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ENERGY ESTIMATES AND LIOUVILLE THEOREMS
FOR HARMONIC MAPS

By Kensno TAKEGOSHI

This article consists of two sections. In the first section, we shall establish a method
to estimate the energy of harmonic maps from a non-compact Kéhler manifold provided
with certain hyperconvex exhaustion function into other Kéhler manifolds and induce two
monotonicity formulae for those maps. In spite of the elementary importance of establish-
ing such a method in function theory of several complex variables, up to now not much
is known about the general method to estimate the energy of harmonic maps or even
holomorphic maps of Kédhler manifolds. As a by-product of this method, we can show
the same monotonicity formulae for smooth non-negative plurisubharmonic functions
on such a non-compact Kihler manifold.

To estimate the energy of those global solutions of elliptic differential equations of
second order, our method requires that a given non-compact Kéahler manifold (M, dsg)
is provided with a non-negative exhaustion function ® such that ® is uniformly Lipschitz
continuous and ®? is C*® strongly hyper m—1 convex on M relative to the Kihler metric
ds?, respectively and the complex dimension m of M is greater than or equal to two.

Fortunately there are several classes of non-compact Kdhler manifolds provided with
such a hyperconvex exhaustion function.

For a given non-constant differentiable map f: (M, dsZ) — (N, ds%) from a non-compact
Kihler manifold (M, dsg) provided with the hyperconvex exhaustion function ® as above
into a Kéhler manifold (N, ds?) and any non-critical value r of ®, we induce an integral
inequality involving the energy E(f,r) of f on a sublevel set M(r)={®<r} of ®

(cf. (1.13)), its derivative ;E( f,r) and the integral B (f,r) of the component of normal
r

direction of the differential df of f on the boundary oM (r)={d)=r} (c¢f. (1.14) and
Lemma 1.22, (1.23)) when f is either pluriharmonic or harmonic and the Riemannian
curvature of dsg is semi-negative in the sense of Siu. This integral inequality plays the
crucial role in this article. In fact, from this integral inequality we can derive two energy
estimates for the above f which imply the monotone increasing property of the function
E(f,r)/r*. Here p is the positive constant determined by the ratio of the lower bound
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564 K. TAKEGOSHI

of the strong hyper m—1 convexity of ®? and the uniform Lipschitz constant of ®
relative to the Kéhler metric ds respectively.

This integral inequality is induced from an integral formula for vector bundle-valued
differential forms on bounded domains with smooth boundary which was produced by
Donnelly and Xavier (c¢f. [6] and Proposition 1.10). Using this integral formula, we

can show the same formulae for the function G (f,r)= Trace,g, 00 f?* doy/r* if fis a
M (r)
smooth non-negative plurisubharmonic function on M.

Here it should be noted that this integral formula can be applied to show the analyticity
of harmonic maps of Kéhler manifolds (cf. Remark 1.39).

For instance, we can obtain the following result as a corollary of our general result
(¢f. Theorem 1. 18).

THEOREM 1. — Let A  C" be an m=2 dimensional connected closed submanifold of C"
n

and let ® be the restriction of the function ||z||=_| Y |Z'|*, z=(*,...,2")eC" onto A
i=1

(0¢A).
Suppose for a given Kihler metric ds% on A the number p, defined by

(%) py:=inf ) &(x)

xeA =2

is positive where €, 2¢€, > >¢g, are the eigenvalues of the Levi form of ®? relative to

ds3 and the number p, defined by

(%*) ~ P21 =sup |0 |3z (x)

xeA

is finite (For instance, if ds% is the induced metric of Euclidean metric ds? of C", then we
can take p=m—1 and p,=1/2) and a given non-constant differentiable map
f:(A,ds3) - (N, ds) into a Kihler manifold (N, ds?) is either pluriharmonic or harmonic
and the Riemannian curvature of ds¥ is semi-negative in the sense of Siu.

Then the energy E(f, r) of fon A (r)= { ® <r} satisfies the following properties:

The function H(f,r):=E(f,r)/r* (Ww=p,/p,) is an increasing function of r and the
following estimates hold

H(f,rz)—H(f,rl)éfzwm

ri
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ENERGY ESTIMATES AND LIOUVILLE THEOREMS FOR HARMONIC MAPS 565

and

s 2520

for any r,>r; > inf ® (x).
xeA

The same formulae hold for the function

G(f,r):=F(f,n)/r, F(f,r):=j Trace,g 00 f2 dv,,

A
if f is a smooth non-negative plurisubharmonic function on A.

Remark 1. — When dimg A =1, the condition (%) in Theorem 1 is meaningless. But
setting p; =0 and assuming the condition (**), we can obtain the above estimates for
p=0 and any non-constant differentiable map f: (A, ds3) —» (N, ds3) into any complex

manifold (N, ds%) because ;E (f;r) (or ;F (f,r)=B(f,r) for almost all r (c¢f. (1.14)).
r r

The former estimate in Theorem 1 is called the monotonicity formula in [19]. The
same statement as Theorem 1 holds for several classes of non-compact Kihler manifolds
(cf. § 1, Examples).

In the second section, as an application of the result obtained in the first section, we
shall show Liouville theorems for harmonic maps and plurisubharmonic functions on a non-
compact Kéhler manifold provided with the hyperconvex exhaustion function @ as above
under certain slow volume growth condition.

Up to now several authors have investigated Liouville theorem for those maps on
various non-compact manifolds (cf. [2], [3], [7], [8], [9], [11], [12], [13], [18], [33] and so
on). One of the typical methods to study Liouville theorem for those objects is what
we call Bochner technique which shows the vanishing of certain function theoretic or
geometric object by coupling Weitzenbock formula with either a curvature condition or
a maximum principle (¢f. [31]). In particular this method plays an important role to
study Liouville theorem on a non-compact manifold whose curvature is non-negative or
at most has a lower bound (cf. [4], [16], [32]). But this method is wuseless to study
Liouville theorem on a non-compact manifold whose curvature is non-positive and not
bounded from below.

The following theorems show that our method based on the energy estimate for
harmonic maps can be applied to study Liouville theorem for those maps on non-
compact Kdhler manifolds with (asymptotically) non-positive curvature.

THEOREM 2. — Let (A, ds2) & (C*, ds?) be an m= 1 dimensional connected closed subman-
ifold of C" provided with the induced metric ds;=1*ds? and let ® be the restriction of the
norm ||z||, ze C", onto A.
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566 K. TAKEGOSHI

Suppose the function n(A,r):=Vol (A (r))/r*™ satisfies

{ dr =00 for some 5>0
s m(ALD)
Then ) (A, ds3) admits no non-constant bounded harmonic functions

B) Let f: A — N be a holomorphic map into a projective algebraic variety N with a very
ample line bundle L. If the set E;(L)={ceP(I'(N,L)):ImfNsupp(c)=} ((c) is
the divisor defined by the section o) has positive measure, then f is a constant map.

Y) A admists no non-constant negative plurisubharmonic functions
Remark 2. — It is known that n(A,r) is a non-decreasing function of r(c¢f.[21]). Theo-
rem 2 is partially known in the following cases :

(1) A is affine algebraic or equivalently n(A,r) is bounded (cf. [26], [27]).

(2) dimcA=1 andf (tn(A, 1)~ 1dt= oo (cf. [13], [27)).
o
The class of connected closed submanifolds of C" satisfying the condition

J (tn (A, £))~ ! dt= oo contains smooth affine algebraic varieties properly (cf. [10], §1).
5 .

The holomorphic sectional curvature of the induced metric ds3 is non-positive and not
necessarily bounded from below even if A is affine algebraic (¢f. [29] Examples 3 and 4).

When A is singular and transcendental i.e. n(A,r) is unbounded, up to now there is
only one result obtained by Sibony and Wong [22] in this direction i.e. they proved that
A o C" admits no non-constant bounded holomorphic function if A is a pure m=1 dimen-

L A,
sional irreducible closed subvariety and satisfies lim inf nl( )
r— o Og r

details here, using the plurisubharmonicity of log||z||, ze C", and the method used in the
proof of Theorem 2.1 in paragraph 2, we can generalize their result as follows:

<o0. Though we omit

Y) A o C" admists no non-constant negative plurisubharmonic functions which are smooth
on the non-singular part of A if A is a pure m=1 dimensional irreducible closed subvariety

and satisfies f (tn(A, )" tdt=o0.
s

Anyway to show these two assertions, the plurisubharmonicity of log||z|| plays an
important role. However it should be noted that Theorem 2 is proved independent of
the existence of such a plurisubharmonic or parabolic exhaustion function (¢f. The proof
of Theorem 2.1 in paragraph 2 and [27]).

The volume growth condition in Theorem 2 depends on the choice of metrics and the
above growth condition is optimal in the following sense:

Let (M, p,dsg) be a real two dimensional model (i.e. the metric dsg is rotationally
symmetric relative to p) whose metric in polar coordinates centered at p is
dsy=dr*+f(r)>d0*. Then f:[0, 0) - [0, ) satisfies that £(0)=0, /' (0)=1, f(r)>0 if
r>0 and f” (r)=K (r)f(r) (K(r) is called the radial curvature function). For a given
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ENERGY ESTIMATES AND LIOUVILLE THEOREMS FOR HARMONIC MAPS 567

€>1, let f'be convex and let f(r)=r (logr)® outside a compact subset [0, 5,]. The convexity
of f assures non-positive curvature. Hence the function n(M,r):=Vol (B (r))/r?* (here
B (r) is the geodesic ball of radius r centered at p) is a non-decreasing function of r. It
is easily verified that n(M,r)~(logr)*¢ for any r>3b, (For details, the reader should
be refered to the proof of Theorem 2.4 in paragraph 2 and [30]). Since e>1,

J (tn(M, 1)) " 'dt<oo. On the other hand, M has the conformal type of the unit disk
3

since j dt/f(f)< oo (cf. [9] Proposition 5.13). Therefore M admits many non-constant
1

bounded harmonic functions.

However in the case of Theorem 2, it is not so clear whether the volume growth
condition relative to the induced metric is optimal or not.

THEOREM 3. — Let (M, ds) be an m=1 dimensional complete Kihler manifold with a
pole 0eM and let ® be the distance function from 0eM relative to dsy. Then the
assertions o), B) and v) in Theorem 2 hold for (M, ds) if the radial curvature of ds¥
satisfies one of the following two conditions:

€

(@ (x)+n)*log (@ (x)+n)
O<e=g, ,<1,N>eand any xeM.

() |radial curvature at x|< for a sufficiently small e,

(ii) the radial curvature of dsk is non-positive on M and 0Zradial curvature at
€

= — ———— for a sufficiently small €, 0<e=¢,, <1 and any xe M\ M (r,), ro> 1
2 o oa0 @ lficiently y xeM\M (ro), ro

Remark 3. — In Theorem 3, if dimg M =1, then it is known that (M, dsg) satisfying
the condition (i) or (ii) is conformally equivalent to the complex plane (C, dz dz) (cf. [9]
Proposition 7.6). But in the case dimg M =2, we do not know whether (M, dsZ,) satis-
fying the condition (i) or (ii) is biholomorphic to the m dimensional complex Euclidean
space (C™, ds?) (cf. [9), [15], [17], [25)).

In any case, by Hessian comparison theorem i.e. the estimate of solutions of Jacobi
equations, we may say that Theorem 3 contains the case treated by Greene and Wu in
[9], Theorem C (Quasi-isometry Theorem) (¢f. [30] and Theorem 2.4 in §2).

The author would like to express his hearty thanks to Doctors H. Kaneko, A. Kasue,
J. Noguchi and T. Ohsawa for their interests to this work and valuable discussions. In
particular, it should be noted that recently H. Kaneko has verified the assertion y), in
Theorems 2 and 3 from a quite different point of view (c¢f. [12]). His method is
probability theoretic.

This article is the second version of our previous manuscript “Energy estimates and
Liouville theorems for harmonic maps” published as a preprint from Max-Planck Institut
fiir Mathematik in Bonn. The author also expresses his hearty thanks to the institute
for its hospitality during his stay.
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568 K. TAKEGOSHI
1. Energy estimates for harmonic maps

Let (M, ds3) be an m dimensional Kéihler manifold with the metric tensor

m
dsy=2Re ) g;dz'dz.
i,j=1
From now on, we always assume that M is connected and non-compact.

On the space C»4(M) of C® differential forms of (p,q) type on M, the pointwise
inner product is defined by

(uoy=2°r*a Y uApgqvxqu for u and ve C” 4 (M)

Ap. By

The star operator *: CP4(M) —» C™~ %™~ 7 (M) relative to ds is defined by

I,....,m I,...,m 5
*xu=C(m,p,q) sign( P >sign< T >det (g;)) uPrAadzAm-a A dZBm-r
qu,:,,p AA,_, B,B !

q°-m m-—p

for C(m,p,q)= (\/-—‘1)’" (—D)H/Dmm-DFpmop+ta-m and yeCP9(M). Using the star
operator, the inner product on C?4(M) is defined by

(u,v)=J u A *xv for uand veCP1(M).
M

The following relation holds
un *xv=_u,v)doy.
Here dvy is the volume form of M relative to dsg and is defined by

A®
dvy = M
2"m!

m
for the Kihler form wy= \/——1 Y. gjdZ A dZ of ds;. These formulae are used to
i,j=1

determine the numerical coefﬁcien;s of several integrals and operators which appear in
this article.

Let ® be a continuous function on M. Throughout this section, we assume the
following conditions on ®.

(1.1) ®=0 and ¥ : =®? is of class C*

(1.2) @ is an exhaustion function of M i. e. each sublevel set M (r): = { ® <r} is relatively
compact in M for r=0

(1.3) @ has only non-degenerate critical points outside a compact subset K, of M
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ENERGY ESTIMATES AND LIOUVILLE THEOREMS FOR HARMONIC MAPS 569

Remark 1.4. — The condition (1.3) is assumed to avoid complicated discussions and
is sufficient for our purpose.

Under the condition (1.3), all critical points of ® on M\ K, are isolated. Moreover
if r is a critical value of ®, r>r,:= sup ®(x), then by (1.3), IM(r): ={®=r} is the

x € K«
union of a 2m—1 dimensional submanifold made up of all the non-critical points in
OM (r) and a finite set of critical points. Let xedM (r) be a non-critical point of ®. The
volume element dS, of M (r) near x is defined by

(1.5) doy = do A dS,
|d(p|d8ﬁ
We set
(1.6) ®,: = as
ld(DLiSﬁ

For ueC**(M), we denote by e(u):CP9(M)— CP**1*"(M) the left multiplication
operator by u and denote by e ()*:C”4(M) - C?~>17"(M) the adjoint operator of e (u)
relative to the inner product ( , ) i.e. e()*=(—1)P*DE*=D xe () * on C1(M).

Since @ has only non-degenerate critical points on M\ K,, Stokes theorem holds on
M[r]:={®<r} for any r>r,.

For a C® differential 1-form ¢ on M, we have from (1.5) and (1.6)
1.7 j d*<p=f e(d®)*oow, foranyr>r,.
M (r) M (r)

Here if r is a critical value of @, then the integral on the right hand-side is taken over
the non-critical points of d M (r).

For a given C* differential 1 form

0=, ¢ d'+ ¢rdZ

i=1

on M, we consider the tangent vector @={0,6} on M defined by 0= Y g* @5 and
i=1

0'= Y g"_f(pj.

i=1

We denote by V,; (resp. Vp the i-th component of the covariant differentiation of

type (1,0) (resp. (0, 1)) relative to ds3. Since d* ¢=2 <Z \2 9"+Vi—9‘—> dvy, we have

i=1
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570 - K. TAKEGOSHI

from (1.7)

(1.8) 2j <Z V,-9i+ViOi_>de=J e (dD)* ¢ o,
M@ M (r)

i=1

for any r>r,.

Let f: (M, dsg) - (N, ds?) be a differentiable map into an n dimensional Kihler man-
ifold (N, ds%) with the metric tensor

dsi=2Re Y h,zaw* dwP.

a, =1

We always regard any real-valued C* function on M as a differentiable map from (M,
dst) into the Kdihler manifold (C,dzdz) by composing f: (M,ds%) — (R,dx?) with the
inclusion map 1: (R, dx?) 5 (C, dz dz) (z=x+\/jly).

Let TM and TN be the complex tangent bundle of M and N respectively. Since the
complexified differential df of f is regarded as an f* TN-valued differential 1-form, we
obtain an f* TN °-valued differential (1.0) form df and an f* TN!: °-valued differential

1,0

1,0
(0,1) form 9f by composing the map []°df:TM — TN, []:TN - TN ° being the
projection, with the inclusions TM!° into TM and TM%! into TM respectively
(¢f- [7). Then the form df (resp. Jf) is represented by (f%) (resp. (f9) locally where

fi= 0_ and so on.
oz

The energy density e (f) of fis defined by
e(N):=¢ (N+e" (/)
¢ (N):=hs(NE i/}
and
(N =hs (N3}

We denote by % (¥) the Levi form of ¥ =®2. We define an f* TN °-valued differen-
tial (1,0) form % (¥)(9f) and an f* TN °-valued differential (0, 1) form % (¥)(9f) as
follows:

Z(‘I’)(af)={_ .
(1.9) i

3’(‘1’)(3f)={

Z gj_’“l’i,-—fidzi}

k=1 1<5asn
Y g'?flpﬁ—/*,’;—dz"'}

s k= 1<a

=n

i, Jj 1

4° SERIE — TOME 23 — 1990 — N° 4



ENERGY ESTIMATES AND LIOUVILLE THEOREMS FOR HARMONIC MAPS 571

We denote by V, , (resp. V, ) the covariant differentiation of type (1,0) (resp. (0, 1))
induced from the connection on T*M ® f* TN relative to ds4 and f*ds%. The exterior
differentiation

D, (:C**(M,f*TN) > C**14(M, f*TN)

(resp. Dg {:CP4(M,f*TN) —» CP 41 (M, f*TN)) is defined by Vi o (resp. Vy (). We
denote by

D} :C*4(M,f*TN) > C?~ 1 4(M, f* TN)

(resp. D§ ,:C»4(M,f*TN) > C» 41 (M, f*TN)) the formal adjoint operator of D, ,
(resp. Dy ;) (¢f- [7]). Here CP9(M,f*TN) denotes the space of f*TN-valued C*®
differential forms of (p, q) type.

Let f: (M, ds}) —» (N, ds?) be a differentiable map into a Kéhler manifold (N, ds3).
Then the following two formulae hold (cf. [5], [6], [28]).

ProposiTION 1.10. — (i) For any non-critical value r of ®

(1.11) [2 { Trace,g £ (¥) e () =L (¥) (), 0f D prn =L (V) (@), O D pe 1 |

M(r)

+{e(0P)* 6faDT,Oaf>f*TN+<Dg, 16123(51}‘)* a-f>f‘TN
+<8f,e(5—‘1’)* Do, af>f*TN+<e(a\P)*D1, of7ﬁ5f>f~ ] dom

2
™ ™ ®, }

i* TN | e (00)* of

=zr“ [0 e (/)| e @0)* of
oM (r)

(i)
(1 . 12) 2< af: (D1, ODT, o_DE')‘, 1 Do, 1) (6f) >f'TN
=2 (Do, 1Dg,1—D% 6Dy, 0) @, a_f>f*TN
= Y RGN Y-S (> T

where { , ) .qx IS the pointwise inner product on C”4(M,f*TN) relative to dsg and
f*dsk and R ;5 is the Riemannian curvature tensor of dsy.

Proof. — First we show (1.11). We consider the following differential 1 forms on M:

01:=¢ (f) O
02 = % S s () (e (G¥)* ) [P a7
o, B, i

@3 =e"(f) ¥

0si=2 ¥ hg(DH @O TP éE
o, B, i
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572 K. TAKEGOSHI

Using @, we define the tangent vectors ®,={0i,0;=0} as before. We choose holo-

morphic normal coordinate systems (z') around xe M and (w®) around y=f(x)eN i.e.

gi7(x)=9;;, dg;7(x)=0 and h,5(y)= 0,4, dh,5(y)=0 respectively. Then all the Christofell

symbols MI'y; and "I, of dsj; and dsy vanish at x and y respectively since

MIy=Yg"%0,g; and NIy=) h% 0, hg; respectively. Using these coordinate systems,
1 )

the integrand of the left hand-side of (1.11) can be obtained by calculating
Y V.(0i—0,+65—6;) pointwise (cf. [28] Proposition 1.14). Substituting
i=1

0,—6,+6;—0, and ¢, — 9, +¢;— ¢, into the formula (1.8) respectively, we obtain the
formula (1.11).

To show the formula (1. 12), we fix the above holomorphic normal coordinate systems
for any point xeM and y=f(x)eN. Then all the Christofell symbols of ds% and ds&
vanish at x and y respectively and moreover it holds that R} ;=0,d5h,5 and
0y T1g=0,"T'1, at y respectively. Using these properties, the formula (1.12) follows from
a routine calculation.

QED.

We denote  M(ry,r)={r,<®<r,} for r,>r;>0,:=inf ®(x) and set
xeM

M(r,0,)=M(r) for r>0,.

For a differentiable map f:(M,dsy) — (N,ds%) of Kihler manifolds, the energy
E(f,ry,ry) of fon M(r,,r,) is defined by

(1.13) E(ﬂrz,rl):=j e(f)dvy

M(ra, r1)

We set E(f,r,0,)=E(f,r) for r>0,. For some positive constant c,>0, we define

fernt| e (0®)* of

2
N O,

(1.14) B(f,r):=cof [| e (0®)* of

oM (r)

forr>r,.

If r is a critical value of ®, then the integral on the right hand-side of (1.14) is taken
over the non-critical points of M (r). It is easily verified that B(f,r) is finite and a
continuous function of r>r, (cf. [8], p.275).

DEFINITION 1.15. — A differentiable map f:(M, dsg) — (N, ds3) of Kihler manifolds is
called harmonic if f satisfies the following equation

Trace,g V,, 00f=0

and f is called pluriharmonic if
Vio af=0
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ENERGY ESTIMATES AND LIOUVILLE THEOREMS FOR HARMONIC MAPS 573

Clearly any pluriharmonic map of Kéahler manifolds is harmonic and any holomorphic
or anti-holomorphic map of Kéhler manifolds is pluriharmonic.

From now on we assume that the complex dimension m of M is greater than or equal
to two and moreover assume the following conditions on ®:

m

(1.16) the constant p,:= inf Y &(x) is positive where g, 2¢€,2 ... 2g, are the
xe M\ Kxx i=2

eigenvalues of the Levi form of ¥ =®? relative to dsy and K, is a compact subset of M

(1.17) the constant p,:= sup |3® |3z (x) is finite.
x e M\M [04]

The main result of this section is stated as follows.

THEOREM 1.18. — Let (M, ds%) be an m=2 dimensional connected non-compact Kdhler
manifold and let ® be the function satisfying the conditions (1.1), (1.2), (1.3), (1.16) and
1.17).

() If a given non-constant differentiable map f:(M, ds) — (N, ds?) into a Kdihler man-
ifold (N, ds%) satisfies either (1) f is pluriharmonic or (2) f is harmonic and the Riemannian
curvature of (N, ds3) is semi-negative in the sense of Siu [23] i.e.

(1.19) RY 5 () (A*BP—C*DP) (A*B'— C* D)

is non-negative for any yeN and complex numbers A®, B®, C' and D®, then the energy
E(f,r,ro) of on M (r, r,) satisfies the following properties:

E
The function H(f,r,ry):= M <u: =&) is an increasing function of r=r, and
r P2
the following estimates hold

(1.20) H(f,rz,ro)—H(ﬁrl,ro)gf”%’j)d,
"2 B
(1.21) H(f.r2. 1) ZH(fir1, 7o) exp (j E(}E,j;,,tr)o)dt>

Jfor co= l in B(f,r) (c¢f. (1.14)) and any r,>r;>max (ry,r,)
P2

(ii) If f is a non-constant non-negative plurisubharmonic function of class C* on M, then
the function

G(firrg)i= “LDTD),

F(f,r,ro):= j Trace,g 0012 duoy,

M(r, ro)
satisfies the same properties as H(f,r,r,).
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Here the value r, is determined as follows: in the case (i), (1), ro=0, if K = or r,
is a non-critical value of ® with ro>r,, .= sup ®(x) if K, # O and in the case either

x € Kxx
(@), (2) or (i) ro=0, if K, =K = & or ry is a non-critical value of ® with r,>max (r
if otherwise.

*,r**)

Theorem 1. 18 follows from the following lemma which plays the crucial role in this
article.

LeEMMA 1.22. — Let (M, ds,, ®) be as above in Theorem 1.18.

() If a given differentiable map f: (M, ds}) — (N, dsE) into a Kdhler manifold (N, ds3)
satisfies the condition either (1) or (2) in Theorem 1.18, (i), then the following integral
inequality holds

(1.23) rafE(f,r,ro)—uE(f,r,ro)er(f,r)
r

(ii) If f is a non-negative plurisubharmonic function of class C* on M, then the function
F (f,r,ry) defined in Theorem 1.18, (ii) satisfies

(1.24) raiF(f,r,ro)—HF(f,r,ro);rB(f,r)
r

1
where p= &, co=—in B(f,r) (¢f. (1.14)) and r is any non-critical value of ® with r=r,.
P2 P2
First we show Theorem 1.18 by using Lemma 1.22.

Proof of Theorem 1.18. — Here we give the proof of the case (i), (1) only because
other cases are proved quite similarly.

For any non-critical value r of ®, r, £r=<r,, we have from (1.23)

0 B (f r E(f,r,ro)
g

(1.25) a—H(f, ,ro)= ——— for H(f,r,rg)=

Hence H (f,r,r,) is an increasing function of r=r,,.
Integrating (1.25), we obtain (1.20) because the set of critical values of @ is discrete.

Since E (f,r,ry) >0 for any r>r, (cf. [20] Theorem 1), we have from (1.23).

p, B _0
(1.26) 7+E(f”0) logE(fr ro)

Hence we obtain (1.21) by integrating (1.26).

QED.
Proof of Lemma 1.22. — (i) In the case r,>0,, to show the inequality (1.23), we
should apply the integral formula (1.11) to the domain M(r,r,) for any non-critical

value r and the fixed non-critical value r, of ®, r>r,>0,. Since M(r,r,) has two
boundaries M (r) and dM (r,), in this case two boundary integrals appear in (1.11). But
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