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GRASSMANN DUALITY FOR D-MODULES

By CorraD0O MARASTONI

ABSTRACT. — We generalize the main results on projective duality (see [2], [4], [12]) to the case of the
correspondence between “dual” Grassmann manifolds G and G*. The new aspect is that the “incidence variety”
S C G x G* is no longer smooth, a fact which requires the tools of the theory of b-functions ([7], [17]). In
particular, we obtain an equivalence between the categories of sheaves on G and G*, as well as between those
of D-modules; then, quantizing this equivalence, we explicitly calculate the transform of a D-module associated
to a holomorphic line bundle. © Elsevier, Paris

RESUME. — Nous généralisons les résultats principaux sur la dualité projective (voir [2], [4], [12]) au cas d’une
correspondance entre variétés de Grassmann “duales” G et G*. Le nouvel aspect est que la “variété d’incidence”
S C G x G* n’est plus lisse, ce qui demande de faire appel a la théorie des b-fonctions ([7], [17]). En particulier,
nous obtenons une équivalence entre les catégories des faisceaux sur G et G*, ainsi qu’ entre celles des D-modules;
ensuite, en quantifiant cette équivalence, nous calculons explicitement la transformée d’un D-module associé a un
fibré holomorphe en droites. © Elsevier, Paris
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Introduction

The aim of this work is to extend some properties of the projective duality, i.e. the
natural correspondence between a complex projective space and its dual (see [2], [4]), to
the more general setting of “dual” complex Grassmann manifolds G and G*. The new
aspect in the general case is the non-smoothness of the “incidence variety” in G x G*: an
essential tool in treating these singularities will be the theory of b-functions (see ([7], [17]).

Let V' be a complex vector space of dimension n > 2, and p € Z such that 1 <p < 7.
We denote by G the Grassmann manifold of p-dimensional linear subspaces of V' and
by G* the dual manifold of (n — p)-subspaces; recall that G and G* are complex analytic
compact manifolds of complex dimension N = p(n — p), homogeneous under the action
of G = SL(V).

Integral transforms. — Let ¢q; and g» be the projections from G x G* onto G and G*.
Any object K of the derived category D(Cgxe+) of complexes of sheaves on G x G*
with bounded cohomology is the kernel of a sheaf integral transform

. 0K :DP(Cg) = DP(Cg-), FoK =Rg,(¢;'F®K).

Similarly, for any object K of the derived category DP(Dgxe-) of complexes of left
D-modules on G x G* with bounded cohomology, one defines a D-module integral
transform of kernel K

0 K:DP(Dg) = D°(De-), MoK =g (g ' M®5, .K),

where ﬂ_l and ¢z, are the inverse and direct image in the sense of D-modules. The
integral transforms from G* to G are defined in a similar way.

Kernels associated to the transversality relation. — Let
Q={(z,y) e G xG":zny={0}},

j: Q2 — G x G* the open embedding and S the complex hypersurface complementary
to ; note that ) (resp. S) is the open “transversality” (resp. closed “incidence”) relation
in G x G*. In the case of projective duality (p = 1), the hypersurface S is smooth. This is
no longer true in the general case, where S admits a Whitney stratification by the locally
closed smooth submanifolds of G x G*

S; ={(z,y) € 6 x 6" : dim(z Ny) = j} (J=1,...,p).
Let us introduce the perverse sheaves
Ko=Cq= j!j_ICGXG* and K& = RHom(Cgq,Cexe-) = Rj*j_ICGX@*.
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GRASSMANN DUALITY FOR D-MODULES 461

Using the functor 7 hom of Kashiwara (see [11]), we may consider the regular holonomic
D-modules

Ko = Thom(Kq,O¢xe+) and K = Thom(K§, Cexe)-

Observe that Kq is isomorphic to the sheaf Ogye~(*S) of meromorphic functions on
G x G* with poles on S, and that g, is its dual in the sense of D-modules.

Equivalences of categories. — Using a geometric criterion, we show that the kernels Kq
and K¢ (and, through 7 hom, also K and Kg) are “inverse” to each other:

THEOREM 1. — The sheaf (resp. D-module) integral transforms defined by the kernels Kq
and Ké (resp. Kq and IC% ) are quasi-inverse to each other, and thus define equivalences
of categories between DP(Cg) and D" (Cg-) (resp. D*(Dg) and D®(Dg-)), as well as
between the full subcategories of objects with R- and C-constructible (resp. good coherent
and regular holonomic) cohomology.

Quantization. — Let us study the action of these functors on the family of D-modules
associated to holomorphic line bundles. The family of holomorphic line bundles on G is
described (up to isomorphism) by {Og(u) : u € Z}, where Og () is the —uth tensor
power of the determinant of the tautological vector bundle on G (in particular, the canonical
bundle Q¢ is isomorphic to Og(—n)). Hence one has the family of locally free D-modules
of rank one

{De(u) = De ®0 Os(p) : pp € Z}.

Let A € Z, and set A\* = —n — A. Following an approach proposed in [4], we will show
that the image of Ds(—\) by the functors- o Kq or- o K¢, (according to A) is isomorphic
to Dg-(—A*). In this direction, we observe that:

(1) The natural isomorphism

kg 1 T(6 X 6% K577 (=2, A*)) =5 Hompe (p,.. ) (De- (= A*), De(=A) o Ka),

where K57 (=X, A) = g7 (O6(~1) ®0, ) By-10, Ko ®y-10,. @5 Vs (\*),
describes the D-linear morphisms between Dg- (—A*) and Dg(—A) o K¢ in terms of
twisted global sections of K (one can argue similarly for KCg);

(2) the microlocal correspondence associated to 2

T*62L $5(Cq) 2T 6*

(here the maps p; and p. are the natural projections, a is the antipodal map on T*G*

and p§ = a o py) induces a contact transformation between two open dense subsets

U C T*6 and U* C T*G* with an open dense subset A C T3 (G x G*) as graph.
The group G acts naturally on G X G* by the diagonal action, and (G;G x G*)
is a prehomogeneous space with open dense orbit  (see [17]) with associated
b-function b(s) = (s + 1)---(s + p). Using this fact, we find a G-invariant section
sx € TG xG*; KD (=2, M%) (resp. 5§ € T(G x6*; K5 (V9 (=X, A*))) which generates
Kq (resp. Kg) microlocally (i.e. as microdifferential module) on A for any A > —n +p
(resp. A € Z). Then, by Theorem 1 and the theory of [16], we prove that ax,(sx) (resp.
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462 C. MARASTONI

ag, (s3)) is an isomorphism for any A > —n + p (resp. A < —p), the inverse morphism

being the image of axx (8}.) (resp. ax~(8x+)) by the functor - o Kq (resp. - o K3,), and
Q

therefore we obtain: ?

THEOREM 2. — One has D-linear isomorphisms:

(i) De(=A)o Kq «— Dg-(=X*) for any X > —n + p;

(ii) Do(=A) o K§ «— D« (=X*) for any X < —p.

Some applications. — In the case of projective duality (p = 1), let P = P"~1(C),
P* = P*1(C)* and A C P x P* the smooth incidence relation. Using the kernel
Kn = Thom(Ca[—1],Opxp+) =~ Bapxp+, D’Agnolo and Schapira proved in [4] that
Dp(—A) o Kn «— Dp+(—A*) for any —n + 1 < A < —1. From Theorem 2, we obtain the
following generalization with the kernel Kg = Thom(Cs[—1], Ogxe):

De(—A) o Kg — De-(—A*) forany —n+p <A< —1.

Moreover, using the adjunction formulas of [3] and [11], we get the following
isomorphisms for any ' € D*(Cg) and —n+p < A < —p:

RT(G; F ® Og()\)) =~ RT(G*; (F o0 Cq) ® Og: (A*))[N],
RI(G; RHom(F, Og(}))) ~ RT'(G*; RHom(F o Cq, Og-(A")))[-N],

as well as similar isomorphisms when F' € DJ_.(Cg) with ® and RHom replaced
respectively by the functors % and 7hom (see [11]). Here, the calculation of the
transform F o Cq is essentially a geometrical problem. For example, let F' = Cp for
some D C G: then, for any y € G* one has (Cp o Cq), ~ RI'.(Lp(y);C), where
Lp(y) ={z € D :zny = {0}}. We give the following examples.

(1) Let D # & be a compact subset of G, and set

D* = {y € G* : x Ny = {0} for any z € D}.

Let D = G* \ D#. We say (cf. [4, Ch. 5.1]) that D is Q-trivial if (a) RT'(D;C) ~ C
and (b) RT'(D \ Lp(y);C) ~ C for any y € D. (Eg. take D = {zo} for some
zo € G.) Let D be §Q-trivial, and let D# # @: then D (resp. D#) is contained
in an affine chart £ C G (resp. E* C G*). Since Cp o Cq ~ Cp«, we get the
following isomorphisms:

RT(D; Og) ~ RT.(D#; Og.)[N]
RTp(E; Op)[N] ~ RI(D*; Op.),
where all complexes are concentrated in degree zero. This generalizes the results of
Martineau [14] (recovered in this language in [4]) on the “linearly convex” compact
subsets of the complex projective space.

(2) Let H be an Hermitian form of signature (p,n — p) on V, and let U = {z €
G : H|, is positive definite} and U* = {y € G* : H|, is negative definite}; then U
(resp. U*) is a relatively compact open subset of an affine chart £ C G (resp.
E* C G*). We prove that C; 0 Cq ~ Cy-, and hence we get

RI(U;Og) ~ RT.(U*; Og.)[N]
RI'+(E; Og)[N] ~ RT(U*; Og-).
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Moreover, all these complexes are concentrated in degree zero.

(3) Finally, we give a “non-affine” example. Let z be an hyperplane of V, and consider the
embedded Grassmann manifolds G, = {x € 6:z C z} and 6% = {y € G* : y C 2}.
We show that Cg, o Cq ~ Ce+\6:[—2(N — p)] and then we get the following
isomorphisms for any —n 4+ p < A < —p:

RI(G.;06(A)) ~ RI'(G; Og« (X)) [—(N — 2p + 1)]
RT'6,(6;06())) = Rl'g: (G*, O+ (A"))[N — 2p + 1].

Comments. — Let us recall the main results in the case of projective duality, where
the classical point of view was to consider the natural geometric correspondence between
P = P*(C) and P* = P™(C)* given by the smooth hypersurface S = A C P x P*.
(In the formalism of kernels, this correspondence is associated to Kn = Ca[—1] and
Ka = Bpjpxp-.) Brylinski [2] obtained an equivalence of categories for perverse sheaves
on P and P* modulo constant sheaves, as well as for coherent D-modules modulo
flat holomorphic connections. D’ Agnolo and Schapira [4] quantized the underlying contact
transformation using a suitable twisted form due to Leray [13] and proved the isomorphism
(no more modulo flat connections) of D-modules recalled above. Finally, Kashiwara and
Tanisaki [12] observed that the kernel associated to the open complementary of the
incidence relation and its dual give equivalences between some derived categories of
sheaves and D-modules on P and P* when n = 1.

The main stimulus in doing this work was to understand the ideas and the results of [4]
in the more general situation of Grassmann manifolds. The alternative point of view of [12]
suggested to consider the kernels associated to the open transversality relation, a remark
that was necessary for the study of the general case, and turned out to be useful also for
the basic case of projective duality.

In the real case, similar results in the category of sheaves were obtained using the
transversality relation in Sato-Kashiwara-Kawai [16] for projective sphere bundles and in
Kashiwara-Schapira [10, Ex. III.15] for real Grassmann manifolds.

The results of this paper have been announced in [15].

Acknowledgments. — My gratitude goes to Pierre Schapira, who introduced me into
the theory of integral transforms for D-modules and directed my research through his
suggestions and criticisms; to Masaki Kashiwara, for his inestimable help in ideas and
explanations; to Andrea D’Agnolo, for various fruitful conversations. Moreover, I would
like to thank the Laboratoire d’ Analyse Algébrique of University Paris VI and the Research
Institute for Mathematical Sciences of Kyoto University for their hospitality and support.

1. Reviews on integral transforms for D- and £-modules
1.1. Notations

We refer to [10] for the theory of sheaves in the framework of derived categories,
to [6] for the theory of D-modules and to [16] for the theory of £-modules (see also [19]
and [18] for detailed expositions).
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Geometry. — Given two manifolds X and Y, we denote by 7 : X xY — Y x X the
canonical map r(z,y) = (y,z), and by g; and ¢» the projections from X x Y onto X
and Y. If Z is another manifold, we denote by gi2 (resp. qi3, g23) the projection from
X XY XxZ onto X xY (resp. X X Z, Y x Z). We denote by 6 : X — X x X
the diagonal embedding 6(xz) = (z,z), and we set Ax = §(X). Let 7 : T*X — X
be the cotangent bundle, (-)* the antipodal map of 7*X and 73X the conormal
bundle to a smooth submanifold Y of X; in particular, T5x X represents the zero-
section of T*X, and we set T*X = T*X \ T%X. To a morphism f : X — Y of

real analytic manifolds one associates the morphisms 7*X :—’i X Xy T*Y LN L ™
local symplectic coordinates (z;&) € T*X and (y;n) € T*Y, one has (z;&)* = (z;—¢),
*f'(z, f(z);m) = (2;°f(z)(n)) and fr(z, f(z);n) = (f(z);n). We denote by p; and p,
the projections from 7*(X x Y) onto T*X and T*Y, and by p;» (resp. pi3, po3) the
projection from T*(X x Y x Z) onto T*(X x Y) (resp. T*(X x Z), T*(Y x Z)).

Sheaves. — Let X be a locally compact topological space, and let Mod(Cx) be the
category of sheaves of C-vector spaces on X. For a locally closed subset A of X,
we denote by C,4 the sheaf on X whose restriction to A is the constant sheaf with
fiber C and which is zero on X \ A. We denote by DP(Cx) the derived category of
complexes in Mod(Cx ) with bounded cohomology, and by DE__(Cx) (resp. D2__(Cx))
the full triangulated subcategory of D”(Cx) whose objects have R- (resp. C-) constructible
cohomology groups. We shall consider the full subcategory Perv (Cx) of perverse sheaves
in D2__(Cx). If F € D®(Cx), we denote by SS(F) the microsupport of F', which is a
closed conic involutive subset of 7 X . The six classical operations in the derived category
of sheaves are RHom(-, - ), -®-, Rf., f~%, Rfi and f', where f is a continuous map. The
duality functor RHom(-,Cx) : D?(Cx)°® — DP(Cx) is denoted by D’(-) for short.

D-modules. — Let X be a complex analytic manifold. We write dx = dim¢(X). We
denote by Ox the sheaf of holomorphic functions, by {2x the canonical line bundle and
by Dx the sheaf of holomorphic linear partial differential operators on X. Let Mod(Dx)
be the category of left Dx-modules, and let Mod.,,(Dx) be the thick subcategory
consisting of coherent objects. We shall consider in Mod .,(Dx) the full subcategories
Modgeoda(DPx) of good coherent objects (recall that a coherent Dx-module M is good
if it admits, in a neighborhood of any compact subset of X, a finite filtration by
coherent Dy-submodules M such that each quotient M;/My_; can be endowed
with a good filtration), and Mod,,(Dx) of regular holonomic objects. We denote by
DP(Dx) the derived category of complexes in Mod(Dx) with bounded cohomology,
and by D%, (Dx) (resp. DY, 4(Dx), D7, (Dx)) the full triangulated subcategory whose
objects have coherent (resp. good, resp. regular holonomic) cohomology groups. Recall
the operations in the derived category of left D-modules RHomp, (-, ), -®% -, f~}
and f,, where f : X — Y is a morphism of complex analytic manifolds. In particular, if

M € DP(Dx) and N' € D*(Dy), then

i_lN = ’DX—'Y®§*1DYf_1N’
fM = Rf(Dy._x®5, M)

where Dx_,y and Dy . x are the transfer bimodules associated to f. The external product
is MRN = Dxyy @pympy, (M B N). We denote by D(-) the duality functor
RHomp,(-,Kx) : D?(Dx) — DP(Dx), where Kx = Dx ®o, Q5% '[dx] is the
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GRASSMANN DUALITY FOR D-MODULES 465

dualizing complex for left Dx-modules, and by Sol(-) the functor RHomp, (-,Ox) :
Db, (Dx) — DP(Cx)° of holomorphic solutions. Moreover, we shall consider the
functors

. ® Ox : DE_(Cx) — D°(Dy)
Thom(-,0x): Di_.(Cx)°? — D?(Dx)

of formal and moderate holomorphic cohomology, which allow one to treat C°°-functions
and distributions on a real analytic manifold in a functorial way (see Kashiwara
[7] for TH(-) = Thom(-,0x) and Kashiwara-Schapira [11] for L ® Ox). Given
M € Db, (Dx), we denote by char (M) the characteristic variety of M, which is
a closed conic involutive subvariety of 7*X; recall that char (M) = SS(Sol(M)). If
Y is a closed smooth complex submanifold of X of codimension d, we denote by
By|x = RI'y}(Ox)[d] ~ Thom(Cy[—d],Ox) the regular holonomic Dx-module of
holomorphic hyperfunctions along Y. We denote B, |xxx by Ba, for short.

E-modules. — Let Ex denote the sheaf (on T X) of microdifferential operators of finite
order on X, Mod(€x) the category of left £x-modules, and DP(£x) the derived category
of complexes in Mod(£x) with bounded cohomology. Given M € D?(Dy), we denote
by EM = Ex Q@r-1p, T IM € DP(Ex) the microlocalization of M. (In particular, if Y
is a smooth complex submanifold of X we set Cy|x = By x, the sheaf of microfunctions
along Y.) We use the same symbol to denote a section s of M and the image of s
by the canonical morphism 77 M — EM. The external product of M € DP(£x) and
N € DP(&y) is MR*N = Exyy Qsyme, (M K N). Moreover, given a morphism
f: X — Y, one defines the microlocal inverse and direct images as

PN = B (Exy ®F1y [N,
iHM = Rfﬂl((gY(_X ®th/—1gX fl_lM),

where Ex_,y and £y x are the microlocal transfer bimodules associated to f.

1.2. Kernels for sheaves and D-modules

We recall the language of integral transforms as treated in D’ Agnolo-Schapira [3], [4], [5]
and Kashiwara-Schapira [11]. We also recall some results therein that we shall need in
the sequel.

In this section, the manifolds are assumed to be complex analytic and compact.

Kernels. — Let X, Y and Z be manifolds, and let K € D*(Cxxy), K’ € D?(Cyxz).
One defines the composition K o K’ as

K oK' = Rq3 (¢13 K ® 453 K') € D*(Cxxz).

Similarly, let £ € D*(Dxxy) and K’ € D”(Dyyz). One defines the composition
KoK’ as

Ko K = 3, (@2_1’6 ®éXXY><Z %_”C/) € Db(DXXZ)'
Observe that these operations are associative.
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ProposITION 1.1. — Let X and Y be manifolds.
(i) Let K € DE_ (Cxxy) and K' € D}__(Cyxz), and assume

(1) (SS(K) x T3Z) N (T X x SS(K")) C Ty z(X X Y X Z).

Then one has K o K' € DS__(Cxxz). The same result holds replacing “R — ¢”

by 5‘C — c”.
(ii) Let K € Dy, ,4(Dxxy) and K' € D}, 4(Dyxz), and assume
(1.2) (SS(K)xT7Z)N(TxX x SS(K')) C Txyyxz(X XY X Z).

Then one has Ko K' € DY,,4(Dxxz). Moreover, the same holds if one replaces
“goodY’ by “rh”‘

The functor of moderate cohomology. — Let us recall the Riemann-Hilbert correspondence
in the formulation of Kashiwara [8], which allows one to associate to any C-constructible
sheaf a regular holonomic D-module. Let X be a complex analytic manifold, and consider
the functors

Thom(-,0x) : Di_.(Cx)°® — D"(Dx),
Sol(+) : D2, (Dx) — DP(Cx)°P.

coh

THEOREM 1.2. — ([8]) The functors Thom(-,Ox) and Sol(-) are quasi-inverse to each
other, and define equivalences between D2 __(Cx)°P and D®, (Dx). Moreover, they induce
equivalences between the full subcategories Perv (Cx)°? and Mod,(Dx).

Hence, to K € D2__(Cxxy) one naturally associates K = Thom(K,Oxxy) €
Db, (Dxxy), and one has K ~ Sol(K) and SS(K) = char (K).

Some commutation properties. — We observe the following commutation properties for
the operations introduced above.
ProposITION 1.3. — ([5]) Let X and Y be manifolds.
(i) Let K € DE__(Cxxy) and K' € DS_.(Cyxz), and assume (1.1). Then one has
D'(K o K') ~ D'K o D'K'[2dy].
(ii) Let K € D}, 4(Dxxy) and K' € D, ,4(Dyxz), and assume (1.2). Then one has
D(Ko K') =~ DKo DK'.
ProposiTiON 1.4. — ([5]) Let K € D2__(Cxxy) and K' € DR__(Cyxz). Then, there
is a natural isomorphism in D2, (Dxxz):
Thom(K, OXXY) o Thom(K', nyz) >~ ThO’ITL(K o K/, OXXz)[—dy].

ProposITION 1.5. — ([5]) Let F' € DE_C(C x)- Then, there is a natural isomorphism in
D?,(Dx):
Thom(D'F,0x) ~ DT hom(F,Ox).

Integral transforms. — Let X and Y be manifolds. By identifying {pt} x X to X and
{pt} x Y to Y above, one associates to any K € DP(Cxy) a functor

- oK :DP(Cx) = D"(Cy), FoK =Rqyq(qi'F®K),

called the sheaf integral transform from X to Y of kernel K. Thus, if Z is another
manifold and K’ € DP(Cyz), then (Fo K)o K' ~ F o (K o K') in D?(Cy).
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GRASSMANN DUALITY FOR D-MODULES 467

Similarly, one associates to any K € D®(Dxxy) a functor
-0 K:DP(Dx) - DP(Dy), MoK=gq (e 'M§, , K)
called the D-module integral transform from X to Y of kernel K; as above, given
K’ € D®(Dyxz), one has (Mo K)o K' ~ Mo (Ko K') in D*(Dy).
From Proposition 1.1 and a well-known result we get

COROLLARY 1.6. — Let K € D2__(Cxxy) and K = Thom(K,Oxxy) € D%, (Dxxy).
Assume:

(1.3) SS(K)N(T*X xTyY) C Txy(X xXY).
Then:
() if F € DE__(Cx), then F o K € D}__(Cy) (and also with “R-c” replaced by
“C'C u); ’,
(ii) if M € D}, 4(Dx), then Mo K € D}, ,(Dy) (and also with “good” replaced
by “rh”), and

Sol(Mo K) ~ Sol(M) o K[dx].

Invertible kernels. — When X =Y, the identity transforms are obtained for K = Ca
and K = Thom(Ca,[—dx],Oxxx) ~ Ba,. This leads immediately to the following
invertibility criterion, which we shall apply in the next section:

ProposITION 1.7. — (see [10, Corollary 3.6.5]) Let X and Y be manifolds.

(i) Let K € D*(Cxxy), K' € D*(Cyxx) and assume that K o K' ~ Cx,[l] and
K' o K ~ Ca,[l] for some | € Z. Then, the functors - o K and - o K' are quasi-
inverse to each other and thus they are equivalences of categories between DP(Cx)
and DP(Cy).

(ii) Let K € DP(Dxxy), K' € DP(Dyxx) and assume that Ko K' ~ Ba, and
K'o K ~ Ba,. Then, the functors - o K and - o K' are quasi-inverse to each other
and thus they are equivalences of categories between DP(Dx ) and D®(Dy).

Adjunction formulas. — Let X and Y be manifolds, and let X € DP, (Dxxy) and
K = SOl(’C) (S DE,_C(CXX}/). Set
K=r,KeDE_(Cyyx) and K*=D'r,KeDl_(Cyxx)
One has the following adjunction formulas relating the transforms for sheaves and for
D-modules.
ProposITION 1.8. — ([4], [11]) Assume (1.3). For any M € D®(Dx) and G € D”(Cy)
there are isomorphisms
RT(X; RHomp, (M, (G o K) ® Ox))[dx]
~ RI(Y; RHomp, (Mo K,G ® Oy)),
RI(X; RHomp, (M, RHom(G o K*, Ox)))[dx]
~ RI(Y; RHomp, (Mo K, RHom(G, Oy)))[2dy].
Moreover, if G € DE__(Cy) there are similar isomorphisms with ® and RHom replaced
respectively by ® and Thom.
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