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TOPOLOGICAL SUPERRIGIDITY AND
ANOSOV ACTIONS OF LATTICES

By R. FERES (*) anp F. LABOURIE

ABSTRACT. — The main result proved here is a topological version of Zimmer’s cocycle superrigidity theorem.
Several applications are also given which concern lattice actions, rigid geometric structures, and the cohomology
of actions semisimple groups of higher rank with coefficients in vector-bundles. © Elsevier, Paris

0. Introduction

The main result obtained here is Theorem 1.2, which corresponds to a topological,
and more generally C”, version of Zimmer’s Cocycle Superrigidity Theorem. Zimmer’s
theorem is concerned with cocycles over actions of a semisimple Lie group G of real
rank at least 2 and its lattices by automorphisms of a finite measure space, while here
we consider actions of G by automorphisms of principal bundles such that the actions
of certain subgroups of G on the base are topologically transitive. Our results, in fact,
extend the main theorem of [18&].

The proof given here is not just an adaptation of the classical proofs. We shall sketch in
the appendix how to obtain Margulis-Zimmer superrigidity using the ideas of our proof. We
would like to point out, however, that there are no essentially new ideas in the approach
given here. Its main advantages are that it is perhaps a shorter and in some sense more
axiomatic way of presenting old and beautiful ideas.

In its general form, the main theorem gives information about the action only on an
open dense G-invariant subset of the manifold. Using an idea due to Zimmer ([18]), which
is explained in Section 6, Theorem 1.2 can be specialized so as to yield a conclusion that
holds everywhere on the manifold. (Theorem 1.6.)

Part of the content of the main theorem can be rephrased in cohomological terms, which
is done in Section 7. The main result in that direction, Theorem 7.1, gives conditions for the
vanishing of certain cohomology classes associated to actions of G on vector bundles. One
useful consequence of Theorem 7.1 is Corollary 7.4, which gives conditions for smooth
G-actions on vector bundles to preserve a connection.

The main applications of Theorem 1.2 obtained here are Theorems 1.7 and 1.8. The
former, discussed in Section 8, solves in a very special case a general problem posed by
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600 R. FERES AND F. LABOURIE

Zimmer of the classification of smooth actions of lattices in G' on compact or finite volume
manifolds. The latter theorem, discussed in section 9, is concerned with the notion of rigid
geometric A-structures, introduced by Gromov in [4]. We show that if a subgroup K of G
preserves a rigid geometric A-structure and if G and K satisfy the dynamical assumptions
of the main theorem, then ( itself must also leave invariant some rigid geometric structure,
although it may only be defined on an open dense G-invariant set.

We would like to thank Y. Benoist, P. Pansu and D. Witte for their helpful suggestions
during the preparation of the manuscript.

1. Statements of the main results

The general setting for the theorems discussed here will be a C*® (s > 0) right principal
H-bundle 7 : P — M over a manifold M, where H is a real algebraic group. Suppose,
moreover, that a Lie group G acts on P by left principal bundle automorphisms, the
action being C°.

For a given subgroup L < H and an open subset U C M, we refer to a C* L-subbundle
Q of P|y as a C*° L-reduction of P over U. The L-reduction is said to be G-invariant if
U is a G-invariant set and G acts by automorphisms of @Q, that is, if Q is a G-invariant
subset of P.

An important definition is the following.

DEerNITION 1.1. — (Cf. [17 9.2.2].) Let L C H be a real algebraic subgroup and suppose
that P admits a G-invariant C° L-reduction over some G-invariant open dense subset
U C M. The conjugacy class of L in H will be called a C*-algebraic hull of the G-
action on P if L is minimal in the following sense: there is no proper real algebraic
subgroup L1 C L such that P admits a G-invariant C*° Ly-reduction over some open dense
G-invariant subset of M.

Let G denote the connected component of a semisimple real algebraic group. Recall that
the real rank of G, rankgG, is the dimension of a maximal split torus in G. A 1-parameter
subgroup T of G is said to be R-semisimple if, for each linear representation p of G, p(a)
is diagonalizable with real eigenvalues for all a € T

Our main goal is to prove the following theorem.

TueoreM 1.2 (Topological superrigidity). — Let G have real rank at least 2 and act by
H-bundle automorphisms on some C*® principal H-bundle P over a manifold M such that
the action is also C°. Assume that

(i) H is the C? algebraic hull of the G-action;

(ii) every R-semisimple 1-parameter subgroup of G acts topologically transitively on M
and admits a dense set of recurrent points, i.e., points that are contained in their
own w-limit sets.

Assume furthermore that there is a subgroup K C G with the following properties:
(iii) K acts topologically transitively on M,
(iv) K commutes with some R-semisimple 1-parameter subgroup of G,

(v) the C* algebraic hull of the K -action does not contain a nontrivial normal subgroup
of H.
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TOPOLOGICAL SUPERRIGIDITY AND ANOSOV ACTIONS OF LATTICES 601

Then, there exists a continuous surjective homomorphism p : G — H and a C*¢ section o of
P|y, for some open dense G-invariant subset U of M, such that for all g € G and x € U,

go(z) = a(gz)p(g).

The theorem can also be stated as follows. Given a homomorphism p of G into H and
a GG-action on M, we can build a G-action on the trivial bundle M x H, which we call
a p-action, such that g(z,h) = (gz, p(9)h), g € G,(xz,h) € M x H. Then the conclusion
of the theorem is that, at least on some open dense G-invariant subset of M, the original
G-action on P is C* conjugate to a p-action. (The conjugacy is given by ®(z, h) = o(z)h.)

The theorem above is different from the topological superrigidity theorem of [18] in that
we do not assume the existence of invariant measures or of a parabolic invariant structure.
The latter is replaced with the much weaker hypothesis (v) on the hull of a smaller group,
which can actually be just a 1-parameter subgroup.

In the C° case of the theorem M need only be a Baire topological space. If M is
actually a finite dimensional topological manifold (or, more generally, a second countable,
locally compact metrizable space), then the recurrence condition (ii) on 1-parameter groups
follows from topological transitivity, as a simple argument shows. Moreover, if the G-
action on M preserves an ergodic probability measure whose support is M, an application
of Moore’s ergodicity theorem and Poincaré recurrence gives the following corollary, in
which topological transitivity and recurrence are replaced by ergodicity of G.

THEOREM 1.3. — Suppose that a connected semisimple group G of real rank at least 2
acts by H-bundle automorphisms on some C°® principal H-bundle P over a manifold M
such that the action is also C*°. Assume that the action preserves an ergodic probability
measure whose support is M and that H is the C*® algebraic hull of the G-action. Assume
moreover that there is a noncompact subgroup K C G such that K commutes with some R-
semisimple 1-parameter subgroup of G and that the C?® algebraic hull of the K -action does
not contain a nontrivial normal subgroup of H. Then, there exists a continuous surjective
homomorphism p : G — H and a C? section o of P|y, for some open dense G-invariant
subset U of M, such that for all g € G and z € U,

go(z) = o(gz)p(g)-

The next result uses an observation due to Zimmer [18] that will be explained in
section 6. Zimmer’s result complements our main theorem by giving conditions for the
section ¢ to be defined on the entire manifold. We first give two definitions.

Let V be a smooth real algebraic variety equipped with a real algebraic left action of

H. By a C® geometric structure of type V on P we mean a C* section of the associated
V bundle Py.

DEerINITION 1.4. — [18] Suppose that G is the identity component of a real algebraic
semisimple group. A geometric structure @ on P is called a parabolic invariant if it is
invariant by some parabolic subgroup of G.

DEerINITION 1.5. — [18] The G-action on the H-bundle P is said to be effective relative to
the geometric structure o : M — Py if, for some © € M, the group of automorphisms of
P, fixing (g«0)(z) for all g € G is trivial, where E is associated to ¢ as indicated earlier.
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THEOREM 1.6. — In addition to the assumptions of the main theorem, suppose there exists
a C?® parabolic invariant relative to which the G-action is effective. Then the C* section ¢
obtained in the main theorem is defined over the whole manifold.

We state now an application of the main theorem to smooth actions of a lattice group I"
in G. The main new point is that no invariant volume form or measure will be assumed.
Even though our primary concern here is the action of I' on some compact manifold M,
it will be necessary to refer to an induced action by G, defined by a standard suspension
construction. We recall that an action on M by a lattice I' in a Lie group G induces in a
canonical way an action of G on the manifold N := (G x M)/T’, which is the quotient
of G x M by the action of T', given by

(g,@) - v := (g7, a(y) ).

G acts locally freely on NV, so that the foliation of N by fibers M, := p~*([g]) is
preserved by the action and is everywhere transverse to the G-orbits. We denote the
transversal foliation by M. Also remark that each fiber of M is diffeomorphic to M.

Since N may fail to be compact (when the lattice is not uniform), it will be necessary
to assume the existence of a Riemannian metric on N with norm || - || for which ||g.|| is
uniformly close to 1 for all g sufficiently close to e. In particular, as G is connected, ||g.||
is uniformly bounded for each g € G. (This is clearly satisfied for the model actions, for
example, the suspension of the affine action of SL(n,Z) on the n-torus.)

Also with respect to || - ||, we say that k € G is an Anosov element if T M decomposes
as a continuous direct sum of subbundles

TM=FE @E*

such that k (resp., k~1) is uniformly contracting on E~ (resp., E1), i.e., there is A,
0 < X\ < 1, such that ||k.|z-|| < A (tesp., ||(k71)u|p+|| < A). We call E~ (resp., E™)
the stable (resp., unstable) subbundle of k.

THEOREM 1.7. — We assume that a lattice T of G = SL(n,R), n > 3, acts smoothly on
a compact manifold M of dimension n. Suppose, moreover, that for the induced G-action
on N = (G x M) /T, (i) every R-semisimple 1-parameter subgroup of G acts topologically
transitively on N and (ii) some regular element k of G is Anosov. Then M is a flat torus for
some smooth Riemannian metric and the I'-action is a standard affine action with respect
to that metric.

We point out that the standard actions on tori satisfy the conditions of the theorem.
We do not know, however, how to restate condition (ii) in terms of Anosov elements in
T', rather than in G.

Theorems concerning the rigidity of actions of lattices on tori have been obtained by
several authors. We mention [5, 10, 8, 9, 14, 3] among others. To our knowledge Theorem
1.7 is the first global result of this kind which makes no reference to invariant measures,
or to assumptions on the topology of the original manifold. We also point out that the
Franks-Newhouse theorem, which implies that codimension-1 Anosov diffeomorphisms
can only exist on tori, is not used here.

The result below is an application of the main theorem to rigid geometric structures.
The notion of a rigid geometric A-structure was introduced in [4] and it generalizes the
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classical geometric structures of finite type of Cartan. We show in section 9 that under the
dynamical assumptions of the main theorem, if a subgroup K C G preserves a smooth
rigid geometric structure, then G must also preserve a (possibly different) rigid geometric
structure on a G-invariant open dense set. More precisely, we have the following theorem.

THEOREM 1.8. — Let G be a connected semisimple Lie group of real rank at least 2
that acts on a smooth manifold M so that every R-semisimple 1-parameter subgroup of
G acts topologically transitively on M. Let K be a subgroup of G that commutes with
some R-semisimple 1-parameter subgroup of G and acts topologically transitively on M.
Suppose moreover that K preserves a smooth rigid A-structure on M. Then G preserves a
smooth rigid A-structure on some open dense G-invariant set U C M.

An important example of rigid structure is an affine connection. We prove in section 7
that under the same conditions as in the above theorem, if the K-action preserves a
connection on some open dense subset of M, then so does G. This will be consequence
of a general cohomology vanishing result for G-actions on vector bundles over M.

2. The topological Furstenberg lemma

Let P be, as before, an H-principal bundle over M and T a group that acts on P by
bundle automorphisms. Let V' be a smooth real algebraic variety and suppose that both T°
and H act on V algebraically, and that the actions commute. Let ® be a T' x H-equivariant
map from P|y into V, where U is an open dense set in M. The proposition below, which
will be referred to as the Topological Furstenberg Lemma, gives conditions for ® to take
values in a single H-orbit in V. It will be of basic importance throughout the paper.

The usual set up of a C* principal H-bundle P over a manifold M is now in place. V
is a smooth real algebraic variety equipped with an algebraic action of H.

PROPOSITION 2.1. — Let T be a 1-parameter group of homeomorphisms of P commuting
with the right H-action and let S be a real algebraic group isomorphic to either the additive
group R or the multiplicative group R — {0}. We suppose that S acts algebraically on V,
commuting with the action of H. Let ® be an H X R-equivariant continuous map from
P|y into V, where U is an open dense T-invariant subset of M. (More precisely, there is
a homomorphism p from T into S such that

®(iph) = b= p(1)®(p) = p(I)h ™' (p)

foralll € T, h € H and p € P|y.) Then, after possibly having to restrict ® to P|y:
for some open dense subset U' of U, ® takes values into a single H-orbit in each of the
following two cases:
1. T acts on M topologically transitively and S acts trivially on V.
2. T acts on M topologically transitively with a dense set of recurrent points, and S
acts possibly nontrivially on V.

Proof. — We recall the following stratification theorem for algebraic actions due to
Rosenlicht ([4]). If a real algebraic group B acts regularly on a smooth real algebraic
variety V, then V' decomposes as a disjoint union V = V; U ... U V,, of B-invariant
smooth subvarieties V; such that the union F; := V; U...UYV,, is Zariski closed in V for
each ¢ < m, V; is open and dense in F; and the B-orbit of a point of V; is closed in V.
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Furthermore, the quotient V;/B has a natural structure of smooth real algebraic variety for
each 7 and the quotient map V; — V;/B is a smooth fibration for each 4. In particular,
each B-orbit is embedded into V.

Now we let V;,7 = 1,...,m, be the smooth varieties given by the Rosenlicht stratification
for the action of H x S on V. We first observe that @, restricted to some open and dense
subset of the form P|y., U’ C U, must take values into a single stratum V;. In fact, for any
z € U with dense T-orbit in M and any p € P in the fiber above z, the image under ® of
the T x H-orbit of p is entirely contained in some V;, since these strata are T' x H-invariant.
But V; is open in its closure so, by continuity, <I’_1(VZ-) is open, T' X H-invariant, and
contains a dense subset of P|y. Therefore, ®~1(V;) is of the form P|y as claimed.

Consequently, the restriction of ® to P|y. factors through the bundle projection to
define a continuous T-equivariant map ® from U’ into a smooth real algebraic variety,
W; = V;/H. In case (1), this map is T-invariant, hence constant by topological transitivity,
and the claim follows.

In order to consider case (2), we first remark that every recurrent point under the action
of S on W; is a fixed point. In fact, by the recurrence assumption and the fact that orbits
of S are locally closed, the stabilizer subgroup of S for that point must be a nontrivial
Zariski closed subgroup of S, and hence it must be all of .S since S is 1-dimensional; that
is, every recurrent point must be a fixed point for S. The set of S-fixed points of W; is
closed, and by the assumption (2), a dense set of points in z is taken under ® to that set.
Therefore, ® is S-invariant and the argument of part (1) applies, concluding the proof. [

COROLLARY 2.2. — Let V' be a smooth real algebraic variety equipped with a regular action
of a real algebraic group S isomorphic to R or R — {0} (as real algebraic groups). Let T
be a 1-parameter group of homeomorphisms of a topological space M acting topologically
transitively and having a dense set of recurrent points. Suppose that ¢ : U — V is a
continuous map defined on an open dense T'-invariant subset U C M and is T-equivariant,
i.e., there is a continuous homomorphism p : T — S such that

p(ix) = p(1)p(x)
for each |l € T and each x € U. Then, ® is constant and its value is a fixed point under S.

Proof. —Set H =S and P = M x S. T acts on P on the left as I(z,s") = (lz,s") and
S acts on the right as (z,s')s = (z,s’s). Define ® : U x S — V as &(z,s) := s~ 1é(z).
Then, since S is abelian, the equivariance condition of the proposition is satisfied and
the claim follows. [J

It will be helpful to keep in mind the following trivial remark. Suppose that manifolds
N; and N, are equipped with C*® actions of groups B; and Bs, resp., and let p : B; — By
be a homomorphism. Let F' : W — N, be a C° map from an open subset W of N;
that satisfies the following equivariance condition: For each b € By and x € W such
that bx € W, we have F(bx) = p(g)F(z). Then there is a unique C* map F' from the
B -saturation of W into N, that restricts to F' on W and such that, for all x € B;W and
all b € By, F(bx) = p(b)F(z). In other words, in such a situation we may assume without
loss of generality that W is Bj-invariant. F is, of course, given by F(bz) = p(b)F(z),
for b € By and x € W, and it is immediate to check that it is well-defined.
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3. H-pairs

We denote by £°(P|y, V) the space of all geometric structures of type V' and class
C?, defined over an open subset U C M. Recall that these are simply the H-equivariant
C® maps from P|y into V. A group B of C° automorphisms of P leaving U invariant
defines a left-action on £°(P|y, V) by g- ¢ := pog™', for g € B and ¢ € E(P|y,V).
Given p € P|y, we denote by e, the evaluation map which associates to ¢ € £°(P|y, V)
its value ¢(p). Remark that e, o g = eg4-1,.

DEerINITION 3.1 (H-pair for B). — Let W be a subset of £°(P|y, V'), where U is an open
dense B-invariant subset of M and W is assumed to be B-invariant, i.e. b- o € W for all
© € W. We say that (W,V') defines a C* H-pair for B if the following conditions hold:

1. For each p € P|y, the evaluation map e, : W — V is injective and W), := e, (W)

is a real subvariety of V.

2. For each p,p' € P|y,

Tpp' i=€p O e;,l Wy = W,
is an H-translation, that is, one finds h € H such that T, (v) = hv for all v € W.

3. H acts transitively and effectively on V.

Heuristically, an H-pair can be thought of as follows. Starting with a principal H-bundle
and an algebraic H-space V, one forms the associated bundle whose typical fiber is V.
Then an H-pair is an algebraic subset of sections of this associated bundle. The reader is
advised to think of the corresponding situation when one replaces the word ‘algebraic’ by
‘linear,” and studies vector spaces of sections of a vector bundle as in [12].

It should be remarked that condition 3 implies that V' is a homogeneous space of the
form H/H,, where H, does not contain a nontrivial normal subgroup of H.

The collection of all H-translations from W), into V is naturally identified with H /F,,
where F), is the group F,, := {h € H | hv = v for all v € W, }. Moreover, it follows from
property 2 that for each p € P|y and b € B, there is h € H such that e, (b - ) = he,(p),
for all ¢ € W. (The H-translation corresponding to h is 7,-1, ,.) Therefore, one associates
to each p € P|y a C° homomorphism

pp: B — Ny/F,, py(b)=eyoboe,’,
where N, := {h € H | hv € W, for all v € W, }. In other words,

ep(b-©) = pp(b)en(p),
for o € W and b € B.

The H-translations 7, 4 : W, -— W, satisfy the following elementary properties, which
we are going to use freely in the sequel and to which the reader refered to when checking
formal computations.

Top,q = Tp,b~—1q
Pp(b)Tp,q = Tp,aPq(b)
ppn(b) = B~ pp(b)
Tph,qh! = h_lTI,,th
Top,vrq = Pp(D) T Tp,qPq (V)
where p,q € P|y, b,b' € B and h,h' € H.
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We say that an H-pair (Wy,V) is contained in another H-pair (W, V) if W; C
E*(Plv,, V), Wy C £°(P|u,, V) are defined over open and dense sets U; and Us, and if
for every ¢, € Wi one finds ¢y € W, such that the two maps agree over U; N U,.

It will be convenient in what follows to identify pairs (Wy, V) and (W5, V) if each one
is contained in the other. This indeed defines an equivalence relation and we write [W, V]
for the class represented by (W, V'). We say that [W7, V] is contained in [W5, V], and write
[W1,V] < [Wa, V], if a representative of the former is contained in a representative of the
latter. Due to the fact that we consider open dense sets, < defines a partial ordering.

We say that the H-pair [W,V] for B is maximal if it is equal to any other H-pair
in which it is contained.

DerNiTION 3.2 (Invariant and hyperbolic pairs). — A C* H-pair (W, V') for B defined
over a dense B-invariant open set U C M will be called invariant if b - ¢ = ¢ for all
v € Wand b € B. It is A-hyperbolic, for a subgroup A of B, if p,(a) is a R-semisimple
element of the real algebraic group N,/ F), (defined earlier) for every p € P|y and a € A.

LemMma 3.3. — Every C® H-pair for B is contained in a maximal C* H-pair for B.
Similarly, every invariant (resp., hyperbolic) C° H-pair for B is contained in a maximal
invariant (resp., maximal hyperbolic) C° H-pair for B.

Proof. — We will construct for any given increasing sequence of C° H-pairs for B,
WLV < [WEV]< - < [W,V] < -,

a C® H-pair for B, [W*, V], which contains each one in the sequence. The claim will
then follow from Zorn’s lemma.

We choose a representative (W, V) for each pair, where W* is a subset of £°(P|y,, V),
and U; is an open dense B-invariant subset of M. By the Baire property, the intersection
of all U; is nonempty (in fact, dense) so that we can fix a py € P that projects to a point
in that intersection. For each p € P|y,, we denote W := e,(W*) and define

T . -1 . 1 1
1/)p =ep0e, VVP0 — Wp,

which is an H-translation, by definition of an H-pair. Therefore, we may regard w;', as
an element of H /Fljo’ where szo is the (real algebraic) subgroup of H that fixes W;o
pointwise. Thus, we obtain a C* H-equivariant map

U;: Ply, — H/F},

defined by W;(p) := ¢;. Remark that for any given w € W}, we recover ¢ € Wt by
the equation ¢(p) = U;(p)w.

The sequence of subvarieties W;'O of V is increasing, so the sequence of real algebraic
subgroups F} is decreasing. By the descending chain condition for algebraic groups there
must be a finite index 7o such that F; = Fj¢ =: Fp° for all ¢ > io. Consequently, for
all 4,5 > 4o, the maps W;,¥; agree on P|y,ny;. (Remark that if, say, 7 > i, then the
H-translation 1), is the restriction of ¢ to Wy and is of the form w — hw for some
h € H and all w € W}, so that ¢, = ¢} if F, = FJ )

The above observations show that a map Wo, can be defined on P|y,,, v, extending
all ¥, for ¢ > ig and is, in particular, a C* map. Moreover, if Wy denotes the Zariski
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