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GLOBAL EXISTENCE OF SMOOTH SOLUTIONS
FOR THE VLASOV-FOKKER-PLANCK EQUATION
IN 1 AND 2 SPACE DIMENSIONS
BY PIERRE DEGOND

ABSTRACT. — In this paper, we propose a deterministic proof of the existence of global in time smooth
solutions for the Vlasov-Fokker-Planck equations. The method relies on direct estimates of the decay of the
solution when the velocity goes to infinity. It also yields a proof of the convergence of the solutions, towards
those of the Vlasov-Poisson equation, when the diffusion coefficient goes to zero.
ACKNOWLEDGEMENTS. — I am very grateful to Pr. C. Bardos and F. Mignot for valuable discussions and
encouragements.

I. Introduction
This paper deals with the Vlasov-Fokker-Planck equation. We will consider the (non
physical) case of a plasma involving only one specie of particles. However, the method
extends easily to the case of several species of particles.
We denote by / (x, v, t) the distribution function of the particles (where x e R^ is the
position, v e IR^, the velocity, and t > 0, the time. We will denote by d the dimension of
the system which will be equal to 1, 2 or 3).
The Vlasov-Fokker-Planck system is written

^+ v. V,/+ E. V,/- aA,/= 0;
dt

(1)

/(x, ., 0) =/o (x, v)

E(x, t)=C(d) ["^-pO,
t)dy;
x

J \ -y\

<, 0=
P(^
0= /(x,
/(^ v,
v. t)dv.
J

We denote respectively by E(x, t), p (x, t), the electric field, and the electric charge. CT
is a diffusion coefficient which, in numerous physical situations, is very small. C(d) is
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a constant which only depends on the dimension. Otherwise speciefield, all the integrals
will be taken over R^ (either ff^ or R^). All the physical constants are taken equal to
unity. We recall the following notations
^V^Zr5;
1=1 8xi
d
82
^x- Z -^;
f=i&Cf

E.V^EE3
1=1 8Vi
d
82
A,= ^ —.
1=1 5^

We recall that the second equation of (1) is simply a restatement of the elliptic problem:
E=—V^(p;

—A^(p=47ip;

(p(x,Q^O as|x|-^oo.

When CT goes to zero, we obtain formally the classical Vlasov-Poisson equations
/ J^+ v . V,/+ E. V,/= 0;

(2)

J

/(x, t;, 0) =/o (x, .)

E (x, r) = C (rf) f^^
P (J, 0 ^;
x

J \ -y\

<, o=[/(x,i;,

p(x,Q= /(x,i;,0rfu.

Many authors have worked on the Vlasov-Poisson equations. We recall that the
existence of weak solutions is proved in [I], [8]. The existence of smooth solutions is
examined in [9], for the dimension 1 in [13], [7], [14] for the dimension 2, and in [3] for
the dimension 3.
On the contrary, very few papers have been published on the Vlasov-Fokker-Planck
equations. As far as I know, the only one is due to H. Neunzert, M. Pulvirenti, and
L. Triolo [II], who have used a probabilistic method to prove the global existence of
smooth solutions in 1 and 2 dimensions. In this paper, we propose a fully deterministic
proof of this result, and we also show that the solutions of equation (1) converge, when
CT goes to zero, towards the solutions of the Vlasov-Poisson equation (2).
The results of [II], and our result have to be compared to Ukai and Okabe's paper
[13], where the global existence of smooth solutions for the Vlasov-Poisson system (2) is
proved in 1 and 2 dimensions. (Their method also yields a local existence result if
d=3.) What our result shows is that a singular perturbation term such as a Laplacien
in the velocity space does not perturb too much the Vlasov equation. One may also
think that such a term should improve the regularity of the solution, and consequently,
may also improve the existence results.
This may be a wrong idea. Indeed, the key fact is to obtain an estimate on the L°°
norm of the charge p, so as to control the electric field. However, no direct L°° estimate
can be obtained, since integrating equations (1) or (2) with respect to u, leads to the
fluid equations. It is well known that the fluid equations do not constitute a closed
46 SERIE - TOME 19 - 1986 - N° 4
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system of equations. And, even with a closure assumption, it is often very difficult to
obtain an L°° estimate.
In [13], Ukai and Okabe use the characteristics to reduce the problem to the decay of
the initial data/o. In [II], H. Neunzert, M. Pulvirenti and L. Triolo use a probabilistic
approach to give a meaning to the notion of characteristic, for equation (1). (Indeed,
the
^vf ^rm perturbes the classical characteristics with a Brownian motion. This
interpretation is, in some sense, very close to the physics). Then, they can extend the
proof of Ukai and Okabe.
In this paper, we deliberately turn our back to the method of characteristics, in order
to give a fully deterministic proof. The key idea is that the maximum principle yields
an estimate of
Maxai+lul^/Oc.u.O).
(x,v)

which provides the required estimate of p, if y is sufficiently large. Another tool which
becomes classical in this field, is the use of interpolation estimates. The method also
provides a straightforward proof of the convergence of the solutions of (1), towards
those of (2), when a goes to zero.
We now state the theorems: Theorem 1.1 gives the existence and uniqueness result;
Theorem 1.2, a regularity result (whose proof will be omitted, see remark IV. 2), and
Theorem 1.3, the convergence when o goes to zero. (For the meaning of the notations,
see the end of this paragraph.)
THEOREM 1.1. - We suppose that the initial data fo(x, v) (for xe^ and ve^), is
nonnegative and satisfies mth a real y > d.
(3)

/oeW1'1^);

(l+|F|y 2 (|^|+|D/o|)6L O O (R 2 d )

Then, the Vlasov-Fokker-Planck system
H+ v. VJ+ E. V,/- a\f= 0;

(4)

f(x, v, 0) =/o (x, .)

,.
£(x, t)=C(d) -^-——pO;, t)dy,

!

>-p

J \^-y\

p(x, r)= /(x, v, t)dv
J

admits a classical solution, in a time interval [0, T[ such that: T=oo if d= 1 or 2 (f is a
global solution); T is finite and depends on /o ifd=3, but can be chosen independent of a,
if CT ranges in a bounded interval ]0, CT()].
This solution is such that
(5)
(6)

f^ 0;

fe L^ ([0, T[, W14 (R 2 d))

(^l^iyd/l+lD/DeL^Jp, T[, L^R^))

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE

522

P. DEGOND

A^LLaO.Tt.L 2 ^))

(7)

E e L^ ([0, T[, W 1 ' 00 (^));

(8)

^e L^ ([0, T[ x R 2 d).
dt

Two solutions of equation (4), w/nc^ saris/y (5) to (8), must coincide.
THEOREM 1 . 2 . — We assume that /o ^ nonnegative and satisfies
(9)

/o^W^R^);

(l+|l;|y 2 (|/o|+...+|D W /o|)eL O O (R 2 d )

with m ^ 1 and y > d . Then the solution obtained in Theorem 1 . 1 verifies
/eL^aO.Tt.W^ 1 ^))
(1+H 2 ) Y/2 (|/|+. . . +|D W /|)eL^([0, T[, L^R 2 ^)
V^D^eL^O.Tt.L 2 ^))
EeLiSJtO.Tt.W-' 00 ^)).
THEOREM 1 . 3 . — IV^ suppose that fo is nonnegative and satisfies:
(10)

/oeW 24 ^);

(l+|y|2)Y/2(|/o|+|D/o|+|D2/o|)eLOO(R2d),Y>d

P^^ denote by f5 the solution of(\) and /, r^ solution of (2). Then for any finite time
interval [0, T*] (wfr/i T*<T ifd=3),fa converges to fin the following sense.
Max(||(/-/ <y )(r)||,+||(l+|l;| 2 )^ 2 (/-/ <r )(0||,+||(E-E <T )(0||J=0(a).
[0, T*]

The outline of the paper is the following: Paragraph II presents the iteration method
on which the proof is based. Paragraph III gives the fundamental estimates (using the
maximum principle) which allow the convergence of the procedure in
paragraph IV. Paragraph V is devoted to the approximation result, when a goes to
zero. Then, in a somewhat lengthy appendix we prove some results on the linear
Fokker-Planck equation. Indeed, we have been unable to find these results in the
litterature; so, we have given them for the sake of completeness. In another short
appendix, we prove the interpolation inequalities which are the second main tool of the
proof.
We complete this introduction with some notations. For a function u (y\ (y e R^), we
denote by || ||^ p the usual W^^-norm, and by |[ |[p, the U norm. If M is a
function of the pair (x, v) e [R4 x IR^, we denote by V^ M, Vy u (without dots) the partial
derivatives of u with respect to x or v, and by Du the total derivative [with respect to
(x, v)]. Consequently, Dmu will be the m-th total derivative of u.

II. Construction of an iterative sequence
The proof will be based on the following approximation scheme: we initiate it with
the zero functions. Then if we assume that the electric field E"(x, t) is known, and
4s SERIE - TOME 19 - 1986 - N° 4
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belongs to L^([0, oo[, W1100^)), we can solve the linear Fokker-Planck equation (see
appendix A):
^fn+i
-——+u.VJ'n+l+En.VJ'n+l-CTAJ•n+l=0;

S

(11)

8t

fn+l(x,v,0)=f^x,v).

Then, we can compute the charge p"^ and the electric field E""^ according to
p^Oc, 0= [/n+l^ v, t)d^
J

E^Qc, t)=C(d) [ " ^ p ^ O , r)^.
Jl^-^l"

Now, Appendix A gives the existence and uniqueness of the solution/ n+l of equation
(11), and the following estimates.
(12)

/^O;

llp^^Oll^ll/^^OHi^ll/olli;

liy^Olloo^ll/olloo.

Unfortunately, estimates on the derivatives are also needed, to obtain the strong
convergence of/". Furthermore, the use of interpolation estimates (66) and (67) requires
L°° estimates on p" and V^ p". As we explained in the introduction, these will be obtained
though some estimates on the decay at infinity, in the velocity space, of /n. This is the
aim of the next paragraph.
Remark 2 . 1 . — When a==0, (11) becomes a classical linear transport equation, with
regular coefficients. It can be solved by means of characteristics, and estimates (12) are
obvious.

III. The basic estimates
We define
Y" (x, y, 0 = (1 +1 v l2)^2/" (x, v, 0;

Z" (x, y, 0 = (1 +1 v |2)^2 D/" (x, r, r)

for which we prove the:
LEMMA 3.1. — We assume that /o satisfies the hypotheses of Theorem 1.1, and that a
ranges in a bounded interval ]0, CT()]. Then, there exist two functions a (t) P (() independent
ofn and of a, such that
f

oc,peL^([0,a)[)

UpeL^([0,TD

ifrf=3,

if d= lor 2
T=T(/o,ao,y)

and such that for every n and t, we have
(15)

llY^Oll^o^);

IIZ^Oll^PO). •
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The proof relies on the maximum principle for the linear Fokker-Planck equation,
which is proved in appendix A. We apply it to the equations solved by Y" and Z". We
also widely use, some interpolation estimates shown in appendix B. (The logarithmic
estimate (67) for || V^ E ||^ is very close to that proved by T. Beale, T. Kato and A. Majda
[4].)
Proof of Lemma 3.1. — We will omit the superscripts n and n+1, when the context
will be clear.
STEP 1. — A Gron\vall inequality for ¥„. — Multiplying equation (1) by (l-l-l^l 2 )^ 2 we
easily get
(15)

^^.v.Y+E.V.Y-aA.Y
dt
=y(l+|l;| 2 ) ( Y - 2 ) / 2 (l;.E)/-2ay(l+|^;| 2 ) ( Y - 2 ) / 2 l;.V,/
-CTy(y-2)(l+|l;| 2 ) ( Y - 4 ) / 2 |y| 2 /-3CTy(l+|^;| 2 ) ( Y ~ 2 ) / 2 y:

But we have:
-2ay(l+|l;| 2 ) ( Y - 2 ) / 2 r.V,/=-^^ : —l;.V,Y+2ay 2 (l+|u| 2 ) ( Y - 4 ) / 2 /.
so that equation (15) can be rewritten
^Y
v
+u.V^Y+fE+2ay—
- .2 V , Y - a A , Y = R i + R 2
—+u.V^Y+
E+2ay————
x

8t

\

•!+ v

R^=y(E.u)(l+|u|2)(Y-2)/2/
(16)

R2=(oy(y+2)--i l ^-3c^y)(l+|F| 2 y Y - 2 ) / 2 y:
l+p|

Now, thanks to the hypotheses on the initial data, we can use the L°° estimate (45),
and we obtain:

(n)

1
iiY^^oii.^iiYo^+rdiRr'^iioo+llR^
^?^
Jo

But
||Rr l (5)||,^C(y).ao||(l+|^ 2 ) ( Y - 2 ) / 2 / n + l (5)||,^C(y)ao||Y" + l (5)||,.
And

llR^^^ll.^yllE-^llJKi+lFiT-^ 2 /^ 1 ^!!,.

Then we use the interpolation results (64), (65) and (66) of appendix B and the
inequalities (12) and we get
llE-^II^CWilp^^ll^llp^^l^-^
^C^^II/^^ll^ll/^^ll^-^^-^vllY-^IIS- 1 ^
4s SERIE — TOME 19 - 1986 - N° 4
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^c^y,^)!!^^)!^- 1 ^
| [ ( 1 + [ , IT-^V-^MCCY) ||/n+l(5)||^||Y"+l(5)^-^

^(Y^IIY^^II^.
So (17) becomes the expected Gronwall inequality (1):
(18)||Y n+l (0||^C,+cJ t ||Y n+l (5)||,^+C3^||Y n+l (5)||^-^||Y n (5)||^
Jo
Jo

Intuitively, we see that this Gronwall is at most linear if
(ri-l)/y^l/Y;i.e.:^2.
STEP 2. - Estimate o/Y^.
Weput^(r)=Max(l,||Y^(0||j.
In the case d^2, (18) simplifies into:
(19)

^i(0<Ci+C2 (\^(5)rfs +C3 r^7^(5)^(5)d5.
Jo
Jo

Now, let a (t) be the solution of the linear equation
a(0=(C2+C3)a(r);

a(0)=Ci.

Then we prove by induction on n that we have
(20)

^(r)^a(O;

V^O,

VneN.

Indeed, denoting by v^+i (r) the right hand side of (19) we prove that an upper bound
T for the set
{te^/v|/^(5)^oc(5),

Vse[0,r[}

does not exist. If the converse were true, we would have
k+i(T)=C^^i(T)+C3^^(T)^(T)<C2a(T)+C3a(T)=a(T)

which shows a contradiction. (20) is the desired estimate.
In the case d=3, (18) leads to:
^i(0<C2 [^^(5)^+03 ry^^(s)y^(s)ds.
Jo
Jo

(1) From now on, C, will denote constants depending only on d, y, fo and CTQ.
ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE
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And the same reasoning can be applied with a function a (t) solution of
a^^+C^aO) 1 ^;

a(0)=C,.

which exists during a time interval [0, T[, where T depends on/o, y and OQ (through C^,
€2 and €3).
STEP 3. — Estimate on Zy
We differenciate equation (1) with respect to (x, v). Considering D/as a vector '(V^/,
Vy/), we obtain the vectorial equation:
a
(D/)+l;.V,(D/)4-£.V,(D/)-o^A,(D/)=-A.D/
ot

(21)

where A is the 6 x 6 matrix decomposed in 3 x 3 blocks:
A=f °
\V,B

Id

)
0;

Now, we multiply equation (21) by (1 +1 v \2)'ill and get the following equation for Z:
^\ry

/

\

+l,v,Z+(E+2CTY— u —).V,Z-CTA,Z=Sl+S2+S3,
8t
\
1 + | v\2/

(22)

where Si and S^ are obtained from (16) by replacing/by D/, and
Sa^^+li^y^A.D./:
Now from the previous steps, we get:
(23)

||SBt+l(t)||«^C(Y)||E'•(0[|<„||(l+|t»|T-l)/2D/"+l(0||«
^C(Y,d,/o)a(t)<<'-l)/T||Z"+l(t)||»

(24)

IIS^^Oll^^CToC^IIZ'-^^ll,
\\Sn,+l(t)\\^\\A'l(t)U\ZI'^(t)\\^

In the sequel, we will denote by <|/,(t) some known functions depending only on d, y,
<7o and/o> and satisfying (13). (<)/, will generally be obtained from a.)
^
We apply the logarithmic identity (67), and obtain
(25)

||A'•(t)||,^C(d)(l+||pB(0||.(l+Log(l+||V,p"(0||J)+||pB(t)||l)
^C(d,Y,/o)(l+a(t)^(l+Log(l+||V,p"(0||j))
^<|/i(t)(l+Log(l+||V,p"(t)||j).

But we have
(26)

||VxP"(0||oo^||f|V,/"(t)|^||,^C(Y,<0||Z'•(0||,.

4' SfeRIE - TOME 19 - 1986 - N" 4
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So, the maximum principle (45) applied to (22) and the estimates (23) to (26) lead to

(27) ||zM+l(o||^||Zo||,+ r^^Hz^1^)!!,^
Jo
+^v|/3(5)0+Log(l+||Zn(5)||J)||Zn+l(5)||,^.

Jo
Now we introduce the function
^^Max^.llZ^Op
which satisfies the inequality (from 27)
^n+l(0<C+

\1/4 (5) Z^ (5) Log^(5)d5.

Jo

and we denote by P (t) the solution of the differential equation
|^(0 =v|/4(r)P(0 Log p(t);

p(0)=C

whose solution is
P (r) = exp ((Log C) exp [ ^ (s) ds\
\

Jo

/

We see that P satisfies (13), and the same argument as for step 2 proves that Z"
satisfies
||Z.(0||..mO,

V.eN, V.in{"^:;2

So Lemma 3.1 is proved. •
COROLLARY 3.1. — There exists a function a(t) depending only on d, y, /o and OQ,
satisfying (13), and such that:
(28)
(29)

llp^Olloo+IIV.p^Oll.+HE^Oll.+IIV.E^Olloo^aW
||D/"(0||^oc(0

•

Proof. — (29) alone, is not obvious. Going back to equation (21), and applying
estimate (46), leads to
||D/n+l(0||^||D/o||l+^||An.D/n+l(5)||,d5.
Jo

But thanks to (28), ||A"(5)|^ is bounded by a (s). So HD/^1^)!!! satisfies a linear
Gronwall inequality whose coefficients are independent of n. This gives (29). •
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Remark 3 . 1 . — Lemma 3.1 and Corollary 3.1 are also true for CT=O. (See remark
3.2).

IV. Convergence of iteration scheme
end of the proof of theorem 1.1
In this paragraph, we complete the proof of Theorem 1.1 by successively showing the
convergence of the iterations towards a weak solution, the regularity of this solution,
and its uniqueness.
END OF THE PROOF OF THEOREM 1.1.

STEP 1. — Convergence of the iterative sequence.
We introduce an arbitrary finite time T* (T*<T if d=3). Thanks to estimates (14),
we get the following convergences (of subsequences) in the weak star topology of
L°°([0, T ^ x R 2 ^ :
f/ n -/;(l+|^| 2 ) y / 2 /"--(l+|^| 2 ) Y / 2 /
[ (l+lyl^D/^l+H^D/

(30)

and, in L°°([0, T*] x R^) weak star:
(31)

E"—E;

V^—V^E.

To pass to the limit in the non linear term of equation (1), we need a strong
convergence. We will prove that /" converges to / in the norm of L°°([0, T*],
L1 (R2 d)). Indeed, ( /" +1 -/") solves the equation:
^(y^i.y.)^ ^(/^-n+E" .V^/^-n-aA^/^1-/")
ot
=-(En-En-l).VJn.

Now, thanks to the L1 estimate (46) we obtain
(32)

[[^r^-n^dxdv
^ f f f l ^ / " ^ ^ s)||(E W -E n - l )(x, s)\dxdvds
^c F fff————rl^"^ ^ ^ H P " ^ ^-p"-^, s)\dxdydvds.
Jo JJJ l-^"^ |

But, using inequality (66), Lemma 3.1 and Corollary 3.1 we obtain:
(33)

Max ( ff—————
| V,/" (x, r, s) | dx dv\
x

y \j j |
\

j

I

yi

| -y __ 1.?
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1^/"(^ ^ s^dxdvY^Msix fiVJ^Qc, y, ^I^V" 1 ^

^(
^J

/

\

x

J

)

1

^C(Y, ^IID/^II^IIZ"^- ^^, d, T*)
So (32) leads to

o^iKr^-ncon^c JoFJf|p"(y, s)-p'-i(y, ,)[^d^c Jor||(/'--/'-i)(s)||,^.
where C is independent of n. So (/ n + l -/") satisfies:

ll^^-ncoM0^ Max iK/1-/^!,
M

'

(6[0,T*)

which proves that/" converges in L" ([0, T-], L1 (R 2 ")) to a unique limit which coincides
with the function / found in (30). Furthermore, since T* is arbitrary, / exists in
LiSc([0, oo[, L^IR2")) for d=l or 2, and in L^([0, T[, L^IR 2 ")) for d=3. It is then
easy to prove that/is a weak solution of equation (1).
In the remaining part of the proof, we shall consider the case d= 1 or 2. For d=3,
the only change is that [0, oo[ must be replaced by [0, T[.
STEP 2. — Regularity of the solution.
Thanks to the preceding step, we have:
(35)

f
/e L,^ ([0, oo[, L* (R 2 ") n L°° (R 2 d))
lO+NWI/l+lD/^eL^ao, oo[, L^R2")).

Furthermore, estimate (29) shows that D/" is bounded in L^,([0, oo[, L1 (IR21*)). So,
for almost every t, Df(t) is a bounded measure of R2", and since it is a function we
get:
(36)

D/6L^([0, oo^L^R 2 ")).

Then, the charge p(x, t)= /(x, i;, t)dv satisfies
p6L,^([0, co[, W l • l (IR^nW l -° o (^)).
So, the electric field E found in (31) solves the second equation (1) in a classical sense,
and satisfies
(37)

E6L,^([0, oot.W 1 -' 0 ^)).

At last, /is nonnegative, since/" is nonnegative for every n.
Now, we prove that A.,/, (which is, up to now, a distribution) is actually a function
such that
<38)

A^/eL^OO, oo[, L 2 ^ 2 "))
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For that purpose, we compute the (vectorial) equation solved by the vector Vy/:
8

- (V,/) + v. V, (V,/) + E. V, (V,/) - aA, (V,/) = - V,/
ct
V,/(x,i;,0)=VJo(^)

and we use the regularity proposition A 2. We easily check, thanks to hypothesis (7)
and to (35), (36) and (37), that the hypotheses of proposition A. 2 are verified. So the
L2 function V,/actually belongs to L^O, T]xR^, H^ff^)) for any arbitrary T. In
particular, this proves (38).
Then, applying equation (1) proves that 8f/8t belongs to L^([0, oo[x ff^x R;;), and
that the equation (1) is satisfied almost everywhere. This shows the regularity of the
solution.
STEP 3. — Uniqueness.
Let (/, E) and (7, E) be two solutions satisfying (35) and (36), with the same initial
data fo. The proof of estimate (34) can be adapted in a straightforward way to prove
that

||(/-7)(o||^cr||(/-7)(5)||^5.
Jo

Thus, || (f-J) (0||i=0 for every t.

Remark 4.1. - All this proof can be achieved for the Vlasov-Poisson equation (i.e.
CT=O) since the required estimates are true. (See remarks 2.1 and 3.1). The only
property which is not true in this case is the regularity of Ay/ [see (38)], but it is not
needed to give a classical meaning to the Vlasov equation solved by / Furthermore, a
regularity theorem, such as Theorem 1.2 is also true.
Remark 4.2. - We will not give the proof of the regularity Theorem 1.2. The ideas
are obvious but lead to somewhat tedious calculations. We must differentiate equation
(1) a certain number of times, and proceed by induction to give a linear Gronwall
inequality for the derivatives. This type of proof is chieved in [5] for the Vlasov-Maxwell
equation. [The hypotheses that fo should be compactly supported can be easily replaced
by the assumptions (9).]

V. Convergence of the Vlasov-Fokker-Planck equation towards
the Vlasov-Poisson equation when a goes to zero

Proof of Theorem 1-3. — We consider a finite time interval [0, T*], with T*<T in the
case d=3. We denote by (/°, E°) the solution of the Vlasov-Fokker-Planck equation
(1), with the same initial data/o? satisfying (10).
4s SERIE - TOME 19 - 1986 - N° 4

ON THE VLASOV-FOKKER-PLANCK EQUATION

531

y=f-f° solves the equation:
(39)

3X°
-^+u•vxXCT+E.V,X•'-CTA,XO=-<7A,/-(E-E^).V,/<'.

Since/o satisfies (10), we have
A,,/€L°°([O, T*], L^R2")); (\+\v\2ri2\feLX([0, T*], L^R2"))

Now, using the same method as for inequality (33), and the fact that estimates (14)
and (29) are independent of CT in a range ]0, CT()], we obtain:
IKE-E^.V.J^Olli
^C(Y,d)||(p-p<I)(t)[[J|V^(t)||^|[(l+[t,|2)r/2^^^-l)/4

^C(Y,d,T*,/o)||(P-P <I )(t)||l.
So estimate (46) applied to (39) gives:

IK/-n(o||i^CT r||A^(s)||i^+c r||(/-n(s)||^s
Jo

Jo

which proves that
Max

|| (f-f) (t) ||^ C (Y, d, T^, /o, ^ a.

t6[0. T*]

Now, we consider Y°=(l +1 v j2)^2 X". Y' is a solution of the equation:
4
Q\°
/
\
^+..V,Y°+^+2ay^^j.^Y°-aA^Y«'=^R,

where
R^-oUl+lrl^AJ);
R2=Y(E..)(l+|l,| 2 ^- 2 »/ 2 (/-/');

||R,(O|[^^C.CT.
IIR^O^^CIIY^OH,.

R^^a^^+^^J^-SyXl+l.l^-^x-

^-^-^.(i+W^j'';

||R3(0|[^c.CT.

IIR^^II^CIKE-E")^!!,.

Besides, we have according to (66)
||(E-E< I )(0||„^C||(p-p o )(0||i/-'|[(p-p')(t)^-l)/-'
^Ca^llY^Ol^-^^C^+llY^OllJ.
Now the maximum principle (45) yields
llY^Oll^CiCT+cJ'llY'OOll^
Jo
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proving that
MaxllY^Oll^^y.d./o^ao^a
[0, •P]

This ends the proof.
Remark. — We could also show the convergence of the derivatives, if /o is more
regular. The method would be exactly the same. So, such a theorem and its proof is
omitted.

APPENDIX A

The linear Fokker-Planck equation
This appendix is attended to provide a rigorous treatment of the linear Fokker-Planck
equation:
(40)

- M +l;.V^-^a.V,M-aA,M=U;
8t

u(x, u, O)=M()(^ v)

where
a(x, v, 0=(a,(x, v, t))?=i

is a given vector field, and UQ (x, v) and U (x, u, t) are given functions.
It seems that such an equation is not a classical example, and cannot be found in the
litterature about linear evolution equations. M. S. Baouendi and P. Grisvard [2] have
proved an existence theorem for the stationary problem associated with (40), but in a
bounded domain, and in the case d=\. However, their idea of using a theorem of
Lions [10], remains, as far as I know, the most powerful tool for the study of degenerate
problems such as equation (40). A great part of what follows is an adaptation of their
paper.
Proposition A. 1 gives an existence and uniqueness theorem for equation (40), in an
L2 setting. A regularity result is stated in proposition A. 2, while proposition A. 3 is
devoted to a maximum principle, and an L°° estimate. Proposition A. 4 provides an L1
estimate for an equation (40) involving a divergence free field a. All these propositions
are gathered here for greater convenience.
PROPOSITION A . I . — We assume that
(41)

u^cL^R2^;
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d

(42)

V,.^= ^ — ' e L - ^ T l x R 2 ^
1=1 8vi

aeL-^TjxR^);

Then, equation (40) has a unique solution u in the class of functions Y defined according
to
^=\ueL2([0, T]xR^, H^)), ^+1;. V^eL 2 ^, T] x ^ H-W))l
L
dt
J
an^ satisfying the initial condition in the sense of Lemma A . I .
PROPOSITION A. 2. - We assume that (41) and (42) are fulfilled and we suppose that u
is a weak solution of (40), belonging to L 2 ^, T] x ^ 2d ). Then u also belongs to Y and
coincides with the unique solution provided by proposition A . I .
PROPOSITION A. 3. - We assume that (41) and (42) are fulfilled.
provided by proposition A. 1 satisfies:
(43)

(i)

UQ^O

and

(44)

(ii)

i^L^R 2 ^

Then, the solution u

U ^ O => u^O,
and

UeL^O, T], L^ 2 ^)

=>

^eL^O, T] x ^ 2 d )

an^ we have

(45)

h(oMKIL+ri|u(.)||^.
Jo

PROPOSITION A. 4. - We assume that (41) and (42) ar^ fulfilled, and in addition we
suppose that a is divergence free: (V^a=0), and that
u^L^R2^;

UeL^O, T j x t R 2 ^ .

Then the solution u of proposition A. 1 belongs to L°° ([0, T], L1 (R 2 d)) and satisfies:

46

()

1 ^(o i i ^ ho iii+r 1 u (5) 11,^
Jo

Proof of proposition A . I . - The change of unknown
u(x, t)=exp(—'kt)u(x, t)
leads to the equation

/.-,

(47)

) -j-i-^v^,u+a.y,u-^u+^u=\J=e^t\J;

< of

\

u (x, v, 0) = UQ (x, i;)
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Assuming that ^ satisfies
(48)

5i>j||v,.a||,

we will prove existence and uniqueness for u. In the remaining of the proof, we will
drop the tildes.
We first recall the theorem of Lions, that we will use further.
THEOREM [10]. — Let ¥ be a Hilbert space, provided mth a norm \. |, and an inner
product (,). Let 0 be a subspace of F, provided mth a prehilbertian norm ||. ||, such that
the injection fl> c^ F, 15 continuous. We consider a bilinear form E:
E: Fx09(u, (p)-»-E(M, (p)elR
such that E (., (p) i5 continuous on F, for any fixed (p in 0, and such that
|E((p, (p)|^a||(p|| 2 ,

V(pe<D, witha>0.

Then, given a linear form L in <5>\ there exists a solution u in F of the problem
(49)

E(M, (p)=L((p),

V(pe<D.

Now, let F be equal to the space:

r o TI
Y IR^ I-T^IR^Y^
X—
— LjT ^^[U,
ijxire^,
n \u^v))

,

and let 0 be the space ^([0, T[xlR^x[R^) of infinitely differentiable functions, with
compact support in [0, T [ x R^ x R^. 0 is provided with
IH|l=||<P||^+-I f f l ^ ^ O^dxdv,

V(pe0.

The bilinear form E, and the linear form L, are defined according to
E(M, <P)=
JJJL

M.f—^-u.V^+^l+V^.tacp+aV.cp) \dxdvdt
\ ot
/
J

L((p)=<U, cp>x'.x+

^o(^ y)<P(^ ^ 0)dxdu.

Thanks to these definitions, Lions'theorem applies and the variational equation (49)
admits a solution u in X. u satisfies equation (47) in the sense of distributions, and in
particular, we deduce that
- M 4-u.V^M=U-a.VyM+aA„M-^MeX /
9t

so that u belongs to Y. In order to give a meaning to the initial condition, and also, to
show the uniqueness, we have to prove a trace theorem, and a Green formula for the
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Consequently, we temporarily admit the following Lemma:

LEMMA A . I . — (i) Ifu belongs to Y, u admits (continuous) trace values u(x, v, 0),
u(x, v, T) fnLW).
(ii) For u and u in Y, \ve have
(50)

<^+I;.V,M, u\^ x+<^+^V.^ ^>x'.x
9t
8t

=

M(x, v, T)i7(x, v, T)dxdv—

u(x, v, 0)u(x, u, Q)dxdv.

So, using the equation (47) and the Green formula (50), we deduce that the solution u
of the variational equality (49) satisfies
[u(x, u, 0)-Mo(^ y)](p(^ ^ 0)AcA;=0,

V(pe<D

Consequently, the initial condition is satisfied in L 2 ^ 2 ^).
Now, for uniqueness, we suppose that u is a solution of (47) with U==0 and M()=O,
which belongs to Y. Applying (50) we obtain
(51)

0=<^+i;.V^, u>x,x+(^V^ u\2
8t
+(T(V,M, V,M)L2+X(M, U\2

^ 1 fL(x, i;. ^l^x^+^-^IV^all^^, u\2
—JJ
\ ~
/
^^-|||V,.a||^(M,^2.

Thanks to (48) we get u = 0, which proves uniqueness.
Proof of Lemma A . I . — The proof will be devided in 2 parts. The first is devoted
to a density theorem, and the second, to the Lemma itself.
Part 1. - In this part, we prove that the set ? of C00 functions of (x, t) in R^ x [0, T],
with values in H^tF^), which are compactly supported in R^x(R^x[0, T], is dense in
Y. The proof is devided into 3 steps.
FIRST STEP. — Truncation mth respect to the velocity.
Let u be a function in Y, and let ^(v) be a sequence of functions such that:
XR(I;)=I
(52)

for |i;|^R;

XROO=O

IV.X.II.-O^.
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and put ^ = ^ u.

Then classically we have
u^->umX
,^.VJ«.

—+u.Vju
x
^t

So «, converges to u in Y weak, and a classical argument about weak and strong
topologies shows that « can be approximated by a sequence of functions in Y which are
compactly supported with respect to the velocity.
SECOND STEP. - Truncation with respect to x.
se^n^'ri^? ^n""'"'"1' '"^ m te'oc"y•lnd Iet &w be a (r————
^R^XROO^-^inX
and

^+^V.)«R=XH(X)^+,.V^«+,.«V,^
so that

|f-+^k

1\^

/

x-

^ f^.v^
x
^t

)

x-

-^
R

and we conclude as in the first step.
THIRD STEP. - Regularization.
be a function of Y which is compactly suwmted with
R^J
'
^P^ to both (x, v) in
"^
"^y
x

We first consider the case where u is compactly supported in ]0, T[ x ^ x R^.
Let ^ (x, 0 be a regularizing sequence. Then we have classically:
u^^u-^u

in X

and

(^.v.)»..,..(^,^,,^,^. ,^,
<^
7
\8t
7 ^t
.

- .

• X l * ' *

—————'->

'T-

I

— — — — — — — ^ ^ ^ . V y I W — — — — ^ l

———————-

since ((^)/+ u. V,) y, as a function of (x, t), is in L2.
Now
' ?6 T ^u" is compactly supported in [0' T ^ X R 2 '' or in ]0> T]xR^, can
be treated analogously by introducing a translation. This ends part 1.

Part 1. - We prove that the mapping:
(53)

Y3M-^(«(.,., 0), u(.,.,^))eL2(n^'l)
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can be continuously extended to Y. This shows (i) of Lemma A. 1. Statement (ii) is
then straightforward, thanks to the denseness of Y in Y.
Using a partition of unity, we can consider the case of u in Y, compactly supported in
[0, T[ x R2 d. Thus we have
[[|M(X, u, 0)\2dxdv=- | -^[[^(x, r, t)\2 dxdv\dt = -2 | [[^(x, v, t)dxdvdt
On the other hand, we have
F 41''0000 9u
2
x,=+oo,
O^-l^x^-oo,
y, 0 | 2 = 0 = 2 I
\u(Xi=
+00, x,, u, t)\
-\u(Xi=-co, x,, v,
—u(x^ x^ v, t)dx^
J
°X,
J --oon
o dx
i

where x,=(x,, . . ., x;_i, x,+i, . . ., x^).
So

-JJI^'

0=2

v,—u(x, v, t)dxdv
dx^

Then, we obtain

u{x

xd l

+ v

^ •°•^ '- W(S °•

—+ v. V^ u ]u (x, u, r) rfx A? A
.5r
/
^2 ^v^u
\\u\\^C\W.
9t
x

Thus, the mapping defined in (53) can be continuously extended to Y. This ends the
proof of Lemma A . I , and of proposition A . I . •
Remark. — At the expense of some technical difficulties (arising because of the change
of type when ^=0), we can also prove trace theorems with respect to x.
We omit the proof since it is unuseful for our purpose. The proof of such a result in
the case d = 1 can be found in P. Degond and S. Gallic [6]:
LEMMA A. 2. — (i) The mapping Y 9 u —> u (x^ x^ v, t) can be extended into a continuous
linear mapping from Y into L2 (R^~ 1 x R^ x [0, T], dx,(S)\ v, \ dv®dt).
(ii) more generally, if Q is an open set of ff^ whose boundary is regular and compact,
then the mapping
U3\ -^U(X, V, 0 | ^ x D ^ x [ 0 , T ]

can be extended into a continuous mapping from Y into L 2 ^^ x R^x [0, T],
| v. n(x)\da(x)(S)dv(S)dt) where rfcr(x) is the superficial measure of 80, and n(x) is the
outward normal of 80. at point x.
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Furthermore for u and u in Y, we get:
>T

/*

,3

< - ^ + ^ V ^ , U^-l^ldxdt

Joo Jn

^
/•Y /»
=-

Jo Jn

^'w
<-^+U.V^M, M>H-1,H1^^
^
'
'" '"
^

+

r r rM(x, u, r)u(x, u, t).(v.n(x))da(x)dvdt.
Jo Jan J

Pyw/ of proposition A. 2. - Thanks to the hypotheses, a.Vy u belongs to
X^L 2 ^, T] x O^, H- 1 (^)). So, u is also solution of the equation
(54)

—+y.V^-CTA,M=^;
ot

u\,=o=uo.

with g=\J—a.V^u is given in X'. Now, Proposition A. 1 provides a solution i7 of (54)
which belongs to X. The problem reduces to prove that M==M.
We denote by (p the difference u-u. (p is a weak solution in L^O, T] x R^ x R^) of
equation
^p+l;.V,(p-CTA,(p=0;
ot

(55)

cp |^o=0.

Now the solution of equation (55) can be found explicitely by taking the Fourier
transform (p(^, co, t) of (p with respect to (x, v). (p is a solution of
-^-^V^+alo)!2^;

^=o=0

which is a classical linear transport equation, with regular coefficients. It is well known
that the unique L2 solution of such an equation is zero. Thus (p is identically zero,
which proves Proposition A. 2. •
Proof of proposition A. 3. - (45) is an easy consequence of (43). The proof of (43) is
an application of the variational method. (See e. g. Tartar [12]): we have the
LEMMA A. 3. — Let M e Y then u^ and u~ defined according to
u+ (x, v) = Max (u (x, v), 0);

u ~ (x, y) = Max (- u (x, u), 0)

belong to X, and we have
(56)

<^+i;.V,u, u - ) - ( ff|M-(x, v, O^dxdv- ff|M-(x, y, T^Ac^A
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We postpone the proof of this Lemma. Then, if u is the solution of (47) given by
proposition A. 1, for UQ and U positive, we get
(57)

<U,M->=<^+i;.V,M,iOx'x+(^V^,0^
ot
+CT(V,M, V,M-)L2+?l(M, U~\2

^~(

^"(^ ^ T^Acrfu+^.V^", M-)L2+^(M-, M-)L2

S-(,-^A)(.-,.-),,
Since <U, u~ > is positive, each side of (57) must be equal to zero, and we conclude,
as for (51), that u~ =0.
Proof of Lemma A. 3. - Thanks to the denseness of Y into Y, it is sufficient to prove
(56) for u in Y. (For the definition of ?, see the proof of Lemma A. 1, part 1). It is
even sufficient to prove that for u in Y, we have
(57)

F t f?^")

Jo

JlRi\^

/L 2

^A=lff^-(^^0)|2rfx^-fL-(x,^,T)|2rix^

/»T

(58)

2\JJ

ft

/

^

JJ

/

\

l^,u-) 2 dxdt=0,
Jo J ^ \ Sx,
A

Vie[l,4

For that purpose, we apply a theorem stated in [12], that we recall here.
PROPOSITION. — Let V c H c V be a canonical triple of Hilbert spaces. We suppose
that the mapping u->u~ is a contraction on V. Let u belong to L2 (0, T, V) pi C°
(0, T, H) such that du/dteL2^, T, V) then
(59)

rf^'^)

Jo \at

/v'v

^—(I^WliH^W
2

Applying this proposition with y=H=L2(Rd,x R^) leads to (57).
To prove (58) we define
H^V^OO, T] x R^-1 x R^1 x R^ dt(S)dXi(S)dVi®\v,\dVi)
where
Xi=(x^ . . ., x,_i, Xf+i, . . ., x^);

^=(^1, . . ., Ui-i, ^+1, . . ., Vd).

Let

ti(p) be the characteristic function of the half space {(x, u, r), Uf>0}.
Then the function u=^(v) u(x, v, t) satisfies:
MeL 2 (]-a), +a)[, H).;
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Since u is compactly supported, the use of formula (59) with ^. large enough, leads to:

The same method applies for ^<0 and leads to (58).
This ends the proof of Lemma A. 3 and of proposition A. 3.

•

00

Proof of proposition A. 4. — We consider a C function of u: vl/g(u), such that
v|/,(u)=0 if i^O;

^f,(u)=\ if i^e;

\|/g (u) increases in [0, e].
Let (pg (u) be a primitive of \|/g (u):
f"
^PeO^

^OO^J — oo

Of course, (pg(i0 converges, in the distribution sense, towards u+.
First, it is easy to sketch that if u belongs to Y, then (pe(^) and v|/g(K) belongs to
Y. Then we prove that for u in Y
(60)

-»
/• f
^
< u+ v. V,u, ^ (u) >(x, x) =
^(M) (x?
^
ot
JJ

/»/•
l;? T) dx dv

~\\ ^(u) (x? vf 0) rfx dv
JJ

(61)

(a.V^.^^^^-O.

(62)

-a<A^,v|/J^>^,x)^0.

(61) and (62) are easy. We just give the ideas for (60). As v|/g is the derivative of (pg,
(60) is trivial for the functions of Y. It remains to prove that each side of equality (60)
is defined and continuous for u in Y. We have
^(u)=u^(u)

with <D,(M)=

f1

^f,(Qu)dQ.

Jo
So, we get

^(u)\^C(s)\u\2
And thanks to the trace Lemma A. 1
|| (p,(^)(.,.,T)||Li^C(e)||u(T)||^^C(£) || i^.

The continuity is obvious.
So integrating equation (40) against v|/g(M) leads to
(63)

ff(Pe(^)(^ ^ T) dxdv^ ||Mo 1 1 1 + r||/(s)||^5.
JJ
Jo
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If we let e go to zero, (63) tells us that u^ (T) is a bounded measure in R2^
But u^ is absolutely continuous, so that it is an L1 function such that:

hiii^hoiii+rii/^iL^.
Jo

The same proof applied to u~ leads to the result.

•

APPENDIX B

Interpolation inequalities
LEMMA B . I . — For a function f(v): (R4 -> R, \ve have:
l|(l+|^| 2 ) (Y - l)/2 /||oo^C(y)||/||^||(l4-|F|y 2 /||^- l ^

(64)
(65)

Jl/00|^=||/||i^C(y, ^H/ll^-^IKl+lrly2/!^

/or

y>d

Proof. — We have

(l+|y|2yy-l)/2y^^

(

(l+R2)(y-l)/2||y^

j

^

[ (l+R 2.T/ilKl+l^iyVlloo
)

^

],^R
it

I.I^R.

So we get

l|(l+l^|T-l)/V||^(l+R2)<-l>/2||/||,+^^||(l+|.|yv||,.
If we minimize with respect to R, we obtain (64).
Now, for (65) we can write for y>d.
(\f(v)\dv=(
^

+f

J\v\^R

\f(v)\dv

J\v\^R

^(Wlj/ll^f

——__^\^f\\
^r^+WfL

J | t ; | ^ R ( 1 +| V\ ) "

^C^)R<f||/||,+C(rf)[|(l+|,|2)Y/V||^R^.

and, by optimization, we get (65).

•
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LEMMA B.I - Let p (x) fee a function which belongs to L^IR^OW 1 - ^(R^ and let
E (x) be such that
E(x)=[-x^—p(y)dy.

J \^-y\

Then we have:

(66)

(67)

iiEii^c(rf)iipnipir^-

||V,E||,^C(d)(l+||p[|,(l+Log(l+||V,p||j)+||p||i).

(66) is classical and is proved in [13] or in [3]. (67) is a slightly different version of a
logarithmic identity of T. Beale, T. Kato and A. Majda [4], but the proof is exactly the
same.
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