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The Cauchy problem for a nonlinear
Wheeler-DeWitt equation
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1699 Lisboa Codex, Portugal

Ann. Inst. Henri Poincaré,

Vol. 10, n° 1 , 1993, p. 99-107. Analyse non linéaire

ABSTRACT. - In this paper we consider a nonlinear version of the

simplified Wheeler-DeWitt equation which describes the minisuperspace
model for the wave function + of a closed universe (cf. [3], [2], [ 1 ]).
Following [I], where the linear case has been solved, we study this equation
as an evolution equation in the scalar field y E R with a scale factor

R[. We solve the Cauchy problem for the initial data 0) and

0) and we study some decay properties and blow-up situations. A
oy
particular nonlinear version has been proposed in [6].

Dans cet article nous considerons une version non lineaire
de 1’equation de Wheeler-DeWitt simplifiee qui decrit le modele de mini-
superespace pour la fonction d’onde Bj/ d’un univers ferme (cf. [3], [2], [I]).
Dans l’esprit de [ 1 ]~ ou nous avons resolu le cas lineaire, nous etudions
cette equation comme une equation devolution dans le champ scalaire
YER avec le facteur d’echelle R[. Nous resolvons le probleme de

Cauchy pour des donnees initiales i (x, 0) et 0) et nous etudionsY p ~~ ~ ) 
ly 

~ ~ )

des proprietes de décroissance a l’infini et des situations d’explosion de la
solution. Une version non lineaire particuliere a ete proposee dans [6].

Research partially supported by JNICT under contract n° PMCT/C/CEN/18/90.
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1. INTRODUCTION

We consider the following nonlinear model for the simplified Wheeler-
DeWitt equation:

where Y E R is the scalar field, R[ (R > 0) is a scale factor, p E R,

k2>0, g~R, r~1 and q~1 2rp are given constants (p reflects the factor-
ordering ambiguity and k2 is a cosmological constant) and

]0, R[ x R -~ C is the wave function of the universe for the minisuper-
space model. The equation ( 1.1 ) is equivalent, in the sense of distributions,
to the following one:

which can be considered as an evolution equation in 

Assuming that o (x, 0) and (x, 0), belong to some suitable weighted
ly

Sobolev spaces (cf [1]) we first prove the existence of a unique local
solution for the correspondent Cauchy problem. Under the hypothesis

we will prove that this solution is a global solution.

Furthermore, we obtain the

decay property

Finally we point out that, if gO and k2 R2  l, and for special initial
data, there exists yo e R + such that

We are indebted to O. Bertolami, T. Cazenave, A. B. Henriques and
J. M. Mourao for stimulating discussions and useful suggestions.
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2. SOME PROPERTIES OF THE ASSOCIATED LINEAR
OPERATOR

Following [1] let us denote by H~ o the closure of ~(]0, R[) in the

space where L~(]0, RD is the L~ space for the measure(. ~~ J
We recall that we have and

H1p, 0 ~ L2p-2 = {u|xp/2 M e H10} where H10 = H10, 0 is the usual Sobolev space.

Now, with = a~ the linear equation associated to ~ 1. 2 ) can be written
ay

as follows

In [1] we proved that A : D (A) - H defined by

is skew-self-adjoint in H and that D : H -~ H defined by

is continuous. Furthermore

We denote by S ( y), yeR, the strongly continuous group of operators
in H with infinitesimal generator T = A + D : D (A) -~ H.
We need the following

PROPOSITION 2 . 1. - Assume p =1 (that is H = H 1, o x L2 1 ) and put

Then S 1 ( y), y E R, is a strongly continuous group of operators in H 1 with
infinitesimal generator T 1.

Vol. 10, n° 1-1993.
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Since ~ ( u ~ 2 = 2 ~e uv we obtain, for E > 0,
ay

Hence, by applying Gronwall’s inequality and Fatou’s lemma (E --~ 0), we
get i and

and this inequality can be extended, by density, to (uo, vo) E HI . Since for
(uo, H have

with Hence for (uo, we get

Now, let T be the infinitesimal generator of S1. It is easy to see that
D (Tj c D (T) n H 1 and that, in D (T), T = T 1. Let (uo, vo) E D (T) n HI.

If yn ~ 0+, we obtain

Therefore there exists a subsequence ynk such that

We conclude that D (T) n Hi c D (T). 0

Annales de l’Institut Henri Poincaré - Analyse non linéaire
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3. THE CAUCHY PROBLEM FOR THE NONLINEAR EQUATION

In the remaining of the paper we put

and we will denote by G ~ y), the strongly continuous group of
operators generated by U in X.

Let

The nonlinear equation ( 1. 2) can be written as follows

and, since n Lp_ 2 = ~ u ~ J Xp/2 u E and L 00, it is easy to prove

that if r~1 and q~rp 2, then F is a locally Lipschitz continuous function
from X to X.

Furthermore X is an Hilbert space. Hence, by theorem 1. 6 in [4] ch. 6,
if we take

then there exists a unique local mild solution (03C8 03C81)of the corresponding
Cauchy problem for the equation (3.4) which is a local strong solution,
that is

In order to obtain a result on the global existence of solution we need the
following

Vol. 10, n° 1-1993.
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LEMMA 3 . I . - Assume (03C80 03C81, 0) G D (U) and let (03C8 03C81) be the corresponding
local solution for the Cauchy problem. We have

Proof - If we multiply the equation (1 . 2) by xp - 2 s take the real
ay

part and integrate in x (over ]0, R we since
dy

Hence, we have

THEOREM 3 . I . - Assume ( 1 . 3) and ’° e D (U).~l i , o~
Then there exists a unique global solution (03C8 03C81) of the corresponding

Cauchy problem for the equation (1 .2) in the sense of (3.5) for
+ °J [).

Proof - By (3 . 6) we have

In the special case p =1, this implies, reasoning as in the first part of the
proof of proposition 2.1, that

Remark. - The theorem 3 .1 can be extended to more general situations,
for example, if gxq is replaced by a function g (x, y) >_ 0, g continuous,
a g continuous and such that
ay

with c, ~ e L~ (R), c~ e L~ (RB{ 0}), c, c~ c~ ~ 0. Furthermore, the condi-
tion can be replaced by R~-~R~+-(/?-l)~>Oif~~l.

4

Annales de l’Institut Henri Poincaré - Analyse non linéaire
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4. DECAY PROPERTIES AND A BLOW-UP CASE

THEOREM 4. I. - Let us assume g>0 and k2R2~2 3 and let

~’° e D (U) and~’l , 0~
y~L (R; D (B) Q L2p-2) Q qql (R; H1p, 0 Q L2p-2) Q qq2 (R; L2p-2)

be the unique global solution of the corresponding Cauchy problem for the
equation (1 . 2). Then we have

‘d y E R +, where E is defined by (3 . 6).

Proof. - Let We have 

xv ~L (R; H2) and the equation ( 1. 2) takes the form

Let us multiply the equation (4.2) by - 2014 2014 - 2014 take the real part and
2 ;r x~c

integrate over ]0, R[. Taking in account that

and

and integrating by parts we obtain (recall that if uEH1 and u (o) = 0 then
x_c1~2~ u ~ 0 (x -~ 0+)):

Vol. 10, n° 1-1993.
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But

Hence

and

From (4.3) we obtain and with k2 R2~2 3:

Hence, for y > 0,

since for p ~ 1 we have, by Hardy’s inequality (cf. (2.1) in [1]),

COROLLARY. - Under the hypothesis of theorem 4.1 we have

Remark. - By the reversibility in y we have similar results for y e R _ .
Finally we can point out a blow-up situation. The proof of the following

result is similar to the one in the example of X. 13 in [5] for the nonlinear
wave equation and so we omit it.

Annales de I’Institut Henri Poincaré - Analyse non linéaire
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PROPOSITION 4 . I . - Assume g  0, k~ R~  I and let 16~’° e D (U) be
real and such that E0 and R0 xp-2 03C8003C81, 0 dx>0. Let gs be the local

solution of the corresponding Cauchy problem for the equation (1 . 2). Then
there exists yo e R + such that

Like in the quoted example for the nonlinear wave equation,

it is easy to check that y0 ~2 r(R0 xp-2 03C820 dx ()R0 xp-2 03C80 03C81 ,0 dx)-1 .
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