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CLOSEDNESS OF REGULAR 1-FORMS
ON ALGEBRAIC SURFACES Q

By Niels 0. NYGAARD

Introduction

Let X/k be a proper, smooth surface over a perfect field k. Ifk has characteristic 0 it follows
from Hodge theory and the Lefshetz principle that all regular 1-forms on X are closed, i.e.
that the differential

d : H^X.Q^H^X.Q^),

vanishes.

In characteristic p>0 the situation is more complicated indeed Mumford [11] and more
recently Raynaud have constructed surfaces with regular 1-forms which are not
closed (2). It therefore becomes interesting to look for conditions on X that will ensure the
closedness of regular 1-forms. We relate this question to an invariant defined and studied by
Artin and Mazur in [I], the formal Brauer group, Brx, specially we show that if Brx is pro-
representable by a p-di visible formal group (Barsotti-Tate group) then all the regular 1-forms
are closed, and indeed the whole Hodge to de Rham spectral sequence degenerates
at EI. In a subsequent paper [13] we shall further develop the techniques employed in the
proof of the above statement, and show how these can be used to prove the Rydakov-
Shafarevitch theorem, that K3 surfaces have no global vector fields.

We also consider a smooth family of surfaces /: X -> S over an irreducible base scheme of
characteristic p , here we show that if there is just one fiber Xs with p-divisible formal Brauer
group then the differential

d : /A-/A.
is zero.

(1) This work was supported in part by the Danish Research Council.
(2) Examples have also been constructed by W. Lang [17].
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1. Some properties of the slope spectral sequence

For the construction and the basic properties of the slope spectral sequence we refer to
Bloch [3]. Bloch's construction has been generalized and the restrictions on the relation
between the dimension and characteristic has been removed (Illusie [9]), so the restriction in
Bloch's paper will be ignored.

The notation will be as in [3]; the proof of the properties listed below will appear in [9].
Let F, V and d denote respectively the Frobenius, the Verschiebung and the differential in

the pro-complex C \, then:
(1.1)FV=VF=p.
( 1 . 2 ) d ¥ = p ¥ d , y d = p d V .
(1.3) ¥d\=d.
(1.4) F, V and p are injective as maps of pro-sheaves i. e. the transition maps in the pro-

system of kernels are 0.
(1.5) Let n=dim X then F is an automorphism of the pro-sheaf C"x-

2. Surfaces over a perfect field

In this section we show that if the formal Brauer group ofX/k is pro-representable by a
p-di visible formal group then the Hodge to de Rham spectral sequence degenerates at Ei.
If we further assume that H^yJX/W) is torsion free then the Hodge symmetry

h1'j = dinife W (X, Ox/fe) = dim^ H1 (X, 0^) = ̂ ' \

holds as well.
The following proposition has also been proved by Berthelot (private communication)

using results of Mazur and Messing.
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REGULAR 1-FORMS ON ALGEBRAIC SURFACES 35

(2.1) PROPOSITION. — Let X/k be a smooth proper variety over a perfect field k of
characteristic p > 0. Assume that H^.ys (X/W) is torsion free, then the Picard scheme Pic (X) is
reduced.

Proof. — Consider the exact sequence of Zariski sheaves on X:

0 ̂  ̂ (^) v- r^i (^x) ̂ x -> 0,

which gives rise to an exact sequence of finite length W (fc)-modules

^ H-(X, ^(^)) ̂  H^X, ̂ i (^)) - H-(X, ^) - H1^ (X, iT^x)),

and hence (using Mittag-Leffler) an exact sequence of W (^-modules

^H^X, ^(^O-^H^X, ^(O^^H^X, ̂ ^H^^X, -T(^x))-

By [12], p. 196, Pic (X) is reduced if and only if the connecting homomorphism, in the exact
sequence above, vanishes, this is equivalent to

H^X, ^(^^H^X,^)-

being surjective.
Define the pro-complex *C x by

^^o-c^x^c1^ ...c^'-o,

since

d¥d=(p¥)dd by (1.2),

this is indeed a complex.
Now define

v • c -»*cv • ^.,x ' ^.,x»

by

fV:^.-^^,^ ^ ^=0-V^- pi -̂  *C1 — ^ " .+i,xV . ^.,x- ^.,x- -[id:^^^^^ it ^>0.

It is clear by (1.3) that V is a map of complexes, and since C°x^ ̂ . (^x) we g61 an exact
sequence of pro-complexes

v
, xO^C;,x^*C,x^x^O.

ANNA1 ES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



36 N. 0. NYGAARD

Passing to hypercohomology we obtain an exact sequence of pro-modules

IT(X, C^-^H^X, *C x^H^X, ̂ -^^(X, C,x).

Since H^X, Q, x) has finite length over ir(/c)foralh',7, r([3], III, Prop. (1.1)) it follows from
the hypercohomology spectral sequences that W(X, C.) and W(X, *CJ are pro-systems of
modules of finite lengths so by Mittag-Leffler we get an exact sequence

H^ (X/W) ̂ toi H1 (X, *C, x) - H1 (X, (P^ -. H^1 (X/W).

Since H^.ys(X/W) is assumed torsion free the connecting homomorphism

H^X^^H^X/W),

in the exact sequence above vanishes, i.e.

nmH^X.C^H^X,^

is surjective.
We have a commutative diagram with exact rows

0^ C\ -̂  *C.x -̂  ^x -^0
1 i ||

o-^ ^r.(^)^ ^^KX) -^ ^x -^o.

hence a commutative diagram

H^(X/W) -^ JimH^X, *C\) ^ H^X,^) ^0
i v l ' I I

H^X, -r(^x) -^ H^X, iT(^x)) -^ H^X, ^),

it follows that

H^X.^^xW-^H^X,^),

is surjective as desired.
The next proposition was pointed out by the referee, the proof is based on an idea by

Deligne.

(2.2) PROPOSITION. — Assume that the differentials in the Ei term of the slope spectral
sequence vanish then it degenerates at Ei.

Proof. - We show by induction that the differentials in the E^ term vanish so assume that
the differentials in the E( terms t= 1, . . ., s-1 are zero.
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REGULAR 1-FORMS ON ALGEBRAIC SURFACES 37

This implies that E^'^H^X, Cx) for all 1,7 so we must show that

d : W(X, Cx) -^ W-^^X, Cx"*"5),

vanishes.
Consider the commutative diagram of pro-complexes

r1 ' n ̂  r'o d —i. r1 d r'>+1 'L d r''+s . _>. pdimx nC x =U-> t. x - ^ . • • - + L X -^ ^..x -^ . . . -> ^.,x -> • -»• ^.,x -^u'
^•v ^ II II II

C:x =0 -C O _ , , x^ . . . -C i _^ ,x ^ C'x1 ^ . . . ^C^ -..- C'1-^ -0,
|| || . IF [p-F ^p(dimX-,)F

C:-i,x =0- C°.i.x - . . . - > C'.i.x - C'^x - . . . - C'^.x -~^ C^x -^0.

Consider the hyper cohomology sequences then we have a commutative diagram

E^(C-x) ^ ^^-^(Cx),
f v ^

E^-(C'x) ^ Er^-5"1^),
I8 , i^

Ei,j/^' \ s rri+s, 7 -s+1 (r^' \
s (^.-l.x) -^ ^s (^.-l.x)'

Passing to the limit we get a commutative diagram

(2.3)
E^ ^ E^'"^1,
iv fn

E^'(G) ^ E^5'^-^1^),
^ , ^F

Fi,j -4 Fi+s, j -s+i
^s ^s

If the differentials in the preceding terms vanish n and § are identities so we have a
commutative diagram

H^X.Cy ^ ^-^(X,^5),
TV ^F

ip(x,cy ^ H^'-^^x,^5).
By iteration we get

d, = p5" F" ds V" for all n, hence,

Im ^c= np'H^-^^X, Cx-^O.
n

(2.4) THEOREM. — Let X/k be a surface, proper and smooth over k with k perfect of
characteristic p>0, then the slope spectral sequence degenerates at Ei if and only if
H^X, ^T(^x)) is a finitely generated iT(k) module.

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



38 N. 0. NYGAARD

Proof. - Assume that the slope spectral sequence degenerates at Ei then H2 (X, ^ (^)) is
a quotient ofH^ (X/W) hence is finitely generated. The proof of the other implication rests
on the following Lemma. ^

(2.5) LEMMA. - Let d : L -> M be a linear map ofi^(k) modules. Let F (resp. V) be a
a-linear (resp. a ̂ -linear) endomorphism of M (resp. L) [this means F (X x) = X0 F (x) an^
V(?i^)=X°-'YC;) u^m? ^ei^{k) and a denotes the frobenius endomorphism of
^ (A;)]. Assume that L an^ M ar^ topological W (k) modules, d is continuous, M is separated
and the topology pnL is weaker than the M-topology (i.e. the topology defined by the
submodules { V" L }), assume moreover that F dV = d. Then if the chains

kerrfckerFdc: . . . ckerF^c . . . c=L,
Im d^lm ¥ d ^ . . . elm F"rfc= . . . cM,

stabilize one has d=0.

Proof. - Assume that both chains are stable at the n'th level. Let xeKerVd, then
Q=¥ndx=¥n+ldyx so Vxeker ¥n+ld=ker ¥nd i.e. ker ¥nd is stable under V and so
V" x e ker F" d hence dx == F" dV x = 0 and it follows that

ker ri==ker ¥d= . . . =ker ¥nd= . . . cL.

Now the commutative diagram
F"d

L/ker^ -^ Im Vd,
^ ^ I I

L/kerJ Fn^ ImF"^,

shows that V induces an automorphism on L/ker d which is equivalent to ker d being dense
in the V-topology. Since the original topology on L is weaker than the V-topology, ker d is
also dense in the original topology. But d is continuous and M is separated hence ker d is
also closed and so ker d=L.

Let us go back to the proof of the Theorem. By (2.2) it is enough to show that the
differentials in the Ei term vanish. The Ei term looks as below:

H^X,^^)) ^ H^X,^) ^ H^X,^),

H^X,^^)) ^ H^X,^) (/11'. H^X,^),

H°(X,^(^)) ^ H°(X,C^ ^ H°(X,C^).

Let us first show that the differentials in the bottom row are 0. This follows from the
fact (1.4) that p is injective on H° (X, Cy i. e. these modules are torsion free and the slope
spectral sequence degenerates at Ei modulo torsion ([3], III (3.2)). Next consider the
differentials

d0,1 '. H^X, r^^H^X, C^), f = l . 2.
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REGULAR 1-FORMS ON ALGEBRAIC SURFACES 39

The modules have separated and complete topologies being limits of the discrete spaces
H1 (X, -T, (^x)) and H1 (X, C,1 x), clearly ^'l is continuous. The relation F d°^l V= d°^ l is
satisfied by (1.3) and the exact sequences

IT(X, ^(^O^H^X, iT(^)) -^ ir(X, ^(^x))>

show that the V-topology is finer than the limit topology on H1 (X, ^ (^x)) (they are actually
identical), so by (2.5) we only have to show that the chains

ker ^cker F^c . . . cker F"^'1^ . . . cH^X, -T^)),

Im ^dm F^c. . .dm F^c. . . cH^X, Cx),

stabilize. Now H1 (X, ̂  (^x)) is finitely generated, for i = 2 it is the assumption and for i = 1
it is always true as proved in [15], Proposition 4 so the first chain stabilizes.

For the second we have

ImF^^cker^'1 for all n,

so

Im F^'VIm dicker d [ ' Vim ^'^E^,

and we have E^l = E;ol (since dim X = 2) which is a subquotient of H^ (X/W) hence finitely
generated so the chain

Im F^'VIm d0,1^ . . . dm F^'/Im ̂ '^ . . . cE^'1,

stabilizes which shows that the second chain is stable.
For the differential

d1,2: H^X.C^H^X.Cx),

we use the fact that F is an automorphism of H2 (X, Cx) to conclude that the chain of kernels
stabilize, namely

ker^'^kerF"^'2 for all n.

The chain of images stabilizes because H^X, C^/Im ^'^Ej'^E2,'2 is finitely
generated. To conclude that d^ 2 = 0 we only need to show that the V-topology is finer than
the limit topology, this follows however from the commutative diagram

H^x.cy -^ H^x.Cx),
i I
0 ——— H^(X, q,x).
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40 N. 0. NYGAARD

The only differential left is

d [ - 1 : H^X.C^H^X.Cx).

The chain of kernels stabilizes for the same reasons as above, and in order to show that the
chain of images stabilizes it is enough to show that H1 (X, Cj)/Im d { ' 1 is finitely generated,
this follows however from the exact sequence

^•2
E0> -2 T-Tl FY r^2\ /Tryi ^ 7 l » l T72, 1 , r?2, 1 c2, 1

2 —>r± (^» ^x)/!111 a! ==-L/2 "̂  ^S =-c/oo >

because E^ciH^X, ^T(^x)) is finitely generated. This concludes the proof of the
Theorem.

Remark. - Some parts of the proof of (2.4) goes through without assuming that
H^X, ^(^x))ls finitely generated or that X is a surface; in particular that

and

H^X, ^(^))=E^,

H^C^E^0,

there results an exact sequence

0 ̂  H° (X, C^) -^ H^ (X/W) -^ H1 (X, ̂  (^)) ̂  0,

since H° (X, C^) is torsion free by (1.4) and H1 (X, i^((9^) is torsion free by [15], p. 32, we
deduce the well known fact that H^.ys(X/W) is' torsion free.

(2 .6) COROLLARY. — Let X/kbea smooth proper variety and assume that Pic (X) is reduced
then the differential

d°,1'. H^X.^^H^X,^),

vanishes.

Proof. — Let (E, d) denote the slope spectral sequence and (E', d ' ) the Hodge to de Rham
spectral sequence. Since Q ̂ ^^X/A: (PL II (3 • 1)) we nave a u^P °f spectral sequences

(E,^)-^(E' ,^) ,

in particular a commutative diagram

H^X, ^x)) ̂  H^X.C^),
i ,„. i

H^X,^)) ——^ H^X,^).

By the remark above the horizontal map on top is zero, and the left hand vertical map is
surjective since Pic (X) is reduced, hence the corollary.
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REGULAR 1-FORMS ON ALGEBRAIC SURFACES 41

(2.6) Has also been proved by T. Oda in his Harvard thesis [14].

(2.7) COROLLARY. — Let X/k be a smooth proper surface. Assume that Br^ is pro-
represented by a p-divisible formal group then the Hodge to de Rham spectral sequence
degenerates at Ei.

Proof. — By [I], Corollary (4.3), the (covariant) Dieudonne module of Br^ is
H^X, ^((Px)) so ^x ^-divisible implies that H^X, ^(^x)) is finitely generated and
free [10], and hence by (2.4) the slope spectral sequence degenerates at Ei.

Since H^X, i^{(9^} is free

H^X, ^(^-^(X,^),

is surjective.

H^X, ̂ (^-^(X,^

is surjective because H^X, ^T(^))=0, and

H° (X, ir(<Px)) -^ H0 (X, ̂

because H1 (X, ^T(^x)) is free ([15], p. 32) it follows that

d0,1: H^X.^-^X.QU

is zero i'=0, 1, 2, by Serre duality the rest of the differentials in the Ei term vanish. A
similar argument shows that the higher differentials vanish as well.

(2.8) PROPOSITION. - With the assumptions of (2.7) assume further that H^yg(X/W) is
torsion free then:

(i) dimfeHDR(X/fe)=dimKH^(X/W)(x)K, f=0, 1, 2, 3, 4, where K is the fraction field
ofiF(k);

(ii) h1'j = dim '̂ (X, Q^/fe) = dim^ H1 (X, 0^) = ̂ ''l.

Proof. — (i) follows from the exact sequences:

0 -^ H^ (X/W) ® fe -^ Hop (X/fc) ̂  Tor^ w (H^ (X/W), fc) ̂  0,

plus the fact that H^ys(X/W) is also torsion free (by Poincare duality).
To prove (ii) it is enough to show

h0 '1^1 '0,

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



42 N. 0. NYGAARD

the other equalities then follow from Serre duality.

h°'l = dmife H1 (X, ̂ ) = dim Pic° W,

since Pic°(X) is reduced.

dimH^(X/k)=hovl-^hl'o, by (2.7)

and

dmiKH^(X/W) ® K=2 dim Pic°(X),

and the equality follows from (i).

3. Surfaces over an irreducible scheme

In this section we consider a smooth proper S-scheme /: X -> S with geometrically
irreducible fibers of dimension 2; S an irreducible Fp-scheme such that f^ (9^= (9^

(3 .1) LEMMA. — Let A be a local domain a/characteristic p with maximal ideal -// and
residue field k. Let A be the completion at M and L the fraction field of A. Assume that
G=Spf A|pi, . . ., rj] is a connected formal Lie group such that Gj, is p-divisible, then the
formal Lie group G^ is p-divisible.

Proof. — Let the power series /i, . . .,/„ define multiplication by p in G, then
ker p : GL-^ G^is represented by L[[t^, . . ., ^]]/(/i, . . . ,/„) and it is enough to show
that this is a finite dimensional L-vectorspace ([6], p. 47). Since G^ = Spf k [[fi , . . . , fj] is
p-divisible G^^=Spf^/.^r[[t^ . . ., rj] is p-divisible for all r ^ l ([6], p . 62) so
A/JT [ [ ? i , . . . , tj]/(/i, . . . , /J is a finitely generated A/.jT-module. Let
e,, . . ., e,eA[[t,, . . ., tj]/(/i, . . .,/„) such that

{e,, ...,e,}^k[[t,, . . . , t J] / ( / i , ...,/.),

is a set of generators, it follows from Nakayama's Lemma that

[e,, . . .,^}c=A/jr[[ri, . . ., ^]]/(/i, . . .,/„),

generates for all r ̂  1.
Let M be the A-module generated by { e ^ , . . . , e^} then

M/jrM=A/.jT[[^ . . . , rj]/(/i, . . .,/„),

A[[^, . . ., rj]/(/i, . . .,^)=hmA/.jT[[ri, . . . , rj]/(/i, . . . ,/„) =Hm M/JTM=M.

Since M is finitely generated M = M ® A is finitely generated over A so

A[[ti, ...^]]/(/i, . . . , /J ,
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REGULAR 1-FORMS ON ALGEBRAIC SURFACES 43

and hence

L[[^, . . . , ^ / C A , . . . , / J ,

is finitely generated.

(3 .2) THEOREM. — Assume that there is a closed point SQ e S s^cJi that the geometric fibre
Y=X^ /ias p-divisible formal Brauer group, then the differential

a '' J* ^x/s —> J* ^x/s»

is zero.

Proof. - By the smoothness of /, f^ Q^/sis a locally free sheaf on S so the set

F = { s e S | d, : (/^ QU ̂  (/* ̂ U is zero},

is a closed set. We are going to show that the generic points is in F.

Pic° X/S is representable by [7], Theorem (3.1) and since we have assumed that Bry is
pro-representable by a p-divisible formal group H^Y, ^(^y)) is free so
H1 (Y, ^y) -^ H2^. ^(^y)) is zero hence Pic°(Y) is smooth ([12], p. 196).

By [8], Theorem (3.5) there is a non-empty open set So^cS such that Pic°X/^ is
smooth and hence Br^/^ is representable by a formal group which is formally smooth since
the fibre dimension is 2 ([I], Cor. (4.1)).

Let { G [n] }„ be the inductive system of locally free finite groups associated to the formal Lie
group Br^ ([6], Prop. (2 .6)). Locally on ^U each G [n] is isomorphic to Spec (9^ [ t ^ , . . . ,
td\l(^, . . . , t^) where d is the rank of the conormal bundle of Br^/^ ([6], Prop. (2.1)).

We can assume S=Spec R where R=^s,so» hence over Spec R, Br^/p is isomorphic to
lim G [n] with each

G[n]^SpecR[^, ...,rJ/(^", . . ., rg").

Since X/R is smooth the functor Br^/p is isomorphic to the sheaf R2 f^ G^ on the big etale
site of Spec R ([I], Prop. (1.7)). By general theorems about sheaf cohomology ([16],
Prop. (5 .1)) this implies that the formal Brauer group commutes with all base changes. In
terms of the inductive system this means that

Br^^lmiGM®RT^lim^Spec (9^[t^, . . ., ^]/(^", . . ., t?),

for every R-scheme T.
Let T| be the fraction field of R and L the fractional field of R, x is the residue field. By

assumption

BrY=l imx[ r i , . . .,t,]/(t^ . . ., r?),

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



44 N. 0. NYGAARD

is p-divisible hence (3 .1) gives that

Br^=limSpec L[t,, . . ., ^]/(r?, . . ., t^

is p-di visible and so also Br^- is p-di visible.

(2.4) Then implies that

d : H^Q^H^Q^),

is zero, and by faithfully flat descent

d : H°(X,,O^H°(X,,Qy,

is zero which shows spec TI e F.

(3 .3) COROLLARY. - With the assumptions of (3.2) assume that all the sheaves R-7/^ Q^/sare

locally free on S then the spectral sequence

E^=R^Q^ -> HS^X/S),

degenerates at Ei.
Pyw/. - In this case the set

F= {seS|(R^Q^ => HgR(X/S), degenerates at E,},

is closed and the Proof of (3 .2) shows that F contains the generic point.
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