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ARRANGEMENT OF HYPERPLANES. I: RATIONAL
FUNCTIONS AND JEFFREY-KIRWAN RESIDUE

By MicHEL BRION anD MicHELE VERGNE

ABSTRACT. — Consider the space Ra of rational functions of several variables with poles on a fixed arrangement
A of hyperplanes. We obtain a decomposition of Ra as a module over the ring of differential operators with
constant coefficients. We generalize the notions of principal part and of residue to the space Ra, and we describe
their relations to Laplace transforms of locally polynomial functions. This explains algebraic aspects of the work by
L. Jeffrey and F. Kirwan about integrals of equivariant cohomology classes on Hamiltonian manifolds. As another
application, we will construct multidimensional versions of Eisenstein series in a subsequent article, and we will
obtain another proof of a residue formula of A. Szenes for Witten zeta functions. © Elsevier, Paris

REsUME. — Nous considérons I’espace R des fonctions rationnelles en plusieurs variables, dont les poles sont
dans un arrangement d’hyperplans A fixé. Nous obtenons une décomposition de Ra comme module sur I’anneau des
opérateurs différentiels a coefficients constants. Nous généralisons a I’espace Ra les notions de partie principale et
de résidu, et nous décrivons ses relations avec les transformées de Laplace des fonctions localement polynomiales.
Ceci explique des aspects algébriques des travaux de L. Jeffrey et F. Kirwan sur les intégrales de classes
de cohomologie équivariantes dans les variétés hamiltoniennes. Comme autres applications, nous construirons,
dans un autre article, des versions multidimensionnelles des séries d’Eisenstein, et nous obtiendrons une autre
démonstration d’une formule de résidus pour les fonctions zéta de Witten, due a A. Szenes. © Elsevier, Paris

1. Introduction

Consider the space R of rational functions of r variables with poles on an arrangement
of hyperplanes A. It is important to study the decomposition of the space R under
the action of the ring of differential operators with constant coefficients. In the one-
variable case, a rational function of z with poles at most on z = 0 is written uniquely as
¢(z) = Princ(e)(2) + +(z) where Princ(¢)(z) = >, o an2" is the principal part of ¢(z)
and ¥(z) = Y ., a,2" is the polynomial part of ¢(z). Remark that the space

G=(d(2) = Zanz"

n<0

of principal parts is free under the action of 9/0z while the space of polynomials is
evidently a torsion module. Furthermore, the function 1/z is the unique function which
cannot be written as a derivative.

We show similarly, in the case of several variables, that there is a well determined
decomposition of Ra as

RAZGA@NGA
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716 M. BRION AND M. VERGNE

where G is a free module under the action of the ring of differential operators with
constant coefficients, and NG, is the torsion submodule. Here the space Ga can be
characterized as the space of rational functions with a zero at infinity in all directions. Let
us describe more precisely the space Ga. We need more notations.

Let V be a finite dimensional vector space over a field k, of characteristic zero. Let
r = dimV. Let A be a finite subset of nonzero elements of V. Consider the union of
hyperplanes in V*:

H (D)= | J{z € V", (2,0) = 0}

aEA

and the ring R of rational functions on V* with poles contained in H*(A). We denote
by G the subspace of Ra spanned by the elements
1
HQEK ana
where « is a subset of A generating V/, and where the n, are positive integers. It turns
out that G is the subspace of Ra consisting of functions that vanish at infinity in any

direction. It is a graded vector space with highest graded part Ga[—7] := Sa. Furthermore,
S is the linear span of the

1
Haea «a

bo =

where o ranges over all bases of A.

As the space G is a direct factor in Ra, under the action of the ring S(V*) of
differential operators with constant coefficients, there is a natural projection Resa from
RA to Sa that we call the Jeffrey-Kirwan residue. The name Residue is justified by the
fact that the kernel of the map Resa is the space of derivatives. By a generalization of
the Cauchy formula, any S(V*)-morphism from G to another S(V*)-module is entirely
determined by its value on S, and this morphism exists provided certain linear relations
between the ¢, are satisfied. The space Sa is isomorphic to the top degree component
of the “Orlik-Solomon algebra” associated to the hyperplane arrangement H*(A); as a
consequence, we produce bases of S consisting of certain ¢,. Their dual bases can be
described in terms of iterated residues, as shown by Szenes (see [S] and section 4).

If £ = R, then GA occurs as the space of Laplace transforms of locally polynomial
functions with possible discontinuities on hyperplanes generated by r — 1 elements of A.
The Laplace transform intertwines the action of S(V*) on locally polynomial functions by
multiplication, with its action on G by differential operators with constant coefficients.
We study the jumps of locally polynomial functions in terms of the poles of their Laplace
transforms. As a consequence, we show that a locally polynomial function is continuous
if and only if its Laplace transform vanishes at order 2 in any direction. We also construct
inverses of the Laplace transform, using our description of G by generators and relations.

Many of the statements proved in this article are already implicitly stated in Jeffrey-
Kirwan articles [JK1] and [JK2]. However, we felt the need, for applications, to clarify some
of their statements. The main application will be an algebraic construction of Eisenstein
series: to each rational function with poles on hyperplanes, we will associate a periodic
meromorphic function in several variables. This will be treated in part II of this article.
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ARRANGEMENT OF HYPERPLANES 717

Applications to the Poisson formula will be given in another article.

Our interest in the space of functions R and their Laplace transforms comes from the
study of integrals over symplectic spaces of equivariant cohomology classes. Let (M, 2) be
a compact symplectic manifold, with an Hamiltonian action of a torus 7. Let f : M — t*
be the moment map, let X € t, and let Q(X) = (f, X) + Q be the equivariant symplectic
form. Let «(X) be an equivariant closed form on M. Consider the integral

I(X):/Ma(X)eQ(X).

Assume for simplicity that the set I’ of fixed points for the action of T on M is finite. For
p € F, let A, C t* be the set of weights for the action of T' in the tangent space T, M.
Then, by the localisation formula in equivariant cohomology, we have

1(X) = 37, gp(X)el ),

pEF

where each ¢, is in the ring Ra,.

If £ is a regular value of f, we can consider the reduced space M,.q4(¢) = f=(¢)/T
with reduced symplectic structure 2. The equivariant cohomology class of a(X) gives
rise to a de Rham cohomology class g on M,eq(§). Consider the function

r(€) = / age.
Miea(€)

This function is defined for regular values of £. It is important to determine this function
and its jumps when crossing walls of singular values of the moment map. The functions
I(X) and r(§) are related by the Laplace transform. Thus it is important to study jumps
of Laplace transforms of functions in the space Ga.

We thank Michel Duflo for his comments on this article, and Bernard Malgrange for
his decisive help in the proof of Theorem 1.

2. Rational functions with poles on hyperplanes: Jeffrey-Kirwan residue
Let V be a finite dimensional vector space over a field k, of characteristic zero, and let
r = dim V. We denote by S(V) the symmetric algebra of V. Let V* be the dual space.
We identify S(V') with the ring of polynomial functions on V*. Let A C V be a finite
subset of nonzero elements, which spans V. We denote by

RA = A—IS(V)

the ring generated over S(V') by inverting the linear functions o € A. This is a ring graded
by the degrees (positive or negative). Consider the union of hyperplanes in V*:

H'(A) = (J{z € V" (a,2) = 0}

a€A
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718 M. BRION AND M. VERGNE
and the open subset
Viega = V' —H*(4)

of (A)-regular elements in V*. Then Ra is the ring of rational functions on V* with
poles contained in the union of hyperplanes H*(A). Functions in R are defined on the
set Vieg o of regular elements.

Let D be the ring of differential operators on V* with polynomial coefficients. Recall
that the ring D is generated by its subrings S(V) of polynomial functions on V*, and
S(V*) of differential operators on V* with constant coefficients. Observe that S(V') and
R, are graded D-modules.

If $ € Ra and if y € V* is a regular element, then ¢ — ¢(y + tz) is a rational function
for any z € V*. We say that ¢ vanishes at infinity if the rational function ¢ — ¢(y + tz)
is 0 at oo for all regular y € V* and for all z € V*.

Let  be a subset of A. The subset « is called generating if the a € « generate the
vector space V. It is called a basis of A, if the @ € x form a basis of V. We denote
by B(A) the set of bases of A.

For x C A, set

1
Haen (& -

We denote by G the subspace of R spanned by the

P =

1
HaErz Qe

where « is generating and the n, are positive integers. Then G A is a graded vector space
with highest graded part Sa (in degree —r). Furthermore, S is the linear span of the
¢, where o ranges over all bases of A.

Clearly, any function in the space Ga vanishes at infinity. We will prove that the
converse holds in Theorem 1 below.

Remark. — The space G is contained in 3, Ra[~j] but is strictly smaller if 7 > 1.
For example, if ¢ € A, then a™" is never in Ga.

We denote by NG the subspace of R spanned by the

_¥v
HaEn Qe

where ¢ € S(V),  is not generating and the n, are non-negative integers.

Remark that the subspace NGa of Ra is stable under the action of D, whereas G 5 is
stable under the action of S(V*) by differential operators with constant coefficients.

THEOREM 1. — We have a direct sum decomposition of S(V*)-modules
RA = GA ® NGA.
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ARRANGEMENT OF HYPERPLANES 719

Moreover, the space G is a free S(V*)-module, and is freely generated by S, while
the space NG is the torsion submodule. Finally, G is the space of functions in Ra
which vanish at infinity.

For this we prove a succession of lemmas.

LeMMA 2. — The S(V*)-module G is generated by Sa. Moreover, we have R =
Ga + NGa.

Proof. — Observe that the S(V*)-module generated by Sx is the span of the elements

1
Hﬂeo’ ﬂnﬁ

where o € B(A) and where each ng is a positive integer. To prove the first assertion, it is
enough to check that this vector space is stable by multiplication by 1/a™ where a € A.
For this, write a = Zﬂ&, capf- Then we have

1 Cap
o® HﬂEG pre [;r antigne=t Hwea,wfﬂ v .

If 8 € o is such that ng = 1, then the corresponding term in the right-hand side is in the
S(V*)-module generated by Sa: indeed, if cop # 0 then o U {a} \ {8} is a basis of A.
On the other hand, if 75 > 1 then our term is the inverse of a™*' [] ., 8" with nj; > 1
and 35, nj = (X e, ns) — 1. So the assertion follows by induction on 4., ng.

Similarly, any element of Ry = A~1S(V) is a linear combination of elements

Y

HOLEK ana

¢:

where ¢ € S(V), k is linearly independent and the n, are positive integers. If moreover
k is not generating, then ¢ is in NGa. If « is generating, then we can express ¢ as a
polynomial in the variables o € K, and we obtain ¢ € Gao + NGa.

LeMMA 3. — The S(V*)-module RA/NGx is free.

Proof. — Observe that Ry /NG is a D-module. Furthermore, it is spanned (as a vector
space) by the images of

1

HaEa arte

where ¢ is a basis of A, and where the n,, are positive integers. It follows that the D-module
Ra/NG, is generated by the images ¢, of the ¢, (¢ € B(A)). Observe that ¢, is killed
by V; thus, the D-module D¢, is a non zero quotient of D/DV. The latter is a simple
D-module, isomorphic to S(V*); therefore, D¢, is isomorphic to S(V*), too. Iterating this
argument, we construct an ascending filtration of the D-module Ra /N G a, each submodule
being generated by certain ¢,’s, with successive quotients isomorphic to S(V*).

LEMMA 4. — The subspace G intersects NG trivially.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



720 M. BRION AND M. VERGNE

Proof. — We argue by induction on the number of elements in A. By lemma 3, it is
sufficient to prove that Sp N Ng, = 0. We may assume that A contains no proportional
elements. Let ¢ € Sa. Write

Co
b= > M.«

c€B(A)

and consider ¢ as a rational function on V*. Observe that the poles of ¢ are simple
and along the hyperplanes o = 0 (o € A). Choose o among the poles of ¢. Choose a
decomposition V = ka @ V. Then Q(V) (the fraction field of S(V)) is identified with
the field of rational functions in the variable o, with coefficients in Q(V4). Therefore, we
have a restriction map S(V) — S(Vp) : ¢ +— ¢o. Consider the image Ay of A\ {a} in
Vo. The restriction map extends to a homomorphism (A \ {a})~1S(V) — A;'S(V;) by
restriction to generic points. We have also a residue map Res, : Q(V) — Q(Vp) with
respect to the variable «, defined by the formula

Resa (1) = (7{%—17 ((%) K_l(aKi/))>

for any integer K such that a®¢) € Ra\{a}-

0

As « is a simple pole of ¢, we simply have

Resa($) = 3 =

o,0€0 HﬂEU,ﬁ;éa 'BO

where [y denotes the image of 3 in V4. If o is a basis of A which contains «, then
(o \ {a})o is a basis of Ag. Therefore, Res, (@) is in Sa,.-

Consider a generator

u = __i_.
Hﬂén IB”B
of NG, with ¢ € S(V) and k non generating. Write
4

u = .
o [1gex,pra B

If K =0, then Res,(u) = 0. If K > 0, the set x contains « and is non generating. Thus,
its restriction k¢ is non generating. We see that Res,(u) can be written as

Y
Py g
Hﬁoéno 0

for some ¢’ € S(Vp), so that Res,(u) € NGa,.

If ¢ € SA N NG, it follows from the above discussion that Res,(¢) € Sa, N NGa,.
Therefore, by the induction hypothesis, we have Res,(¢) = 0: thus, ¢ has no pole along
a = 0. Thus ¢ has no pole at all, so that ¢ = 0.

Res,(u) =

LEMMA 5. — If ¢ € Ra vanishes at infinity, then ¢ is in Ga.
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ARRANGEMENT OF HYPERPLANES 721

Proof. — First we claim that the space of functions which vanish at infinity is stable by
the action of S(V*). Indeed, let § € Ra vanish at infinity. Write

4

HaEA Qe

¢:

where ¢ € S(V). For z € V*, set

a,{a,z)#0
The assumption that ¢ vanishes at infinity means that
deg(t — Y(y + tz)) < n(z)

for all regular y and for all z in V*. Let w € V*; then, for all u € k such that y + uw
is regular, we also have

deg(t — ¥(y + tz + vw)) < n(z)
and therefore, the function

O(w)y

HaeA Qe

vanishes at infinity. Now

a(w)¢ — a(w)’l/) _ Z na(za '11}>¢

HQEA ana a€k

which implies our claim.

Assume now that there exists a non-zero ¢ € NGa which vanishes at infinity. As in
the proof of Lemma 2, we can write

¢:Z¢n

where the sum is over all linearly independent subsets x C A which are not bases, and
where each ¢, is in ~1.S(V'). Furthermore, we may assume that the number of & such that
¢ is non-zero is minimal (among all possible decompositions of all non-zero ¢ € NGa
which vanish at infinity).

Choose kg such that ¢,, # 0, and choose a non-zero 2o € V* such that («, zy) = 0 for
all @ € ko. Then 9" (2¢)¢x, = 0 for large n. But all successive derivatives of ¢ vanish
at infinity and are in NGa. Moreover,

()¢ = D 9(20)$n

K#Ko

is a decomposition with fewer terms than ¢. Thus, 0" (29)¢ = 0 for some positive n.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



722 M. BRION AND M. VERGNE

Choose a minimal n with this property, and set 1) := " ~!(zg)¢. Then 1) is a non-zero
element of NG which vanishes at infinity, and 9(zp)1) = 0. But then the function
t — (y + tzo) is constant for any y € V*, a contradiction.

The space Sa is generated by the elements ¢, where o ranges over B(A). However, there
are linear relations among the elements ¢, . Indeed, let o be a basis of A. If « € A\ ¢ and

a = Z Ca,gﬂ
BeEa

is the expansion of « in the basis o, then o U {a} \ {3} is a basis if and only if c,p
is non zero, and we have

bo = Z CapPouia}\ {8}
B€o,cap#0
In section 4, we will prove that the linear relations between the elements ¢, are generated

by the relations above.

We can now define the Jeffrey-Kirwan residue map: denote by
Ra := AT1S(V)

the ring generated over the ring S’(V) of formal power series, by inverting the linear
functions a € A. Define the Taylor expansion at order K as the projection

Taylor|<k; : Ra — @ RA[j)-
<K

Using Taylori<_,), we project the space Ra to RA[< —r]. Then using the direct sum
decomposition
BRa =GA® NGa

we obtain a projection map
PI‘iIlCA : RA - GA

by composing both projections Ra — RA[< —7] — Ga.

Remark that as G is contained in Ra[< —r], the map Princa can also be defined
as the composition of Taylor;cg; : Rp — RA[< K] for any index K > —r, followed
by the projection RA[< —K]| — Ga.

DEFINITION 6. — The Jeffrey-Kirwan residue map
ResA : ﬁA ) A

is defined to be the composite of the projection Princa followed by the projection of Ga
on Sa.

In other words, the map Res, is the identity on S, and vanishes on @;_,Ra[j] and on
NG as well. We can determine easily the map Resa on Ra by first projecting on Ra[—7],
then, using the fact that Resa vanishes an NG, projecting further on Ga[—7] = Sa.

4° SERIE — TOME 32 — 1999 — N° 5



ARRANGEMENT OF HYPERPLANES 723

Consider the subspace V*Ra spanned by derivatives of elements of Ra; it is a
submodule of RA under the action of S(V*).

ProrosITION 7. — We have

V*Ra=NGa® € Galil.
j<-r
In particular, we have

RA =V*RA @ Sa, RA = V*RA ® Sa

and the kernel of Resp is V*RA.
Proof. — From Theorem 1 we obtain
V*RA=V*NGa®V*Ga =V*NGa & P Galil.
j<-r
So it is sufficient to check that NGaA = V*NGA. For this, consider

_v
HaEn arte

where ¢ € S(V') and where « is linearly dependent. Choose y € V* such that (y,a) =0
for all @ € k. We can find ¥ € S(V') such that 9(y)¥ = ¢; then

b=0() (ﬁ)

In particular, the kernel of Resy is the space of derivatives. Using Resa, we now obtain
a multidimensional analogue of the Cauchy formula: for any meromorphic function ¢ of
one variable z, and for any y # 0, we have

d):

(Princ ¢)(y) = Res,—o $() .

Let y € V* be regular and let ¥y € Ra. Set

(CHY)(2) == 9(y — 2).

Then the rational function C(y)i) is defined at 0, and thus its Taylor series at the origin is
in S(V). To any ¢ € Ra, we associate the endomorphism u(¢) of Sa defined by

(u(@)P)(2) = Resa(¢(2)9(y — 2))-

Denoting by m(¢) the multiplication by ¢, then u(¢) is the composition Resxom(¢)oC(y).
We consider its trace Trg, (Resa o m(¢) o C(y)).

ProPOSITION 8. — For any regular y in V* and for any ¢ € RA, we have
(Princad)(y) = Trs, (Resa o m(¢) o C(y)).

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



724 M. BRION AND M. VERGNE

Proof. — First we consider the case where ¢ € Sa. Then

Resa(¢(2)9(y — 2)) = ¢(2)9(y)

because z — P(y — z) is defined at 0. So u(¢$) maps 9 to ¥(y)¢, and its trace is
¢(y) = Princa(¢)(y).

Now we assume that the formula holds for ¢, and we claim that it holds for d(w)¢
where w € V*. Indeed, using the fact that Resa vanishes on derivatives, we obtain

Resa((9(w)#)(2)¥(y — 2)) = —Resa(¢(2)0:(w)y(y — 2))
= Resa(¢(2)0y (w)Y(y — 2)) = 9y (w)Resa(p(2)9(y — 2))

which implies the claim.

It follows that the formula holds for any ¢ € Ga. If ¢ € {V/G\ A, then the left-hand side
vanishes. On the other hand, the function z — ¥ (y—z) is in S(V); thus, z — ¢(z)¥(y—2)
is in NG and the right-hand side vanishes, too.

Remark. — More generally, let A : Ra — Ra be an operator which commutes with the
action of S(V*). Then we have for any regular y € V* and for any ¢ € Ra:

A(Princa(¢))(y) = Trs, (Resa o m(¢) 0 C(y) 0 4)

(the proof is the same).

Let us deduce from this (abstract) Cauchy formula, an explicit expression of Princa (¢)
in terms of derivatives of elements of Sa. For this, choose a basis (¢ )scp Of Sa and
denote by (¢°) the dual basis. For ¢ € Ra and h € V, the function y — e~ (¥ ¢(y)
is in RA. Moreover, the map

h (4", Resa(e™"9)) := D*(¢)(h)
is easily seen to be polynomial. It thus defines a differential operator D®(¢) on V*.

PROPOSITION 9. — For any ¢ € R, and for any basis (¢y)scB of Sa, we have

Princa(¢) = Y _ D*(4) - v

beB

Proof. — Let y be a regular element of V*. Then, by the Cauchy formula, we have :

Princa (¢)(y) = Trs, (Resa om(¢) 0 C(y)) = D (4", Resa(d(2)ds(y — 2))).

beB

Now observe that ¢3(y — 2z) = (e72*)¢)(y). Thus, we have

(4%, Resa(¢(2)¢s(y — 2))) = D*($) - o

Remark that Propositions 13 and 14 below provide a basis (¢ )ep together with the
dual basis (¢°)sc 5. Thus we obtain an explicit expression of any element in G as a sum
of successive derivatives of elements ¢,. This provides a way of separating variables.

4° SERIE — TOME 32 — 1999 — N° 5



ARRANGEMENT OF HYPERPLANES 725
Example. — Let V be a vector space with basis (e;,ez2). Let A be the ordered set
A = (e1,ez,€1 + €2).
The set B of Proposition 13 according to this ordering consists of
by = (e1,e2) by = (e1,e1 +e2).

Furthermore, if 0 = {es,e; + €2}, we have ¢, = ¢», — ¢s,. Let

1
z129(21 + 22)

¢(21,22) =

If h = hie; + hoes, the component of degree —2 of e~ "1217h222(2; 2,) is

—h1z1 - hzZz _ hl _ h2
z122(21 + 22) zo(z1+ 22)  21(21 + 22)

= —hi¢s, + (h1 — h2)¢s,.

We have indeed
1 0 1 15} 0 1

2122(21 + 22) - _8_21 . Z1%2 621 822 21(21 + 22) '

Remark. — The residue that Jeffrey and Kirwan actually defined is a linear form over
Sa, defined in the case when k£ = R. It depends on choices of chambers in V' and V*.
We will describe this residue in section 5.

3. Residue along a hyperplane

Let us recall the notion of a residue map along a hyperplane.

Let V, be an hyperplane in V. We denote by A, the subset A N V;. The space V5 is
a line in V*. The fibers of the restriction map V* — V' are affine lines z + V3. If ¢
is a rational function with poles on the set of hyperplanes A, its restriction to the affine
line z + Vj* is a rational function, except when the affine line z + V' is contained in the
pole set of ¢ (in this case the restriction is nowhere defined). The residue at infinity of
this rational function is well defined. More precisely, choose differential forms of maximal
degree w on V*, wy on Vj and choose an equation zo of Vp, such that wy = int(2o)w
where int is the contraction. Define the residue map

Resy/y, : AT'S(V) @ AV — AgTS(Vo) @ A"V
by
Resy,v, (¢ ® w)(2) = —ReStmoo ($(2 + t20)dt) ® wo

for z € V* (clearly, this only depends on the image of z in V*/kzo = V). We now
give a characterization of this map.

We identify Ra, = Ay'S(Vp) to a subalgebra of Ra, so that Ra is a Ra,-module.
We denote by A; the complement of Ag in A.
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