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FREE DIFFERENTIABLE S1 AND S3 ACTIONS
ON HOMOTOPY SPHERES
BY DAN BURGHELEA (*)

0. INTRODUCTION. — In this paper we shall study the differentiable
free S1 (resp. S^-actions on homotopy spheres 271, and their classifications up to a
(1) differentiable equivalence;
(2) topological equivalence;
(3) differentiable free S4 (resp. S^-cobordism.
Throughout this paper, manifolds, G-principal bundles, cobordisms, etc.,
are always meant to be oriented, and actions, diffeomorphisms, homeomorphisms, homotopy equivalences, are orientation preserving.
The main results of this paper can be summarised in the following
theorems :
THEOREM A. — If IP^1 (n ^ 3) has a differentiable free ^-action, then
there exist infinitely many other differentiable free S1 -actions topologically
nonequimlent, and non-'6 rationally free S^cobordant 9) .
THEOREM B. — J/*2^4-3 (n^ 4) has a differentiable free ^'action, then it
has infinitely many differentiable free y-actions topologically nonequiwient
and non (< rationally free y-cobordant ".
Notice that if 2V1 has a differentiable or topological free S4 {resp. S^-action
then k = c l t - \ - ^ . ( k = ^ t - { - S S ) for some natural number (.
(*) The author was partially supported by the <( Fonds Suisse de Recherche Scientifique".
ANN. EC. NORM., (4), V. —— FASC. 2
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THEOREM C. — Two differentiable free S1 (resp. S^-actions on homotopy
spheres, which are rational free S1 (resp S^-cobordant, are free S1 (resp. S 3 )cobordant,
THEOREM D. — (a). Two differentiable free ^-actions on a n-homotopy
sphere, which are rational free y-cobordant, are topologically equivalent
[except for n == 7).
(&). The set of all differentiable free ^-actions on a 2 n + ^.-homotopy sphere
(n 7^ 2), rationally free ^'cobordant to a given differentiable free ^-action
on ^n+l^ contains only 2d(^) topologically nonequivalent S^actions, where

d (I;2"4"1) is a non-negative integer, smaller than or equal to
positive real number a, [a] denotes its integral part).

/

——

(for a

In some sense b is analogous to a, with S^actions replaced by S^actions,
but only outside the " world 5) of the prime number 2.
REMARK E. — The topological equivalence of differentiable free
S (resp. S^-actions on homotopy spheres, implies their (differentiable) free
S1 (resp. S^-cobordism but not their differentiable free S1 (resp. S 3 )equivalence.
1

STATEMENT F. — There exist oriented differentiable spin-manifolds M*^
with non-trivial topological S1-action and A (M4") ^zz 0.
Theorems A and B are derived using the functorialized form of the
Browder-Novikov theory (due to Denis Sullivan). This theory has been
previously applied to differentiable free S1 (resp. S3)-actions by Hsiang [7],
who proved the existence of at least one homotopy sphere IP^1^ n ^ 3
(resp. one homotopy sphere S4"4'3, n^2) with infinitely many differentiable
free S1 (resp. S^-actions, topologically nonequivalent.
The main progress represented by theorems A and B lies in their main
corollary, namely : S2^1 {n ^ 3) (resp. S4^3 (n ^ 2)) has infinitely many
topologically nonequivalent differentiable free S1 (resp. S^-actions. At
the same time they give a partial answer to problem 2 in (G. E. Bredon and
C. N. Lee, p. 235 [10]). We should note that theorem A for n = 3 has been
previously proved by Montgomery and Yang [9] by rather different methods.
Theorem C is derived as a consequence of a nice suggestion of Denis
Sullivan to reconsider the old Thorn's definition of rational Pontrjagin
classes of polyhedral rational hornology manifolds {see also Milnor [8]). It
can be also recovered by using the Atiy ah-Singer invariant associated
to a differentiable free S^-action; here, however, we prefer to use the more
topological method, apparently simpler.
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Statement F is a consequence of the methods and computations used
in the previous sections. This statement can be of some interest if we
notice that Atiyah and Hirzebruch [1] have shown that any differentiable
oriented spin-manifold which admits a non-trivial differentiable S1-action
has A (M '^) = 0. By statement F, one gets examples of differentiable
oriented spin-manifolds showing that :
(1) The Atiyah-Hirzebruch result is not true in the TOP-category,
although A is still defined.
(2) There exists a compact differentiable manifold whose topological
group of all homeomorphisms contains a compact connected Lie group,
while that of all diffeomorphisms (with the C'-topology) does NOT.
Important : When no confusion could occur we simplify the notation
omitting the (< indexes 9 ? ; for instance instead of X^, X^ we shall write X^
and instead K^, K^ we shall write K^ or K, or only Ka or K,.
1.

REVIEW OF SULLIVAN'S THEORY AND THE S U B G R O U P G (M). — In this

section we briefly review the Sullivan exact sequences which functorialises
the Browder-Novikov theory, and the homotopy type of H/Top. Our contribution consists only in the definition of the subgroup G (M 4 ^) C^M 4 ^; H/0]
which will be very important for the computations below and whose
main property is pointed out by proposition 1.5.
We will follow the standard notation 0, Top, H, H/0, H/Top {see [13])
recalling that all these space are oo-loop spaces and all the natural maps
0 -> Top -> H -> H/0 -> H/Top are maps in the category of oo-loop
spaces [16]. We use " d ?? for differentiable, " t " for topological and when
we treat two of them simultaneously, we use " c 5? for (< d " or u t" and C
for 0 or Top. Thus a diffeomorphism (homeomorphism), will be referred
to as a ^-automorphism ((-automorphism).
Following Sullivan, for any compact c-manifold (M", ^M") with
possible empty ^M, one defines 'Sc (M^) (respectively "Sc (M^, ^M")) as
the equivalence (concordance) classes of homotopy equivalences
h: (N", ^N") -> (M'1, ^M") (respectively homotopy equivalences A, which
restricts on ^N to a c-automorphism).
Two homotopy equivalences hi : (N?, W) -> (M71, ^M^), i = 1, 2, are
concordant, if there exists a c-automorphism I : (N^, ^N^) -^ (N^, ^N^),
such that h^.l is homotopic to Ai, (respectively iff there exists a c-automorphism I such the h^.l ^ = h^ |^, and A,>J and Ai are homotopic by
a homotopy constant on ^N1. "Sc (M") and 3^ (M^, ^M") are obviously
sets with a natural base point represented by id : (M", ^M") -> (M71, ^M").
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One has an obviously defined sequence of based point preserving maps
/I)

( ^c (M", ()M'1) -^ ^ (M71) 4- ^c (^M^)
with 0. ^= *
(
(-Ar denotes the base point)

i. e. 0. 3° sends all elements of '§c (M", W) to the based point of ^Sc (W).
If n ^ 3, 4, the (< Poincare conjecture " implies that S, (S") == *, and
'Sc (S") = Qn (with Milnor-Kervaire notation [17]).
PROPOSITION 1.1. — IfW is a homotopy sphere the sequence (1) is exact
(as sequence of base pointed sets).
(The proof is obvious.)
If (M", W) is a compact ^-manifold, ignoring the differential structure, one gets a compact ^-manifold; therefore one has a natural map
^M : ^ (M) -> S, (M) (resp. ^'^^(M, ^M) -> -§, (M, ^M)) such that
J^u^ = ^.J^ and ^.^ = u^.^.
Let (M", ^M72) be a compact c-manifold with a possibly empty boundary.
In [13] D. Sullivan defines the following based point preserving maps :
(i)

K? : ^c (M^) — [M71; H/C]

and

K?'^ : ^ (M", ^M"), -> [M", ^M^; H/C]

( [ . . . ; H/C] denotes the abelian group of homotopy classes of continous
maps in H/C); i f / : [M'\ ^M"; H/C] -> [M"; H/C] denotes the grouphomomorphism induced by the inclusion (M", 0)C(M 71 , ^M") and p^^ or
p^ denotes the group-homomorphism p : [ . . . , H / 0 ] - ^ [ . . . , H/Top]
induced by p : H/0 -> H/Top, one has :
jc K^ w = K? . J^,
(ii)

p^1. K^ = K?. u^'
and
p^^ ()M . K^5 ()M = K?1' ^. u^1'()M
^:[M-,M-;H/C]->P.,

where P, = Z, 0, Z., 0 as n = 0, 1, 2, 3 (mod 4); A, verifies /^.p^ == X^,
and A,^ is a group-homomorphism for n ^ 0 (mod 4). We will give below the
explicit definition of A,^.
(iii)

O^^Vc^M-,^),

where 6^ (^n) is the subgroup of 9^ (the group of homotopy spheres)
consisting of the elements which bound Ti-manifolds, hence Qn (<^) 7^ 0
only for n odd.
In fact Sn is derived from the natural action of Qn on '§d (M, ^M), which
is obviously defined using the connected sum (recall Qn = 'Sd (S71)). Sn is
given by the action of Qn (^), on the based point * of ^ (M, ^M).
Let P = Qn (^71) if c = d and P = -k if c = t. One has :
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(M", ^M") is B Compact

c-manifold with ^M" 7^ 0, n ^ 6, 7ii (N^) = iii (^M") == 0, then in the
following commutative diagram the horizontal lines are exact sequences
of sets
P -s^ ^c (M^, ^M") ^ [M, ^M; H/C] -^> P.
MM71)-

->[M;H/C]

*.

Now, we briefly describe the homotopy type of H/Top, following
Sullivan [14], Kirby and Siebenmann [6]. First recall that both BO and
H/Top are oo-loop spaces (H/Top by the work of Broardman-Vogt, and BO
by the Bott periodicity). If T is an oo-loop space, [. . ., T] is a representable half exact functor in the sense of Dold with value in the category
of abelian groups. Let Z, Q be the rings of integers and rational numbers
respectively. Put
Z(2) = = j ^ e Q | m , n e Z , n o d d l Zodd = j ^ € Q | m, neZ, n =2^ aezi;

Z(2) and Zodd are subrings of Q.
It is well known that Q, Zo^? sind Z(2) are Z-flat modules, therefore
[ . . . , T](g)zQ, [ . . . ; T](g)zZ^ and [. . . ; T] 0z Z^ are also representable-half exact functors and the representation spaces Todd? T2, TQ are
still oo-loop spaces.
The natural transformations of half exact functors
.[..., H/Top]®^
C...,H/Top]^

^[...; H/Top) ®^ Q
'[...; H/Top]®^Zodd^

induce the following diagram in the category of oo-loop spaces
^^^(H/Top)^^^^
H/Top ^^

^^^(H/Top)(Q)
^^o^cT^-^^^

_^
(H/Top)(odd)

which, viewed in the homotopy category, is cartesian.
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Then, by general

(<

categorical

5?

considerations one has

Remark 1.2. — Two continous maps /*, g : M -> H/Top are homotopic
iff :
(i) ^2 ./* and r^. g are homotopic;
(ii) 7-odd./* and r^.g are homotopic.
Sullivan has shown (combining with Kirby-Siebenmann results [6]) that
(H/Top)^) = JJ K (Q, 4 0.

(H/TOP)(.) = ]^ K (Z^, 4 i) x f[ K (Z,, 4 i + 2)

;•==!

;•==!

;=0

and
(H/Top)(odd) = BO(odd).

Via these identifications, ip is given as composition of the projection on
the first factor with the natural map induced by Z ( 2 ) C Q , and r viewed
as an element of [BCLd; H/TOP(Q>] =J^H /1^ (BOodd, Q) is represented
^==1
by £ == (l^ Zn, . . .) with L,,€l-r11 (BO, Q) the Hirzebruch classes.
The composition of r_> with the second factor projection of
Y[K (Z(,), 4 OxJ^K (Z,, 4 i + 2)
i=l

;'==0

can be viewed as an element of

j~[ H 4 ^ 2 (H/Top, Za), given by
i=o

4

3

W = (w^ We, Wio, . . . ) with ^^eH ^ (H/Top; Z^).
We define V,^ (/*) = < W (M)./1* (W), [^ >, where
fundamental classs of
H. (M, ^M; ZQ

and

[^ denotes the

W (M) == 1 + Wi (M) +... + Wn (M)

the total Stiefel-Whitney class of M; we also define
^ (f) = i< L (M).(rodd.f)* (x-), ^ > 0,
where [^G H/./, (M171, ^M 171 ; Z) denotes the fundamental class M471 given by
the orientation, and L (M) = 1 + ^. (M) + • • • ^A (M) the total Hirzebruch
class of M.
(1) One denotes by g * the homomorphism of cohomology groups induced by the continous map g : X ->• Y.
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If p^'^ is the group homomorphism induced by p : H/0 -> H/Top,
we put
^ = ^ • P^ ^

and

^, = ^ ^. pM, OM

respectively (notice that P^+i == 0 hence V^+i and X^ are the trivial
maps).
It is not obvious that ^+2 is a group homomorphism, however, special
properties of the classes ^4/04-2 resulting from the product formula for
the Kervaire-Arf invariant [11] imply
^k^(fg)-^^(f)^^(g).

If we consider §a : H/0 -> BO, and ^ : H/Top -> BTop as natural maps
classifying the principal fibrations 0 -> H -> H/0 and Top -> H -> H/Top,
respectively, then
(rodd.n* (^) = W)* (h) + (^ (Is) +...,

where i^GH^ (BC; Q) represents the universal Hirzebruch classes
(BO -> BTop induces an isomorphism of the rational cohomology).
Notice that if t denotes the map t : M -> BC classifying the tangent
bundle of M, then L (M) = (* (1 4- £'), and consequently

^ (fg) = I < <* (i + ^). (^ (fgr ^ ^ >.
Since §c •* H/C -> BC is a map of oo-loop spaces we have
1 + ^ (^)* 0?) == 1 + ((3f) (^))* (^) = (1 + (^)* ^) (1 + (^)* (^))
= 1 + W)* ^ + W ^ + ((^)* ^).((^)* ^)
and as

^(0 + ^k(g) = |<f* (1 + ^).((W ^), ^> + 1<<* (l + ^W) (^),^>
one gets
^u (fg) - ^ (f) - ^ (^) = | < <* (1 + ^). ((^f)* ^). ((^)* ^), ^ >,
which shows that ^4/0 is not in general a group homomorphism.
However we will define a subgroup G (M47') C[M47', ^M 4 ^; H/0] such
that Xf^. restricted to G (M471) is always a group homomorphism. For that,
let us consider the universal reduced Pontrjagin character viewed as a map
00

P : BO-^J^j[K(Q, 4 i).

If we denote by pL^J the projection of
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n

[i]
K (Q, 4 t) on JjK (Q, 4 i), Mid by pM = ptH.P, then we define

/

[a

\

G (M4^) = Keri [M4^, ^M4^; H/0] —JJH^ (M4^, Q) j,

where the homomorphism in parentheses is the composition

4

4

-m m H4

4

[M ^, W-; H/0] -^ [M ^, ^M ^ BO] -> [M^; BO] ^FJ

' (M4^ Q)

(the first homomorphism is induced by S,i and the second by the inclusion
(M,0)C(M,^M)).
PROPOSITION 1.3. — X^. : G (M171) -^ Z is a group homomorphism.
Proof. — Using the definitions of G (M 471 ) and P, we easily check the
equivalence of (i), (ii), (iii) (iv) :
(i) /^(M^);
(ii) (P (§/')), ==0, i = 1, 2, • • • ? o p where (P), denotes the i-th component of the Pontrjagin character;
(iii) (S/*)* p^; = 0, i = 1, . . .,
classes;

^ ? p,,, being the universal Pontrjagin

(iv) (§/•)* ^ = 0, i = 1, ...,[J]Then, iff, g e G ( M U )
(§/•)* (^).(^)*(^)=0
hence
^*A (fg) = ^k (f) + ^ (g)
and similarly
^u (/") = - ^*A (f), f e (M4*, ^M4*; H/0]

and

PROPOSITION 1.4.
4

dima (G (M ^ (g)z Q) =

*
^ dim H4' (M; Q)

-m-1

f ' f = 0.
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and if we denote G' (M"*) = Ker (Au.: G (M7-*) -> Z), then
k

4

dime (G' (M *) <g)z Q) ^ ^

dim H4' (M4*; Q) - 1.

-mIn spite of its lack of geometric meaning the estimation of dinio (G (M471) (^)z Q)
will be very important in the proof of the theorems A and B, namely it
will alow us to get estimates of the cardinality of some subsets of2^(M, ^M)
and Srf (M).
2. S1 A N D S^-ACTIONS A N D THE H O M O T O P Y T H E O R E T I C A L

EQUIVALENCE

OF VARIOUS CLASSIFICATIONS PROBLEMS. — In this section, the problem
of the classification of diflerentiable (topological) free S1 (resp. S^-actions
on a homotopy sphere 2^ will be reduced to a homotopy theoretic problem;
also from the existence of a differentiable rational free S1 (resp. S^-cobordism between two differentiable free S1 (resp. S^-actions, we derive the
equality of the Pontrjagin numbers of their characteristic maps.
Assume G to be S 1 or S3, the compact Lie groups of complex numbers z
with z = 1, respectively of quaternionic numbers w with |] w || == 1.
Before passing to definitions we invite the reader to keep in mind the
conventions from the beginning of the introduction (§0).
DEFINITION 2.1. — A differentiable (topological) action of G on the
differentiable (topological) manifold M", is a diflerentiable (continuous)
map T : G x M ^ -> M^ such that :

(i)

T

(gi • ^; x) = T (gi; T (g.>, x));

(ii) T (e, x) = x, where <( e " is the unit element of G;
(iii) T (g, . . .) : M" -> M" is a diffeomorphism.
If M'1 is a manifold with boundary, condition (ii) implies that the boundary is invariant under the action, hence one can consider the restriction
of the action to the boundary.
The triple (G, T, M.'1) will be called a G-manifold, and the triple
(G, T/GX^M, ^M) will be called the boundary of the G-manifold (G, T, M)
(and will be denoted by 0 (G, T, M")).
DEFINITION 2.2. — a. Two differentiable (topological) G-manifolds
(G, T/, Mf), i = 1, 2, are called differentiably or topologically equivalent,
iff there exists an orientation preserving (Lie) group homomorphism
a : G -> G, and a diffeomorphism, respectively homeomorphism, h: M^ -> M,',
such that T^ (a (g), h (x)) = h (Ti (g, x)).
ANN. EC. NORM., (4), V. —— FASG. 2
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&. Two differentiable G-manifolds (G, T/, M?), i = 1, 2 are called
G-cobordant iff there exists a G-manifold with boundary (G, T, W^) such
that () (G, T, W^) has two connected components differentiably equivalent one to (G, T,, M^) and the other to (G, T., - M^) (- M^ denotes the
manifold with the same topological underlying space and inverse orientation). Obviously G-cobordism is an equivalence relation. If (G, T, M71)
is a G-manifold and x^M" a point, denote by G^ = { g^G [ T (g, x) = x }
the isotropy group of the action T at the point x.
DEFINITION 2.3. — a. The G-manifold (G, T, M71) is called free (in fact
the action T is called free) respectively rationally free if for any rr€M,
G,,. = 0, respectively G^ is a finite group. In the topological case the
action T is free if G.,. = 0, M -> M/G is a (locally trivial) principal G-bundle,
and M/G is a topological manifold. Both of the last conditions are obviously
superfluous if the action is differentiable.
&. If in definition 2.2 &. one replaces G-manifold by " free G-manifold "
respectively <( rationally free G-manifold 5? we get the corresponding notion
of " . . . free G-cobordism " respectively (< . . . rationally free G-cobordism ".
Notice that for G = S1 the notion of (< rationally free " is equivalent
to the notion of " fixed point free 9? .
Let (G, T, M") be a differentiable (topological) free G-manifold; since
n
M ^Mn/G is a principal G-bundle, it is completely classified by its
" characteristic map 5 ? , namely a homotopy class F : M'VG ~> BG. If
(G, T7, M^) is another differentiable (topological) free G-manifold equivalent to (G, T, M), f : M^/G -> BG, its corresponding homotopy class
(characteristic map) and h : M'VG -> M^/G the homotopy equivalence
(considered as an homotopy class) induced by h {see definition 2.2), then
f • h == /, because the automorphism a preserving the orientation (of G)
lies in a 1-parameter subgroup, consequently it induces a homotopy
equivalence of BG homotopic to the identity. Hence :
Remark 2 . 4 . — The differentiable (topological) free G-manifolds (up to
an equivalence) are completely determined by the equivalence classes
of pairs (M/G, f : M/G -> BG), f being thought of as a homotopy class.
Two such pairs (M;/G^>BG), (M:/G-^BG) are equivalent iff there
exists a diffeomorphism (homeomorphism) t : M^/G — M^/G such that
f.t^f, ( 2 ).
(2) ~ means homotopic.
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Let us denote the set of all such equivalence classes of pairs by "Act^
respectively "Act^ (the diflerentiable, respectively topological, case).
Notice two differentiable (topological) free G-manifolds (G, T\, M^), i = 1, 2
are differentiably (topologically) free G-cobordant iff the pairs M^/G -^ BG
and M;/GABG define the same element in U^nc (BG) (Q^c (BG)),
the oriented differentiable (topological) bordism of the space BG.
We have the following commutative diagram
"Actg-^^-din^BG)
s

^1
^
/^

t

!
^

G

Act -^->^-dimG(BG),

the maps co^ and ^ being surjective.
PROPOSITION 2.5. — If 2^ i5 a homotopy sphere and (G, To, 2^) a d!i/ferentiable (topological) free G-action, then :
(a). If G == SS ^M n = 2 k + 1.
(&). Jf G = S3, ^en n === 4 fc + 3.
(c). TAe principal G-bundle 2^ -^ 2^/G 15 n-unwersal ( 3 ).

(c) is obvious because of the nullity of the homotopy groups of 2^ up
to dimension n — 1. a and & follow from easy spectral sequence arguments (see for instance [7]).
Therefore if we choose a fixed differentiable (topological) free G-action
on the homotopy sphere 2^, (G, To, 2^) the characteristic map f^: 2^/G -> BG
defines a map
^ : ^ (IS/G) -> ^Act" (G),

(^ : ^ (2S/G) -^ <Ac^ (G))

which by (c) is clearly injective, and the diagram
^ (iS/G) ^Act-(G)
^ (IS/G) -^ Act71 (G)

is commutative.
Hence we have
PROPOSITION 2.6. — The equivalence classes of differentiable (topological)
free G-actions on homotopy spheres of dimension n, can be identified with
^(^/G) (MW)).
(3) For the definition of n-universal principal G-bundle see A. BOREL, Sur la cohomologie
des espaces fibres principaux (Ann. of Math., vol. 57, 1953).
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It is relatively easy to check that ^ (2^/G) (S< (^/G)) have infinite
cardinality and that the map ^ (2^/G) -> S, (2^/G) (n-dim G ^ 6) has
finite fibres by applying the Sullivan exact sequences from paragraph 1.
The first statement is already proved in [7] and the second one is a
straightforward consequence of the finiteness of 6^ and of [2^/G; Top/0]
(wich is finite because FJ/G is a finite CW complex and Top/0 has
finite homotopy groups [6], [17]).
In the differentiable case we are not interested in all actions on all
homotopy spheres but in that subset of 2^ (2^/G) which corresponds to
the actions on the homotopy sphere 2^ ^et us denote this (base pointed)
subset by S^0 (2;/G).
We will try to characterize the base pointed set S^ (2^/G) in such a
way as to make possible the estimation of its cardinality.
We start with Bo -> 2^/G, the differentiable disc bundle associated
to the fibration 27; -> 2^/G of the differentiable free G-manifold (G, To, S^).
(The dimension of the fiber is 2 for G = S1 and 4 for G = S3.) Bo is
then a differentiable manifold whose boundary is S^* Of course, the disc
bundle Bo -> S^/G defines a base point preserving map % : 2^ (2^/G) -> S^ (Bo)
and one checks using the explicit defination of K^0 and K"° that the
following diagram is commutative :
^(^/G)—^^(Bo)
| K^/e

]$."<)

[I^H/Ol-^^H/O].
Recall that % is defined as follows ^ {f : M -> r;/G) =^{f) : M -> Bo
where M is the total space of the pullback of the differentiable disc bundle
Bo -> 2^/G by a differentiable representative of /, and ^ (/*) is then the
corresponding covering map which is a homotopy equivalence of pairs

%(/'):(M,^M)->(Bo,^Bo).
Moreover, since [2^/G; H/OJ-^^o; H/0], induced by the homotopy
equivalence Bo -> 2^/G, is a group isomorphism and K^0 is injective, as
follows from Sullivan's exact sequence (§ 1) and Proposition 2.5, a and &,
one derives that ^ : S^ (2^/G) -> ^ (Bo) is also injective.
In paragraph 1 we have defined 0 : 3^ (Bo) -> S^ (^Bo) = '§d (^);
applying proposition 1.1 one gets :
PROPOSITION 2.7. — The equivalence classes of differentiable free G-actions
on homotopy spheres ^, i. e. the set S^ (S^/G), is identified with
Ker (^.%) = (^.5c)~1 (*), where * is the base point of 'Sa (^/G) as soon as
one knows that ^ (rj/G) ^ 0.
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Proposition 2.7 is important, since with the aid of this characterisation
of '§y (S^/G), we will be able to write down a diagram using the Sullivan
exact sequences, which makes possible the estimation of the cardinality
of S|?'01, as shown in the next section.
PROPOSITION 2.5. —- {d) If (G, To, 2^) is a differentiable free G-action on
the homotopy sphere 2^, S^/G has the homotopy type of CP^_i if G == S1 or
of HP^ if G = S3.
4

{e) Bo is a differentiable manifold with boundary of the same homotopy
type manifold with boundary as
(CPn^_\ Int D^1, ^D^\ if G1 = S4
\

and

2

/

/HP^_i\ Int D^1, ^D^ if G == S3.
\

4

/

To simplify the notation we will write oCP^__i respectively oHP^_^ for
2^/G if G == S1 respectively G = S3, and oCP/^i respectively oHP^^ for
2

4

Bo if G = S1 respectively S3. We consider the following diagrams, where
the right vertical lines are given by the exact sequence of the pair
( o . . . P . . . , ^ D . . . ) ( 4 ).
[2(^OP^);H/0>
|A

^<^^

0——-^(o^i^oCP^i)-^——^^ / doCP^pH/O]-9^^?^^
r^J

T

y ,

<-^

Y

O^Srf(oCP^i)^———————^CoCP/^; H/0],——-0
(1)

^\

1

\

Sd(<?oCP^)Ar————^-CW+i; H/0])^p,

\x

/
Krf

0———^ (^)

>C,CP^ ; H/O)^2^?^

CS6oHP^;H/0]^
^^-^
0———^(A, ,d,HP,,,-^CoHP^l > ^ o^I ; H/O]^^/^

w

fe
Ko.
, ^ \
.
0——S^,HP^,—————————C,HP^, ; H/0].———0

4 -V

K

^

\

•V6oHP^\-——————^C^MPA+I / "/"A-P,
V<

0

Kr/

-/

^

\-,

^4./r

——-^^^—————^o^ ^/^———-^^^

(t) By ^ we denote the suspension.
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Almost all of the maps have already been defined in paragraph 1, and the
commutativity was also stated by the propositions and remarks of this
section and previous ones, except the upper right triangle
[:£(a,CP^),H/0^
(A

^<^

CoCP^ . <Al. H/0]-^±^P^

and the analogous diagram for oHP. . ..
Notice that 2 (^ oCP^+i) is still a topological manifold. Define t exactly
as X, but remark that all the characteristic classes vanish, hence
W ( 2 ( ^ o C P / ^ ) ) = 1 and L (2 (^oCP,^)) = 1.

Therefore if k is even

t {f) = < /•* S* (W), I [J. > and if /c is odd t (/•)== ^ < /•* S* (i?), [^ >.

With

this definition ( is always a group homomorphism. Define A as the
group homomorphism induced by the map of degree 1,
(oCP^i/^ oCP^i) -> 1 (^ oCP^i),

which occurs in the Puppe-sequence of ^oOP/^i — oCP/,+i.
One checks easily the commutativity of the triangle using the definitions
of t, X and A.
According to Sullivan, all horizontal lines are exact sequences of sets
(see § 1) and by homotopy arguments the vertical lines are exact sequences,
the left ones of pointed sets and the right ones of abelian groups.
The diagrams will allow us to get good estimates of the cardinality of
S^701 (2^/G) as will be explained in the next section.
Next, we would like to make some comments on the case of the differentiable (topological) rationally free G-actions.
We consider then the maps
CP, ^ K (Z, 2) -t K (Q, 2)

and

HP, ^ K (Z, 4) ^ K (Q, 4).

where hi, denotes the projections on the /c-th Postnikov term in the Postnikov decomposition of CP^ f^ich happens to be K (Z, 2)] respectively
of HP,.
h^ is a homotopy equivalence, ^4 and h are rational homotopy equivalences (this means they induce an isomorphism for the homotopy groups
tensored with Q over Z, and then for rational cohomology).
Assume one has a rationally free differentiable G-manifold (G, T, ]VT1).
We attach a cohomology class £ € H 2 (M/G$ Q) if G = S1, or a cohomology
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class seH^M/G; Q) if G == S3, which, in the particular cases of free
actions, represent the rational Euler class of the oriented fibre bundles
M -> M/G. The existence of the class £ comes from the Leray spectral
sequence for cohomology with rational coefficients associated to the projection M -> M/G. As far rational cohomology is concerned M — M/G
ressembles a fibre bundle with spheres as fibres. In fact the map M -> M/G
is surjective and the fiber at any point is a rational homology sphere,
namely the homogeneous space G/G.z. where G^ is a finite subgroup. If
G = S1, G/Gx is homeomorphic to S1 and if G = S3 it is homeomorphic
to S^G^., which is always an oriented differentiable manifold with the
property that S3 -> S^G^ induces an isomorphism for rational cohomology.
Moreover, if we are concerned with cohomology with rational coefficients
the Leray spectral sequence of M -> M/G gives a spectral sequence which
converges to ^ H* (M; Q) whose E 2 is equal to H* (M/G; £\ Here £
denotes the local coefficient system defined by attaching to any point
x^M/G the group H* (p-1 {x)', Q) {see appendix 1), and because the action
is orientation preserving, £ is the trivial local system. Following similar
arguments in [5] we can prove the existence of the Euler rational class,
which is the standard one, if the action of G is free.
Representing the rational cohomology of M/G as homotopy classes of
maps of M/G into K (Q; . . . ) , the Eilenberg-Mac Lane spaces, to any
differentiable free G-manifold we attach a pair M/G -/^ K (Q, i) (i == 2,
respectively 4 if G == S1 respectively S 3 ), where M/G is a polyhedral oriented
rational homology manifold.
We recall that the triangulability of the
space of orbits of a differentiable action of a compact Lie group on a
differentiable manifold is proved in [15].
If the action is free, f= h.hi.f (i = 2 or 4 as G = S1 or S 3 ). If
(G, Ti, Mi), (G, Ts, M,») are two differentiable rational free G-manifolds,
then f, : Mi/G -^ K (Q, i) and f, : M^/G -> K (Q, i), considered as singular
<(
polyhedral oriented rational homology manifolds 9) are cobordant,
hence the Pontrjagin numbers of f, and ^, which can be defined since the
Pontrjagin classes are defined (for polyhedral oriented rational homology
manifolds), are equal. Therefore we have the following :
PROPOSITION 2.8. — Let (G, T/,, M^), k = 1, 2, be two differentiable free
G-manifolds which are differentiably rationally free G-cobordant; then
fi : MI'/G -> BG and f.^ : M.^/G -> BG ha^e the same Pontrjagin numbers.
The proof is immediate if one notices that f^ = h.h^f^ and f^= h.hi.f^
have the same Pontrjagin numbers because fj, and /^, k = 1, 2, have the
same Pontrjagin numbers {h.hi is a rational homotopy equivalence).
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3. PROOF OF THEOREMS A AND B. — In this section we will prove the
theorems A and B, but first we will point out the main steps of these proofs.
As we have seen in paragraph 2, proposition 2.6, the equivalence classes
of differentiable free G-actions on the homotopy sphere 2^ identifies to
S^01 (2^/G), which by proposition 2.7 identifies to Ker(^.%). The main
diagrams and their exacteness on the horizontal and vertical lines allow
us to identify, in diagram (1), Ker ^.% to Ker ( A ^ A n ^ * /Ker L^A, and
\

2

/

\

2

/

in diagram (2) Ker ^.y to Ker A^n ^* (Ker \n^\ using the map K;
we have denoted by [^ the composition
[oCP^i, ^oCP^i; H/0] — [oCP,-M; H/0] ^[oCP^; H/0]
(resp.
[oHP^i, ^oHiVi; H/0] -> [oHP,^: H/0]^[oHP,; H/0]).
Therefore, to prove there exist infinitely many nonequivalent differentiable free G-actions on 2^ it suffices to check that Ker (X . . .) n [^(Ker A...)
is an infinite set. Of course this set lies inside the abelian group
loPC^__i; H/01 /resp. LHP/^; H/01\ but unfortunately it is not subgroup.
However, if n ^ 11, G = S1, or M ^ 19, G = S3 we can build inside this
set a subgroup OTi of [oP. . .; H/0], and prove that card cTH ^ oo by showing
that diniQ 3Yi (g)z Q ^ 1 (theorem 3.1).
If G = S1 and n = 7 or n = 9 we will check directly that in diagram (1),
/Ker A^_AH [L^ /Ker An+i\ is infinite; we will deduce that from the simple
remark that the equation dx1 -}- ex -}- fy = 0 with d?, e, f integers, has
infinitely many solutions {x, y), x, 2/eZ (theorem 3.2).
In the next step, knowing that (Ker A . . .)H[^ ( K e r X . . .) is infinite
we have to show that one can choose inside this set an infinite number of
elements corresponding to actions which are not topologically equivalent,
and also an infinite number of elements corresponding to actions which
are not free cobordant (they are not even rationally free cobordant by
the theorem C which will be proved in paragraph 4). This will be done
by theorem, 3.3.
Remark, — It seems possible that arguments similar to those used
for the case G = S1, n = 7, 9, will work for G = S3, n = 11, 15, and then,
theorem B would be true for M = 4 / c + 3 , A ' ^ 2 .
THEOREM 3.1. — (a) In the diagram 1, for any k ^ 5
card (Ker ^n^ Ker ^^4-2) ^oo.
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(&) In the diagram 2,
card (Ker ^un^ Ker ^4-4) =^oo.
The proof of (a) and (&) are based on the following remark : if G is a
finitely generated abelian group and Gi and Ga subgroups of G, then
diniQ (Gi n G.Q (g)z Q ^ diniQ (Gi (g)z Q) + diniQ (G^ (g)z Q) - dimg (G (g)z Q).
Proof of (a). — Assume k ===• 2 p.

Denote by

mi == G' (oCP^)n^ (Ker ^4-2)
and recall from paragraph 1 that Af^ is a group homomorphism. Therefore G' (oCP^) and [^ (Ker ^+2) aresub groups of [oCPsp; H/O], finitely
generated abelian group, hence
diniQ (3VL 0z Q) ^ dimg (G' (oCP^) 0z Q) + dimo ^ (g) Q (Ker ^-+-2 ® Q)
-- dimo [oCP^; H/0] (g)z Q == dimo (G' (oCP^) <g)z Q) 0,
because p-* (^) Q is an isomorphism and
Ker (^+2 ® Q) === [oCP.^+i, ^oCP^+i; H/o] (g)z Q.
By proposition 1.4,
dimo (G' (oCP.2/,) ®z Q) ^ ^ dimo H41 (oCP^^; Q) - 1,
-[f]hence ^ 1 for p^3. Consequently if p ^ 3, card 311^00, hence
card (Ker A^^n (J.^, Ker ^4^.2) ^oo and (a) is proved.
Assume A- == 2 p + 1. Denote by STi = Ker X^^n;^ G' (oCPs^+s)
and remark that Ker A,,^ and ;J.* G7 (oCPs^+Q) are subgroups of
[oCPa^-i; H/O] which is finitely generated abelian group, hence
diniQ 3U ®z Q ^ dimo (Ker ^+2 ® Q)
+ dimo ^ 0 Q (G' (oCP^) 0z Q) - dimo [oCP^-M; H/O] ®z Q.
Since in diagram (1) the upper right triangle is commutative, (0 Q is
an isomorphim and the right vertical line is exact, it follows that j^ (^) Q
(°) Often we are working with [X, H/O] as with homotopy classes of base point preserving
maps. We have to notice that always X is connected and simply connected (of the
homotopy type of CPk or HP/Q therefore the homotopy classes of continuous maps and
homotopy classes of base point preserving continuous maps are the same.
ANN. EC. NORM., (4), V. —— FASC. 2

27

200

D. BURGHELEA

is injective on G' (oCPa^) 0z Q. Because A^a 0 Q = 0, the last
term of the previous inequality is equal to dinio (G7 (oCPa^a) (g)z Q).
By proposition 1.4,
dime G' (oCP^J (g>z Q ^

^

dime H" (oCP^+s, <) oCP^; Q) - 1

=

^

diroQ H« (CP^,; Q) - 1 ^ 1

^m-

^r^i^
-m-

as soon as p ^ 2, hence card (Ker A^p+aHjj.^ Ker ^4^4.4) ^ card JR^oo
for 2 p + 1 ^ 5.
Proof of (&). - Denote by 3VL = Q' (oHP^n [^ G7 (oHP^Q where
G' (oHP/c) and [A, G' (oHP/c+i) are subgroups of the finitely generated abelian
group G (oHPA)C[oHPA; H/0]. [From the definition of G (§ 1), it follows
that [^ (G (oHPA-+i)) C (G (oHP,-)); then
dime ya (g)z Q ^ dima (G' (oHP^) ®z Q) + dime ® ^ 0 Q (G' (oHP^i) ®z Q)
- dime G (oHP,) ®z Q ^ - 1 + dime ^ 0 Q (G' (oHP^i) 0z Q.]
Since in the diagram (2) the upper right triangle is commutative, (0 Q
is an isomorphism, and the right vertical line is exact, it follows that
^* 0 Q is injective on G7 (oHP/^J. Consequently the last term of the
previous inequality is greater than or equal to
-2+

= -2 +
hence

^

dimQH^oHP^i^oHPA-MsQ)

^

dime H4' (HP^i; Q)

^m-m-

dimo yn 0z Q ^ 1

for A: ^ 4,

hence
card (Ker ^ n ^^ Ker ^4-4) ^ oo

f o r T c ^ 4.
Q. E. D.

\,i/^o CP^,
CP^i and K : (oCP^i, ^o CP^i) -> (cP^i, *) the
If CP^, ^ oCP/^i/^o
corresponding identification map, one can identify the group [cP^i; H/OJ
with [oCPA+i, ^oCPA+i; H/OJ through the isomorphism induced by K.
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easier to consider |_CP/c+i; H/OJ instead

[oCP/c+i, ^o CP/(+I; H/OJ and via the identification induced by K to think
/\
at p.# as induced by the natural inclusion oCP/cCCP/^i; this is justified
(/^
because the pairs ^CP/r+i,
oCP/^\and (CP/c+i, CP^) have the same homoto
6

py ^yp -

It is also important to notice that CP/c+i is a topological manifold,
and up to the top dimension the image of Stiefel-Whitney respectively
Pontrjagin classes by the homomorphism K* induced by K : oCPA+i -> CP/n-i
are precisely the Stiefel-Whitney respectively Pontrjagin classes of
oCPA+i; also the image by K : (oCP/,+i, 0 oOP/^i) -> (CP/^i, *) of the
orientation of oCP/c+i is just the orientation of CP/,+i.
THEOREM 3.2 .— For k = 3, 4 in the diagram 1
card (Ker ^ n ^ Ker ^+2) ^ oo.
Proof. — Recall that H* (oCP4$ Z) = Z [z]/z3, z generator of
PP (oCP4; Z) ^ Z,

and

[oCP4: BO] ==; Ko (oCPi) ^ Z © Z

whose generators co, ^ [co ^ (1, 0), ^ = (0, 1)] satisfy T] === co2 (with
respect to the ring structure of Ko (oCP^)). The Pontrjagin classes of ^
and TJ are given by p^ ((^) ^ z3, p^ (a)) === 0, p^ (T)) === 0, ps (^l) =^ 6 z\
If we consider 8* : [oCPA; H/0]->[oCP4; BO] one easily can see that
[oCP^; H/0] contains a subgroup of finite index isomorphic to Z ® Z and
using the estimation of Ker ([oCP^; BO] -> [oCP^; BH]), ([4], p. 58,
manuscrit §8), we can choose as generators of this group the elements ^i
and ^€[oCP 4 ; H/0] so that S* Ei = 24 co + 98 r^ ^ ^ = 240 co. Then an
element ^ = m^i -\- n ^25 ^? ^ € Z , has
p, (8* ^) = 24 mz2

and

ps (3* 0 = (a^2 + ^m + en) z\

a, &, c being precised integers.
Let us denote by a js2 the first Pontrjagin class of oCP/,; then As (^) == 0
iff the evaluation
/(l + ^ A (8 ^ + 7 ^ 4 - 7 ^ + 7 c » - 2 4 - ^ A ^pA ^ ^
\\

°

/

\

w

/

As the evaluation equality is equivalent to an equation
(*)

dm2 + em + fn = 0

/
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with d, e, f integers depending on a, the element
S=mSi+nS2€[oCP4;H/0]
belongs to KerXs iff m and n satisfying this equation. Because
^9 (H/0) = Za ® Z'2 we consider the following general solution [of the
equation (*) : m = 8 ft, n == — 8 t (8 dft + e) and claim that any element
^ = m ^i + ^ ^2 with m and n given by the above formulas belongs to
Ker X g H p-^ Ker Xio. Such an element belongs to Ker Xg because it
satisfies the equation (*) and it belongs also to Im [^ because
$ = 8 ft^i — 8 t (8 dft + e) ^2 is divisible by 8 and the following sequence
is exact [CP^; H/0] -> [oCP^; H/0] -> Z, ® Z^; moreover
^(m^i +n^)€lm^,

therefore there exists ye[CP5; H/0] such that ^ (y) =

z

(m ^ + M ^2).

But because Xio (2 y) = 0 one has 2 Y € K e r X i o , hence p-* ( 2 y ) = = m ^ + n^,
hence ^ € [^ Ker Aio. The set of all ^ = S ft^ — S t {dft + e) ^ t€Z is
an infinite subset of Ker A g U ^ KerXio, hence the theorem is proved
for k = 4.
Assume now k = 3. (In this case theorem A has been already proved
by Montgomery-Yang by a different method.) Let us consider i :
CPs -> oCPs a map so that i* (z77) = 7! where z' and z" are the canonical
generators of the cohomology rings H* (CPa; Z) and H* (oCP3; Z) (Notice
that CPa and oCPs are the base spaces of some precised S1 -principal fibrations; the Euler classes of these fibrations are the canonical generators zr
and ^ // ). Such a map exists and it is uniquely defined up to an homotopy.
We consider now the following commutative diagram
Z®Zc=[CR,,H/0]——^^PQ=Z
^
V
[oCPa/H/o]—^-6^

H

[CP^H/ok

\

[oCP4,BO]
\, <?»
| •/,
"<
[^
^[CP2;BO]^Z

where [^ and i"^ are induced by the inclusion oCP3CCP/, and the compo/\
sition CP2 -> oCPaCCP^, consequently p-* {z) = z\ In what follows we
will describe an infinite family of elements in [oCP^; H/0] denoted
by C, and we will show that (1) [J^ (C) C Ker Ae n ^ Ker ^ and
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(2) card p-* (C) ^oo. Clearly this will imply card ( K e r A e H ^ KerAg)^^).
Define C == { 2 /Ui — 2 ( ( 2 dft + e) ^ [ t € Z } and rf, ^ /• being the
( / ^ \= a z2}. Because
coefficients of the equation (*) for a given by p^ \CP,J
^ ^* (^ ^i + n ^2) == 24 m co where co is the generator of [CP2; BO] = Z,
^ (oj) = co and ^ (rj) = 0 the set C7 = ^ S (C) = {48 /'(co ^e Z } is an
infinite set, hence
Card ^ (C) ^ card 3* i,, ^^ (C) == Card i"^ ^* (C) ^ oo;
this proves (2).

(1) being obvious the theorem is proved.

THEOREM 3.3. — (a) If on the homotopy sphere I2^1 there exist infinitely
many differentiable free S1-actions (/c ^ 3) which are differentiably nonequi^alent, then among them there exist infinitely many which are topologically
nonequi^alent and infinitely many which are not differentiable free S^cobordant,
(6) If on the homotopy sphere S^3 there exist infinitely many differentiable free ^-actions (k ^ 2) which are differentiable nonequi^alent, then
among them there exist infinitely many which are topologically nonequi^alent
and infinitely many which are not differentiable free y-cobordant.
In paragraph 2 we have defined the arrows of the following commutative
diagram,
^/-n
•^(£,/G)c:^^/G)

G<

<dimG^)

(3)

^[s>;H/Top^

except Y which is the group homomorphism induced by the composition
of the natural maps H/0 -> H/Top — (H/TOP)(Q); this map is a morphism
of oo-loop spaces and moreover, a rational homotopy equivalence. We
denote by 0 == co^.^ and by T === y . K and remark that T has finite fibres
(K is injective), [2^/G, H/0] is a finitely generated abelian group and Y0zQ
an isomorphism. The theorem follows immediately from proposition 3.4 (6)
which states that the fibres of T and 0 coincide.
One gets theorem A by combining theorems 3.1 (a), 3.2 and 3.3 (a), and
theorem B by combining theorems 3.1 (&), 3.2 and 3.3 (&).
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PROPOSITION 3.4. — (a). If i: ^o/G ~> BG denotes the characteristic map
of the principal fibration 2^/G -^ BG and ^i, S;2eSrf(S^/G) are represented
by fi : Mi -> ^/G respectively f^ : Ms -> S^/G, t/ie/z the Stiefel-Whitney
numbers of i./l and i.f^ are the same.
(fc). If ^ ^€^(2:/G), ^n 0 (^) = 9 (^) iff^ (Ei) = T (^).

Proof, of (a). — In proposition 2.5 we have established that S^/G and 2^/G
are homotopy equivalent (2.5; rf), and both i./*i and i.f^ as characteristic
maps of the principal fibrations 2^ -> ^JG = Mi and 2^ -^ 2^/G = Ma,
induce isomorphisms of cohomology groups in dimension ^- n — dim G
(2.5; c). As the cohomology ring H* (BG; Za) is a polynomial ring in
the generator ^H^BG; Za) with k == 2 (resp. 4) if G == S1 (resp. S 3 )
and (i/^)* (2;) represents the generator of H* (S^/G; Za), 7 = 1, 2, one
clearly checks that the Stiefel-Whitney numbers of i./*i and i.f^ are equal.
Proof of (&). — We will show first that T (^i) = T (^2) implies 9 (^i) = 9 (^).
Notice that T (^) == T (^2) implies that K (^i) (K (^s))"1 is an element of
finite order in K/G; H/0]; hence denoting by g2 a homotopy inverse
of /'2 and using the Sullivan^ explicit definition of K [13], one concludes
that (^./'i)* (p.i W) = p,i (Mi).
As :

(1) H* (BG; Q) is a polynomial ring in the generator jsGH^BG; Q)
with k=el (resp. 4) if G = S1 (resp. S 3 );
(2) ifj induces isomorphisms of the cohomology groups in dimension
^ n-dim G [hence H* (2^/G; Q) is a truncated polynomial ring in the
generator Zj == (^)* (z), j = 1, 2] and

(3)

(g.A)*(p.(M2))-p.(Mi);

it follows that the Pontrjagin numbers of i/*i and if^ are equal.
the Pontrjagin numbers of a map g : M -> BG are of the form

Indeed

^,p....,p,... = <ff* (^.P^MQ ... p^(MQ; [M,]>
therefore
%,...-<^-P^(MO...P^(MO;[M,]>
- < (9. fy W)' (9. O* (P?1 (MO) . . . (^ fj* (P^ (MO) ; [M.] >
- <^ P?1 (MO ... p^ (MO; [M.] > - ^_ ^
As for any A*, H ^ ( B G ; Z ) is free abelian the equality of the StiefelWhitney and Pontrjagin numbers of if^ and 1/3 implies that T (^) === T (^3),
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Conversely, assuming T (^) = T (^2), one has the equality of the
Pontrjagin numbers of if^ and if.^ in particular
%, ^... = % p....

^ Pi =...= P/-i = P^ = . . . = 0,

?,. = 1 and a == ^-^-4r (resp. ^—^-i-^ if G = S1 (resp. S 3 ); this

implies (ga /I)* (^.^47 (Ms)) = ^a p4r (Mi). Because of the (truncated) polynomial structure of H* (S"/G; Q) and because (g2 fi)* (^) = z^ one obtains
(^ f^ {P^r (M,)) ^ p4r (Ms), which clearly implies that K (Ei) .(K (^))~ 1
is an element of finite order in the abelian group [^o/G : H/0], hence
Y (K (Ei)) == Y (K (^2)) and the proposition is proved.
4. PROOF OF THEOREMS C AND D. — In this section we will prove
Theorem C and D.
Proof of Theorem C. -- Let (G, Ti, F;) and (G, T^, 2^) be two differentiable free G-actions on the homotopy spheres 2^ and 2^, and let f^ :
2^/G -> BG and f^ : 2^/G -> BG be their characteristic maps (see § 2).
By proposition 3.4 (a) the Stiefel-Whitney numbers of /*i and ^ are equal
and according to proposition 2.8 the rationally free G-cobordism of these
actions implies that the Pontrjagin numbers of f^ and f^ are equal.
As H^ (BG; Z) is torsion free and finitely generated for any /c, /*i and /a
are equal in ^-dimG (BG) hence the actions are differentiably free G-cobordant (see § 2).
Q. E. D.
In order to prove theorem D we need
PROPOSITION 4.1. — (a) The natural group homomorphism
[HPK; H/Top]^[HPK; Top] 0z Q
is injective.
(b) The kernel

L == Ker {[CPp; H/Top] -^ [CPu; (H/TOP)(Q)] }
is a ^-vector space with dimz^ L = —^— •

Proof. — Recall from paragraph 1 the cartesian diagram in the homotopy category
^(H/Top)(^
H/Top^
^^(H/Top)(odd)

,^(H/Top)Q
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which for any CW-complex X induces the following cartesian diagram
of abelian groups :
^^GX; (H/Top )^}^^
(4)

GX; H/Top]^-————?__-______^[:x,(H/Top)(Q))
^^Cx;(H/Top)^p-^

We notice that the composite [X; H/Top] -> [X; (H/Top)(,.)] -> [X, (H/Top)(Q)]
denoted in what follows by r\ is the same as the natural group homomorphism [X, H/Top] -> [X, H/Top] (g)z Q. If X = HP/,, then
[HP,-; (H/Top)(odd)] = [HP*; BO] <g)z Zodd = (Z ®... ® Z ) 0z Zodd
it__._j}
(according to paragraph 1 and [II], theorem 3.1) and
[HP,;(H/Top)(,)]=Z(,)©...©Z(,)
^

4-

(according to paragraph 1). As both [HP/,, (H/Top)^] and [HP/,;
(H/Top)(2)] have no elements of finite order, the homomorphisms
[HP,; (H/Top)(.)] -^ [HP,; (H/TOP)(Q)]

and

[HP,; (H/Top)odd] -> [HP,; (H/TOP)(Q)]

are injective; then from the cartesian property of diagram 4 one obtains
that [HP/,; H/Top] -> [HP/,; (H/TOP)(Q)] is injective.
[CP,; (H/Top)^d)]-[CP/,; BO^]-[CP/,; BO](g)zZ^ (according to
paragraph 1) do not contain elements of finite order because the only
possible torsion in [CP/,; BO] is that of order 2 (for the computation of
[CPA; BO] we refer to [II], theorem 3.9); hence
[CP,; (H/Top)(odd)] -^ [CP,; (H/TOP)(Q)]
is injective and then the cartesian property of the diagram (4) implies L
isomorphic to Ker { [CP/,; (H/Top)(,)] -> [CP/,; (H/Top)^] }. From paragraph 1 we know that the homomorphism in parenthesis is just the homomorphism induced by the map (see § 1)
i,: j f K (Z(,); 4 f)x f[K (Z,; 4 i + 2) -> |~[K (Q, 4 i).
;==l

i=o

[

i=\
-.

Consequently L = CP^ ]'JK (Z,, 4 i + 2) \= Z^ ®. . .® Za.
J

^__ k^_ __\
Q. E. D.
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Proof of Theorem D (a). — We come back to diagram 3 (§3) in the particular case G = S3 :

^w-

-^(B5 3 )

CHP^H/O]

CHP^ ; H/Top] ——]———^[H P^ ., (H/Top)^].

Let (S3, Ti, 2:"3) and (S3, T^ S^3) be two differentiable actions
differentiably rationally free S 3 -cobordant whose corresponding elements
in -Sd (oHP) are Ei and $2. By Theorem C, 6 (^) = 9 (E.) therefore by
proposition 3.4, T (^) = T (^2).
As by proposition 4.1 (a) respectively paragraph 1, T) respectively K<
are injective, T (^i) = T (^2) implies u (^i) === u (^2) which (by proposition 2.6)
means that the actions are topologically equivalent.
Proof of Theorem D (6). — We consider again diagram 3 (§ 3) in the
particular case of G = S1 :

wv

^(B51)

Co^k^/0]

'Co^A ^ HAOP]——3——^CCP^ , (H/Top)^

By proposition 2.6 and theorem C it suffices to show that
Card (u- (6-^ (9 (S)))) == V

with d ^ [k-^11.

By proposition 3.4 we have
Card (u- (9-1 (9 (Q))) == card (u- (r-1 (r g)))) = card (u (r-' (a;)))

with
a:-Tg)€[CP,;(H/Top)(Q)].
ANN. EC. NORM., (4), V. —— FASC. 2
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Let us denote by S == r^-1 (x), L = Ker T], Li == Im p^ respectively
Li == I m p ^ n K e r X ^ if k is even respectively odd, and L 4 = L n L i .
With these notations one can check :
(1)

S = a.L (the a-translation of L in [oCP/,; H/Top] with
a = pcp . Kci (^

hence a € Li.

(2)

SnLi==a.L1.

(3)
(4)
(5)

{pc\Ka)-l{S^L,)=(pcp^)-l(S).
ImuOK^1 (SnLi).
ImK,D(SnLi).

Assuming we have checked (1), (2), (3), (4), (5) applying (3), (4), (5), (2),
we get
Card (u (u-1 (Kr1 (S)))) = Card (u (u-1 (Kr1 (S n LQ)))

= Card (K,-1 (SnLQ) = Card (SnLi) = Card a.L 1 .

But Card a.L 1 = Card L1 = 2 dimLl = 2d because L1 is a subgroup of the
Zs-vector space L, hence a Z^-vector space. At the same time
d = dim L' ^ dim L = —^—

and the theorem D (&) is proved.

It

remains only to check (1), (2), (3), (4) and (5); (1) is obvious and (2)
follows immediately from (1) as soon as we remark that Li is a subgroup
of [oCP,; H/Top].
Proof of (3). - Take ^ € (p^. K^)-1 (S) hence p^.K^eS. On the
other hand p^. Kd (^) belongs to Im p^ and if k odd (because of Sullivan
exact sequence) p^. K^ (^) € Ker A',,, hence p^. Ka (^ € Sn L, and (3)
is proved.
Proof of (4). - Assume ^ e K ^ S n L i ) , hence K , ( ^ ) ( = S n L , , hence
K , ( r ) € Imp^ i. e. there exists feefoCP 7 1 ; H/0] with p^ (&) = K, (C).
On the other hand \^ W = A^ (K< (^)) = 0 [if /c is even because
Li = I m p c p n K e r A ^ , and if k is odd because Ki(C) is of the form 0.5
with 5 an element of finite order and a verifying X^ (a) = 0; one can
check that A^. (a. 5) = 0 applying the explicit description X^, k even,
given in paragraph 1]; therefore, there exists ^ such that K^ (^) = b;
this means that K/ u (^) = K/ (C), and from the injectivity of K/ one
gets ^ = u (E).
Proof of (5). — Itk is odd Li C Im K, (from the Sullivan's exact sequence)
and if k is even Sc Im Kf because of (1) by the same argument as in the
proof of (4).
Q. E. D.
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5. PROOF OF STATEMENT F. — In this section we will construct topological S'-manifolds (S1, T, M 47 ^ 4 ) such that :
(1) M 47 ^ 4 is a differentiable manifolds of the homotopy type of HP/,+i
(therefore a spin manifold).
(2) The fixed point set of T consists of two differentiable submanifolds M^ and M^ = point, and the action T is differentiable outside the
fixed point M^.
(3) A (M 47 ^ 4 ) ^ 0 where A denotes the A-genus.
In order to build up these manifolds, as also the action T we need the
following part of the diagram (2), paragraph 2
[HP^ , H/0]

- >CHP^Mnt D^BD4^4; H/0] ^4A+4 > Z

^^x

V^

^W————————-CoHP/c5 H/Oj-^M^Z

for (S3, T, ^+3) the standard
case

oHP, == HP,,

(oHP^,

action

of

S3 on

S47^3,

in

which

4 4

^HP/^) = (HP^\Int D ^ , ^D 4 ^ 4 ),

^D47^4 and oHP^i = HP^i.
To understand how one can build up M4^4, we recall from paragraphs 2
and 3 that Ker ^/.H [^ (Ker ^4/^+4) identifies to the equivalence classes
of differentiable free S 3 -actions on S4714'3, more precisely, the element
ae Ker /^A-H [^* (Ker X^/.^^) can be viewed as a homotopy equivalence
P -> HP/,, and the pull back of the 4-dimensional disc bundle on HP,
gives a differentiable manifold with boundary (B, ^B) on which S3 acts,
such that the restriction of this action on ^B is just the free action corresponding to the element f (see § 2). Because ^B is diffeomorphic to S471^3
(see § 2) we will construct M47^4 as B U / , D 4 ^ 4 with D471^4 attached to ^B
following a diffeomorphism h : S17^3 —^ <^B, and we will extend the action
on B radially on D 47 ^ 4 (via the diffeomorphism h) and get a S^-action
on M. One obtains a differentiable manifold whose differentiable structure
depends on h, but not its topological structure, and which clearly
satisfies (1).
As S1 is a subgroup of S3 we regard M as topological S1-manifold and
notice that (2) is also satisfied but not necessarily (3). However, choosing
carefully a, one can hope to get M 4 ^ 4 so that (3) is also satisfied. In
what follows we shall indicate how one can choose a to make sure that (3)
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In fact instead a we will look for an element
p€[HP,4-i\Int D4^4, ^u+4; H/0] = [HP,^; H/0]

such that [i^ (p) = a, hence p e K e r A , / ^ and [^ (p) € Ker X,/,. It will
be convenient to interprete always p as an element of [HP^+i; H/0]
instead ^of [HP/^\Int D47^, ^D 4 ^ 4 ; H/0] via the natural identification -^.
Inside the abelian group [HP/,+i; H/0] we consider the subgroup T'
whose elements feTc[HP^i^ H/0] verify (§./•)* (p,,) = 0 for all
z = 1, . . ., k — 2 where S is the natural map H/0 -> BO and p/^ the
universal rational Pontrjagin classes. In paragraph 1 we denoted this
map by S^ in order to distinguish betweeen H/0 -> BO and H/Top — B Top,
but because no confusion could now arise we will omit the index d. Notice
that if k ^ 4, then :
(a) dim T' (g)z Q = 3.
(&) f, geT 7 => {Sf+ §g)* (p..) = (S/T p.. + (8g)* p....
(c) Let { R,} be a multiplicative sequence of polynomials with
rational coefficients in the sense of Hirtzebruch {see [8], § XV) with
r ^ e H " (B Top; Q) being the R-universal characteristic classes defined
by it, and R = 1 + ^ + r^ + • . .5 the total R-class (7-4, is a linear combination with rational coefficients of monomials p,^ . . .p,^, ii + . . . + ^. = i).
If /•, geT 7 , then (§/•+ Sg)* (R) = (§/•)* (R) + (Sg)* (R) + 1 (in particular
{ R t } can be the multiplicative sequence { L; } or } A, i).
(d) If feV then (§/•)* r^ = c. p., (S/1) with a the coefficient of the
monomial p^ in r^.
We leave it for the reader to check (a), (&), (c), (d).
Let us denote by z the canonical generator of H* (HP^; Q) (no confusion
will occur missing an index « k » for z, because of the naturality of z with
respect to the linear imbedding HP/,cHP/^i), and let us express the
total L and A-classes of HP/,+i respectively the total L-class of HP/, by
L (T(HP^O) = 1 + m,z + ... + m^z^;

A (r (HP,^)) = 1 + r,z + ... + r^ z^1

respectively
L (T (HP,)) = 1 + n,z +... + n^-i z^\ m^ n<, r. € Q
with T (HP) denoting the tangent bundle of HP.
According to (a) and (&), it is not difficult to see that one can choose
a subgroup T of T7 so that T is isomorphic to Z © Z ® Z and generated

FREE DIFFERENTIABLE S1 AND S3 ACTIONS ON HOMOTOPY SPHERES

211

by three elements <°i, e^ e^ with the following simple Pontrjagin classes :
p4z(3.ei)=0

for i^.k-1

and
p4 (k-i) (3. (?i) = di ^-1, p4z (^. eQ =0

for

i 7^ k

and
p,k ^. 6.2) = d2 ^,

p4. (^. 63) = 0

for

i ^ A: + 1

and
p,^)^) = d^'4-1,

rfi, (^25 ^3 being integer numbers. We will seek p among the elements of T,
hence P = A e, + B ^ + C ^3, A, B, CeZ. (c), (^) and the explicit definition of X^ and Au+4 (§ 1) implies easily that pe Ker X^/.+^n i^*"1 (KerX,,/,)
iff the following equations (i) and (ii) are satisfied :
(i) OA-I di m^ A + ^ ^2 mi B + ^+1 ^3 C = 0;
(ii) a/,_i di Tit A + ^/r ^2 B = 0;
the number a/, are the coefficients of p^i, in
sion ?/c (?45 . . ., P4/c).

the

formal

expres-

We are looking now for the condition which has to be added to make
sure that M, constructed from [^ (p), satisfies A (M) ^ 0.
We notice that the manifold obtained from p-* (P) as indicated before,
after forgetting its differentiable structure can be thought of as the domain
of the homotopy equivalence
h : M -> HP.-M

with K< (h) == p"^ (P), (p111^: [HP^i; H/0] -> [HP,+i; H/Top]).

Its topological stable tangent bundle
^(T(M))=T(HP^)©^.(3,
hence
A (T (M)) = (1 + r^ + r^z2 +... + r^i ^ +J )
X (1 + ^-i di A z/L-l + hd, B ^ + ^-4-1 A (^+1)
with &y the coefficients of p^j in the formal expression of Ay (^4 ... p ^ j ) .
Consequently A (M4^14^) 7^ 0 is equivalent to
(iii) y-A+i + &/<•-! ^i ^ A + &/, c?2 ^i B + &A-+I ^3 C 7^ 0.
Because all the numbers which occur as coefficients of A, B, C are rational
numbers it is not difficult to see that one can find integer numbers A, B, C

212

D. BURGHELEA

verifying simultaneously (i), (ii), (iii) iff the determinant
dk-i m-z
A/I-+I == bk-i r.2
ak-i

ak Wi
bk Fi
ak

Ok+i
6^+1 7^ O,
0

hence we get :
PROPOSITION 5.1. — J/'/c^4 and A/^i ^ 0 then there exists topological
S1-manifolds (SS T, M 4 ^ 4 ) 50 that the (1), (2), (3) are verified.
For k = 4 we have As 7^ 0.
Added in proofs : I am indebted to Don Zagier for showing me how to
check A/,+i ^ 0 for any k.
According to his computations
A k+l

2U 3

"

B,_,

B,

B^,

45 (2 k— 2) ! (2 k)! (2 A- + 2)! -+1

where
A^i=

10 k2 — 7 k + 42

2 (22^1 — 1)

22^1

5 2
J
^
c—
7c ++^ /|^
—S3

^(2^-3—1)
-- (22^-3 — 1)

2 33
—!
22^^- —

15 A-

2U-1

0

an^ B/, ar^ the Bernoulli! numbers.

One easily check A^ ^ 0.

According to Atiyah'Hirzebruch M 4 ^ 4 constructed before does not
admit any differentiable S 4 -action, hence we have :
COROLLARY 5.2. — For the manifold M471"^4 {constructed before) the group
of all orientation preserving diffeomorphisms does not contain any compact
connected subgroup but the group of all orientation preserving homeomorphisms does contain [compact subgroups).

In a forthcoming paper we will come back on the problem " which
compact connected Lie subgroups of the group of all orientation preserving
homeomorphisms are conjugate to compact connected Lie subgroups which
come from Diffo (M71) ".

APPENDIX
Let G be a compact connected Lie group acting on the compact differentiable manifold M, possibly with boundary, with finite isotropy groups.
Denote by M/G the space of orbits and by p : M -> M/G the continuous
map from M to the factor space M/G and consider £^ the sheaf associated
to the presheaf defined by attaching to any open set U c M / G the group
H* (p~~1 (U); Q) (singular cohomology or Cech cohomology).
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THEOREM 1. " £ is a locally trivial sheaf (hence is a local-coefficientsystem),
Proof. — The proof can be done by showing that for any a;eM"/G
and WcM^/G open neighbourhood, there exists a neighbourhood V,
V C W together with the maps I : D -> V and 7 : D X G -^ p~1 (V) such
that :
(1) D is a closed disc.
(2) y and I are inducing isomorphisms of rational cohomology (i. e. the
cohomology with coefficients in the field of rational numbers).
(3) The diagram

p-i(v)^>v
D x G -^D
is commutative.
We leave the reader himself to check how (1), (2) and (3) imply that C
is a locally trivial sheaf.
If x^W/G is an orbit corresponding to the isotropy group 0, the existence of D, / and ; follows from the local trivia.lity of M\P -> (M\P)/G
where P is the closed subset of all points i / € M with Gy ^ 0 (Gy denotes
the isotropy group of y).
Let x be a point of M such that G^ ^ 0 and x = p {x), According
to ([2], chap. VIII, theorem 3.8), there exists a slice D passing through
•r, namely a closed differentiable imbedded disc D of dimension
k = dim M — dim G centered in x such that :
(i) D and Int D are G^-invariant;
(ii) g . D n D ^ 0 implies g€G^.;
(iii) For any co : T -> G, T open set in G/G,, and co local cross-section,
F : (T X Int D) -> M defined by F (t, u) = co (^).co is an open imbedding.
We define V = p (D) = p ^ \^J g.D\ which is closed (because D is
\ 8^G

/

compact) in M/G, and V = Int V = p (Int D) =^= p (\J g. IntDV
__

\S(EG

Put

)

then I === p | D and define % : Gx D -> V by ^ (g, u) === gu.
The conditions (1) and (3) are obviously satisfied, so it remains only
to check (2). We will get (2) as consequence of the following proposition :
PROPOSITION 2. — (a) IfM is a compact manifold possibly with boundary
and H a finite group acting on M, then p : M -> M/H induces an injectwe
homomorphism p* of rational cohomology.
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(b) If for any element g€ H the action o f g i s a diffeomorphism homotopic
to the identity, then p induces an isomorphism of rational cohomology.
Assuming that proposition 2 is proved, we will go on with the proof
of theorem 1. Notice that the finite subgroup G^ act on G x D by
a (g, u) = (g.a"1, a u) and the map % : G x D -> V factors through x :
GxD/G^ -> p~1 (V), which is an homeomorphism [the injectivity follows
from (ii)]. By proposition 2 (&), G x D — G x D / G ^ induces an isomorphism of rational cohomology, hence '/ does.
Because D is compact and invariant by the action of G^, D -> D/G^V
induces also an isomorphism of rational cohomology by proposition 2 (&).
Proof of proposition 2. — According to [15] M/H has a well defined
triangulation which can be lifted by p to a well defined triangulation
compatible with the action of G.
Let us denote by C* (M) the simplicial cochain module of M, Q (M)
the submodule of H-invariant cochains (boundary operator transform
H-invariant cochains in H-invariant cochains) and by C* (M/H) the module
of simplicial cochains of M/H (all are cochains with rational coefficients).
Notice that p : C* (M/H) -> C* (M) is the induced cochain map
which is injective and p (C* (M/H)) == C^ (M), hence H* (M/H; Q)
is identified to the cohomology of Cfi (M). On the other hand there exists
(: C* (M) — CS (M) define by t{(7) ==Y g.o- which is also a cochain map, i. e.
^en

compatible with the operator <S.
If i denotes the inclusion i: Cj*i (M) -^ C* (M), then t. i: Q (M) -> Cn (M)
is a cochain map with the property that t.i (o-) = card H.(cr); hence t.i
induces an isomorphism of rational cohomology and consequently i induces
an injective homomorphism i*; (a) is proved.
If c7 is a cocycle in C* (M), by the hypothesis of (fc) g.o" is cohomologous
to <7, hence if we denote by [a] the cohomology class of a, [a] == —,-p [t o-].
Because [<a]elmag i*, the previous equality says that i* is surjective
and combining with (a) we get i* is an isomorphism and (&) is proved.
Q. E. D.
Both theorem 1 and proposition 2 are very well known but I found
it easier to give their proofs than to refer to them in the literature.
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