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SINGULARITIES OF THE SCATTERING
KERNEL FOR TRAPPING OBSTACLES

By VEsseLIN PETKOV and Larcuezar STOYANOV (1)

ABSTRACT. — It is shown that for certain classes of trapping obstacles K in R™ there exists a sequence of
scattering rays in the exterior of K with sojourn times 73, — oo such that —7,,, is a singularity of the scattering
kernel for all m.

1. Introductior:

Let Q C R",n > 2, be an open and connected domain with C° boundary 0€) and
bounded complement

K=R"\QcC{zeR":|z|<po}.
Consider the problem

(02 - A )u=0in R x Q,
(1) u=0on R x 09,
u(0,z) = fi(x), 0u(0,z) = fao(x).

Associated to (1) is a scattering operator
S(A): L*(S™Y) — L*(S™ 1), A €R.

The kernel a()\,6,w) of the operator S(A\) — Id, called scattering amplitude, depends
analytically on w,# € S™~! (see [LP1], [LP2)). For fixed (,w) € S"~1 x "1, a(\, 0,w)
is a tempered distribution in A and

o\ (P1D/2
a(A, b,w) = (—) Fioas(t,0,w).
i
Here F;_,» denotes the Fourier transform and the distribution s(¢,0,w) is called the
scattering kernel (see [Ma], [P]). For the applications concerning inverse scattering

(") Partially supported by Australian Research Council Grant 412/092.

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE. — 0012-9593/96/06/$ 7.00/© Gauthier-Villars



738 V. PETKOV AND L. STOYANOV

problems it is convenient to examine the singularities of the scattering kernel which
one can observe for ¢ in some bounded interval, while the scattering amplitude is related
to the Fourier transform taking account of the global behaviour of s(¢,0,w) on R.For
n odd the operator S(\) and the distribution a(), 8, w) admit meromorphic continuation
in C with poles A;, Im A\; < 0, which are independent of # and w. For n even the
operator S(\) admits a meromorphic continuation on the Riemann logarithmic surface
E={z€C:—o0<argz < +oo} (see [LP1], [LP2]).

One can characterize the poles A; using the modified resolvent of the Laplacian in )
given by

Ry (A) = (@) R(A)g(2).
Here the operator
R(\) : C5°(Q) 3 f = u(z, \) € C=(), Im\ > 0,

is determined by the (—i\)-outgoing solution u(z,A) of the Dirichlet problem for the
reduced wave equation

{(A+)\2)u(az, A)=f in
u=0 on 900

and the functions ¢(z), ¥(z) € C{(R"™) are chosen to be equal to 1 in some
neighbourhood of the obstacle K. Then R, ,(\) admits a meromorphic continuation
in C for n odd and in = for n even the poles of which and their multiplicities coincide
with those of the A;’s. Moreover, the poles A; do not depend on the choice of ¢ and ¢
(see [LP1], [V], [Vol], [Vo2]). Below we denote by A the set of scattering poles.Given
(z,€) € T*(OK) \ {0}, consider a geodesic segment ¢(¢) on 9K (with respect to the
standard metric) with ¢(0) = z and ¢(0) = &, and let x(t) be its curvature at c(t) with
respect to normal to K pointing into the interior of K. The normal (sectional) curvature
of K at x in direction £ is said to vanish of infinite order, if k(t) and all its derivatives
vanish at ¢ = 0. If some of the derivatives of x(t) (this may be the Oth derivative, i.e. the
function x(t) itself) does not vanish at ¢ = 0 and the first non-zero derivative at t = 0 is
positive, then (z,§) is called a diffractive point. Finally, if x(¢) > 0 on some open interval
t € (—e,€), € > 0, we will say that 0K is convex at x in direction §.

Denote by K the class of obstacles K having the property: for each (z,¢) € T*(0K) if
the normal sectional curvature of 0K at z in direction £ vanishes of infinite order, then
OK is convex at z in direction £. Clearly K contains the class Xy of all obstacles K the
normal sectional curvature of which does not vanish of infinite order.

In what follows we assume that K € K. Fix an open ball By of radius p, containing
K. For each £ € S™~! denote by Z; the hyperplane tangent to B, and orthogonal to ¢
such that the halfspace H, determined by Z, and having { as an inner normal, contains
K. Tt follows from K € K that the generalized Hamiltonian flow F; related to the wave
operator 97 — A, is well defined in S*(£2) (see [MS] or Section 24.3 in [H]) and for
(z,€) € S*(2) we denote by

'Y(x?é.) = {Ft(xag) te [07 OO)}
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SINGULARITIES OF THE SCATTERING KERNEL 739

the generalized bicharacteristic passing trough (z,§) for t = 0. Let 7 : S*(2) — Q be
the standard projection. Given z = (z,&) € S*(f2), we say that v(z) is a trapping ray
for K, if m(vy(z)) C By, that is the geodesic issued from z stays in By for ¢ € [0, 00).
Denote by Z() the set of all z € S*(Q) so that y(z) is trapping. We shall say that
v(2) is a regular trapping ray for K if z = (z,€) € Z(*), z is not an interior point of
{y € R™ : (y,€) € Z(>)}, and there exists an open neighbourhood O of z in R™ such
that for almost all y € O (with respect to the Lebesgue measure in R™) the bicharacteristic
~(y, &) does not contain diffractive points.

DEFINITION. — An obstacle K € K is called trapping if the set Z*°) is not empty. If
K € K and there exist a regular trapping ray for K, then K will be called a regular
trapping obstacle.

Notice that if there exists a generalized geodesic of 92 — A, which stays in € for ¢ > 0,
then the set Z(°) is not empty and the obstacle K is trapping. This follows from the
continuity of the generalized Hamiltonian flow F; (see [MS] or Section 5 in [PS2]).

For ¢ > 0, d > 0 introduce the domain

Ug={2€C:d—celog(l+]z]) < Iz <0}

For n even in the definition of U, 4 we add the condition —7/2 < argz < 3w /2. It is
well known (see [V]) that for non-trapping obstacles there exist € > 0, d > 0 so that
Uea N A = 0 and with some constants C' > 0, o > 0 for all A € U, 4 we have

(2) Ry (V) fll ) < Ce*BM| L2

For n odd and obstacles having at least one ordinary reflecting ray (z) with z € Z(>),
Ralston [Ra] proved that for all ¢ > 0 we have ||Z(t)|| = 1, where Z(t) is the semi-group
introduced in Chapter 3 in [LP1]. This leads to

sup 1R, (A) fllr2(0) = +o0.
AER?”-fHLQ(Q)Zl

One expects that for trapping obstacles we have U, 4 N A # @ for all € > 0, d > 0. This
fact has been proved in some cases (see [BGR], [G], [I1], [12], [I3], [Fal],[Fa2]).

It is common to the works just cited that one obtains complete information on the
dynamics of the rays sufficiently close to trapping ones, and the existence of periodic
rays plays an essential role in the analysis of the singularities of the trace of the kernel
E(t,z,y) of cos(tv/—A). Assuming only the condition Z(>) # ), in general one can deal
with generalized trapping rays and some rays ~(z) with z sufficiently close to 9Z(>) should
produce singularities —7,, — —oc of the scattering kernel s(t,0,,,w,). An obstacle K
will be said to have the property (S) if there exists a sequence (wy,,0,) € S*~1 x Sn~1
and reflecting (wyy, 0, )-rays 7,, with sojourn times 7,, — +oo so that

(3) —T,, € singsupp s(¢, O, wm), VYm € N.
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740 V. PETKOV AND L. STOYANOV

It is natural to make the following

CONJECTURE. — Every regular trapping obstacle K € K has the property (S).

We refer the reader to Section 2 for the definitions of reflecting rays, sojourn times, etc.
Notice that if —T;,, is isolated in sing supp s(¢,8,,,wm) and if T,, is the sojourn time of
a non-degenerated ordinary reflecting (wy,, 0m) 13y Y., one can determine explicitely the
leading singularity of the scattering kernel near —T,,,, provided there are no (w,, 0,, )-rays
different from +,, with sojourn time 7, (see Section 9.1 in [PS1] for » odd and (4) for
n even). Therefore, if (S) holds, according to Theorem 2.3 in [PS2], one concludes that
either for all ¢ > 0 and d > 0 we have U, 4 N A # 0 or there exist ¢ > 0 and d > 0 so
that R, ,(A) is analytic in U, 4 but for all @ > 0, p € N, & € N we have

sup (1+ |)\])_p€_a|3M ||R%w()‘)f“H1(9) = too.
AeUe 4, ||fHHk(Q):1

The latter leads either to the existence of poles in U, 4 or to a polynomial blow-up of the
norm of R, (). It seems that for general trapping obstacles this should be considered
as optimal, provided we do not have precise information on the dynamics of the rays close
to trapping ones and if the existence of periodic rays is not assumed.

The aim of this paper is to prove that a class of regular trapping obstacles K C Ky in
R",n > 3, satisfying an additional condition (¢f. condition (F') in Section 4), have the
property (S). In particular, we show that all regular trapping obstacles in R? have this
property. Moreover, if D is a regular trapping obstacle in R? with smooth boundary 6D
symmetric with respect to a line L, then the obstacle K C R* obtained by rotating D
about L has the property (S). For these obstacles one can also apply Theorem 2.3 in [PS2]
mentioned above. In the special case when K is a finite disjoint union of strictly convex
bodies, (S) was established in [PS2]. Section 6 below contains another result concerning
the case of several disjoint convex bodies.

Our first motivation to examine the property (S) came from Theorem 2.3 of [PS2].
Another motivation is related to the inverse scattering result obtained by one of the authors
(see [Stl], [St2]). This result says that for a large cass of obstacles the knowledge of all
singularities of s(¢,0,w) for a dense set of directions (w,f) € S™~! x S"~! determines
uniquely the obstacle. Consequently, the sojourn times can be considered as scattering
data. Clearly for obstacles satisfying (S) some sojourn times can be observed only after a
sufficiently large time. Moreover, if K has an additional property (see condition (ND) in
Section 2), then for each m € N there exists a set IT,,, C S™~1x S"~! with positive measure
€m > 0 so that the (w,)-rays with (w, ) € II,, produce singularities —7,, < —m. It is
interesting to construct examples when some part of €2 cannot be determined from the
sojourn times in any bounded time interval.

The definition of regular trapping obstacles probably deserves a few comments. If for
an open neighbourhood O of a point z, (x,£) € Z(°), all generalized rays ~(y, &) with
y € O contain diffractive segments, then the map J,(y) cannot be defined and we are
unable to study the singularities related to these rays. On the other hand, it follows from
the result in Section 3 that the points u for which the rays «(u, £) contain gliding segments
form a set of Lebesgue measure zero on Z. It is probably not a coincidence that in the
analysis of the exact controlability of solutions of the wave equation with a control given on
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SINGULARITIES OF THE SCATTERING KERNEL 741

apart (0,7) x {w} C Rx 90 (see [BLR]) the generalized rays containing diffractive points
are exluded. The geometric condition established in [BLR] says that every generalized ray
must pass over (0,7") x {w} either at a point of reflection or at a gliding point.

2. Preliminaries

Let K € K be an obstacle in R™, n > 2. As in Section 1, fix an open ball By of radius pg
containing K. For £ € S"~! define the hyperplane Z; as before. Let w € S"71,0 € S"~1.
An (w,8)-ray in Q is a curve of the form v = Im T, where ['() : R — € is the natural
projection on Q of a generalized bicharacteristic of the wave equation in 7*(Q x R) (cf.
[MS] or Section 24.3 in [H]) such that there exist constants a < b with I''(¢) = w for
t < a and I'(t) = 0 for t > b. Geometrically, such a curve v is the trajectory of a
point incoming from infinity with direction w, moving with constant velocity in §2, and
outgoing to infinity with direction 6 (cf. [PS1], Chapter 2). If v meets the boundary 02
transversally, then + is reflecting at Jf) following the usual law of geometrical optics. In
general, an (w, f)-ray v may have segments lying entirely on 0€2; these segments, called
gliding segments, are geodesics with respect to the standard metric on 952. If y does not
contain gliding segments on 9€) and has only finitely many reflection points, it is called a
reflecting (w, 6)-ray in Q. If moreover v has no segments tangent to 9K, then it is called
an ordinary reflecting (w, )-ray.

The sojourn time T, of an (w,f)-ray ~, introduced by Guillemin [Gu], is defined by
T, =T — 2py, where T is the length of this part of y which is contained in H, N H_.

Let 7y be an ordinary reflecting (w, #)-ray in © with successive reflection points z1, . ..,z
on OK. In this case we have

k—1

Ty = (w,z1) + Y |z — zigall — (6, 24),

i=1
where < , > denotes the standard inner product in R™ (see [Gu] or Section 2.4 in
[PS1]). Denote by wu. the orthogonal projection of z; on Z = Z,. Then there exists
a neighbourhood W = W, of u, in Z such that for every v € W there are unique
6(u) € S"~! and points 1 (u), ..., zx(u) € OK which are the successive reflection points
of a reflecting (w, #(u))-ray in Q passing through u. Setting J,(u) = 6(u), we obtain a
smooth map J, : W, — S™~! and the ray ~ is called non-degenerate if det d.J. (u.) # 0.

For trapping obstacles it is not difficult to construct a sequence of rays <, with
T,, — +00. (see Section 5 in [PS2]). The problem is to construct the sequence in such
a way that —7,, are singularities, and a natural way to try to do that is to make all ,,
non-degenerate. However in general the latter is also a difficult problem. The difficulty
comes from the fact that (especially for rays v with many reflections) the map J., depends
in a very complicated way on the geometry of the boundary 0K near the reflection points.

It follows from the results in [CPS], [PS2], [St1], that to obtain (3) for a given trapping
obstacle K, it is sufficient to establish the following property.

(ND) There exists a sequence (wWy,, 0,) € S~ x S"~! and non-degenerate
reflecting (W, 0, )-rays 7,, with sojourn times 7}, — +oo.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



742 V. PETKOV AND L. STOYANOV

It is easy to prove that the property (S) follows from (ND). In fact, it is sufficient to
construct a sequence of ordinary reflecting non-degenerate (w,,, 6, )-rays ~,, with sojourn
times 7, — +o0 so that for each m the pair (w,,8,) has the followig properties:

(i) if 6 and v are different ordinary reflecting (wy,, 6., )-rays, then Ts # T.;

(ii) there are N0 (wp,, 6y, )-rays in Q containing tangent or gliding segments.

To arrange (i) we approximate (wy,, ,,) by suitable directions using the results in [PS2],
while for (ii) we make an approximation applying the results in [St1] concerning generalized
rays with gliding segments. More precisely, there exists a dense set R C S"~! x §n~!
such that for all (w,f) € R every (w,f)-ray in 2 is ordinary reflecting. Therefore, from the
Poisson relation for the scattering kernel (established in [CPS] for » odd and in Appendix
for n even) and the continuity of the generalized Hamiltonian flow (see [MS]), we obtain
that for a sequence of directions (w/,,,6,) there exist ordinary reflecting non-degenerate

(wy,,0:,)-rays 6,, with sojourn times 7, — oco. Moreover, —T,, are isolated in sing supp
s(t, 0., wh,) and, following the argument in Section 9.1 in [PS1] which works without any

change for all dimensions n > 2, the leading singularity of the scattering kernel at —77,
can be described as follows. Assume that ~y is non-degenerate ordinary reflecting (w, 6)-ray
with m reflections. Let —T’, be an isolated singularity of s(¢,6,w) and assume that there
are no (w, 6)-rays different from -y with sojourn time 7’,. Take a function p(t) € C§°(R) so
that supp p C (—1,1), p(0) = 1. Then for all n > 2 and € > 0 sufficiently small we have

t+T,
€

@ Gt o T ) = @)y (i 6, + 42

-1/2
)\(n—l)/2 + (9(|)\|(nA3)/3)7

><‘det dJy(uy)(v(qr),w)
(v(gm), 0)

where 3, € Z is related to a Maslov index and q;, ¢, denote the first and the last
reflection points of ~y, respectively.

3. Tangent and gliding rays

Let K € Kq. Fix an open ball By containing K in its interior. Given w € S"~1, define
Z,, as in Section 1. For u € Z,, let 7, (u) be the generalized geodesic in = Q issued
from (u,w). Denote by 7 the set of those u € Z,, such that ~.(u) is contained in a
compact subset of R", that is 709 = 7.1 Z©) Then 2™ is a compact subset of Z,,, so

Uo = 2, \ 257
is an open unbounded subset of Z,. Clearly for each u € U, there exists a (unique)
6. (u) € S"! such that ~,(u) is part of an (w, 8, (u))-ray in €. Denote by T, (u) the
sojourn time of this ray. It follows from [MS] that the two maps
Jo U, — 8™ 1 T, (u) = 0,(u),

and T, : U, — R are continuous.
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SINGULARITIES OF THE SCATTERING KERNEL 743

Next, denote by Z" the set of those u € Z,, such that the ray 7., (u) contains a point
(z,€) € S*(OK) (that is, ,(u) is tangent to JK at x). Notice that 7 contains all
u € Z,, such that v, (u) has at least one non-trivial gliding segment on OK.

Clearly for u € U, \ Z. the ray v, (u) consists of finitely many straightline segments
and has only transversal reflections at 0K.

Denote by U the set of these u € U, N 7 such that all tangent points of the
(w, 8, (u))-ray v, (u) are diffractive points. Thus, for u € U, vo(u) is a reflecting ray
which does not contain gliding segments on K.

It follows from Section 3 of [PS2] that there exists a subset A of full Lebesgue measure
in S”~1 such that whenever w € A, the set Uf,t) has Lebesgue measure zero in U,,.
Moreover, for such w, Uu(f) is a o-compact set, i.e. it is a countable union of compact
sets of measure zero.

LEmMA 3.1. — Let w € S™~! be arbitrary. There exist a countable family of (n — 2)-
dimensional submanifolds T, of Z, such that Zu(f) \ Ug) cU,,Zn

Proof. — Given integers s > 0, k > 1, denote by X; (w) the set of those u € U, such
that there exists a point o(u) = (y(u),n(u)) € v,(u) N S*(OK) such that the normal
curvature of 9K at y(u) in direction n(w) vanishes exactly of order & and that part of
7¥.(u) which is between (u,w) and o(u) has exactly s transversal reflection points and no
gliding segments (however it may have some tangencies to 0K). Clearly,

ZO\UY ¢ ] Barw),

s>0,k>1

so it is enough to show that each X;;(w) is contained in a countable union of
(n — 2)-dimensional submanifolds of Z,,.

Fix integers s,k and a point ' € ¥, (w). Let F; be the generalized geodesic flow in
S*(2) and let to > 0 be such that

F, (v, w) = o(u').

It follows by [MS] (cf. also Section 24.3 in [H]) that there exist an open neighbourhood
O of o(u') in T*(R™) and local symplectic coordinates (z,§) = (z1,...,Zn;&1,.--,&n)
in O such that o(u’) = 0,

T*(D)NO ={(z,8) :xz1 >0}, IT(ANO)=T5,(2N0O) ={(x,&) : 21 =0},
and there exists a smooth (Hamiltonian) function of the form
p(z, ) = & —r(z,¢)

such that the generalized bicharacteristics in 7*(2) (possibly changing the natural
parametrization along them) are precisely the integral curves of the generalized Hamiltonian
flow of p. Here and in what follows we use the notation

¥ = (xa,...,T,), & =(&,...,&).
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744 V. PETKOV AND L. STOYANOV

Also we have
SN0 =p~H(0)
and the set of glancing points G is given in O by

G={(z,8:2;=£6 =0}np (0).
For (0,2';0,£') € O set

0
ro(a!,€) = r(0,2'5€), (€)= ——(0,2;€).
dxl
Below we assume that &k > 1. It follows from [MS] (see also Lemma 24.3.1 in [H]) that
in O the set G**2 of points (y,n) € T*(£2) so that the curvature of 9 at y in direction
7 vanishes of order at least k& has the form

GF? = {(0,2;0,¢&') s ro(2',€') = 0 and H] r1(2,€') =0, =0,1,...,k — 1}.

By assumption o(u’) € G*2\ G¥*+3, so HF r1(0) # 0 which (cf. again Lemma 24.3.1 in
[H]) is equivalent to H§+2x1(0) # 0. We may assume that O is so small that

HIY0,(2,6) £0,  (5:6) € 0.

Then
S ={(x:6) € O :p(z,8) = H a1 (2, €) = 0}

is a symplectic submanifold of 7*(Q2) with dim S = 2n — 2 and S C p~1(0) = S*(Q2).
We claim that M = SN G is a symplectic submanifold of S with dim M = 2n — 4.
Indeed,
M ={(0,2;0,¢) € O :ro(z', &) = HE i (2,€) = 0} C G,

and in G we have {ro, H: 'r1} = H} ry # 0. Now the Darboux lemma implies that M
is a symplectic submanifold of G (and therefore of S) of codimension 2.

Take small open neighbourhoods U’ of «’ in Z,, V' of w in S"~!. Choose a number
t' € (0,to) so close to ty that the segment {Fy(u',w) : ' <t < to} of 7, (u') is contained
in O and has no common points with K. Let

Fu(u',w) = (u”,n)

and let A be a hyperplane in R™ containing «” and transversal to 7). There exist A > tg — ¢t/
close to to — t' and an open neighbourhood W” = U” x V" of (u”,n) in S*(A) such |
that Fx(W"”) C O for all |t| < A

Next, let 21, ...,z be the consecutive transversal reflection points of ~y,(u'). For each
1 < s, let T'; be an open neighbourhood of z; in 0K so that

Iin{F(u,w):0<t <t} ={z;}.

We may assume that these neighbourhoods and the neighbourhood W’ = U’ x V’ of (v/,w)
are so small that whenever (u, &) € W', the trajectory {F3(u,&) : 0 < t < ¢’} has exactly s
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SINGULARITIES OF THE SCATTERING KERNEL 745

transversal reflections y1,...,ys at 9K and y; € T'; foreach ¢ = 1,..., s and this trajectory
has no tangent points to I' = I'; U... UT,. Now for (u,&) € W’ define the trajectory
(u, &) to be the billiard trajectory issued from (u,£) which has reflections at I' only
(i.e. the rest of OK is disregarded). Let P;(u,&) be the first intersection point of §(u,§)
with the set W"”. Assuming W’ is small enough, we get a well-defined symplectic map

P W — W,

Notice that for (u,&) € W' N 3, k(w), P1(u,§) coincides with the first intersection point
of the trajectory {Fi(u,&) : ¢ > 0} with W,
Since

Lo={(u,w):ueU'}

is a Lagrangian submanifold of W’ C S*(Z,,), it follows that £' = P; (L) is a Lagrangian
submanifold of W”.
Next, we define the map

Py W' — 8

in the following way. Given p € W, consider the integral curve of the vector field
H, in T*(R™) (this curve is actually in S*(R™)) issued from p and denote by P(p) its
intersection point with S. If W (resp. W) is small enough, P is a well-defined smooth
symplectic map. Hence £” = P5(L’) is a Lagrangian submanifold of S. It now follows
from Proposition 3.6 in [St1] that there exists an open neighbourhood O’ of o(w') in O with

L'AMnNO" cL
for some Lagrangian submanifold £ of M. In particular dim £ = n — 2. Set
W = (PyoP;) 1O, T = (PaoPy) ' (L).

Then W is an open neighbourhood of (v',w) in S*(Z,) with W C W', while Z is an
(n — 2)-dimensional submanifold of Ly. Finally, notice that for the set ¥, (w), defined
in the beginning of this proof, we have (X, (w) x {w}) N W C Z. So, there exist a
neighbourhood U; = pr; (W) of v/ in Z, and a smooth (n — 2)-dimensional submanifold
Z, = pry(Z) of Z, such that ¥ x(w) N U; C I;.

The above local argument shows that X x(w) can be covered by a finite union of
(n — 2)-dimensional submanifolds of Z,. This completes the proof of the assertion. [J

4. Trapping obstacles

Throughout this section we assume that the obstacle K € K, satisfies the following
condition:
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