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involving critical Sobolev exponent
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ABSTRACT. — In this paper we consider the following problem:

—Au—Ju=\ul*?u
1) {

u=20 on 0Q *=2nf(n - 2)

whete Q = R” is a bounded domain and AeR.
We prove the existence of a nontrivial solution of (1) for any 4 > 0,
ifn =4

RESUME. — Soient Q un sous-ensemble ouvert borné de R" et A un nombre
positif, le but de cette note c’est de montrer que le probleme suivant :

— — = 2*-2
{ Aw = A= T e g~ 2)

Ulap =0

admet, au moins, une solution non triviale, si n > 4.
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464 A. CAPOZZI, D. FORTUNATO AND G. PALMIERI

0. INTRODUCTION

Let Q < R", n> 3, be an open bounded set with smooth boundary.
Consider the problem

{——Au—).u—u-lulz*_2=0

©.1 ue HiQ)

where 4 is a real parameter and 2* = 2n/(n — 2) is the critical Sobolev
exponent for the Sobolev embedding H)(Q) o LA(Q).

The solutions of (0.1) are the critical points of the energy functional
1 2 ;‘v 2 1 2*
0.2) fiw)y = | | Vuldx — 2 | lul®dx— | |ul"dx.
2 0 2 Q 2 Q

Since the embedding HE(Q) o L*'(Q) is not compact the functional f;
does not satisfy the Palais-Smale condition in the energy range | — oo, + o« |
(cfr. remark 2.3 of [4]).

Moreover if A < 0 and Q is starshaped (0. 1) has only the trivial solution
(cf. [6]).

Recently Brezis and Nirenberg in [2] have proved that if n > 4 and
0 < A < 4y (4 is the first eigenvalue of — A) then (0.1) has a positive
solution. In [4] Cerami, Fortunato and Struwe have obtained multiplicity
results for (0.1) in the case in which A belongs to a suitable left neighbour-
hood of an arbitrary eigenvalue of — A (cf. also [3]).

In this paper we prove the following theorem:

THEOREM 0.1. — If n > 4 the problem (0.1) possesses at least one non
trivial solution for any i > 0.

A weaker result related to theorem 0.1 has been announced in [5].
We observe that if n = 3 and Q is a ball, Brezis and Nirenberg [2] have
proved that the problem (0.1) does not have nontrivial radial solutions

0 . A1
< A< —.
1 ! 7

1. SOME PRELIMINARIES

Let|| - |l,] - |, denote respectively the norms in Hi(Q) and LA(Q) (1 <p < x),
and let

S = inf { || ul]2/|u3 :uc HYQ\ {0} }

denote the best constant for the embedding HY(Q) < L2(Q).
The following lemma shows that f; satisfies a local P.S. condition.
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CRITICAL SOBOLEV EXPONENT 465

LEMMA 1.1. — For any 7€ R the functional f; (see (0.2)) satisfies the

1
Palais-Smale condition in ]— 30,—5""2!: in the following sense:
n

If ¢ <;S"/2 and {u,} is a sequence in H{) such that

, asm — 0 fi(u.) = ¢ fi(,) — OstronglyinH™*(Q), then | u,, }
(P-S)9 contains a subsequence converging strongly in H3(Q).

The proof of this lemma is in {2] and in [4]. We recall that a deeper
compactness result has been proved in [7].

We recall a critical point Theorem (cf. [/, Theorem 2.4]) which is a
variant of some results contained in [0].

THEOREM 1.2. — Let H be a real Hilbert space and f € C}(H, R) be a
functional satisfying the following assumptions:

(1) fw= f(—u), f0O) =0 forany ueH

(f3) there exists f§ > 0 such that [ satisfies (P. S.) in 10, 8]

{ f3) there exist two closed subspaces V, w o H and positive constants p, &
such that

(i) fw<p foranyuew
(iiy fuy=06 foranyueV,||ull=p
(iii) codim V < + oo.

Then there exist at least m pairs of critical points, with

m = dim (V n W) — codim (V + W).

2. PROOF OF THEOREM 0.1

Our aim is to define two suitable closed subspaces V and W, with
VAWsz{0}and V+ W = H, such that f; satisfies the assumptions f;)

1
and f;) of Theorem 1.2 with g = - S"2.
n

In the sequel we denote by £; the eigenvalues of — A and by M(/,;) the
corresponding eigenspaces.
Given 4 > 0, we set

2t =min { ;|2 < 7;}
(2.1) Hi=_ ® M) H,= @ M()

where the closure is taken in H(Q).
If r > 0 we set

NO) = {xeR| lx]l<r}.

Vol. 2. n® 6-1985.



466 A. CAPOZZI, D. FORTUNATO AND G. PALMIERI

Without loss of generality we can suppose that 0 € Q and that N,(0) = Q.
Given pu > 0 we set (cf. [2] [7])

Yux) = ¢(x) - u,(x)
where ¢ € C¥(N,(0), ¢(x) = 1 on N,(0), and

_ Lt — 2)p |2
e xR

u,(x)
The following lemma holds:
LEMMA 2.1. — If Y (x) is defined as in (2.1), then for any p

2.2) W ll? = S"2 4+ 0(u"~2"%) (1)
2.3) | ¥, |3 = S"2 + 0(u"?)

K + 0(un~212) if n>5
(2.4) lt//ul%={ ' .

Kiullog | +0(p) if n=4
(2.5) W,y < Koutn= 214 :
(2.6) | 5o < Kaplm2r4

where K, K,, K3 are suitable positive constants.

Proof. — The proof of (2.2), (2.3), (2.4) is contained in [2], moreover
(2.5) and (2.6) can be straightforward verified.
Now we shall prove some technical lemmas. We set

W) ={ueHjlu=u" +ty,, u"eH, teR}.
The following lemma holds:

LEMMA 2.2. — If ue W(u), then for any p >0

2.7 |u

> |ty

1 * + R
%: + = | u %* K4t2*‘un(n— 2)/(2n+4) fOr any te .
PrOOf: — By the 1dent1ty

2.8) ' |uls = 2*[ deulslz"_2sds
0 o

(*) In the sequel we denote by (%), « > 0 a function | f()| < const u* near u =0,
and by O(u), a function such that f(u)/u — 0 as u — O.
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CRITICAL SOBOLEV EXPONENT 467

it follows that

lu™ + 1y,

2

2% —

A N2 T

=2%de| [y, + " P72 (Y, + ) — |t =2 tu” Judx =
0 Q

1
= 2¥(2* — I)J er [tu™ + 01772 0, - u"dx
o Ja

where 6 = 6(x) is a measurable function such that 0 < 6(x) < 1.
By (2.9) and by (2.5), (2.6) we have that

2.10) | [ul = g3 - u
1

<e drj {lum 1 e, P+ 272 g, | u” " 1}dx <

2%
2%

Cz““//u 31 JuT e Y, |“

C3 {’twu

2*—1} <

o0

g duT o+l u 12*71}3

INIA

NP T ,,
12.10)a S63.If2 1./1(" 2)/4|u |2+“|u_I%*+C4.t2.ﬂ"/2S

2* + k 12* nn—2)/2n+4

< L |

—|u~
T2

and the lemma is proved.

LEMMA 2.3. — If p is sufficiently small, then
n—2

llwullz—ilxpﬂlgz{S—K5#+0(HT) if n>5 (2.11a
[ Y. 13 S+ Ksulogu+0(w if n=4 (.11

Proof. — The evaluation (2.11) follows immediately by (2. 2), (2.3)
and (2.4).

12.11)

REMARK 2.4. — Suppose that A = 4;, with 1;€ o(— A) and denote by P;
the projector on the eigenspace M; correspondmg to 4,
We set

2.12) Vo=V, — P,

Let { v} an orthonormal family spanning M, then by (2.5) we have

n—2
(2.13)  |Py, |3 Z(J -,l/‘,vkdx> < const |y,|? <Keu 2

then
n—2

12.14) [P, |, <K u*

Vol 2, n° 6-1985.



468 A. CAPOZZI, D. FORTUNATO AND G. PALMIERI

Moreover we have

lL{l%l”—W*}dx =2*

1
drj W, — P, 1> 2, — TP, )Py dx| <
0o Ja

32*22“1[ f{w* g2 By B [Pl

< const { |, 321 1Pl + | P, |3}

Then by (2.14) and (2.6) it follows that
2.15) | [l = [ 3
Moreover by (2.14) and (2.6) we have
(2.16) |9, [3:21 = ¥, — Py,

n—2
<cpp’

321+ | Py,

3321 < const { |y, L
n-2
< const u 4

Analogously by (2.14) and (2.5) we have
n—2

(2.17) | Y.l < const u &

By (2.15), (2.16), (2.17) it easily follows that (2.11) holds if we replace
W, with ¥,.

Moreover, by (2.15), (2.16), (2.17), also (2.7) holds (for u small) if we
replace ¥, with 1, and W(u) with

W(p) = {ueH§|u=u" +tt}u,u"eH2,teR}.

Now we can prove a crucial lemma:
LemMmA 2.5. — For u sufficiently small
1

{2.18) sup f(u) < —S?
w n

where W = W(y) (resp. W(w) if A ¢ o(— A) (resp. /€ o(— A)).
Proof. — Observe that if we fix ue HY(Q), u # 0, then

1 2 2\n/2
(2.19) max fj(tu) = ~<M> .
! n 2%
Then in order to prove (2.18) we need to evaluate
(2.20) Sup (Null> = 2|ul3}.
|::Tu 1

We distinguish two cases:
Case i) ¢ a(—A).
Let u =u" + 0, e W(u) with |ujs = 1.

Annales de I'Institut Henri Poincaré - Analyse non linéaire
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Observe that ¢ is bounded if x is small, in fact by (2.7) and (2.3) we get

2%
2%

l=u

=2 [SM2 4 O(u"2) ]+ Aiu

1
ul3e> |0, )5 — Kot u? + 2|u
Then by (2.5) we have that
2.21) fulP=Aupp=|Vu |3—Au” SV, 3=y, |3 -

- ZJ {Ity  HAu™ | +Alu” ||y, ] fdx<
Q

<[V B=Alu” B+ IV - Alndu i+ e {1AuT L [t + Tu” Ll ) <
<|Vu B=Alu B+ VoY, 3 Aty 3 +eslu |n * <

vy 12—t n-2
| wﬂ; zlw”zhwu*+cﬂulzu
un

<@A-D|u” 3+

2%

where 2 = max { A;|4; < A}.
n—2
Weset Aw™, i, )=(A—A)|u” 3+Clu" |,u * and observe that

(2.22) AW ,pwo<0  or A, u o)< cHA—urm 2
n(n—2)
If fu” |38 < 2K,2"u "%, by (2.10)a and the boundness of ¢,
3 n2 n\2*
%:s(l—\u o e
n~2

<1+*(Csll lu™ |y + cap

2

|t

2

)2

wis

then, if n > 5, by (2.11)a, (2.21) ~
(2.23) NulP—2Aul3 < (S—Ksu+0(u 2 Wl+espu")+Au™, g, o).

nn—2)

If fu= |3 > 2K 212" % by (2.7), |n//u;2.<1 then, by (2.21)

2.24 Nlul? = Aul3 < - Kspu+ 0(# )) + A(u", 1 c2),
then, by (2. 22), the conclusion follows in the case n > 5.
Ifn = 4 the proofisthe same. In this case(2. 11)breplaces(2.11)ain(2.22).

Case ii) /. = /5ea(— A).

Letu=u" +tl//,,eW wywith|ul,.=1. Wesetu=u" +n,bu—u+Pu +n//
then

ull? = i5lul3

= |V, |3 — 25ltd, |3 + [ Va3 = 25| l%—ZL(tquAu‘ + h e )dx

Vol. 2, n° 6-1985.
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Observe that
J(n},,Au- + JgtduT)dx = j P AT + Jsth, i )dx <
Q Q n—2

S 7 O <2 P B VI T V0 PR BT P T
Now the proof follows by using the previous arguments.

Proof of theorem 0.1. — If ¢ a(— A) (A>0) we set V=H,; and
W = W(u) with u suitably small in order that (2.18) is verified. We see
that the assumptions of Theorem 1.2 are satisfied. Obviously (f;) and

1
(f3.iii) are verified. Moreover {f3) is verified with f = — S*2 by lemma 1.1
n

1 . .
and (f5.1) (with p=-8" 2) is verified by lemma 2.5.
n

Finally observe that if ue Hy, then

1 A 1 .
(2.25) fl(u)ziLIVqux—§L|u|2dx—ﬁfglulzdx2

1 A 1 2 1 A .
Z§<1 —F>Hul|22—*|u o = 2(& —F>Hu||2—const||u||2 >6>0

if [|u]| = p with p suitably small.

Hence by (2.27) also (f3.ii) is verified. Since dim VAW =1 and
V + W = H{(Q), then by Theorem 1.2, we deduce that problem (0.1) has
at least one non trivial solution.

If L e o(— A) we set W = W(y) with u suitably small in order that (2.18)
is verified and, by repeating the above arguments, the conclusion follows.
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