2. Construction of the corrector

Throughout this section we suppose that Assumptions A1-A3 hold. We define the process of the environment seen
from the particle by

n(w)=1x0, we2,t>0.
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Proposition 2.1.
(1) The process (n:)r>0 is Markovian with transition semigroup

Pif(@) =Y p®0,0;1,y)f(t1y0) forall f € B().

yeZd

The semigroup (P;) extends uniquely to a strongly continuous semigroup of contractions on L*(P), whose gener-
ator L:D(L) — L*(P) is given by

Lf (@)= Di f(@)+ Y _ 1, (0)(f(0,y0) — f())
y~0
with domain D(L) = D(Dy).

(ii) The measure P is invariant and ergodic for 1.

Proof. (i) The Markov property as well as the representation of the semigroup follow from (1.3) by similar arguments
as in Lemma 3.1 in [21]. For every bounded f € D(D;) we have

)f(tl,yw) - f(TO,yw)
p .

Pif(w) - flw) _ p©(0,0;1, y)
Me-fo) 5 20su

(o @) = f@) + Y p"0,0:1,y

yezd yezd

Taking limits for ¢ | 0, using the fact that p®(0, 0; £, y) — 8¢, we obtain the formula for Lf. Obviously, the operators
L and D, have the same domain.
(ii) Let f € D(L). Since the operator D; is anti-selfadjoint we have (D, f)p = 0. Hence,

(L) =Y (16, 0) f (x0,y@))p — (15, O f@)p = D (1gy O f (@) — (15, (0) f (@)
yezZd yeZd
=Y (1§, O f(@)p — (1§,0) f (@))p =0,
yezd

where we have used the invariance of P w.r.t. 7, , and (1.3). Thus, P is an invariant measure for 1. To prove that PP is
also ergodic, let now A € F with P;14 = 14. Then,

0=14c(w) - Pla(w) = Z 1 ac (@) p®(0,0; ¢, VLa(t,yw).
yezd

Since for all # > 0 and y € Z¢ there is a stricly positive lower bound for p© (0, 0; ¢, y) independent of e (see Proposi-
tion 4.3 in [11]) we get

Lge (@) - La(tr yw) =0.

Thus, the set A is invariant under 7, .. Since P is ergodic w.r.t. 7; x we conclude that A is P-trivial and the claim
follows. O

Lemma 2.2. For f € D(L),

1
(£, =L))o =5 D E[nt, O (0.y0) — f@)7].

yezd
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Proof. Recall that (f, D; f)p = 0. Therefore,

(f.(=L)f)p == > E[f(@ug,0)(f(t0,y0) - f(®))]

yeZd

1 1
= > E[f(@)u, 0)(f (r0.y0) — f(@)] - 5 > E[f(@)uf_,0)(f(t0,-yo) — f(@))]

yezd yeZd

1 1 T
==3 2 E[f@ug, O (f (w00 = f@)] = 5 D E[f (0,010 O)(f @) = f ()]

yezd yezd

= 5 3 Bl 0)(F o) — F@)’]

yezd

where we have used again the invariance of P w.r.t. 7, , and (1.3). O
Let P;* and L* denote the L?(P)-adjoint operators of P, and L, respectively.

Proposition 2.3. We have

Pl f(@) =) p*0,0:1,0) f(t— o), [eL*P),

yezd

with p®(s, x;t,y) := p®(—t, y; —s, x) and for f € D(L)

L* f(@) = =D f (@) + Y _ 1§, 0)(f (t0,y0) — f(@)).

y~0
Proof. Using (1.3) we compute the adjoint of P; as

(P f.@)p =Y E[p?0,0;1,y) f(r yo)g(@)] =Y E[p(0,0:1, ) f (@)g(1—1,~y)]

yezd yeZd
=Y E[p(~t.—y:0.0) f(@)g(1——yo)| = Y E[p*(0.0: 1, y)g(r1,y0) f ()],
yezd yezd

and the representation for P;* follows. To compute L* we use a similar procedure as in Lemma 2.2 and get

(Lf,2)p = (Dif,8)p+ Y E[uf,(0)(f (10,,0) — f(@)g(@)]

yezd

1
= (£, Dighe = 5 > B[, O)(f (10,y0) — £ (@) (8(z0,y0) — g())]

yeZd
(£, D)+ Y B[uf, (0)(g(r0,y0) — g(@)) f(@)],
yezd
which gives the claim. O

Next we introduce the Hilbert spaces H; and 7{_1. Let C be a common core of the operators L and L*. On C we
define the seminorm

113, =(f, (L) f)p, fe€C.
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Let H; be the completion of C (or more precisely the completion of equivalence classes of elements in C w.r.t. the
equivalence relation f ~ g if || f — gll%, = 0) w.r.t. || - [, . Then, H; is a Hilbert space with inner product (-, -),
given by polarization:

1
(&0 = (I + 83, — IS = gli3,):
Associated with 7 we define the dual space H_; as follows. For f € L?(P) let

I3, = sup( (f, 8)r — llgll3,)-

The Hilbert space H_ is then defined as the || - ||3;_,-completion of (equivalence classes of) elements in C with finite
Il - [I7_,-norm. As before the inner product (-, -)3;_, is defined through polarization. We refer to Section 2.2 in [21]
for more details.

Next we define the local drift

Vi)=Y ug, Oy =Ly £;0), j=1,....d,
y~0

where f;(x) = x/, x/ and y/ denoting the jth component of x and y. Since uf)”y (0) =0 unless y ~ 0, we have
Vi@ =ug, 0) =g _, (0),

Lemma 2.4. Forevery j=1,...,d, V; € L2(P) N'H_;.

Proof. It suffices to show that

[(Vy, Pe* <clf, (L) f)p forall feH, @.1)
(cf. equation (2.12) in [21]). By definition of V; we have
Vi, Fe =E[u, 0 f @] —E[uf _, 0 f (@] =E[uf, 0 f (@] —E[uf,,©0) f (t0.;0)]
= —E[ug,,O)(f (z0.;0) = f(@)]:

Hence, using Cauchy—Schwarz and Lemma 2.2

Vi el < B, O]E[ug., O)(f (t0.0,0) — F@)°] < Cu Y B[, O)(f (r0.0) — f(@))’]

yeZd
= ZCM(fﬂ (_L)f)]pa
and we obtain (2.1). O

For A > 0, we consider for each j the solution ui of the resolvent equation
(L —Lyul =V;. (2.2)
Proposition 2.5. Forevery j =1,...,d, there exists ul € H, such that
. i .
hm )L”uk || @) = =0 and )%ER) u, =u’  strongly in H.
The proof of Proposition 2.5 will be based on the following statement proven in [21].

Proposition 2.6. Suppose we have the decomposition L = L° + B of the operator L such that:
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() The operator L° is normal, i.e. L°(L%)* = (L%)*L°.

(ii) The Dirichlet forms of L and L° are equivalent, i.e. there exist positive constants c| and c» such that:

ai{fo (L) f)p < (£ (L°) f)p < 2 f. (L) f)p forall f € D(L).

(iii) B satisfies a sector condition w.rt. L°, i.e. there exists a positive constant ¢ such that

(f. Bg)p <c(f. (—L°) f)plg. (-L°)g)p f.g € D(L).

Then, for any fixed V € L*(P) N'H_ the solution f; of the resolvent equation (,» — L) f; =V satisfies

x151% Al fkn’iz@) =0 and Ahi’% fo=f stronglyinH;
for some [ € Hj.
Proof. By Proposition 2.25 in [21] the assumptions imply that

sup [ILfalln_, <oo.
0<xr<l1

The claim follows then from Lemma 2.16 in [21].
Proof of Proposition 2.5. We decompose the operator L = L? + B with

LOf:=Dif+) Ci(f(w o) - f@), feDL),

y~0

and

Bf := Y (1f,(0) — C1)(f (r0.y0) — f(@)), feDL).

y~0

A similar calculation as in the proof of Lemma 2.2 shows that

(. (L))o = 5 S B[CH(F g0 — )]

y~0

1
(1. (=B)glp = 5 DB (15, 0) = €1)(f (70.y0) = f @) (8(r0,y0) — 5(@))]:

y~0

(2.3)

2.4)

The claim will follow from Proposition 2.6 and Lemma 2.4 once we have verified conditions (i)—(iii) in Proposi-
tion 2.6. To show (i), note that the closure of LY is the generator of a semigroup (P,O) that corresponds to a process seen
from the particle associated with a simple random walk on Z¢ with constant jump rates C;. In particular, the associated
process is time-homogeneous, i.e. the corresponding transition probabilities satisfy pg' (s, x; ¢, y) = pg'(t — s, x,y)
and pg(s,x;t,y) = py(t —s,x,y), where pg(t,x,y) = pg(0,x;t,y) and pg(t,x,y) = pg(0,x;t,y). Since this
random walk is obviously reversible w.r.t. the counting measure, we have pg(t, x, y) = pg (¢, x, y). Then, since we
have similar representations for P,0 and ( Pto)* as for the semigroups in Proposition 2.1 and Proposition 2.3, we get

(Pto)*PIO = PtO(Pto)*’ 1=0,

which implies that the closure of L0 is normal (see Theorem 13.37 in [28]).
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Condition (ii) is immediate from Lemma 2.2, (2.3) and the ellipticity condition (1.5). To prove (iii) we use (2.4),
Cauchy—Schwarz and the ellipticity condition (1.5), which gives

1
(f. Bg)p < 5cﬁdﬂz[Z(fuo,yw) - f(w))z] x E[Z(g<ro,yw) ~ g(w))ﬂ

y~0 y~0
Cad 0 0
< 52l CL)flple: (=L7) gl
2C;
and the claim follows. O
For abbreviation we write uy = (), ..., u¢) and

(1, X, @) == up 0Ty x — U

Proposition 2.7. For all non-negative t € Q and x € Z the limit
lim x;/ (¢, x, ) =: x (¢, x, ®) (2.5
=0

exists along a subfamily (\") for P-a.e. w. Moreover, the mapping t — x(t, X;, w) can be extended to a right-
continuous function on [0, 0o0) such that

MI=XZ+X(t’Xl’a))’ fEO, (26)

. w .
is a Py-martingale.

Proof. Forevery j =1, ...,d and every A > 0 we have that for P-a.e. w the processes
. ) ) t )
NIM =ul(n;) — uj (®) — /0 Luj (ny)ds 2.1
and
. . t
M =Xx] — f LY fi(Xs)ds (2.8)
0

are both Pé“o-martingales, where as before f;(x) = xJ. Then, using the definition of V; and the fact that u/{ solves the
resolvent equation (2.2) we get

. . t . t . t .
X{=Mf+/ ﬁ?fj<Xs>ds=M!+/ V,-<ns>ds=Mf+/(A—L)ui(ns)ds
0 0 0

t

= M)+ N — (i () — ul (@) + & fo ul (1) ds. 2.9)

In a first step we show that the martingale Nt'/ o converges in L>(P ® Pg’o) as A | 0 to a martingale N,'/ . To that aim

it is enough to prove that N/ *isa Cauchy sequence in L?(P ® Py’y). Since P is an invariant measure for n we use
Lemma 2.2 to obtain

. C a7 f . . . .
EEG(N/" = N/7), = /0 EEo[L (] —u})” = 2(u] — u) ) L(u] — u})J(n) ds

=2t((u] —u,). (=L)(u] —ul,))p

=2t —ul |2,
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which implies that N,j *isa Cauchy sequence in L*>(P ® Py’,) by Proposition 2.5. Thus, the martingale M,j *
Mt] + th o converges to a martingale, whose right-continuous modification we denote by Mtj . We define M; =
M}, ... . MD).

The next step is to show that the last term in (2.9) converges to zero in L2(IP> ® P&’O) as A | 0. Since V; e H_1 we

have that lim,, )»u‘){ =0in L%(P) (cf. equation (2.15) in [21]). Thus, forevery j =1, ...,d,
r
e
0

Thus, by taking L>(P ® P&’O)—limits in (2.9) we get that x;.(r, X;, ) converges in L>(P ® Pé?o) as A | O for every
t > 0. By a diagonal procedure we can extract a suitable subsequence A’ such that for P-a.e. w we have that x, (¢, X;, ®)
has a limit in L2(P(§"’O) and P&’O-a.s. along A’ for all non-negative ¢ € Q. In particular, the limit is o (X;)-measurable
and will therefore be denoted by x (¢, X;, w). Hence,

t . .
poorsy = 10 pory =Ml o

Xt:Mf_X(taXtvw)' (210)
Moreover, for P-a.e. w,

3 p0.0:1, )| 30t y. ) = x (2, y, )| = ES| (1.t X ) — x (1. X @)|* > 0
yezd

along A’. Since p®(0,0;¢,y) >0 forall t >0 and x € 74, we conclude that for P-a.e.  the limit in (2.5) exists for

every non-negative ¢ € Q and every y € Z%. Finally, using (2.10) and the fact that X; and M; have right-continuous
trajectories, we can extend y (¢, X;, @) to a right-continuous function on [0, co) and (2.6) follows. O

Remark 2.8. Note that for all non-negative s,t € Qand x, y € 74,

uk(tt,yw) - uA(Ts,xw) = (M)L(Tt,yw) - M)L(w)) - (uk(fs,xw) - M)L(w))

— x(t,y,w) — x(s,x,w)

along the chosen subsequence for P-a.e. w. The function h)(wo, 1) := u; (w1) — uy(wo) on §2 x §2 converges in
L2(.Q x 2,Po (75, t,yy)’l) to a function h. In particular, for P-a.e. w,

h(Tsx0, 7 yw) = (1, ¥, 0) — x (5, %, w).
Corollary 2.9. For P-a.e. w the corrector satisfies the cocycle property
x+r,x+y o) =x@s,x,0)+xty, )
for non-negative s, t € Q.
Proof. We have
Uj O Tyqyxty — Uy = (Up 0Ty x —up) + (U, 0Ty y —Uj) 0Ty x,
and the claim follows by taking the L?(PP)-limit along A’ on both sides. |

In the following, for any G : Z¢ x £2 — R we shall write

IG5 =) u, ()G (y. ).
y~0
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Corollary 2.10. For every v € R? the covariation process of the martingale M¥ := v - M is given by

t
wwm=/w¢ﬁm, (2.11)
0
where
D(x,w):=x+ x(0,x,w). (2.12)

Proof. First we compute the covariation process of the martingale Mtj ** defined as in the proof of Proposition 2.7. To
that aim we define z; ;. (¢, x, ) := x/ + ui(r,ﬁxa)). Then, by adding (2.7) and (2.8) we get

. t -
MIM=Zj,x(t,Xt,w)—z,',x(O,O,w)—/ Lzj(s, X5, w)ds,
0
where

Lzja(t.x, 0) = Dizja(t.x, ) + Y u&(0)(zjat.y. ©) — 2 (t. x, ).

y~x

In particular,

- - 2
LZ%,)» — ZZJ")LLZ/")L(I,)C,G)) = Z [,Li)y(t)(Zj,)\(t, v, w) — Zj,k(tax7a)))

yeZd
= Z g;wx(()) v/ g +[u)»o‘r()} _x —ui]ot,’x(a)))z
yezd
= Z H(t)[;w(o) J + [ui 070,y — uﬂ o r,ﬁx(a)))2,
yeZd
so that
(M/7), / > ul 07 + [u] oty — ul] (1)) ds,

yezd

and by taking limits on both sides along 1/, we obtain
—/ ZM Oy + %70, y. ) ds—/ |72 ds.

For an arbitrary v € R? a similar computation gives (2.11). (I

We conclude this section with a convergence result, which will imply the annealed invariance principle. Neverthe-
less, it will be convenient to complete the proof of Theorem 1.2 in Section 4 below.

Proposition 2.11. We have t_l/zx(t, X, w)—>0in LZ(IPaO) ast — oo.

Proof. Consider an arbitrary fixed j € {1, ..., d}. Still using the notation in the proof of Proposition 2.7 we have for
every ¢ and any A > 0,

t
| o | .
wm&w=W—ﬂ=W—W-MWWWWmm/Awma
0
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and by Cauchy—Schwarz we get
t
i 2 j 2 i i 2 j 2
/@, Xp, ) F < 3|M] = M7+ 3[u] () — u] ()] +3x2/ |u) (ns)|” ds.
0

We argue similarly as in the proof of Proposition 2.7. Using the fact that P is an invariant measure for the environment
process 1 we obtain

EES| M — M * <2t |u] — w5, . (2.13)
EEG|u] (1) — @) = 4wl |75, (2.14)
B [ ol o5 <02l e @19
Choosing A = ¢~ the claim follows by Proposition 2.5. O

3. Subdiffusive bound on the corrector

In this section we shall prove the following

Proposition 3.1. Under the assumptions of Theorem 1.3 or Theorem 1.4, there exists an o« < 1/2 such that
EE§,[|x (. Xn.0)['] = O(n™).

3.1. Convergence of the resolvents

Proposition 3.2. Under the assumptions of Theorem 1.3 or Theorem 1.4, there exists an o« < 1/2 such that for every
j=1,...,d,

”“i ||L2(IP>) =0(r7).

Note that while for the annealed FCLT the convergence in Proposition 2.11 is sufficient, we will need the stronger
statement in Proposition 3.1 for the QFCLT. This difference also appears in the corresponding results on the resolvents
u) (cf. Proposition 2.5 and Proposition 3.2). Before we prove Proposition 3.2 we will first show how it implies
Proposition 3.1.

Proof of Proposition 3.1. Similarly to the proof of Proposition 2.11 we show that for a certain A chosen below
depending on 7 the terms in the right hand side of (2.13)—~(2.15) are in O(n2*). We shall use similar arguments as in
[23], in particular cf. Lemma 2 and Corollary 4 in [23]. In a first step we will show that

(«/—+J_)

H”;{ — Uy iHl = (”” HLZ(P) + ||M)J HLZ(JP)) (3.1
Indeed, using the fact that ui solves the resolvent equation (2.2) we have

Juef =3 3, = {u = s D] =]y = = = (hae] = ') oy

- . o
= —Au; ”LZ(P) - )‘/”“ﬁ/ ||L2(1P’) + (A + 4 {us, ui’)L%P)
< 2v M/H”i ”L2(P) ”“i’ et ()‘ + 4 )(”A uA’)LZ(IP’)

< (VA4 VR ] 2oy ],

|L2(IP>)’
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which gives (3.1). In particular, choosing A; = 27%, we get

d —ud 2, < 2V ] )
W Wil = 2 W LQ(IP’)+ Wiz
(V2+1)2 2
= fkk(”b‘xk ||L2(]P’) + ””ik_l ”LZ(IP))'

Let now k,, be the integer k such that 2k=1 < ;3 < 2% Then, we use the elementary estimate v/a + b < i/a + /b for
any a, b > 0 to obtain

o0 oo
””ik,, —u’ ”H1 = Z ”“im - ”im,l ”H, Z ’“,\m ||L2(IP>) + ”“Am l”LZ(IP’))
m=k,+1 m=ky,+

Recall that ||u{m I 2p) = O(A,,%) by Proposition 3.2. Therefore, for n large enough

(0.¢]
Joo_ 12—« _ 2 1/2—a _ _a—1/2
||u)hkn u ||H1 <c Z Am =Chy, =cn .
m=k,+1

Thus, the claim follows by choosing A, for A in Egs. (2.13)-(2.15). O
Recall that (P;);>( denotes the transition semigroup of the environment process 7.

Lemma 3.3. Under the assumptions of Theorem 1.3 or Theorem 1.4, there exists o < 1/2 such that for every j =
I,....d,

t
H/ PS Vj ds
0

Lemma 3.3, which will be proven in the next subsection, immediately implies Proposition 3.2.

<c(lv.
L2(P)

Proof of Proposition 3.2. Since ui is the solution of the resolvent equation (2.2),

X 00 00 00 00 t
ul =/ e M PV, ds =xf f e M PyV;drds =A/ e—“f PV, dsdr.
0 0 s 0 0

Hence, by Lemma 3.3 we get that
o oo
H”A||L2(P)<Cl)‘/ efm(l\/l)adlicr-i-q)»/ e Mt%dt <ci 4+ I+ DA™,
0 1
which is the claim. U

3.2. A two-walk estimate

In this subsection we prove Lemma 3.3. We shall use techniques from [20], Section 3, [26], Appendix A, and [24].
Denote by (X;); and (X;); two independent random walks evolving in the same environment w both starting from
zero. We will write [P, , ; in short for the averaged law of (X, X) starting in (x, X) € 74 x 74 and E, . 5 for the
corresponding expectation, i.e. By , ; =E ® Ej, ® E ;. For abbreviation we will write P x =P 0 and Ep x =
Es x0aswellas P =P 90 and Ep =Ej 0. Furthermore let (Y;):>0 be the continuous time Markov chain evolvrng
in an environment w with transition probabilities given by

72 [Y, € A= P°[Y, € AlY, = x] Z Ljy—uea) p2(s, 05 1, 1) p®(s, x; 1, v).

u,vezZd
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The corresponding expectation will be denoted by Ej y”. In particular, note that for every w the law of X, — X, induced
by EY ® Ef is the same as that of Y;.

Lemma 3.4. Forany0<s <twitht—s>1,y¢€ 74 and any ball B(x,r) we have
ns“fy[Y, € B(x, r)] <c(t —s)"92p4,
Proof. By the heat kernel estimates in Proposition 1.1 we have

Y e Ba.n]) = D Liuepw.mp®(s.0:t.u)p®(s, yit,v)

u,veZd
=) 060001 Y LjveBtum P2 (5, Y11, v)
uezd veZd

<c(t —s)"*,
which is the claim. O

3.2.1. Proof of Lemma 3.3 under Assumptions A4 and AS
Let d > 3 and assume that A1-AS5 hold. It is enough to show that there exists § > 1/2 such that forevery j =1, ...,d,

1P Vill 2y < c(1vn™F. (3.2)

First note that by definition V;(w) = ug e 0) — pg _ e (0), so by Assumptions Al and A3 we have E[V;] =0 and
IVillLee@) < 2Cy, respectively. In particular, it suffices to prove (3.2) for > 1. Setting

Si(f)i= Y flw.o),

x€B(0,n)

we have by the translation invariance of [P

E[(5iPV))]= Y E[AVi(amy@)PVi@)]= Y. Eauey[Vi(mx,o)V;(, 5 0]
x,y€B(0,n) x,yeB(0,n)

Let « > 0 to be chosen below. Then, for every z € Z¢ we use Lemma 3.4 and Assumption A5 and obtain
B [Vi(t,x,@)V)(7, 3,@)] < B2 [Vj(tx,@) Vi, 5 ©L 3, _x jonei] + Po[IV] < 1]
< B [Ba[Vi(ux, @) Vi(x, g )Xo, XLz, _y, o]+t
=B [E[Vj(t x,0)V;(T, 3,15, _x,1oney] +ct 20
< c(n™*P2 4174/ 2pxd), (3.3)
Hence,
n 2 E[(S, (P V)] < c(n™*P2 4174 2pxd). (3.4)
Next we rewrite the Dirichlet form of the process 7 as

1
(PVj PV, = 5 3 Bl 0)(PV;(0,y0) = PV (@)’]
yezd

1
== > E[ud, O(EG,[V(nx,o)] — E§o[V)(t.x,0)))

2
yeZd
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X (Eg)y [Vj (Tt,f(, a))] - E(C)U,O[Vj (tt,f(,a))])]
1
=5 2 (o) [15, O Vi(mx, 0V (7, 5,0)]
yezd
—E2,y,0[15, OV (1, x,0) V) (7, 3, 0]
—Ez0,y [,U«S)y O)Vj(r x,w)V; (T,,;(,w)]

+E2,0,0[15, OV (1, x,0) V) (7, 3 ®)]). (3.5)

Then, by the time mixing in Assumption A4 we have

Ez,y,y[ﬂﬁ)y OVt x,0)Vj(z, %, w)| =Ea,y,, [Ez‘y,y[ﬂg’y OV (tr,x,0)Vj (7, 3, ®)| Xz, X/
=By y[E[1G, 0V (71, x,0) V) (7, 5 @)]]
< By [E[1, O]E[V(t x,@) V) (7, g @)]] + 1P
=E[15,0)] - E2,00[E[V; (z.x, @) Vj(T, 5,0 ]|+t
< c(n7*P2 = d2pkd gy,

where we also used Assumption Al in the fourth step and (3.3) in the last step. The other three terms in (3.5) can be
treated similarly, and we obtain that

(PV, PV)p <c(n*P2 4474 2pxd 4 g, 3.6)

Note that by the ellipticity in Assumption A3 for any f € D(L) the Dirichlet form (f, f), is comparable with the
Dirichlet form of the environment process associated with a simple random walk on Z¢. Thus, by Proposition 3.2
in [24], which is a simple consequence of the local Poincaré inequality on Z¢, there exists Cs > 0 such that for any
feD(L)andn eN,

E[f(@)?] < Csn®(f, fin, + E[S.()?].

2
|B(O, m)|?

Combining this with (3.4) and (3.6) we get

2
2 2
B{PVi@)] = Con™(PiVi PVib + g

< c(n27Kp2 1722 Hkd fp‘nz). 3.7)

E[S, (P V))?]

By Assumption A5 we have py > 2d/(d — 2), so there exists § > 0 such that py > (1 +8)2d/(d — 2). Now let

( 24+4(1468)/(d —2) 1<d—2 ))
K > max ,— -2
p2—2(1+68)d/(d—2) d\p1—1

and

(L dp-1dp-t
@ 14686 kd+2° kd+2 )

Finally, choosing n =€ in (3.7) gives (3.2).
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3.2.2. Proof of Lemma 3.3 under Assumptions A4" and A5’
Let d > 1 and assume that A1-A3, A4’ and A5’ hold. Notice first that

t
‘/ PV ds
0

2 t pt
:/ / IE[ > Vi) Vj(15,y0)p® (0. 0; r,x)p“’(0,0;s,y)] drds
L2(P) 0 Jo

x,yeZd
t pt
:/o /(; E[E&O[Vj(rr,x,.w)]E&O[V/(Tijw)]]drds

t t
_> /0 /0 1y BLEG o[V (0 x,0) | EQo[ Vi (z, 5,)]] dr ds

and that by definition V;(w) = u&j ) — “8 e; (0), so by Assumption Al and A3 we have E[V;] = 0 and
IVillLe@) < 2C,, respectively. Again it suffices to consider ¢ > 1.
Forany 0 <r <s <t with s —r > 1 we have by Assumption A4’
EEG [ V)(@.x, @) EGo[ Vit 5. @)] = Ea[E2[ V(. x, 0) V} (7, 5 )| Xy, Xs]]
=EE[V,(5.x,0)V;(7, 3 @] <cls —r)™"

with py >d+1ifd>2and p; >4ifd=1.Wefixde (1/p1,1/(d+1))ifd>2and s e (1/p1,1/4)ifd =1 and
set T, =10 and L, := (1 Vv ¢1)T; (with constant ¢ as in Proposition 1.1). Then,

t pt
/ / 1{r§s}1{s7r2T;}E[E8fo[Vj(Tr,er)]E((io[Vj(TS,XY‘U)]] drds < Ctthipl. (3.8)
0 JO ’

Now we shall consider pairs of times r and s with distance less than 7;. We decompose the integral as follows.
t t
/ / V< Lis—r <1 B[ EG o[ V) (7r.x, @) EG o[ Vi (7, 3, @) ]] dr ds
0 Jo ‘
ropt ' _
5/ / j]-{rfs}:u-{s—r<Tt}E2[Vj(fr,X,-w)Vj(Ts,fgxw):ﬂ-{‘xr_f(rbgh}] drds + CTt/ IP)2|:|Xr - X = 2Lt]dr
0 Jo 0
t t
S/o /o L <o bis—r <t B2V (@rx, @) Vi (T, 5 0L x, _ g, 119 Vix, %, 1220 47 ds
t t - -
+ cf / Loy Ls—r < Pa[1X, — X1 < Ly, 1X, — %] > 2L, ]dr ds
0 Jo
t
+cT,/ Ero[1Y,] <2L;]dr. (3.9)
0

To estimate the first term in (3.9) note that conditioned on the event {|X, — X,| > L;} we have that V;(z, x, ) and

Vit @) depend only on variables contained in two subsets of Z¢ with distance L;. Thus, by Assumption A5’ we
obtain

Eol V) (1 x, @) Vi (T, g O % o1 Yx,-%,1520,)]
= ]E2[]E2[Vj(Tr,er)Vj(fs,)?S“))|Xr’ Xr, X‘Y]]l{\X,—X'S|>L,}1{|X,—)~(r|>2L,}]
-p
= Ez[E[Vj(rr,xra))Vj(rx,)}xw)]]l{lxrixv|>Lr}1{|xr7;(r|>2Lr}] <cL, " (3.10)

Next we estimate the second term in (3.9). First we use the Markov property to get

IEJ)2|:|Xr - le <L |Y|> 2Lt] = P2[|XY - Xr| > Lt] ZPP&)OP:))LUXS - Xr| > Lt]~



Invariance principle for the random conductance model with dynamic conductances 369

Set D; :={y e Z%: 2'L, < |y — X,| <2/*'L,}, i > 0. Then, noting that s —r < T, < ¢j ' L, we use the heat kernel
estimates in Proposition 1.1 to obtain

o0
P:f))}r[l)}s_)zr|>L;]= Z pw(r,f(r;s,y)zz pr(r,)?r;s’y)
yeB(X,,Ly) i=0 yeD;
Oo ~ ~
<c > exp(—cly — Xrllog(ly — X,1/Gs — 1))

i=0 yeD;

oo

<e > (L) exp(—c2 L, log(2'Ly/ Ty))
i=0
(0.¢]

<Y (L) exp(—c2'Ly).
i=0

An elementary computation now gives
o
Po[1X, — Xs| < Ly, Yy > 2L,] < cL;’/ exp(—cLyu)du < cL?Vexp(—cL;). (3.11)
1
To estimate the last term in (3.9) we use Lemma 3.4 to obtain in the case d > 2
t t t
/0 7§o[1¥r] < 2L, dr < c/o (1vr)y~42L8dr < cL;’/O (1vr)~'dr <clogtL?, (3.12)
andifd =1
t t
/ 7§ o[1¥r] < 2L, dr < c/ (1vr) V2Lddr <et'?L,. (3.13)
0 0

Finally, combining (3.8) and (3.9) we get in the case d > 2 by (3.10), (3.11) and (3.12)

t
‘/ Psvj
0

Analogously, if d = 1 we obtain by (3.10), (3.11) and (3.13) that

t 2
/ PV,
0

The claim follows by our choice of §, L; and T;.

2
X ds < c(tzT,_p1 +tT,L; 7 + tT,L;j_1 exp(—cLy) + T; logtLji).
L2(P)

ds < (TP + 1T, L7 + 1T, exp(—cLy) + 12T, Ly).
L2(P)

4. Invariance principle for X

In this section we prove the annealed FCLT in Theorem 1.2 and the quenched FCLT in Theorem 1.3 and Theorem 1.4,
respectively. Throughout this section we suppose that Assumptions A1-A3 hold. The first step to prove a quenched
invariance principle for the random walk X is to show that the processes X ®) are tight.

Theorem 4.1. Let T > 0,7 > 0. Then

lim sup Pg‘f0<sup|X§€)| > R) — 0,

R—00(0e<1 s<T

lim lim sup P&’O( sup |X§§) - Xif) | > r) =0.

L UNPSN)) |s1—s21<8,8;<T
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Proof. From the heat kernel estimates in Proposition 1.1 one can derive tail estimates for the exit times of X from
balls (see e.g. [1], Proposition 4.7). Then tightness follows by the same arguments as in [1], Proposition 5.13. (|

For n € N let )?n = X, and set
X =X, 0<e<l. 4.1

Lemma 4.2. For any u > 0,

lim Pgo( sup X =X >u) =0, 4.2)
e—0 0<s<T
Proof. This follows from the proof of Theorem 4.1 by the same arguments as in [3], Lemma 4.12. O

We will first establish the convergence of the processes X®; using Lemma 4.2 will then give the convergence of
X ® to the same limit. We define

Mﬂ = Mn, Mt({;‘) zgﬂl_l/&‘zj’ t Z 0, (43)

so that
5(‘(3) —cX _ A’Z(s) 2 —15(\(3) 4.4
r T EA e = My +8X(|_t/8 J’S t ,a)). (“.4)

Thus it is sufficient to prove that the martingale M® converges to a Brownian motion with a certain covariance
matrix, and that the second term in (4.4) converges to zero in Pg’,-probability for P-a.a. w (resp. in Pf) ,-probability)

to get the quenched FCLT (resp. the annealed FCLT). For any G : Z¢ x £2 — R we define

E[G] =) E[ug,(0)G(y,»)].
y~0

Proposition 4.3. For P-a.e. w, the sequence of processes (M©) converges in law in the Skorohod topology to a
Brownian motion with a non-degenerate covariance matrix X given by X;j = E®; P ;.

Proof. We proceed as in [5]. Let v € R4 be a unit vector, write as before 1\’/7}; =v-M,, and let
o~ 2 o~
Fi () = Eq(|M}[": |M}| = K).

Then Fk is decreasing in K, in particular E[Fk] < E[Fp]. In the notation of Corollary 2.10 Fp(w) = ||v - @ ||5,, and
so by (2.11) the covariance process of MV is

(i), = [ Focnas.

So by the ergodicity of the environment process 1 w.r.t. P we have n_l(ﬁv)n — E[Fp] as n — oo, P, ass., for
P-a.a. w. ’

Using the same arguments as in [5], Theorem 6.2, it is straightforward to check the conditions of the Lindeberg—
Feller FCLT for martingales (see for example [14], Theorem 3.4.5), and deduce that v - M® converges to a real-valued
Brownian motion with non-random covariance E[|[v - & ||2)], which can be written as v - X'v, where X is the matrix
with /c\oefﬁcients given by X;; = E[®; ® ;1. By the Cramer-Wold Theorem (see e.g. Theorem 3.9.5 in [14]) we get
that M (® converges in law to an R¢-valued Brownian motion with covariance matrix X

It remains to show that X' is non-degenerate. By the uniform lower bound on the conductances in Assumption A3
we have for every unit vector v € R thatv-Xv>v- X c,v, where X¢, denotes the non-degenerate covariance matrix
of the limiting Brownian motion in the invariance principle for the simple random walk on Z¢ with constant jump rate
C;. Thus, v - Xv > 0, which implies that X' is positive-definite. O



Invariance principle for the random conductance model with dynamic conductances 371

To conclude the proof of the invariance principles we need to control the corrector function. First we complete the
proof of the annealed FCLT.
Proof of Theorem 1.2. Setting R, := x (n, X,;, ) we need to show that

—1/2

n I]zlaX |Rk| — 0 in [P ,-probability as n — oo. 4.5)
<n ’

By Proposition 2.11 we have that n~!/2R,, converges to 0 in L2(IP’(*) o) and thus in [P  -probability. By an elementary
property of real convergent sequences, we get (4.5). ([

Finally, to complete the proof of the quenched invariance principle we prove
Proposition 4.4. Let T > 0. Under the assumptions of Theorem 1.3 or Theorem 1.4, for P-a.e. w,

sup ey (|_t/82J,8_15(\t(€), w) = 0 in P®,-probability.
t<T '

Proof. We will proceed as in [25] applying the theory of “fractional coboundaries” of Derriennic and Lin [12]. Setting
R, := x(n, X,;, w) we need to show that

-1/2

n r]?ax [Rk| — 0 in Py -probability as n — oo. 4.6)
<n ’

Let P denote the path measure on 2N of the random sequence (7, x,w)n>0 With initial distribution [P, and let 6 be
the shift map on the sequence space 2. By the cocycle property in Corollary 2.9 we have x (0, 0, w) = 0 and hence

n—1 n—1
Ry =Y x(k+1,Xeq1.0) — x(k. X, 0) = Y h(Th %, 0, Ter 1K, ©)
k=0 k=0

with A defined as in Remark 2.8. For sequences & = (0")); ey define H (@) = h(0®, oV) and
n—1
R,=Y Hob".
k=0

Then H € Lz(}f”) and the process (15,,) has the same distribution under P as the process (R,) under P® P,

By Proposition 3.1 the assumptions of Theorem 2.17 in [12] are satisfied. We conclude that H € (I — 6)” Lz(ﬁ”)
forany y € (0,1 — «). Since o < 1/2 there exists such a y € (1/2, 1 — «). Then, (i) in Theorem 3.2 in [12] implies
that n=1/2R,, converges to 0, P-a.s. Hence, n~ /2R, converges to 0, P ® P(;’“'O-a s. In other words, n~1/2R,, converges
to 0, Po,o'a s., for P-a.e. w, which implies (4.6). U

5. Application to stochastic interface models

In this section we point out a relation between our results and the stochastic dynamic of an interface describing the
separation of two pure thermodynamical phases, known as the Ginzburg-Landau V¢ model. We refer to [16] for a
survey on these models. The interface is described by a field of height variables ¢, (x), x € 74, t > 0, whose stochastic
dynamics are given by the following infinite system of stochastic differential equations involving nearest neighbour
interaction:

() = () — / S V(0@ -0 dr + V2w ), x ezl 5.1)

yix—y|=1
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Here ¢ is the height of the interface at time t = 0, {w(x), x € 7%} is a collection of independent Brownian motions
and the potential V € C 2(R, R ) is even and strictly convex, i.e.

c.<V'<cy (5.2)

for some 0 < c_ < c4 < oo. Letforeachr >0
& = {go e RZ Zi(p(x)f[znm < OO}
X

denote the set of tempered configurations. Then, for every initial value ¢ € &, the SDE (5.1) admits a unique strong
solution ¢; € &, t > 0, see [17]. Let H be the formal Hamiltonian given by

1
H(p) =5 y_XZNZI V(p() — o)),

then the formal equilibrium measure for the dynamic is given by the Gibbs measure
1
Z oxp(=H(p)) ]"[ dy (x).

This can be made rigorous for the corresponding dynamic on a finite box. In dimension d > 3 Gibbs measures for
the ¢-field on the whole lattice can be constructed by taking the thermodynamical limit, cf. Section 4.5 in [16]. More
precisely, for every h € R there exists a shift-invariant and ergodic ¢-Gibbs measure mj with mean 4, i.e.

/(P(X)mh(dw)=h, xezd,

These measures are also reversible and ergodic for the SDE (5.1). We denote by IP,,, the law of the process ¢; started
under the equilibrium distribution m, (and by E,,, the corresponding expectation).

Next we consider discrete gradients, i.e. height differences of the form V,p = ¢(y5) — ¢(xp) for any bond b =
{xp, y»} € E4. Then, as a vector field V¢ has zero curl in the sense that

ZV},(/):O

beC
for every closed loop C, i.e. the bonds {x;, x;+1} of a sequence of x, ..., x, in 74 satisfying xo = x, and |x; —x;_{| =
1 fori €{l,...,n}. Let X be the subset of REd4 whose elements have zero curl, and let for » > 0

X, = {77 e RE: 1, = Vg for some ¢ € Er}
be the subset of tempered gradients. Note that the drift term in the SDE (5.1) can be rewritten as

— > Vie@—em)= Y V(Vse).

y:lx—yl=1 b: xp=x
Then, for each initial Vg € X, the gradient process (Vp@;, b € E4,t > 0) is the unique strong solution of the SDE
13
Vo = Vg — / ( Yo Vo) - > v’(vb/%)> ds +V2Vyw,, bekEy,
0 b’ xp=xp b’ xy=yp

where Vpyw; = w;(yp) — wy(xp), see again [17]. Also it has been shown in [17], Theorems 3.1 and 3.2, that in any
lattice dimension d > 1, given any u € RY, there exists a unique shift invariant ergodic V¢-Gibbs measure 7, on X;
satisfying

/ 10,e; dmy, = u;,
X
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for every i = 1,...,d. Here u is the tilt and m, the u-tilted measure. Moreover, 11, is known to be an invariant
reversible and ergodic measure for the gradient process Vg, ([17], Proposition 3.1).

Our aim is to investigate the decay of the space—time correlation functions under the equilibrium Gibbs measures.
The idea — originally from Helffer and Sjostrand [19] — is to describe the correlation functions in terms of a certain
random walk in dynamic random environment (cf. also [8,11,18]). Let (X;);>0 be the random walk on Z4 with jump
rates given by the random dynamic conductances

121 = V" (Vo) = V" (0 ) — @1 (x6)), b= {xp, Y} € Ea.

Since V is even, the jump rates are symmetric, i.e. ufb(fyb (t)= /Lfob (t). Further, let pv‘p (s,x;t,y),x,y € 74,5 <1,
denote the transition densities of the random walk X.

Theorem 5.1.

(i) Let d > 3 and let mj, be any ergodic o-Gibbs measure. Then, the environment "% started under my, satisfies
Assumptions A1-A3. Moreover, u¥¢ also satisfies Assumptions A4 and AS if d > 6.

(ii) Let d > 1 and let m, be any ergodic V-Gibbs measure. Then, the environment ,U,V‘p started under m, satisfies
Assumptions A1-A3. Moreover, u¥% also satisfies Assumptions A4 and A5 if d > 5.

Proof. Assumption Al is immediate from the ergodicity of the Gibbs measures m; and m,,, respectively. Assump-
tion A2 is clear from the pathwise continuity of ¢, and V¢, and the strict convexity of V in (5.2) guarantees the
ellipticity in Assumption A3.

By Theorem 6.1 in [11] the time-covariance under the ¢-Gibbs measure m, decays polynomially with orderd /2 —1
and the space-covariance decays polynomially with order d — 2. Hence, Assumptions A4 and A5 holdifd/2 —1 > 1
and d — 2 > 2d/(d — 2) which is the case for d > 6.

On the other hand, by Theorem 6.2 in [11] the time-covariance for Vg has polynomial decay of order d/2 and the
space-covariance has polynomial decay of order d. We have d/2 > 1 and d > 2d/(d — 2) if d > 5. g

We combine now the Helffer—Sjostrand representation and the local limit theorem in Theorem 1.6 to get a scaling
limit for the space—time covariation of the ¢-field.

Theorem 5.2. Let d > 3 and let my, be any ergodic ¢-Gibbs measure. Then, there exist a non-degenerate covariance
matrix X such that

o
N2 cov, (90(0), o2, (LNy1)) — /0 K2 () ds as N — oo,

where k; is the Gaussian kernel with diffusion matrix X in (1.6).

Proof. By the Helffer—Sjostrand representation (cf. equation (6.10) in [11]) we have

oV, (90(0), @ () = [0 En, [PV9(0,0; ¢ +5,y)]ds.

Using the annealed local limit theorem in Theorem 1.6(i) we obtain

N2 covi, (00(0), n2, (LNy])) = Nd/O B, [p¥(0,0; N*(t +5), LNy])] ds

e )
— / ki is(y)ds
0
as N — oo, which is the claim. |
Ultimately, we would like to derive an analogous scaling limit for the space—time covariance of the gradient process

Vo, see also the discussion in [8], Section 6. However, what is still missing until now is a local limit theorem for the
gradient of the heat kernel.
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