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HOMOTOPICAL DYNAMICS II: HOPF INVARIANTS,
SMOOTHINGS AND THE MORSE COMPLEX

BY OCTAVIAN CORNEA

ABSTRACT. – The ambient framed bordism class of the connecting manifold of two consecutive critical
points of a Morse–Smale function is estimated by means of a certain Hopf invariant. Applications include
new examples of non-smoothable Poincaré duality spaces as well as an extension of the Morse complex.

 2002 Éditions scientifiques et médicales Elsevier SAS

RÉSUMÉ. – La classe ambiante de bordisme stablement parallélisé de la variété des trajectoires
hétéroclines associée à deux points critiques successifs d’une fonction de Morse–Smale est calculée en
fonction d’un certain invariant de Hopf. Dans les applications dont nous traitons, on trouvera notamment
la construction de nouveaux exemples d’espaces à dualité de Poincaré qui ne sont pas lissables et une
généralisation du complexe de Morse.

 2002 Éditions scientifiques et médicales Elsevier SAS

1. Introduction

Let M be a smooth, connected, compact, riemannian manifold and letf :M −→ R be a
smooth Morse–Smale function, regular and constant on∂M . The flowγ :M ×R −→M used
below is induced by−∇f . Assume thatP and Q are consecutive critical points off (this
means thatf(P )> f(Q) and that there are no broken flow lines connectingP to Q) of indices,
respectively,p andq.

An important, classical problem in Morse theory is to use the topology ofM to understand
the properties of the moduli spaceZ(P,Q) of flow lines that connectP to Q.

This problem is the main motivation of the paper. The key new idea introduced here is that
knowledge of the homotopy of the based loop spaceΩM leads to significant information on
these moduli spaces.

More precisely, recall that the genericity of the Morse–Smale condition implies thatZ(P,Q)
is a manifold of dimensionp− q− 1 called connecting manifold ofP andQ. It has a canonical
normal framing and a classical result of John Franks [11] claims that its framed bordism class
{Z(P,Q)} ∈ Ωfr

∗ is given (via the Thom–Pontryagin construction) by the relative attaching map
δf (P,Q) associated to the succesive attachments of the cells corresponding to the critical points
Q andP .

The closure of the space of all the points situated on some flow line joiningP toQ is identified
to the unreduced suspensionΣZ(P,Q). Therefore, we have an inclusionΣZ(P,Q) ↪→M and,
after fixing a base-point inZ(P,Q) and inM , we get an adjoint

l(P,Q) :Z(P,Q)−→ ΩM.
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The above mentioned normal framing ofZ together with the mapl(P,Q) provide, via the
Thom–Pontryagin construction, a homotopy class

T (P,Q) :Sp−1 −→Σq(ΩM+) = Sq ∨ Sq ∧ΩM.

By Franks’ result the projection ofT (P,Q) onSq is δf (P,Q). Let h(P,Q) ∈ πp−1(ΣqΩM) be
the projection ofT (P,Q) on the second factor.

The main result of the paper continues the work of Franks by giving a purely homotopical,
computable description of the ambient, framed, bordism class ofZ(P,Q),

[
Z(P,Q)

]fr ∈ Ωfr
p−q−1(ΩM).

In fact, we show thatΣh(P,Q) equals the suspension of a certain Hopf invariant,H(P,Q),
associated to the succesive cell attachments corresponding toQ andP . As T (P,Q) represents
[Z(P,Q)]fr we conclude that this bordism class equals the stable image ofH(P,Q)+ δf(P,Q).

The homotopy classesh(P,Q) turn out to be highly relevant for understanding the respective
connecting manifolds and also for the topology ofM itself. We study some of their properties.

Specializing to the Morse–Smale case the Spanier–Whitehead duality results of [6,7], we show
that, stably,εδ−f (Q,P ) equalsδf (P,Q)+ ∆(P,Q) whereε ∈ {−1,+1} with the twisting term

∆(P,Q) = Jq
(
ΩqΣq(Ων) ◦ h∗(P,Q)

)
.

Here ν :M −→ BSO classifies the stable normal bundle ofM , h∗(P,Q) is the qth order
adjoint ofh(P,Q) andJq :πk(ΩqΣqSO) −→ πSk is a factor of the classical J-homomorphism
J :πk(SO) −→ πSk . This can be used to deduce a measure of the embedding complexity of
Z(P,Q). We also use this result to construct examples of non-smoothable Poincaré duality
spaces (many of which are PL-manifolds). When the obstructions to smoothing concern only
the relative attaching maps of the top cell the relevant morphism is, of course,J = J0 and one
recovers in this case classical results (see for instance [35]) and the examples of Smith [34] which
are thus seen to be part of a more general pattern.

In a different direction, ifP , R are critical points such thatf(P ) > f(R) and all flow lines
connectingP to R are broken at most once, letI(P,R) be the set of intermediate critical points.
We show that, whenM is simply-connected, the relation

∑

Q∈I(P,R)

(−1)(p+r)q
[
Z(P,Q)

]fr •
[
Z(Q,R)

]fr = 0

is satisfied inside the ringΩfr
∗ (ΩM) (where the product• is induced by loop composition). This

can be used to define various chain complexes which, in the simplest possible case (when the
index of successive critical points differs by just one), provide the Morse complex off .

The material is organized as follows. After a second section, containing a review of known
facts and fixing notation, comes the technical heart of the paper, in section three, very much in
the spirit of the work of Franks [11]. The description ofΣh(P,Q) in terms of the Hopf invariant
is given at this point, as well as the proof of the relations among the bordism classes of the
connecting manifolds. The fourth section contains applications and most homotopy theoretical
arguments are concentrated here.
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2. Review and notation

2.1. Hopf invariants

For further use we fix some standard facts. We denote byA ∗ B the join of A and B.
For pointed spaces,A ∗ B  ΣA ∧ B, ΣA = S1 ∧ A. Recall also thatA+ is the pointed
space obtained by the disjoint union ofA and a disjoint base point; ifA is pointed we have
(A × B)/(∗ × B) = A ∧ B+. For A andB connected we will also need the existence of the
homotopy fibrationΩA ∗ΩB −→A∨B −→A×B which is trivial after looping.

Assume thatX is a pointed, connectedCW -complex and thatX ′ ↪→X ′′ i
↪→ X are pointed

inclusions of connected subcomplexes such that there is a cofibration sequence

Sq−1 f−→X ′ −→X ′′

of pointed spaces. Fix also a pointed mapSp−1 g−→X ′′.
The Hopf invariants that we will use are defined using this data (they are versions of invariants

defined by Ganea [12,9]).
The Hopf invariant ofg relative tof is obtained as follows. Consider the map

t :Sp−2 −→ΩSp−1 Ωg−→ ΩX ′′ Ω∇−→ Ω
(
Sq ∨X ′′) p−→ Ω

(
ΩSq ∗ΩX ′′).

Here,∇ is the coactionX ′′ −→ Sq ∨ X ′′ and p is the canonical projection in the splitting
Ω(Sq ∨X ′′)  ΩSq×ΩX ′′×Ω(ΩSq ∗ΩX ′′); the first map in the composition is the restriction
to the bottom cell.

We have a projectionr :ΩSq ∗ ΩX ′′ −→ Sq ∧ ΩX ′′ induced by the canonical evaluation
ΣΩSq −→ Sq.

The needed Hopf invariant is the homotopy class:

H(g, f) = (idSq ∧Ωi) ◦ r ◦ t∗ :Sp−1 −→ Sq ∧ΩX

wheret∗ :Sp−1 −→ ΩSq ∗ΩX ′′ is the adjoint oft.

We denote byδ = δ(f, g) :Sp−1 −→ Sq the relative attaching map given by projecting∇ ◦ g
ontoSq.

Remark1. – For example, let∗ :S1 −→ ∗ and let η :S3 −→ S2 be the Hopf map and
X = CP2. ThenH(η,∗) :S3 −→ S2 ∧ ΩCP2 is the inclusion of the bottom cell. Similarly,
let ∗ :Sq−1 −→ St be the trivial map andw :Sq+t−1 −→ Sq ∨ St be the obvious Whitehead
product andX = Sq × St. Then H(w,∗) :Sq+t−1 −→ Sq ∧ Ω(Sq × St) is the inclusion
Sq ∧ St−1 −→ Sq ∧ΩSt −→ Sq ∧ (ΩSq ×ΩSt).

2.2. Elements of Morse theory

We follow here the fundamental paper of John Franks [11].
LetMn be a smooth compact manifold and letf :M −→R be a smooth function. If∂M �= ∅

we assume that the function is constant and regular on∂M . We assume also that a riemannian
metric is fixed onM and we denote byγ :M ×R −→M the flow induced by−∇f . A critical
point P of M is non-degenerate ifHessP (f) is a non-degenerate matrix. The index of the
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induced bilinear form is called the index ofP . The setWu(P ) = {x∈M : limt→−∞ γt(x) = P}
is called theunstable manifoldof P and W s(P ) = {x ∈ M : limt→+∞ γt(x) = P} is the
stable manifoldof P . If P is non-degenerate and of indexp, thenW s(P ) ≈ Int(Dn−p) and
Wu(P ) ≈ Int(Dp).

We assume from now on thatf is Morse which means that all its critical points are non-
degenerate, and even Morse–Smale which means that ifP andQ are two critical points off ,
thenWu(P ) andW s(Q) are in general position. The Morse–Smale condition is generic.

We say that two critical pointsP andQ areconsecutiveif f(P ) > f(Q) and there are no
broken flow lines connectingP to Q. In this case, letf(Q)< a< f(P ) and let

Ss(Q) = W s(Q)∩ f−1(a) and Su(P ) = Wu(P )∩ f−1(a).

If P andQ are critical and consecutive we may (and will) assume also (possibly after slightly
isotoping the functionf ) thatP andQ are the only critical points inf−1([f(Q), f(P )]). In this
case, it is easy to see thatSu(P ) ≈ Sp−1 andSs(Q) ≈ Sn−q−1. The Morse–Smale condition
insures thatSu(P ) andSs(Q) intersect transversely. Their intersection,Z(P,Q), is called the
connecting manifold ofP andQ (a.k.a. the moduli space of flow lines connectingP to Q).
It is a (p − q − 1)-dimensional manifold. Fix for each critical pointR of f an orientation on
the linear subspacesV u(R) andV s(R) of TR(M) that are respectively tangent toWu(R) and
W s(R). If the manifoldM is oriented, pick these orientations such that at each pointR they
give onV u(R)⊕V s(R) the fixed orientation ofTR(M). It is easy to see that a choice of a basis
of V u(R) induces a framing of the normal bundle ofW s(R) and, similarly, a choice of basis
for V s(R) induces a normal framing ofWu(R). We choose these bases in a way compatible
with the fixed orientations and then these framings are unique up to isomorphism. Indeed, two
normal framings of the same submanifoldG of M are isomorphic (and are generally identified
as we shall also be doing further in the paper) if they are restrictions toG×{0} and respectively
G×{1} of a normal framing ofG× [0,1] in M × [0,1]. In our case, the key fact is thatW s(R)
(respectivelyWu(R)) is contractible and this implies that any two normal framings ofW s(R)
(respectivelyWu(R)) are isomorphic provided they give the same orientation.

We now return to the two consecutive critical pointsP andQ. The normal bundle ofZ(P,Q)
in Su(P ) is induced by the normal bundle ofW s(Q) in M and hence, with our choices, it
inherits a standard framing (up to isomorphism) [11].

It is well known that the passage through a non-degenerate critical point corresponds to
the attachment of a cell of dimension the index of the critical point. In other words, if
M ′ = f−1(−∞, f(Q) − ε], M ′′ = f−1(−∞, f(P ) − ε], M ′′′ = f−1(−∞, f(P ) + ε] with ε
small enough we have homotopy cofibration sequences:

Sq−1 α(Q)−→ M ′ −→M ′′ and Sp−1 α(P )−→ M ′′ −→M ′′′.

Denote byδf (P,Q) :Sp−1 −→ Sq the obvious relative attaching map.
One of the key results in [11] is thatδf (P,Q) corresponds to the standard framing ofZ(P,Q)

in Su(P ) via the Thom–Pontryagin construction. When p − q = 1 this comes down to just
counting (with sign) the number of elements inZ(P,Q). Hence, as immediate application of
this result of Franks, one obtains that ifCi = Z/2 < x: ∇f(x) = 0, ind(x) = i > are Z/2
vector spaces andd :Ci −→ Ci−1 is the unique linear function defined on basis elements by
d(x) =

∑
ind(y)=i−1 #(Z(x, y))y, then(Ci, d) is a complex, called the Morse complex off , and

H∗(Ci, d)H∗(M ;Z/2) (in the oriented case, by using some appropriate signs when counting
the elements ofZ(x, y) in the definition ofd, one obtains the integral homology ofM ). There
are at least a couple of other proofs of this fact. An analytical one appears in [41]. Another, that
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will be extended in Sections 3 and 4, is based on understanding the boundaries of certain moduli
spaces of connecting flow lines (see for example [31]).

To a smooth Morse–Smale functionf on M there corresponds aCW -complex with the
same homotopy type asM and with onep-dimensional cell for each critical point of index
p (we consider now only functions that are constant, regular and maximal on∂M ). If f is
smoothly deformed via Morse–Smale functions to a second Morse–Smale functionf ′, then the
two CW -complexes are cell-equivalent in the sense of Franks [11] (which essentially means
that they are related by a cellular homotopy equivalence). When the metric is allowed to vary, the
cell-equivalence class of theCW -complex corresponding tof is determined up to a contractible
choice [18].

Conversely, ifM and ∂M are simply-connected,n > 5 andH∗(M ;Z) torsion free, then
all CW -complexesY of the homotopy type ofM and satisfying a certain minimality condition
correspond to some Morse–Smale function onM [11] (the minimality condition is the following:
Y has a unique0-dimensional cell, at most onen-cell and ifek1 andel2 are two cells ofY with
k > l, then either2k− l < n− 1 or the smallest subcomplex ofY that containsek1 contains also
el2). In particular, there are self-indexed Morse functions having a number of critical points of
indexk equal to the rank ofHk(M ;Z) [33]. They are called perfect Morse functions.

2.3. Duality and flows

Let X be a CW -complex and consider an orthogonal fiber bundle of rankn over X ,
µ :E −→ X . Let ES(X) −→ X be the associated spherical bundle andT µ(X) the respective
Thom space. Assume that for a certain cell-decomposition ofX we have cofibration sequences
Sq−1 −→ X ′ −→ X ′′ and Sp−1 −→ X ′′ −→ X ′′′ with X ′′′ a subcomplex ofX . Denote
by δ :Sp−1 −→ Sq the respective relative attaching map. It is easy to see that theCW -de-
composition ofX induces one forT µ(X). For example, by pulling back the cofibration sequence
Sq−1 −→X ′ −→X ′′ to the spherical fibration ofµ one obtains a push-out square:

by pushing down this square into the original cofibration we get the push-out square:

As the left vertical map is just the projection ontoSn it is easy to transform this push-out square
into a cofibration sequenceSn+q−1 −→ T µ(X ′)−→ T µ(X ′′).

In particular we obtain a relative attaching mapδµ :Sn+p−1 −→ Sn+q.
We return now to the context and notations of the previous subsection. Thusf :M −→ R

is a smooth Morse–Smale function;P andQ are consecutive critical points off of indexes
respectivelyp andq; δf (P,Q) is the corresponding relative attaching map. The function−f is
also Morse–Smale andQ andP are consecutive critical points for−f . Thus, we also have a
relative attaching mapδ−f(Q,P ) :Sn−q−1 −→ Sn−p.

Let ν be the stable normal bundle ofM . The results in [6] imply thatδf(P,Q)ν agrees stably
up to sign withδ−f(Q,P ) and if ν is trivial, thenδf (P,Q)ν andδf (P,Q) agree stably.
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Remark2. – Whenν is trivial the result appears already in the paper of Franks [11]. In
fact, one has much more general results valid for general flows and isolated invariant sets (in
the context of Conley index theory) in which the equality up to sign is replaced by Spanier–
Whitehead duality [6].

2.4. The J-homomorphism

We need to recall a few elements of classical homotopy theory. We denote byπSk the stable
k-stem. Similarly, the stable homotopy groups of any spaceX are denoted byπSk (X).

The J-homomorphismJ :πk(SO) −→ πSk is defined as follows. Forα ∈ πk(SO) there is
somem ∈N such thatα ∈ πk(SO(m)). Consider the composition

α′ :Sm−1 × Sk
id×α−→ Sm−1 × SO(m) ·−→ Sm−1.

Apply the Hopf construction to this mapα′ (or, equivalently, suspendα′ and use the splitting
of the suspension of the domain to restrict toSm+k) thus getting a mapα′′ :Sm+k −→ Sm. The
image ofα′′ in the stablek-stem isJ(α).

One can show [40] that this construction does not depend of the different choices involved and
that the resulting map is a group homomorphism.

As the image of J is stable, it is immediate to see that this homomorphism factors as

πk(SO) −→ πSk (SO) J′
−→ πSk . The homomorphismJ ′ is called the “ery stableJ ” and also the

“bi-stable J-homomorphism” [20]. It is easy to see that, for eachq � 0, in betweenJ andJ ′

there is an intermediate factorJq :πk(ΩqΣqSO) −→ πSk . These are also homomorphisms and
they commute with the morphisms induced in homotopy by the inclusions

ΩqΣqSO−→Ωq+1Σq+1SO;

J0 = J andJ ′ is the limit of theJq ’s.
For later use we give an explicit description ofJq. Let α ∈ πk(ΩqΣqSO). There is some

m ∈N such thatα ∈ πk(ΩkΣk(SO(m))). ThenJq(α) is the stable image of the composition

Sk+m+q Σm(α∗)−→ Σm+qSO(m)
µ′

−→ Sm+q

whereα∗ is theqth order adjoint ofα andµ′ is theqth suspension of the Hopf construction
applied to the multiplicationµ :Sm−1 × SO(m) −→ Sm−1.

Remark3. – The image of J has been computed by Adams [1], Quillen [29] and Sullivan [37].
By the Kahn–Priddy theorem [15] it is known thatJ ′ is surjective at the prime2. However,J ′ is
not surjective at any odd prime [20].

3. Morse-theoretic interpretation of the Hopf invariants

As before, letMn be a smooth, riemannian, compact manifold andf :M −→ R a smooth
Morse–Smale function regular, maximal and constant on∂M .

We assume from now on thatf has a unique local minimum. Suppose thatP andQ are
consecutive critical points off (in particularf(P )> f(Q)) of indexes, respectively,p andq.

For q � 1, as in 2.2, consider the induced homotopy cofibration sequences:

Sq−1 α(Q)−→ M ′ −→M ′′ and Sp−1 α(P )−→ M ′′ −→M ′′′.
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In this case, denote byH(P,Q) the Hopf invariantH(α(P ), α(Q)) :Sp−1 −→ ΣqΩM . When
q = 0 the relevant cofibration sequence is

Sp−1 α(P )−→ ∗= M ′′ −→ Sp = M ′′′ ↪→M

and we letH(P,Q) be the adjoint of the inclusionSp ↪→M .
It is useful to notice here that to actually apply the constructions in 2.1 to constructH(P,Q)

we need to first replaceα(P ), α(Q) by pointed maps. We do this as follows. First we fix a
base point# ∈ Z(P,Q) and we consider inM a pathζ ⊂ M that follows the flowγ from P
to Q through# and then continues along a flow line ofγ from Q to a distinguished point in
Sq−1 = Su(Q) ⊂ M ′. Clearly,ζ is geometrically a broken flow line without self intersections
and is therefore homeomorphic to the unit closed interval. We then replaceM and all our maps
and spaces by those obtained after identifying the points belonging toζ to a single point which is
our choice of base-point. To avoid an unnecessarily complicated notation we continue to denote
the maps and spaces obtained after this identification by the same symbols as before. We notice
that our two cofibrations become pointed ones after this operation (in the sense that the maps are
pointed and the attached cones are reduced).

Let

K(P,Q) = Wu(P ) ∩W s(Q).

This set is homeomorphic to the (un)reduced suspensionΣZ(P,Q). Indeed, assuming thata
is a regular value off , thenK(P,Q) ∪ f−1([a,∞)) consists of “segments” of gradient flow
line of f that start onK(P,Q) ∩ f−1(a) and end inP . Therefore,K(P,Q) is homeomorphic
to the un-reduced cone overK(P,Q) ∩ f−1(a) ≈ Z(P,Q). A similar homeomorphism being
valid for K(P,Q) ∩ f−1(−∞, a] the claim follows. We use the fixed base-point inZ(P,Q)
to construct an adjoint,l(P,Q) :Z(P,Q) −→ ΩM , of the inclusioniZ :ΣZ(P,Q) ↪→ M . It is
also useful to note that this is coherent with identification of the pathζ to a single point as this
identification transformsK(P,Q) into a reduced suspension and the inclusionΣZ(P,Q) →M
becomes pointed.

By making the choices described in 2.2 we have a standard framing of the normal bundle of
Z(P,Q) in Sp−1 ≈ Su(P ). Consider an inclusion of a tubular neighborhood

N ≈Dq ×Z(P,Q)⊂ Sp−1

induced by this framing. We fix an orientation ofZ such that this inclusion is oriented. The
Thom–Pontryagin construction applied to the fixed normal framing ofZ = Z(P,Q) together
with the mapl(P,Q) gives the map

T (P,Q) :Sp−1 −→ Sp−1/Sp−1 −N =
(
Dq ×Z

)
/
(
Sq−1 ×Z

) ∆−→
((
Dq ×Z

)
/
(
Sq−1 ×Z

))
∧Z+ p1∧l(P,Q)−→ Sq ∧ (ΩM)+ = Sq ∨ Sq ∧ΩM.

Here∆ is induced by the diagonal,p1 is the projection onSq and we have again used the fact
thatM is pointed. Recall thath(P,Q) is the projection ofT (P,Q) on Sq ∧ ΩM and that the
projection ofT (P,Q) onSq is δf (P,Q).

THEOREM 3.1. –The equalityΣh(P,Q) = ΣH(P,Q) holds inπp(Σq+1ΩM). In particular,
[Z(P,Q)]fr ∈ Ωfr

p−q−1(ΩM) equals the stable image ofH(P,Q) + δf (P,Q).

Proof. –Whenq = 0 the statement is immediate asK(P,Q) = Sp ↪→M . Assume from now
on q > 0. We putZ = Z(P,Q).
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Notice thath(P,Q) is also given by the composition

Sp−1 t−→ Sq ∧Z
Σql(P,Q)−→ Sq ∧ΩM,

where

t :Sp−1 −→
(
Dq ×Z

)
/
(
Sq−1 ×Z

)
→

(
Dq/Sq−1

)
∧Z+ =

(
Sq ×Z

)
/(∗×Z)→ Sq ∧Z.

The proof has five steps.

Some special neighborhoods of a critical point. As above, assume that forε > 0
sufficiently small,P andQ are the only critical points inf−1([f(Q)− ε, f(P )+ ε]). As before,
letM ′ = f−1(−∞, f(Q)− ε] andM ′′ = f−1(−∞, f(P )− ε]. Recall thatγ is the flow induced
by−∇f and letD(x, r) be the closed disk inM of radiusr and centerx. Let

U ′
τ,ε =

{
x ∈M : f(Q)− ε � f(x) � f(Q) + ε,∃t ∈R∪ {+∞,−∞} such that

γt(x) ∈D(Q,τ) ∩ f−1(f(Q))
}
.

It is useful to recall at this time that, by the Morse lemma, the topology off insideU ′
τ,ε is

independent ofτ , for τ sufficiently small.
Let U ′ = U ′

τ,ε for a small, fixedτ . Then

U ′ ≈Dq ×Dn−q, ∂U ′ = A′ ∪B′ ∪C′

with

Sq−1 ×Dn−q ≈A′ = U ′ ∩ f−1
(
f(Q)− ε

)
,

Dq × Sn−q−1 ≈C′ =U ′ ∩ f−1
(
f(Q) + ε

)
,

B′ ≈ Sq−1 × Sn−q−1 × [0,1]

and∇f is tangent toB′ in all pointsx ∈ Int(B′) (we consider the0-end ofB′ to be contained
in A′) and may be assumed to have flow lines of the form{a} × {b} × [0,1] onB′. Of course,
M ′′ M ′ ∪A′ U ′. It is obvious that there is a second neighborhoodU ⊂ U ′ very close toU ′,
homeomorphic toU ′, whose boundary admits the same structure as that ofU ′ and such that if we
denote byA, B, C the respective pieces of the boundary ofU , thenA = A′, C ⊂ C′, C ≈ C′,
B ≈B′ and∇f is transverse toB and points insideU .

The attaching map α(P ). We may define a deformation retractr :M ′′ × [0,1] −→ M ′′

whose1-endr1 sends each point inM ′′ along the flowγ (induced by−∇f ) to the point where
it first reachesM ′ ∪A U . Let us denoteZ = Z(P,Q). Consider the inclusionSp−1 ⊂M ′′ that
represents the relative attaching mapα(P ). We see thatSp−1 ∩C ≈Dq ×Z (where we choose
the framing of the respective tubular neighborhood ofZ in Sp−1 as described in 2.2). With this
identification, we have

∂Dq ×Z = Sq−1 ×Z ⊂ ∂C ≈ Sq−1 × Sn−q−1.

By using the deformationr we may assume that the image ofα(P ) lies in M ′ ∪A U and that
α(P )(Dq × Z,Sq−1 × Z) ⊂ (C,∂C). Moreover, we may consider a collar neighborhoodV of
Sq−1 ×Z in Sp−1 − Int(Dq ×Z) such that

V ≈ Sq−1 ×Z × [0,1] with Sq−1 ×Z × {1} ⊂ ∂Dq ×Z
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and with the property that (with the identifications described above)

α(P )|V :Sq−1 ×Z × [0,1]−→B

equalsα(P )|(Sq−1×Z) × id [0,1] andα(P )(Sp−1 − (V ∪Dq ×Z))⊂M ′ −A.

Denote byV ′ = V ∪ Dq × Z , M∗ = M ′ ∪A U and let T = Sp−1 − V ′. Of course,
V ′ ≈Dq ×Z .

We now intend to describe the composition

c :Sp−1 α(P )−→ M ′′ ∇−→ Sq ∨M ′′ −→ Sq ∨M.

Here,∇ is the coaction and the last map is induced by inclusion. By the definition of∇ and
making use ofr this map is homotopic to

Sp−1 α(P )−→ M ′′ r1−→M∗ ∇′
−→M∗/A

w−→ Sq ∨M∗ −→ Sq ∨M.

Here∇′ is the obvious collapsing map and the last map is, as before, the inclusion. The homotopy
equivalencew is the inverse of the obvious one obtained from the fact thatA Sq−1 and using
the standard flow induced null-homotopy ofA ↪→M∗ (this is defined by first collapsingA to its
coreSq−1 = Su(Q) and then collapsing this core toQ along flow lines). In other words we have

w :M∗/A
id−→U/A ∨M ′/A

w′
−→ Sq ∨M∗

whith w′ respecting the wedge, its restriction toU/A is

U/A =
(
Dq ×Dn−q)/

(
Sq−1 ×Dn−q) p1−→Dq/Sq−1 = Sq.

In the wedgeSq ∨M∗ the pointQ ∈M∗ is identified with the image ofSq−1 in the quotient
Dq/Sq−1. The restriction ofw′ to M ′ sendsA to Q by means of a map

w′′ :M ′ −→M ′ ∪Wu(Q) ↪→M∗

which is the inclusion outside a neighborhood ofA, is defined inside this neighborhood by using
the null-homotopy mentioned above and induces a homotopy equivalenceM ′/A−→M∗.

Description of c. The mapc can be described by writingSp−1 = V ′ ∪∂V ′ T and giving
its restrictions to each of these two pieces. OnV ′ the mapc is induced by the map of pairs
(V ′ ≈Dq×Z,Sq−1×Z) ↪→ (U,A) and composition withw′; this sends∂T = ∂V ′ = Sq−1×Z
to Q. OnT it is defined byk = w′′ ◦ r1 ◦ α(P ).

We will now see that the compositionk′ :T k−→ M∗ ↪→ M is homotopicrel(∂T ) to a
map k′′ defined as follows. Consider the inclusion of pairs(Dp, Sp−1) ↪→ (M,M ′′) whose
restriction toSp−1 is α(P ) (hereDp ⊂ Wu(P ), Dp ∩ M ′′ = ∂Dp). There is a deformation
d :Dp −→M of this inclusion that is induced by the flowγ, collapsesZ ⊂ Sp−1 to Q alongγ,
is constant ouside a neighborhood ofZ in Dp and factors asDp −→Dp ∪W s(Q) ↪→M . As
Dp∪(W s(Q)∩M ′′) ΣZ that means that, up to homotopy,d factors throughiZ . In Sp−1 there
is a deformationl :T −→ Sp−1 that is constant outside a neighborhood of∂T and that sends the
point (x, y) ∈ Sq−1 × Z = ∂T to (0, y) ∈ Z . The mapk′′ is given byiZ ◦ d ◦ l. To see that
k′ andk′′ are homotopic, notice that they are both homotopic (rel boundary) to the following
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mapk′′′: transportT homeomorphically along the flow till it reachesf−1(f(Q)). Let T ′ be the
image ofT inside this singular hypersurface. Use the conical structure off−1(f(Q)) aroundQ
to deform∂T ′ to Q without leavingf−1(f(Q)) and whithout moving points that are outside a
small neighborhood of∂T ′.

It follows that we may use the mapk′′ instead ofk′ in the description ofc. We get the following
commutative diagram:

In this diagram all horizontal squares are push outs and the vertical maps in the right corner
are induced by the other three. We have identifiedV ′ to Dq × Z . The composition originating
in T is the mapk′′ described above and that defined onDq × Z is the restriction ofc (which,
as mentioned above is the projection onDq followed by the collapsing toDq/Sq−1 = Sq).
Therefore, the composition in the right corner is homotopic toc. After one suspension, the map
α′(P ) is additive with respect to the connected components ofZ .

Identification of a Whitehead product. The next step is to consider the map

j :Sq ∨ Sq ∧Z −→ Sq ∨ΣZ

of the diagram above (where we useSq ∧ (Z+) = Sq ∨ Sq−1 ∗ Z) and show that its restriction
to Sq−1 ∗ Z = Sq ∧ Z is homotopic to the (generalized) Whitehead product of the inclusions
Sq ↪→ Sq ∨ΣZ andΣZ ↪→ Sq ∨ΣZ . For this consider the next commutative diagram.
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Again, the horizontal squares are push outs and the vertical maps in the right corner are induced
by the respective three others,CZ is the cone onZ . The mapSq−1 × Z −→Dp which is the
restriction ofl to ∂T factors asSq−1 × Z ⊂ Sq−1 × CZ

p2−→ CZ ↪→ Dp (the last map being
the inclusion ofCZ in Wu(P ), the vertex of this cone being identified toP ) and it is this
factorization that is used in the upper, vertical, left square. It is clear that the top, vertical map
in the right corner is, up to homotopy, the inclusion on the first factor. Now, the composition
Sq−1 ×CZ −→Dp −→ΣZ is given by projection ontoCZ and collapsing ontoΣZ . Similarly,
Dq ×Z −→ Sq is projection ontoDq and then collapsing ontoSq. This shows, by the definition
of the generalized Whitehead product as it appears in [3] (see also [40] for the classical case
of the wedge of two spheres), that the composition in the right corner is the wanted Whitehead
product.

We therefore obtain thatc is homotopic to the composition

c′ :Sp−1 α
′(P )−→ Sq ∨ Sq ∧Z

h−→ Sq ∨ΣZ
id∨iZ−→ Sq ∨M

with h = idSq ∨ [iSq , iΣZ ].

Identification of the Hopf invariant. The last step of the proof is to use the factorization of
c′ to evaluate the relevant Hopf invariant. We now look toΩ(h) and use the standard splitting of
the loop space of a wedge to write the Hopf invariantH(P,Q) as the adjoint of the composition

h′ :Sp−2 i
↪→ ΩSp−1 u−→Ω

(
Sq ∧Z

)
×Ω

(
ΩSq ∗Ω

(
Sq ∧Z

))

v−→Ω
(
ΩSq ∗ΩΣZ

) y−→Ω
(
Sq ∧ΩΣZ

) iZ−→Ω
(
Sq ∧ΩM

)
.

This shows that the Hopf invariant verifiesH(P,Q)  φ + φ′ where φ is the adjoint of
iZ ◦ y ◦ v ◦ i1 ◦ p1 ◦ u ◦ i and similarly φ′ is the adjoint ofiZ ◦ y ◦ v ◦ i2 ◦ p2 ◦ u ◦ i
where ik, pk are the respective inclusions and projections of the two factors in the product
Ω(Sq ∧ Z) × Ω(ΩSq ∗ Ω(Sq ∧ Z)). This is due to the fact that the suspension of a map
a :ΣT → S×S′ equalsΣ(p1 ◦a)+Σ(p2 ◦a) and to the fact that the adjoint of a mapb :T →ΩS
is homotopic toev ◦ Σb whereev :ΣΩS → S is the evaluation. Another useful fact is that

the generalized (universal) Whitehead productΣ(S ∧ S′)
[i1,i2]−→ ΣS ∨ ΣS′ is homotopic to the

composition

Σ(S ∧ S′)
Σ(e1∧e2)−→ Σ(ΩΣS ∧ΩΣS′) = ΩΣS ∗ΩΣS′ −→ΣS ∨ΣS′

whereei are adjoints of the respective identities and the last map is the inclusion of the homotopy
fibre ofΣS∨ΣS′ →ΣS×ΣS′ [13]. Applying this property toS = Sq−1 andS′ = Z we see that
the restriction ofh′′ = y ◦ v to Ω(Sq ∧Z) is just the looping of the mapSq ∧Z −→ Sq ∧ΩΣZ
induced by the inclusionZ ↪→ ΩΣZ . The projection of the mapα′(P ) onSq ∧ Z coincides by
construction with the mapt. Therefore,φ is given by the composition

Sp−1 t−→ Sq ∧Z −→ Sq ∧ΩΣZ −→ Sq ∧ΩM

where the compositionSq ∧ Z −→ Sq ∧ ΩΣZ −→ Sq ∧ ΩM is the qth suspension of the
adjunction of the inclusioniZ . Thusφ = h(P,Q).

We now use the diagram below to identify the second homotopy class,φ′, with the composition
Sp−1 s−→ΩSq ∗Ω(Sq∧Z) z−→ΩSq ∗ΩΣZ −→ Sq∧ΩM wheres is the adjunction ofp2 ◦u◦ i
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andz is the top composition in the diagram.

Here, the columns are fibrations and the top row is induced by the bottom two;m is the folding
map of the two spheresSq1 andSq2 ; the bottom, left, horizontal map is trivial when projected on
ΣZ and factors via the inclusion ofSq1 .

We now composez with the evaluationev :ΣΩSq ∧ ΩΣZ −→ Sq ∧ ΩΣZ . The composition
ev ◦ z factors via the evaluation

ev′ :ΣΩ
(
Sq1 ∨ Sq2

)
∧ΩΣZ −→

(
Sq1 ∨ Sq2

)
∧ΩΣZ =

(
Sq1 ∧ΩΣZ

)
∨

(
Sq2 ∧ΩΣZ

)
.

Notice that the projection ofev′ ◦ x on each of the factors of the wedge is null. This implies that
Σφ′ = 0 and concludes the proof.✷

Remark4. – It is instructive to consider the case of the Morse–Smale function

f :S2 × S2 −→R

with precisely four critical points. Denote byP the maximum and letQ be one of critical points
of index two. The equalityΣH(P,Q) = Σh(P,Q) comes down to the fact that the Thom–
Pontryagin construction applied disjointly to two circles embedded with linking number one
and trivially framed inS3 produces the Whitehead productS3 −→ S2 ∨ S2.

Here is a first context in whichh(P,Q) is relevant. Supposef , P , Q are as in the theorem and
fix a fiber bundle onM that is classified by a mapµ :M −→ BSO(m) with p− 2q < m. For
x ∈ Ωfr

∗ (ΩM) let µ(x) ∈ Ωfr
∗ (ΩM) be defined as follows. ConsiderX

g−→ ΩM together with

an embeddingX
i
↪→ Sk and a normal framing representingx. The classµ(x) is represented by

X
g−→ΩM together with a normal framing

X
i
↪→ Sk

j
↪→ Sk+m

given at a pointa ∈X by ((Ωµ ◦ g)(a)(i∗(j)a), i) (herej is the standard normal framing ofSk

in Sk+m).
In a tubular neighborhoodY of M in the total space ofµ we may consider a function

g :Y −→ R giving the square of the distance fromM . If Y is sufficiently small this function
is non-degenerate in the direction of the fibre and, in particular, the differencef ′ = f ◦ p− g
is Morse (herep :Y −→ M is the restriction of the projection of the bundle). The critical
pointsP andQ are again consecutive non-degenerate critical points off ′. Their indexes are
respectivelym + p andm + q. Let Zµ(P,Q) be the (framed) connecting manifold off ′ (as a
space it coincides withZ(P,Q) but its framing might be different). Recall thatδf (P,Q)µ is the
relative attaching map induced on the Thom space ofµ by δf (P,Q). It is easy to see [6] that
δf ′(P,Q) = δf (P,Q)µ.

Forx ∈ πk+n(Sn) we denote by{x} ∈ πSk its stable image.
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PROPOSITION 3.2. –In Ωfr
p−q−1(ΩM) we have[Zµ(P,Q)]fr = µ([Z(P,Q)]fr ). Moreover, if

h∗(P,Q) ∈ πp−q−1ΩqΣqΩM denotes theqth order adjoint ofh(P,Q), then the stable difference
{δf(P,Q)µ} − {δf (P,Q)} equals

Jq
(
ΩqΣq(Ωµ) ◦ h∗(P,Q)

)
.

Proof. –We use the notations fixed in the proof of the theorem. As seen above, the bordism
class ofZ(P,Q) in ΩM is given by a map

Sp−1 α−→ Sq ∧Z+ id∧l(P,Q)−→ Sq ∧ (ΩM)+.

Of course, the bordism class ofZµ(P,Q) is given by a similar map

Sm+p−1 α′
−→ Sm+q ∧Z+ id∧l(P,Q)−→ Sm+q ∧ (ΩM)+.

In general, the mapα′ is not the suspension ofα. It is immediate that, as in [7],α′ = e ◦ Σmα
wheree : Sm+q ∧ Z+ −→ Sm+q ∧ Z+ is a homotopy equivalence that appears at the passage
(along the flowγ1 induced by−∇f ′ ) from a neighborhood ofP to one ofQ. More preciselye
is induced by the map of pairs

e′ :
(
Dm ×Dq ×Z,Sm−1 ×Dq ×Z

)
−→

(
Dm ×Dq ×Z,Sm−1 ×Dq ×Z

)

that takes(x, y, z) to (µ∗(z)(x), y, z) whereµ∗ :Z
l(P,Q)−→ ΩM

Ωµ−→ SO(m). The mape′ induces
e by collapsingSm+q−1 × Z to a point. The first part of the statement is now clear. Moreover,
notice thatp1 ◦ e restricted to theq + m skeleton (which is a wedge of(q + m)-dimensional
spheres in number equal to the number of connected components ofZ) is the identity because
the bundle is oriented. Its restriction toSq+m∧Z is Σq−1J(µ∗). Here,J(µ∗) :Sm∧Z −→ Sm is
defined by the Hopf construction on the mapSm−1×Z −→ Sm−1 given by(x, y) −→ µ∗(y)(x).
Becausep− 2q < m, δf ′(P,Q) = Σmδf (P,Q) + Σq−1J(µ∗) ◦ t. The statement follows from
the definition ofJq. ✷

Remark5. – (a) It is clear that, asΣh(P,Q) = ΣH(P,Q), we may replace in the formula
aboveh(P,Q) byH(P,Q). Whenp > q+1 notice also that[h(P,Q)] = [H(P,Q] when viewed
in Hp−q−1(ΩM) . Moreover, in this case,[h(P,Q)] is the fundamental class ofZ(P,Q) in ΩM .

(b) The second part of the above proposition, withH(P,Q) in the place ofh(P,Q), is also a
consequence of purely homotopical results of Dula [9].

(c) The proof of the proposition is in fact the direct specialization to the Morse–Smale case of
a result established in [7] for reasonable critical points (a class that contains all isolated, analytic
singularities).

For the next result we consider two critical pointsP andR of f (which is a function as before)
such thatP andR are not necessarily consecutive butf(P ) > f(R) and ifQ is a critical point
such thatQ ∈Wu(P ) ∩W s(R), thenP andQ are consecutive and so areQ andR (in other
words all broken conecting flow lines betweenP andR are broken in just one point). We denote
by I(P,R) the set of all such intermediate critical pointsQ associated toP andR.

For P and Q consecutive of indexes respectivelyp and q recall that we denote by
[Z(P,Q)]fr ∈ Ωfr

p−q−1(ΩM) the ambient bordism class ofZ(P,Q). We assume thatM is simply
connected(which implies that the various bordism classes involved are independent of choices
of base-points), oriented and we make the choice of orientations described in 2.2. As before,
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assume the connecting manifoldsZ(P,Q) oriented such that the standard framing insideSp−1

summed with this orientation gives the standard orientation ofSp−1.

THEOREM 3.3. –With the assumptions above we have:

∑

Q∈I(P,R)

(−1)(p+r)q
[
Z(P,Q)

]fr •
[
Z(Q,R)

]fr = 0

where• is the product inΩfr
∗ (ΩM).

Proof. –We may assume whithout loss of generality thatI(P,R) is contained is the same
critical levelf−1(c). Let

K(P,R) =
{
x ∈M : lim

t→+∞

(
γt(x)

)
= R, lim

t→−∞

(
γt(x)

)
= P

}
∪ {P,R}.

The proof is based on understanding how the ends ofK(P,R) are embedded inM .

Identification of the ends of K(P,R). Let p, r, q be repectively the indexes ofP , R and
Q ∈ I(P,R). Considera ∈R such thatf(R)< a< f(P ) and letZ(P,R) = f−1(a)∩K(P,R).
ThenZ(P,R) is a manifold of dimensionp− r − 1 (of course,Z(P,R) is not closed) and its
homeomorphism type does not depend on the choice ofa. Clearly,K(P,R) is homeomorphic to
the unreduced suspension ofZ(P,R). We also recall the notationK(P,Q) = Wu(P ) ∩W s(Q).

Around each critical point inI(P,R) we assume fixed a Morse chart inside which the metric is
the canonical one. LetKτ (P,R) be the set of all pointsx ∈K(P,R) such that if for somet ∈R
we haveγt(x) ∈ f−1(c), thend(γt(x),Q) � τ for all Q ∈ I(P,R) (d(, ) being the distance in
M ). Forτ sufficiently small this set is the (unreduced) suspension over

Zτ (P,R) =
(
K(P,R)∩ f−1(c)

)
−

⋃

Q∈I(P,R)

D(Q,τ)

whereD(Q,τ) is the disk inM of centerQ and of radiusτ (the intersection ofS(Q,τ) =
∂D(Q,τ) andf−1(c) is certainly transverse forτ small enough).

Notice thatZτ (P,R) is a manifold with boundary whose homeomorphism type does not
depend on the choice ofτ , if this constant is smaller than some fixedτ ′ > 0, and that its interior is
homeomorphic toK(P,R). These statements follow from the Morse–Smale condition. Indeed,
for Q ∈ I(P,R) letG(Q,τ) = f−1(c)∩S(Q,τ). Clearly,G(Q,τ) ≈ Sq−1 ×Sn−q−1. Consider
a neighborhood ofQ as described at the beginning of the proof of 3.1,U ′ = U ′

τ,ε and recall
that for smallε and τ , C′ = ∂U ′ ∩ f−1(c + ε) = Dq × Sn−q−1 and with this identification
{0}× Sn−q−1 = Ss(Q). The intersection ofWu(P ) with f−1(c + ε) is identified withSu(P )
and therefore it intersects transverselySs(Q) as well as∂C′. This implies immediately that
Wu(P ) intersects transverselyG(Q,τ). By the same method we obtain thatW s(R) intersects
transverselyG(Q,τ). This shows that for all small enoughτ the intersection ofK(P,Q) and
G(Q,τ) is transverse. This implies all the claimed properties ofZτ (P,R).

Fix Q and someτ as above and let

∂QZ = ∂Zτ (P,R)∩ S(Q,τ),

∂QK =
{
x ∈Kτ (P,R): ∃t, γt(x) ∈ S(Q,τ)∩ f−1(c)

}
∪ {P,R}.

Clearly, ∂QK is the suspension over∂QZ and, in particular, if fora ∈ R such that
f(R)< a< f(P ) we denote∂aQ = ∂QK ∩ f−1(a), then∂aQ is homeomorphic to∂QZ .
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Embedding of ∂QK in M . Let

W (P,Q) =
{
x ∈Wu(P ): f(x) � c,∃t γt(x) ∈ f−1(c), d

(
γt(x),Q

)
� τ

}
∪K(P,Q)

and

W (R,Q) =
{
x ∈W s(R): f(x) � c,∃t γt(x) ∈ f−1(c), d

(
γt(x),Q

)
� τ

}
∪K(Q,R).

Let a and b be such thatf(R) < b < c < a < f(P ). Clearly, the interiors ofW (P,Q) and
W (R,Q) are (open) cones over their intersection withf−1(a) and respectivelyf−1(b). In
particular, we have

Wa(P ) = W (P,Q) ∩ f−1(a) ≈Dq ×Z(P,Q)

and

Wb(R) = W (R,Q)∩ f−1(b) ≈Z(Q,R)×Dn−q.

The setH(Q,τ) = {x ∈ f−1(c): d(x,Q) � τ} is clearly a cone over its boundary which is
G(Q,τ). Also ∂aQ ⊂Wa(P ) and∂bQ ⊂Wb(R).

Notice, that the unionW (P,Q) ∪W (R,Q) ∪H(Q,τ) has the homotopy type of the wedge
ΣZ(P,Q)∨ΣZ(Q,R) andH(Q,τ) ∪ ∂QK  Σ∂QZ ∨Σ∂QZ . Therefore the inclusion

∂QK −→H(Q,τ)∪ ∂QK −→W (P,Q)∪W (R,Q)∪H(Q,τ)−→M

is seen to be homotopic to

∂QK = Σ∂QZ −→ Σ∂QZ ∨Σ∂QZ −→ ΣZ(P,Q)∨ΣZ(Q,R)−→M

where the first map is the pinch map, the second is given by wedging the suspensions of

t1 :∂aQ ⊂Wa(P ) = Dq ×Z(P,Q)
p2−→Z(P,Q)

and

t2 :∂a
′

Q ⊂Wa′(R) = Z(Q,R)×Dn−q p1−→ Z(Q,R)

and the third map is the inclusion ofK(P,Q)∨K(Q,R).
BecauseM is simply connected we have a well defined mapl(P,R) :∂QZ −→ ΩM which is

the adjunct of the inclusion∂QK ⊂M . From the factorization above, by adjunction, we obtain
thatl(P,R) factors as

∂QZ −→ Z(P,Q)×Z(Q,R)−→ΩM ×ΩM −→ΩM(1)

where the first map is the productt1 × t2, the second map is the product of the adjoints of the
respective inclusions and the third is the loop product.

Description of ∂QZ . We want to observe thatt1 × t2 is a homeomorphism. Fixa and b
such thatf(R) < b � c � a < f(P ) andc − b < ε, a− c < ε. We have the homeomorphsims
∂bQ ≈ ∂QZ ≈ ∂aQ induced by transporting the respective sets along the flowγ. Consider the
inclusion∂aQ ↪→ Sq−1 ×Z(P,Q) here

Sq−1 ×Z(P,Q)⊂Dq ×Z(P,Q) = Wu(P )∩ f−1(a)∩U ′.
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By transporting it along the flowγ till we reach the level setf−1(b) we obtain an inclusion

∂bQ ↪→ Sq−1 ×Z(P,Q)
j
↪→ Sq−1 × Sn−q−1 = ∂U ′ ∩ f−1(b)

(notice that nowSq−1 is identified here toSu(Q)). The mapj is the identity on the first
factor and the usual inclusion on the second. At the same time we also have an inclusion
∂bQ ↪→ Z(Q,R)× Sn−q−1. It follows that the productt2 × t1 is identified to the inclusion

v :∂bQ ↪→ Z(Q,R)×Z(P,Q) =
(
Z(Q,R)× Sn−q−1

)
∩

(
Sq−1 ×Z(P,Q)

)
.

On the other hand each point of this last intersection belongs to∂bQ. Indeed, with the given
parametrizations all the points inSq−1 × Z(P,Q) belong toWu(P ) and all the points in
Z(Q,R)× Sn−q−1 belong toW s(R). Thereforev is also surjective.

Consequences in Ωfr
∗ (ΩM). Consider the framing of∂QZ = Z(P,Q) × Z(Q,R) inside

Sn−q−1 × Sq−1 obtained as the restriction of the normal framing ofK(P,R) insidef−1(a).
This framing is the product of the framing induced by the standard framing ofSp−1 with that
induced by the standard framing ofSn−r−1. Therefore, the framing ofZ(P,Q)×Z(Q,R) inside
Sn−q−1 × Sq−1 coincides with the product of the standard framings ofZ(P,Q) in Sn−q−1

(induced by the framing ofSp−1) and the standard framing ofZ(Q,R) in Sq−1. LetZ(P,Q) be
the framed bordism representative given byl(P,Q) and the framing ofZ(P,Q) insideSn−q−1.
The orientation ofZ(P,Q) is such that the framing summed with this orientation gives the
standard orientation onSn−q−1.

We orientZ(P,R) such that the ordered sum of the framings induced first fromSp−1, from
Sn−r−1 and the orientation ofZ(P,R) gives the orientation off−1(a).

Assume now thatM has trivial stable normal bundle. In this case, after embeddingM in a
high-dimensional sphere we see that because of (1) and as

∐

Q∈I(P,R)

∂QZ = ∂
(
Zτ (P,R)

)

we haveΣQ∈I(P,R)ε
′(Q)[Z(P,Q)]fr • [Z(Q,R)]fr = 0.

The signε′(Q) is +1 if the orientation induced from that ofZ(P,R) onZ(P,Q)× Z(Q,R)
coincides with the product orientation and is−1 otherwise. With our conventionsε′(Q) =
(−1)(n−r)qε0 whereε0 depends only onp, r, n.

We now return to the case when the stable bundle ofM is general. Similarly to the proof
of Proposition 3.2 we consider a functionf ′ = f ◦ p + g defined on a neighborhoodU of the
0-section of the normal bundleν of an embedding ofM in a high dimensional sphereSn+m.
Here,g is the square of a distance function measuring the distance fromM . We use the notation
Z−ν(P,Q) for the connecting manifold ofP andQ for the functionf ′. By the formula above
we have

ΣQ∈I(P,R)(−1)(m+n−r)q[Z−ν(P,Q)]fr • [Z−ν(Q,R)]fr = 0.

We have

[Z−ν(Q,R)]fr = [Z(Q,R)]fr , [Z−ν(P,Q)]fr = [Z(P,Q)]fr .

Moreover, because the stable normal bundle ofU is trivial, the framings ofZ−ν(P,Q) and
Z−ν(P,Q) are the same up to a sign coming from a possible difference in orientations. With our
conventions the sign is(−1)(m+n−p)q. ✷
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Remark6. – In [4,5] Cohen, Jones and Segal pursue a systematic analysis of the ends of the
moduli spaces of connecting flow lines (even for non-consecutive critical points) together with
the relevant framings (the definition they use for these framings is somewhat different from ours,
though). In particular, the fact thatt1 × t2 above is a homeomorphism is a direct consequence
of a more general result of Betz as described in [4]. For completeness we have included a direct
justification in the proof above.

4. Applications and examples

As in the last sectionMn is a compact, smooth, riemannian, connected manifold. Suppose
f :M −→ R is a Morse–Smale function andP andQ are consecutive critical points of index,
respectively,p and q. Recall thath∗(P,Q) ∈ πp−q−1ΩqΣqΩM is the qth order adjoint of
h(P,Q). LethS(P,Q) ∈ πSp−q−1(ΩM) be the class ofh∗(P,Q). Let

k(P,Q) = min
{
j: hS(P,Q) ∈ Im(ΩjΣjΩM)

}
.

This gives a measure of the embedding complexity ofZ(P,Q). Indeed, if the framed
embeddingZ(P,Q) ↪→ Sp−1 = Su(P ) factors as a composition of framed embeddings
Z(P,Q) ↪→ St−1 ↪→ Sp−1, thenk(P,Q) � t−p+ q. For example, ifk(P,Q)> 0, thenZ(P,Q)
is not a sphere.

Of course, ask(P,Q) is defined homotopically, it is invariant to deformations off via Morse–
Smale functions.

We intend here to give a method to estimatek(P,Q). In particular, we construct examples
whenk(P,Q) = ind(Q) even if δf(P,Q) = 0. Of course, we always havek(P,Q) � ind(Q).
Along the way, we also detect certain Poincaré complexes that are not smoothable.

4.1. Non-smoothable Poincaré duality complexes and embedding complexity of
connecting manifolds

We start with two simple consequences of 3.2.

COROLLARY 4.1. –Assume thatf :M −→R is a smooth Morse–Smale function and thatP
andQ are consecutive critical points off . Then, for someε ∈ {−1,1}, we have

ε
{
δ−f (Q,P )

}
=

{
δf (P,Q)

}
+ ∆(P,Q),

where{x} is the stable image ofx and∆(P,Q) = Jq(ΩqΣq(Ων) ◦ h∗(P,Q)) (ν is the stable
normal bundle ofM ).

Proof. –We apply 3.2 to the stable normal bundle ofM together with the duality results
(mentioned in 2.3) implyingδ−f (Q,P ) = εδf (P,Q)ν . ✷

Suppose now thatH∗(M ;Z) is torsion free and that for someq < p < n/2 we have
Hq(M ;Z) ≈ Hp(M ;Z) ≈ Z, H∗(M ;Z) = 0 for q < ∗ < p, ∗ = q − 1, ∗ = p + 1. Then, in
a minimal cell decomposition ofM , there are two pairs of dual cellsep, en−p and eq and
en−q representing Poincaré dual generators inHp(M), Hn−p(M) and, respectively,Hq(M),
Hn−q(M). As ep, eq are attached in succession there is a relative attaching mapδ :Sp−1 −→ Sq

and similarlyen−q anden−p being attached successively we have another relative attaching map
δ′ :Sn−q−1 −→ Sn−p.

In all this sectionε ∈ {−1,+1}. Its presence in the formula below reflects an indeterminancy
caused by the fact that ifδ is the relative attaching map above, then there is a different minimal
cell decomposition having as corresponding relative attaching map−δ.

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



566 O. CORNEA

COROLLARY 4.2. –In the setting aboveδ andδ′ are (up to sign) independent of the minimal
CW -decomposition used in their definition and{δ}= ε{δ′} mod(Im(Jq)).

Proof. –The first part is immediate.We apply the corollary above to a perfect Morse function
and its consecutive critical pointsP , Q of indexesp andq. Because of the first part we have
δf (P,Q) = δ andδ−f (Q,P ) = δ′. ✷

Remark7. – (a) Corollary 4.2 can also be proven by purely homotopical methods. Surpris-
ingly, it appears not to have been known before.

(b) For spaces more general than those appearing in 4.2 the relative attaching maps of
the type of δ and δ′ depend on the specific minimal cell-decomposition used. Here is a
relevant example (well known in the study of the Mislin genus [26]). LetX = S9 ∪5ν e13 and
X ′ = S9 ∪13ν e13 hereν ∈ π12(S9) ≈ πS3 ≈ Z/24 is a generator. These two complexes are not
homotopy equivalent (even if they are so when localized at each primep). However, it is easy to
show thatX ′∨S9 X∨S9. Hence, we have two very different minimal cell decompositions for
the spaceY = X ∨ S9. In particular, ifN is a manifold with simply connected boundary having
the homotopy type ofY and of dimension greater than26, each of these two cell decompositions
is induced by a perfect Morse–Smale function. These two Morse–Smale functions are in different
connected components of the space of perfect Morse–Smale functions ofN . However, they are
in the same component of the space of perfectMorsefunctions. Indeed, by a result of Matsumoto
[25] the space of perfect Morse functions on a simply connected manifold with simply connected
boundary, of dimension greater than5 and with torsion free homology is connected (see also [2],
for more general results [32]).

It is immediate to see that if∆(P,Q) /∈ Im(J t), thenk(P,Q) > t. The obvious question that
we consider now is what values can take the twisting∆(P,Q).

Remark8. – Certainly, there are examples whenΣH(P,Q) is not vanishing, but∆(P,Q)
is null. An instructive example is that ofCPn together with a perfect Morse–Smale function.
If P andQ are two arbitrary consecutive critical points off , thenp = ind(P ) = ind(Q) + 2
and H(P,Q) ∈ πp−1(Σp−2ΩCPn) ≈ Z is a generator. On the other hand the difference
δf (P,Q)− δ−f (Q,P ) is nonzero iffn is even (because in that casew2 �= 0).

In the constructions below the strategy will be the following:
• Construct a certain Poincaré dualityCW -complexX with an explicit cell decomposition.
• AssumingX smoothable, consider a perfect Morse–Smale functionf onX which induces

the fixed cell-decomposition at least below the middle dimension.
• Evaluate the restriction of the stable normal bundle ofX to the middle-dimensional

skeleton.
• Identify two consecutive critical pointsP andQ and evaluate using 4.1, 4.2 or 3.2 the

twisting∆(P,Q).

4.1.1. Some examples of Larry Smith
Let X = (Sp ∨ Sn−p) ∪h en whereh = [i1, i2] + i2 ◦ x with p < n/2, i1 :Sp −→ Sp ∨ Sn−p

and i2 :Sn−p −→ Sp ∨ Sn−p the inclusions,[−,−] the Whitehead product,x ∈ πn−1(Sn−p)
such thatx /∈ Im(J). Then, obviouslyX is a Poincaré duality space, but it is not smoothable by
4.2 as the stable difference of the two relative attaching maps associated the first to thep and0
cells, and the second to then andn− p cells, is equal tox.

Smith has proved this result by purely homotopical methods [34]. We indicate below a
different, very short, purely homotopical proof of this same fact. It pinpoints the homotopical
content of our Morse theoretical techniques.
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Assume thatX is smoothable. Thus, its stable normal bundleν is orthogonal. Fix
m = rank(ν) and letT ν(X) be the associated Thom space. It is Spanier–Whitehead dual toX+.
In particular, the first nontrivial relative attaching map inT ν(X), δ :Sm+p−1 −→ Sm equals
stably (up to sign) the top relative attaching map ofX , δ′ :Sn−1 −→ Sn−p. Of course,δ′ = x
henceδ = εx. Now, δ is already present in the Thom space,T ν(Sp), of the restriction ofν
to the bottom sphereSp. By classical results (appearing already in [27] or [1]) we have that
T ν(Sp)  Sm ∪τ em+p andτ ∈ Im(J). As τ = δ we are led to a contradiction.

Remark9. – (a) Of course, ifx ∈ Im(JPL), thenX has the homotopy type of aPL manifold
[34].

(b) Clearly, one may extend the examples above by producing(k − 1)-connected Poincaré
duality complexes of dimensionn, 2 � k < n/2 with a relative attaching map of the top cell with
respect to somen−k cell that does not belong toIm(J). Of course, this is the content of Spivak’s
“first smoothing obstruction” [35]( see also [17]) which is thus recovered from 4.1. Notice, on the
other hand, that Kervaire’s original non-smoothable PL-manifold [16], as well as the examples
of Eells and Kuiper [10], are not detected by these means. Indeed, the non-smoothable Poincaré
spaces obtained by our methods are all stable in the sense that they remain non-smoothable after
crossing with a sphere.

4.1.2. Non-smoothable Poincaré spaces with vanishing Spivak first smoothing obstruction
We construct here an example of a non-smoothable Poincaré complex whose non-smoothability

can not be detected by the relative attaching maps of the top cell. These examples appear not to
have been known before.

Takeq > 2 andZ = (S2 ∨ (Sq ∪η eq+2)) ∪[i,j] e
q+4 with i :S2 −→ S2 ∨ (Sq ∪η eq+2) the

inclusion,η ∈ πq+1(Sq) ≈ Z/2 a generator andj ∈ πq+2(Sq ∪η eq+2) such that the image of
j via the pinching mapp :Sq ∪η eq+2 −→ Sq+2 is equal to twice a generator ofπq+2(Sq+2).
Considery ∈ πSq+1 such that2y /∈ Im(J2). Let BF be the classifying space of stable spherical
fibrations. Asπk(BF ) = πSk−1 there is a spherical fibration given by the composition

µ :Z t−→ Sq+2 u−→BFm
v
↪→BF with y  (v ◦ u)∗,

BFm is the classifying space of spherical fibrations of fibreSm−1 (m big enough) andt is
induced by the collapsingS2 ∨ (Sq ∪η eq+2)−→ Sq+2. LetN be a trivial, smooth thickening of
Z – this is a smooth manifold with boundary of dimensionn > 2(q+4)+1 having the homotopy
type ofZ and which embedds inSn (by [39] it is unique up to isotopy). LetN ′ be the double of
N . As N ′ is the union of two copies ofN pasted over∂N , two copies of the spherical fibration
µ can be also pasted together to give a new spherical fibrationµ′ :N ′ −→BFm. The total space
K of µ′ is our example.

Remark10. – There is another more elegant way to produceµ′ out of µ. It was indicated to
me by Mark Mahowald.

First a general remark of some independent interest (it appears to be folklore, for extensions
see [19]). BecauseN ′ is the double of a trivial thickening, the suspensionΣN ′ splits as
ΣN ∨ Σ2N# ∨ Sn+1 with N# homotopy equivalent to the complement ofN in Sn. Indeed,
N is embeddable inSn, therefore we haveSn = N ∪∂N N#. The inclusions ofN andN# in
Sn being homotopically trivial, we obtain a cofibration sequenceSn −→Σ∂N −→ ΣN ∨ΣN#.
This cofibration sequence splits and thusΣ∂N  ΣN ∨ΣN#∨Sn. NowN ′ = N ∪∂N N hence
ΣN ′ = ΣN ∪Σ∂N ΣN . The description ofΣ∂N implies the claimed splitting.
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Considerµ∗ :ΣN −→B2F whose adjoint isµ. It extends trivially to

(µ∗)′ :ΣN ′ = ΣN ∨Σ2N# ∨ Sn+1 −→B2F.

Its adjoint givesµ′.

LEMMA 4.3. –The spaceK does not have the homotopy type of a smooth manifold.

Proof. –AssumeK smoothable. Its stable normal bundleν :K −→BSO(m′), m′ >m + n,
has the property that ifν′ :K −→BSO(m′)−→BFm′ is the associated spherical fibration, then
ν′|N + µ = 0 in [N,BF ] (because this sum gives the Spivak spherical fibration ofN which is
trivial). Thereforeν′|N = −µ. Let f :K −→R be a perfect Morse–Smale function inducing the
standard cell decomposition given forZ on the(q+4)-dimensional skeleton ofK , K(q+4) Z .
We may assume also thatf is such that the critical pointsP andQ of indexes, repectively,q + 4
and2 are consecutive. Of course,δf (P,Q) = 0. We intend to evaluate∆(P,Q). Consider the
following diagram.

By the basic properties of the Whitehead product, the top horizontal composition is twice the
inclusion of the bottom cell. This implies thats = −2Σ2y. Using 4.1 and the diagram below we
see thatδ−f (Q,P ) agrees stably (up to sign) with the compositionk ◦Σm′

l = k′ ◦Σm′
s .

Herek andk′ are the double suspensions of the maps induced by the Hopf construction applied
respectively to the actionsSm

′−1 × SO(m′) −→ Sm
′−1 andSm

′−1 × ΩBFm′ −→ Sm
′−1. As

s is itself a double suspension we obtain thatk′ ◦ Σm′
s is stably equal to the class ofs in

πq+1(ΩBF ) = πSq+1. Therefore,∆(P,Q) = −2y which leads to a contradiction.✷
Clearly the relative attaching maps of the top cell

Sn+m−1 −→ Sn+m−2 and Sn+m−1 −→ Sn+m−q

vanish.

Remark11. – (a) It is easy to see that ify lifts to an element inπ∗(ΩBPL), thenµ andµ′ are
PL-bundles and thereforeK is a PL-manifold.
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(b) Mark Mahowald has described another interesting non-smoothable Poincaré space that we
now present (see also [24] p. 408).

Let U be the total space of the spherical fibration classified byη∗4 ∈ π17(BF14) whereη∗4 is
the adjoint of the fourth element of Mahowald’s family [23]. Recall thatη4 /∈ Im(J).

A cell decomposition of this space is as follows. Letin be a generator ofπn(Sn) andνn a
generator ofπn+3(Sn). Let T = S13 ∪ν13 e17. The Whitehead product[ν13, i13] being null [38,
22] the relative Whitehead product[i17, i13] ∈ π29(T,S13) pulls back to an elementz ∈ π29(T )
andU = T ∪z e30.

Notice thatΣnU splits asS13+n ∪ν13+n e17+n ∪i13+n◦η4 e
n+30.

The spaceU is not smoothable. This is detectable by a top cell argument as follows.
We haveT = ΣT ′. Thus, we may interpretT as the cofibre of a trivial attaching mapT ′ −→ ∗.

Therefore,U × Sn has a cone decomposition that starts withT ∨ Sn and has two other stages
given by cofibration sequences

T ′ ∗ Sn−1 −→ T ∨ Sn −→U ′ and S29 ∗ Sn−1 −→U ′ −→ U × Sn.

By a Spanier–Whitehead duality argument, one sees that ifU and henceU ×Sn are smoothable,
then the relative attaching mapSn+29 −→ΣnT should not containη4.

Obviously, this example does not fit our Morse theoretic setting. However, a critical point
approach is possible by using degenerate critical points as in [7].

4.1.3. Morse–Smale functions with twisting realizing elements of Im(Jq)
We consider here the question of what elements inIm(Jq) can be realized as differences,

∆(P,Q), of attaching maps like in Corollary 4.1.

LEMMA 4.4. –For any x ∈ Im(Jq), q � 2, there is a smooth manifoldM and a Morse–
Smale functionf :M −→ R with consecutive critical pointsP andQ such thatQ has indexq
andδf (P,Q) = 0, δ−f (Q,P ) = εx.

Proof. –As x ∈ Im(Jq) there isx1 :Sp−1 −→ ΣqSO(m) such thatx is given byJq(x∗)
where x∗ is the qth order adjoint ofx1 and m is large enough. Denote byBS′ the
(p− q)-dimensional skeleton ofBSO(m) and letS′ = ΩBS′. Of course,x1 lifts to an element
x′ ∈ πp−1(ΣqS′).

There is a fibrationΩSq ∗ S′ j−→ Sq ∨ BS′ −→ Sq × BS′ and a natural inclusion

ΣqS′ = Sq−1 ∗S′ i
↪→ ΩSq ∗S′. Letx′′ = j ◦ i ◦ x′. Denote byL the cofibre ofx′′. Fix a smooth,

trivial, n-dimensional thickening ofL denoted byH and letH ′ be its (smooth) double. We need
to define a certain fiber bundle overH ′. Denote byµ :H  L −→ BSO the bundle defined by
the trivial extension of the map

Sq ∨BS′ ↪→ Sq ∨BSO(m) c−→BSO(m) ↪→BSO

(c being the obvious collapsing). As discussed above one can extendµ to a bundle
µ′ :H ′ −→ BSO and it lifts to a bundleτ :H ′ −→ BSO(m′) with m′ > n,m. Let G be the
total space of the associated sphere bundle. AsH ′ is smooth we see, by a transversality argu-
ment, that we may assumeτ smooth and thereforeG is also smooth. There is a perfect Morse–
Smale functionf :G −→ R such that the critical pointP of index p and the critical pointQ
of index q corresponding toSq ↪→ L ↪→ H ′ are consecutive, and such that the attaching map
of the p-dimensional cell is given byx′′. We haveδf (P,Q) = 0. We now intend to compute
δ−f(Q,P ). Let ν be the stable normal bundle ofG. Obviously, its restriction toL ⊂ H ′ co-
incides with−µ. Notice also that, asµ is null onSq, ∆(P,Q) can be estimated by using the
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compositionSp−1 x′
−→ Sq ∧ S′ ↪→ Sq ∧ΩG instead ofH(P,Q). Indeed, the image of this com-

position by the mapSq ∧ ΩG −→ Sq ∧ SO(m′) coincides with the image ofH(P,Q). The

compositionSq ∧ S′ ↪→ Sq ∧ ΩG
Σqν−→ Sq ∧ SO(m′) is homotopic to the negative of the inclu-

sionSq ∧ S′ ↪→ Sq ∧SO(m′).
Therefore, by applying 3.2, we see thatδ−f (Q,P ) is (up to sign) equal toJq(x∗) = x. ✷
Remark12. – It is likely that the Corollaries 4.1 and 4.2 as well as Proposition 3.2 have

analogues in thePL andTop categories.

4.2. An extension of the Morse complex and detection of connecting flow lines

The results of the second section can be used for the detection of critical points and connecting
flow lines. Indeed, assume thatP , Q are consecutive critical points of the Morse–Smale function
f :M −→ R. If the suspension of the Hopf invariantH(P,Q) is not zero, then there are flow
lines connectingP to Q. Of course, such connecting flow lines are already known to exist if
δf (P,Q) �= 0 but, as seen before, this relative attaching map can vanish withoutΣH(P,Q) being
also null.

4.2.1. The energy functional on ΩS3

This example has been suggested to me by Raoul Bott. Consider the energy functionalE
on Ω(S3;u, v), the space of piecewise smooth curves connecting the pointsu, v ∈ S3 (with
u and v different and not antipodals). It is well known thatE is a perfect Morse function
[28] whose critical points are the geodesics connectingu and v. Fix two such geodesicsP
andQ. ApproximateΩ(S3;u, v) by a finite-dimensional manifold that containsP andQ, on
which the restriction ofE, E′, is still Morse, has critical points of the same index and the sets
Ωa = (E′)−1(−∞, a] are compact fora � b = max{E(P ),E(Q)} + τ (τ > 0 small) and have
the same homotopy type asE−1(−∞, a] [28]. Fix a metric onΩb such thatE′ is Morse–Smale.
We want to remark thatP andQ are connected by some flow lines of the flow induced by
−∇E′. Notice thatΩ(S3;u, v) is homotopy equivalent toΩS3. AssumeR is another critical
point ofE in Ωb such thatind(P ) = ind(R) + 2, thenδf (P,R) = 0. However,ΣH(P,R) �= 0.
This implies, by transitivity, thatP andQ are also connected by some flow line.

4.2.2. Extension of the Morse complex
The “detection” arguments above can be pursued further. For example, ifM is simply-

connected andP , Q andQ,R are two pairs of consecutive critical points for which the homology
classes[h(P,Q)], [h(Q,R)] ∈ H∗(ΩM ;Z/2) are known and if[h(P,Q)] • [h(Q,R)] �= 0 it
follows from 3.3 that there is at least another critical pointQ′ that is connected via possibly
broken flow lines to bothP andR (• being here the Pontryagin product).

Here is a way to encode in a somewhat global fashion the type of information given by 3.3.
As beforef :M −→ R is a Morse–Smale function, constant, regular and maximal on∂M .

Let a1 < a2 < · · ·< ar be a setA of real numbers such that the critical values off all appear
among theai’s as well asf(∂M). Let Ck = Ωfr

∗ (ΩM) <X ∈ f−1(ak): ∇f(X) = 0 > (where
R<X1, . . . ,Xn > is the freeR-module generated byX1,. . . ,Xn). If X is a critical point letx
be its index. Letd :Ci −→Ci−1 be the uniqueΩfr

∗ (ΩM)-module morphism given by

d(P ) =
∑

X∈f−1(ai−1),∇f(X)=0

(−1)px
[
Z(P,X)

]
X.

COROLLARY 4.5. –The gradedΩfr
∗ (ΩM)-module(C∗, d) is a chain complex.
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Proof. –Notice that any pair of critical pointsy ∈ f−1(ai), x ∈ f−1(ai−1) are consecutive
and apply 3.3. ✷

Remark13. – (a) A somewhat easier to handle complex is obtained by replacingΩfr
∗ (ΩM)

with the Pontryagin ringH∗(ΩM ;Z/2) and using instead ofd,

d′(P ) =
∑

X∈f−1(ai−1),∇f(X)=0

H ′(P,X)X

where, for two consecutive critical pointsP andQ, we denote byH ′(P,Q) the number of
elements inZ(P,Q) if p = q + 1 and the homology class ofH(P,Q) in Hp−q−1(ΩM ;Z/2)
if p > q + 1. If f is a self indexed function andA = N, then this complex is the Morse complex
of f tensored withH∗(ΩM ;Z/2) (recall thatM is simply connected).

(b) It would be interesting to know whether one can deduce the existence of the discussed
chain complex by analytic methods.

4.2.3. Fusion of critical points
One initial motivation for this work was the problem of constructing functions with the least

possible number of (possibly degenerate) critical points on a given smooth manifoldM . It is
well-known that a strict lower bound for this number is the Lusternik–Schnirelmann category
cat(M) of M [21]. It was shown in [8] that whenM is 2-connected, andk � dim(M) there is
a function onM ×Dk regular, maximal and constant on∂(M ×Dk) which realizes the lower
bound given by the category up to one unit. The next step is to understand when two consecutive
critical points of a given function can be “fused” together. More precisely, letf :M −→ R be
a smooth function and letP , Q be consecutive critical points off . The question is whether
there is a functionf ′ equal tof in the exterior of some neighborhoodU of the closure of the
points situated on flow lines connectingP to Q and having just one critical point inU . It is
natural to first assume thatP andQ are consecutive, non-degenerate critical points of indexes,
respectively,p andq, and that, with respect to some fixed metric onM , f is Morse–Smale. One
can also weaken the question by askingP andQ to be fused to a “reasonable” critical point [8],
a class that contains all critical points of locally analytic functions.

LEMMA 4.6. –Assume thatf−1(−∞, f(Q)) has the homotopy type of ak-dimensional
CW -complex withk < q − 1. If H(P,Q) �= 0, thenP andQ cannot be fused to a reasonable
critical point.

Proof. –This is a simple consequence of some results in [8]. First, asP andQ are consecutive
and f is Morse–Smale we may assume thatf(P ) > f(Q) and thatP and Q are the only
critical points in f−1[f(Q), f(P )]. If P and Q can be fused to a reasonable critical point,
one deduces [8] a cofibration sequenceZ −→M ′ −→M ′′′ whereM ′ = f−1(−∞, f(Q)− τ ],
M ′′′ = f−1(−∞, f(P )+τ ] with τ > 0 small. LetM ′′ = f−1(−∞, f(Q)+τ ]. The composition

Sp−1 −→M ′′ ∇−→ Sq ∨M ′′ is homotopic toSp−1 ∇′
−→ Sq ∨ Sp−1 id∨α(P )−→ Sq ∨M ′′ where∇′

is the coaction associated to the cofibration sequenceSq−1 −→ Z −→ Sp−1. As

πp−1

(
Sq ∨ Sp−1

)
= πp−1

(
Sq

)
⊕ πp−1

(
Sp−1

)

it follows thatH(P,Q) vanishes. ✷
Remark14. – Controlling the behavior of Hopf invariants has recently become a key tool in

the homotopical study of the Lusternik–Schnirelmann category. Results based on this technique
are the negative solution of the Ganea conjecture by Iwase [14], the examples of Roitberg
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showing that the L.S.-category is not generic in the sense of the Mislin genus [30] and the
examples of Stanley of spaces of categoryn but cone-lengthn + 1 [36]. In all these examples
the non-vanishing of certain Hopf invariants associated to the attachment of a cell is used to
deduce that the L.S.-category is increased by the attachment of that cell. This is clearly also the
homotopical content of the lemma above.
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