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ABSTRACT. - We present a sharp local condition for the lack of
concentrations in (and hence the L2 convergence of) sequences of

approximate solutions to the incompressible Euler equations. We apply
this characterization to greatly simplify known existence results for 2D
flows in the full plane (with special emphasis on rearrangement invariant
regularity spaces), and obtain new existence results of solutions without
energy concentrations in any number of spatial dimensions.
Our results identify the ’critical’ regularity which prevents concentra-

tions, regularity which is quantified in terms of Lebesgue, Lorentz, Orlicz
and Morrey spaces. Thus, for example, the strong convergence criterion
cast in terms of circulation logarithmic decay rates due to DiPerna and
Majda is simplified (removing the weak control of the vorticity at infin-
ity) and extended (to any number of space dimensions).
Our approach relies on using a generalized div-curl lemma (interesting

for its own sake) to replace the role that elliptic regularity theory has
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2 E-mail : hlopes@ime.unicamp.br.
3 E-mail: tadmor@math.ucla.edu.
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played previously in this problem. © 2000 Editions scientifiques et

médicales Elsevier SAS

AMS classification : 35Q30, 76B03, 65M12

RESUME. - On presente une condition locale optimale qui garanti
1’ inexistence de concentrations dans des suites de solutions approchees
de 1’ equation d’Euler incompressible (ce qui prouve leur convergence
L2). A 1’ aide de cette caracterisation on simplifie de façon substantielle
les resultats d’ existence connus pour les flots 2D dans tout le plan (on
insiste tout particulierement sur les espaces de regularite invariants par
rearrangement). On demontre de nouveaux resultats d’existence sans
concentrations d’ energie en dimension superieure.
Notre resultat precise la regularite critique qui empeche l’apparition

de concentrations. Cette regularite est quantifiee grace aux spaces de
Lebesgue, Lorentz, Orlicz et Morrey. Ainsi, par exemple, le critere de
convergence forte base dans les termes de circulation logarithmique de
correlations dus a DiPerna et Majda sont simplifies (en eliminant le
controle faible de la vorticite a l’infini) et generalises (en dimension su-
perieure).
Notre approche est basee sur l’utilisation d’un lemme div-curl gene-

ralise (qui presente un interet en soi-meme) qui remplace le role de la
regularite elliptique qui etait utilisee auparavant. © 2000 Editions scienti-
fiques et medicales Elsevier SAS

INTRODUCTION

Incompressible ideal fluid flow is modeled by the Euler equations:

where u = (u 1, ... , Un) is the velocity and p the pressure of the flow.
This system of equations is physically justified when the effects of
viscosity are small. Here, we are particularly interested in irregular flow
regimes that attempt to grasp the convective aspects of turbulent flow. It
is well known that the ideal flow assumption breaks down at the interface
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between fluids and solids, through boundary layer effects. In general,
Eqs. (0.1) may be regarded as an appropriate model for high Reynolds
number flow far away from boundaries. Among the initial-boundary
value problems one may pose for the system (0.1), the full-space problem
is therefore the most natural one.

The theory of weak solutions for Eqs. (0.1) is well developed in two
space dimensions. The best results on the existence of weak solutions are

existence for initial vorticities in BMj n H-1 due to Delort [19], and
for initial vorticities in L ~ n due to Vecchi and Wu [44]. One very
important open problem is to determine whether these weak solutions
conserve kinetic energy or if it is possible to lose energy to the small
scales of the flow, i.e., through concentration of energy. Our main concern
in this work is to characterize those initial vorticities which generate flows

conserving kinetic energy, that is, without concentrations.
Our point of departure is a program set forth by DiPerna and Majda

in [16-18] to study the problem of existence of weak solutions. One
attempts to prove existence by producing an approximate solution

sequence with good a priori estimates and passing to the limit in the weak
formulation of the equations. DiPerna and Majda recognized that certain
physically interesting 2-D flows (vortex sheet initial data) would naturally
give rise to approximate solution sequences that might not converge in
Lfoc. To deal with that, they introduced the notions of reduced defect
measures, concentration sets and concentration dimension, attempting to
describe precisely the energy loss in an approximate solution sequence.
Their two-pronged approach to the existence problem was to show that
the a priori estimates imply that the concentration set is very small, in
the sense of Hausdorff dimension, and that if the concentration set is
sufficiently small, there exists a weak limit of an approximate solution
sequence which is, in fact, a weak solution. This approach was shown
to work for stationary problems but has not yet proven useful in the
time-dependent problem. Nevertheless, their work has been a very rich
source of ideas and originated much of the current research on the weak
solutions of the Euler equations.
As part of their investigation, DiPerna and Majda proved two results

of particular interest here. The first is an existence result for 2D
flows with initial vorticity in p > 1 [16, Theorem 2.1]. They
obtained a weak solution by showing that the approximate solution
sequence generated by mollifying initial data and exactly solving 2D-
Euler is strongly compact in Lfoc. The second result is a criterion for
strong convergence of an approximate solution sequence in terms of
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a logarithmic decay condition on the circulation of the flow on small
circles, [16, Theorem 3.1]. The subsequent research on this problem has
concentrated in determining more precisely for which vorticities in L 1
one can obtain a strongly compact approximate solution sequence. In
[9,10], Chae presented proofs of the existence without concentrations
for flows in the full plane with initial vorticities in the Orlicz spaces
L log L(R2) and for 1 /2. In [33] Morgulis solved
the problem for flows in a 2D bounded domain SZ, with initial vorticity in
Orlicz spaces contained in L (log L ) 1 ~2 ( SZ ) . P.-L. Lions proved an optimal
result for bounded domain flows, assuming that the initial vorticity lies
in the Lorentz space L ~ 1 ~ 2~ ( SZ ) . The results by Morgulis and Lions can be
easily extended to periodic flows or flows on a compact manifold.
Our objective here is to propose that the compactness of the sequence

of approximate vorticities in which we call H-1loc-stability, is
a sharp criterion for the strong convergence of approximate solution
sequences for the n-dimensional Euler equations. Such an H-1loc-stability
condition is implicitly present in Morgulis and Lions’ work on the 2D
problem. We will see that the sharpness of the H-1loc-stability as a criterion
for strong L2-compactness is essentially trivial for flows in a bounded
domain or on a compact manifold.
We want to put our approach in proper perspective with regard to

previous work in this area. To this end, we restrict our attention to

two space dimensions and, to further fix ideas, we assume that wn is a

sequence of approximate vorticities bounded in, say, LP, for some 1 
p  2. In rough terms, our problem consists of showing that a bounded,
divergence free sequence of vector fields u n in L 2 is actually precompact
by making use of additional information on the LP-boundedness of its
curl wn = curl un . To pass information from wn onto the un we have to

use the ellipticity of the system div un = 0, curl un = wn, which has been
done in the literature in one of two ways:

1. Study the properties of the Biot-Savart kernel as a singular integral
operator, mapping wn into u n ;

2. Introduce the streamfunction 03C8n, satisfying 039403C8n = and un =

Then use well-known regularizing properties of the inverse
Laplacian.

The two approaches are equivalent for flows on bounded domains. But
these are not equivalent in the full plane.
The first approach in the full plane is based on the Hardy-Littlewood-

Sobolev Theorem, which together with the L P -boundedness of the Riesz
transforms imply that the Biot-Savart kernel maps LP (JR2) into LP* 
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continuously. This, together with the Calderon-Zygmund inequality,
imply that un is bounded in which in turn is compactly
imbedded in 

The boundedness in of un cannot be derived, however, using
the second approach, because the streamfunction requires an additional
a priori bound in The difficulty lies with the fact that lfrn lacks
an a priori Lkc-bound, due to the growth at infinity of the fundamental
solution of the Laplacian in 2D (see [35] for an explicit example).4
One way of circumventing this difficulty with the second approach, is
to have additional control of the vorticity at infinity. This is the role of the

hypothesis of weak control of vorticity at infinity, imposed by DiPerna
and Majda in their proof of the logarithmic decay of circulation criterion
for strong convergence. We note that even with this additional hypothesis,
the proof of their result in [16, Theorem 3.1] is extremely laborious. Of
course, the first approach is another way to circumvent this difficulty, at
the expense of relying on delicate estimates (of singular integrals) that
become more intricate to extend to spaces other than LP , finally breaking
down as we go ’near’ L 1.

In this work we propose a third approach, in which a (generalized)
div-curl lemma plays the role that elliptic regularity theory plays in
the first two approaches. With this new approach we recover DiPerna-

Majda’s original LP result, obtain a complete and simplified proof of
the L(logL)a results stated by Chae, extend the L(logL)a and L ~ 1 ~ q ~
results by Morgulis and Lions to the full plane, and prove a strengthened
version of DiPerna-Majda’s logarithmic decay of circulation, greatly
simplifying the original proof and eliminating the hypothesis of weak
control of vorticity at infinity. Moreover, our approach applies equally
well to the general n-dimensional case; in particular, we extend the
circulation decay criterion (expressed in terms of Morrey regularity) to
the n > 2-dimensional case.

Nothing is said here about uniqueness. In this context we refer

the reader to the classical uniqueness results of Yudovich [47] for

c~ (~, t) E and of Vishik [45] for c~ (~, t) E Bl (L2~s (1I~2)), and

4 This subtle difficulty in implementing the second approach has been overlooked in
the proof of [10, Lemma 6], and therefore the proof given by Chae of existence without
concentrations for initial vorticities in L (log (II~2), 1 /2  a  1, is incomplete. We
note that an arduous and correct proof of a version of [ 10, Lemma 6], based on the first
approach described above, was given by Schochet in [38].
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their recent ’logarithmic’ refinements in [48,46]. The first examples of
nonuniqueness within the class of L2loc(Rn x R)-bounded velocities were
constructed by Scheffer [37] and Shnirelman [39].
The remainder of this work is divided as follows. In the first section we

introduce the notion of H-1loc-stability and we prove it is a sharp criterion
for the strong L2-compactness of approximate solution sequences. In
Section 2 we obtain existence without concentrations for 2D flows with

initial vorticity in LP, p > 1, in Orlicz spaces contained in L (log L )a ,
a > 1/2, and in the Lorentz spaces 1  2, by showing that,
in each case, the space in question is compactly imbedded in The

proof of existence is very simple in these cases. We consider the critical
Orlicz space and note that an observation of Chae reduces

the problem here to the previous cases. Finally, we present a proof of the

L~l ~2> case, based on the ideas of P.-L. Lions for bounded domain flows.
We prove that approximate solution sequences corresponding to mollified
initial vorticities in L(1,2)c are H-1loc-stable, even though L(1,2)c itself is

continuously, but not compactly imbedded in All these 2D cases

are singled out as they respect the rearrangement invariance property of
the 2D vorticity. Next, we move beyond the rearrangement invariant case.
In Section 3 we prove lack of concentrations if the velocity field belongs
to for some p > 2 with borderline regularity of
vorticity in ,~3./1~i ~ (II~2 ) . (The corresponding n-dimensional generalization
is outlined in Section 4.4). We then turn to the general n-dimensional
setup. In Section 4 we cast DiPerna-Majda’s circulation decay estimates
as bounds in the logarithmic Morrey space, > 1, which
we prove to be compactly imbedded in argument extends

naturally to higher space dimensions where p > n /2, is

compactly imbedded in and the result obtained is related to

work on well-posedness of the 3D Navier-Stokes equations with initial

vorticity in a Morrey space due to Giga and Miyakawa [22],
and to work by Constantin, E and Titi on the Onsager conjecture [13].
Finally, we conclude with two appendices. In Appendix A we include
still another proof which is interesting for its own sake, of the generalized
div-curl lemma stated and used in the first section. And in Appendix B
we provide a specific example for our convergence results in the context
of finite-difference approximations. We present the 2D high-resolution
central scheme recently introduced in [27] and we prove its H-1loc-stability.



377M.C. LOPES FILHO ET AL. / Ann. Inst. Henri Poincare 17 (2000) 371-412

1. STRONG COMPACTNESS OF APPROXIMATE

SOLUTIONS2014H-1loc-STABILITY
Let us start by fixing some notations. If ~ _ ~ (x) is a vector field on
then the Jacobian matrix D ~ has entries = A ball

of center xo and radius R is denoted BR (xo) . Let Q be a smooth domain
in ?". If X is any Banach subspace of we denote by Xc the space
of distributions in X with compact support in Q . We use to denote

Sobolev spaces and HS for the Hilbert spaces 
We begin by recalling from [ 16] the definition of approximate solution

sequences for the incompressible Euler equations (o.1 ), defined over any
fixed time interval T > 0.

DEFINITION 1.1 (Approximate Euler solutions). - Let uni-

formly bounded in L °° ( [o, T ] ; II~n ) ) . The sequence { u ~ } is an ap-
proximate solution sequence of the n-dimensional incompressible Euler
equations (o.1 ) if the following properties are satisfied.

The sequence { u E } is uniformly bounded in Lip ( (o, T ) ; 
L > 1.

P2. For any test vector field 03A6 E T) x Rn) with div 03A6 = 0
we have:

Remarks. -
1. In particular, u is a weak solution of the Euler equations (o.1 ) if it

forms a (fixed) sequence of approximate Euler solutions, u£ = u.
Thus, a weak solution, u, is an incompressible field, div u = 0, such
that for all test vector fields with div ~ = 0 there holds equality
in property P2,

2. In the general case, these weak formulations hold in some negative
Sobolev space tested against vector fields in H~ ( [o, T ) x I~n ) .
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It then follows from the assumed uniform bound on the kinetic

energy, u £ E that u E has the Lipschitz
regularity required in u £ E Lip((0, T ) ; for some

L = L (s , n ) > 1, consult [16, Lemma 1]. In particular, any H -S -
weak solution satisfies property PI.

3. The results in this paper (following the Main Theorem below)
apply to a larger class of approximate solutions { u £ } than those
classified by properties ~ 1-~3 . In particular, the requirement of
incompressibility P3 can replaced by the weaker H-1-approximate
incompressibility, namely

Let us introduce the curl of a vector field u = (u 1, ... , in I~n as the

anti-symmetric matrix w = curl u whose entries are = (u‘ )x~ - (u~ )x~ .
We will denote the vector space of n x n anti-symmetric matrices with
real entries by An .

DEFINITION 1.2 The sequence {uE } is called 
stable if {curl u~ = precompact subset of C ( (o, T ) ; 
An)). .

If { u £ } is an approximate solution sequence of the n-dimensional
Euler equations then we will refer to u8 as velocity and to curl u8 ==
c~£ as vorticity. Note that, in contrast with [16, Definition I.I], we
have not imposed any conditions on the behavior of u8 near infin-
ity in Definition 1.1. Consequently, the Biot-Savart Law, which relates
vorticity to velocity, is only valid up to an arbitrary harmonic func-
tion.

The above definitions are easily adaptable to flows on domains Q with
boundary; one needs only to remove the "loc" subscript in the function
spaces above and add the boundary condition u8 . n = 0 on a Q in the
trace sense.

We are now ready to state our main result.

THEOREM 1.1 (Main Theorem). - Let {u~ } be an approximate solu-
tion sequence of the n-dimensional Euler equations. If is -stable

then there exists a subsequence which converges strongly to a weak solu-
tion u in T ] ; 

The conclusion of the Main Theorem may be referred to as strong
compactness of the approximate solution sequence. In particular, 
stability is a criterion which excludes the phenomena of concentrations,
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[16]. The proof of this theorem relies heavily on the following time-
dependent generalization of the classical div-curl lemma of Tartar and
Murat [40, 34] .

LEMMA l.l (Generalized div-curl lemma). - Fix T > 0 and let

{uE (~, t) } and { v£ (~, t) } be vector fields on I~’~ , for 0  t C T. Assume
that:

This generalization reduces to the classical div-curl lemma (see [40])
when the vector fields uE and VC are constant in time, since the imbedding

~ is compact. Although this generalization is not

surprising, it has not appeared previously in the literature, and a proof-
interesting for its own sake, is given in the appendix. Equipped with the
generalized div-curl lemma we now turn to the

Proof of the Main Theorem. - Our objective is to apply the generalized
div-curl lemma with the same two vector fields, v£ = u£ .

Note that since UC is divergence-free and H-1loc-stable, hypothesis
A2 and A3 are automatically satisfied, and thus it remains to

verify Since is assumed to have a uniformly bounded ki-

netic energy, UC E L °° ( [0, T]; we can extract a weak-* con-

verging subsequence, - u in (for exam-
ple, by taking a diagonal of weak-* converging subsequences in the
N-balls, and letting N --~ oo ) . Thus, the first

half of Al holds. Moreover, the L2loc-energy bound ( { u £ } bounded in
L °’° ( [0, T ] ; together with the Lipschitz regularity assumed in
~ 1 ( { u ~ } bounded in Lip((0, T); with L > 1 ), produce,
by the Aubin-Lions lemma [41], a strongly converging subsequence in

C ( [0, T ] ; since L2loc  H-1loc  H-Lloc. Thus, the second half
of A l also holds.

Granted that hypothesis ,,4.1-,A.3 hold we can now apply the general-
ized div-curl lemma with UC = vc, to conclude that there exists a sub-

sequence such that ~ ~ D’([0, T] x l.l~n ) . This implies
that uCk converges strongly to u in L 2 ( [0, T ] ; Strong quadratic
convergence is all we need: it is then immediate to verify, by passing to
the limit in property P2 of Definition 1.1, that u is a weak solution. D
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Remarks. -

1. We do not know whether the converse of the Main Theorem 1.1
is true. Of course, if - u strongly in L 2 ( [0, T ] ; II~~ ) )
then - curl u strongly in L 2 ( [0, T ] ; (I~n ; An ) ) . However, it
is not clear how to improve the L2 into the C° convergence, required
by Definition 1.2 of -stability, nor is it clear how a weakened
version of that Definition still yields the main Theorem 1.1.

2. In contrast, for flows over bounded simply-connected domains,
H-1loc-stability is equivalent to strong compactness. The proof is a
trivial consequence of elliptic regularity theory in H-1. To see this,
fix an approximate solution sequence to the Euler equations on
a bounded, smooth simply-connected domain SZ C ?". Denote by
~-1 the solution operator of the homogeneous Poisson problem, so
that 0-1 : (S2) ~ Ho (SZ).

Since = it follows that is precompact
in C ( [0, T ] ; L 2 ( S2 ; I~n ) ) if and only if is precompact in

C([0~ 
The interesting consequence of this equivalence is that, if u£

conserves kinetic energy in time then any strong limit u will as
well. 

’

2. THE 2D PROBLEM-REARRANGEMENT-INVARIANT
SPACES IMBEDDED IN H-1loc (R2)

In this section we will concentrate on the initial value problem for the
2-dimensional incompressible Euler equations in the full plane.
The study of incompressible fluid motion in two space dimensions

becomes considerably simpler than the n > 2-dimensional case, because
the 2D vorticity equation reduces to the (scalar) transport equation

It is governed by a divergence-free velocity field, u, which is recovered
by the Biot-Savart law u = with K (~ ) : _ ~ 1 / (2~ ( ~ ~ 2 ) . Of course,
this is literally true only for smooth solutions, where (2.2) implies
that (at + u . = 0 for all smooth ~’s, and hence, since u is

incompressible, that c~ is a renormalized solution, [15], in the sense that
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It follows that the total is conserved in time, and
hence the distribution function of cv (with respect to the 2D Lebesgue
measure), ~,~,~.,t~ (a) := meas{x t) ( > a }, is also invariant in time.
Our task is to carry these arguments of smoothness to the limiting
cases of regularity, and to this end one employs appropriate families of
(regularized) approximate solutions.
We say that an approximate solution sequence of the 2D incompress-

ible equations, {u£}, is associated with initial vorticity 03C90 if 

lim u~ (., 0) = uo = K * wo. Which 03C90 give rise to permissible initial ve-
locities uo = K * cvo E Since K belongs to weak-L2(R2) and
since convolution maps boundedly, * : L2~°° x -~ it follows

that Wo E L 1,2 will do.
Let us mention a few possible approaches to generate approximate

solution sequences for the incompressible 2D Euler equations in ac-
cordance with Definition 1.1. DiPerna and Majda [16] have indicated
that one may obtain approximate solution sequences associated with
c~o E H-1 (IL~2) by the following three strategies : 5

~ Mollification of initial data. Using the global well-posedness of
the 2D Euler equations for smooth initial data, one obtains a

family of approximate solutions, { u £ ( ~ , t ) }, corresponding to the
mollified initial data, { u o : - 1]s * u o } (where ~~ denotes any standard
Friedrichs mollifier);

. Navier-Stokes solutions. Taking the vanishing viscosity limit of the
2D incompressible Navier-Stokes equations, [41];

w Vortex methods. Approximating the solution by a desingularized
vortex (blob) method, [12,2,26]. There is a large literature devoted to
the convergence of these methods-consult the recent contribution

[29] and the references therein.
In addition, there is a whole variety of classical discrete methods-íinite-
difference, finite-element and spectral schemes, with particular emphasis
on the 2D vorticity formulation. We make no attempt to list them all,
but refer instead to prototype studies in [3,7,24,23,21] and the references
therein. In particular, in the context of finite difference methods we refer
to the high-resolution central scheme recently introduced by Levy and
Tadmor in [27], which is singled out in the present context for its notable
stability properties. This central scheme and its H-1loc-stability properties
are outlined in the appendix.

5 A complete discussion of the relevant temporal estimates involved in Definition 1.1
can be found in [25].


