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SP(2N)-COVERS FOR SELF-CONTRAGREDIENT
SUPERCUSPIDAL REPRESENTATIONS OF GL(N)

BY CORINNE BLONDEL

ABSTRACT. – Let F be a non-archimedean local field of odd residual characteristic. Let(J, τ ) be
a maximal simple type inGLN (F ) for the inertial class[GLN(F ), π]GLN (F ) of a self-contragredien
supercuspidal irreducible representationπ of GLN(F ). Identify GLN (F ) to the standard Siegel Le
subgroup inSp2N (F ). We construct, inSp2N (F ), a type for the inertial class[GLN (F ), π]Sp2N (F ),
as aSp2N (F )-cover of (J, τ ), strongly related to theGL2N (F )-cover of (J × J, τ ⊗ τ ) in GL2N (F )
constructed by Bushnell and Kutzko and which induces to a simple type inGL2N (F ). In the process, we
show that ifτ has positive level, then the maximal simple type(J, τ ) may be attached to a simple stratu
[A, n,0, β] where the fieldF [β] is a quadratic extension ofF [β2], and to a simple characterθ in C(A,0, β)
Galois conjugate of its inverse.

 2004 Elsevier SAS

RÉSUMÉ. – SoitF un corps local non archimédien de caractéristique résiduelle impaire. Soit(J, τ ) un
type simple maximal dansGLN(F ) pour la classe d’inertie[GLN (F ), π]GLN (F ) d’une représentatio
irréductible supercuspidale autodualeπ de GLN(F ). Identifions GLN(F ) au sous-groupe de Le
de Siegel standard deSp2N (F ). Nous construisons, dansSp2N (F ), un type pour la classe d’inert
[GLN (F ), π]Sp2N (F ), sous forme d’une paire couvrante de(J, τ ) fortement reliée à la paire couvran
de (J × J, τ ⊗ τ ) dansGL2N (F ) construite par Bushnell et Kutzko et qui s’induit en un type sim
deGL2N (F ). En cours de route nous montrons que siτ est de niveau strictement positif, le type sim
maximal (J, τ ) peut être attaché à une strate simple[A, n,0, β] telle que le corpsF [β] soit extension
quadratique deF [β2] et à un caractère simpleθ deC(A,0, β) égal au conjugué de son inverse par l’élém
de Galois correspondant.

 2004 Elsevier SAS

Let G be the group ofF -points of a connected reductive algebraic group defined oveF ,
a local non-archimedean field. The goal of the theory of types is the description of
summands of the categoryR(G) of smooth complex representations ofG as categories o
modules over Hecke algebras.

More precisely, the Bernstein decomposition of this category states that it is the direc
over the set of inertial classes inG, of full subcategoriesR[M,π](G) attached to each inertia
class. Recall that an inertial class inG is the equivalence class[M,π]G of a pair(M,π) made
up of aF -Levi subgroupM of G and an irreducible supercuspidal representationπ of M ; the
equivalence relation includesG-conjugacy and twisting ofπ by an unramified character ofM .
The subcategoryR[M,π](G) consists of representations each of whose irreducible subquo
is a subquotient of a representation parabolically induced toG from an unramified twist ofπ.

Finding a type(J,λ) for this subcategory means finding a compact open subgroupJ of G
and a smooth irreducible representationλ of J such that the subcategoryR[M,π](G) consists of
representations generated by their isotypic component of typeλ underJ . If (J,λ) is a type for
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534 C. BLONDEL

[M,π]G, i.e. forR[M,π](G), this subcategory is then equivalent to the category of non-degenerate
modules over the Hecke algebraH(G,J,λ) (for all this see [12]).

The problem of finding types inG naturally breaks into two pieces which are very different
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in nature. One is finding types for the inertial classes of supercuspidal representations ofG. The
other is finding types for inertial classes[M,π]G whereM is a proper Levi subgroup ofG.
C.J. Bushnell and P.C. Kutzko in [12] have developed a method to address this second p
based on the definition ofcovers.

We say that(J,λ) is a G-cover of (JM , λM ), an analogous pair inM , if there is anF -
parabolic subgroupP of G with unipotent radicalU and Levi decompositionP = MU such
that:

(i) (J,λ) is adecomposed pair with respect to(M,P ), i.e.
– J = (J ∩ U−)(J ∩ M)(J ∩ U), whereU− is the unipotent radical of the parabo

subgroupP− opposite ofP relative toM , and
– λ is trivial onJ ∩U− andJ ∩U ;

(ii) J ∩M = JM andλ|JM � λM ;
(iii) for any smooth irreducible representation(σ,V ) of G, the restriction toV λ of the Jacque

functorrU is injective.
Note that the definition in [12] requires those properties to hold for any such para

subgroupP ; nonetheless it follows from [8] that one may restrict the definition to just
parabolic subgroup.

C.J. Bushnell and P.C. Kutzko have shown that:

if (JM , λM ) is a type for[M,π]M in M and if (J,λ) is aG-cover of(JM , λM ), then(J,λ) is
a type for[M,π]G in G.

Let nowG beSp2N (F ) whereF has odd residual characteristic, letP be the Siegel paraboli
subgroup, and letM be the Siegel Levi subgroup, which we identify withGLN (F ) (see
Section 1). Letπ be an irreducible supercuspidal representation ofGLN (F ) and(JM , λM ) be
a Bushnell–Kutzko type for[GLN (F ), π]GLN (F ) in M . Observe that the non-trivial eleme
s in NG(M)/M stabilizes the inertial class[M,π]G if and only if π and its contragredien
representation are equivalent up to twisting by an unramified character ofGLN (F ) – yet,
since any unramified character ofGLN (F ) is a square,π and its contragredient representat
are in the same inertial class if and only if this class actually contains a self-contragr
representation.

If this is not the case, it should follow from [12], Theorem 12.1, that the Hecke alg
H(G,J,λ) of a G-cover (J,λ) of (JM , λM ) is commutative, isomorphic toH(M,JM , λM ),
and the corresponding subcategories are equivalent. In any case, a recent result of A. Roc
[19, Theorem 3.1] states, in our present setting, that parabolic induction fromR[M,π](M) to
R[M,π](G) is an equivalence of categories if and only ifs does not stabilize[M,π]G.

Hence, although the question of existence ofG-covers is interesting in itself, the mo
interesting case is the case whenπ is self-contragredient. Indeed, given aG-cover (J,λ) of
(JM , λM ), one expects the description ofH(G,J,λ) to give insight into reducibility problem

for parabolically induced representations inR[M,π](G) (see e.g. [3] for details in the case
Sp4(F ); although, for this group, the results concerning reducibility were already known). I
particular, obtainingG-covers and their Hecke algebras for all such representationsπ should lead
to an exact knowledge of the real numbersα such that the parabolically induced representatio
to G of the twisted representationπ⊗ |det|α is reducible (those numbers are known to belon
{0,±1/2)} if N > 1, by the work of Shahidi [20,21]).
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SP(2N )-COVERS 535

We construct in this paperG-covers for Bushnell–Kutzko types attached to inertial classes
[GLN (F ), π]GLN (F ) whereπ is self-contragredient, which is the first step in the above program.
We do not compute the corresponding Hecke algebras. The principle of the construction is to
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start with a well chosenGL2N (F )-cover attached to the inertial class[GLN (F ) × GLN (F ),
π ⊗ π]GL2N (F ) and then restrict it toSp2N (F ). In the process we need some strong prope
of simple types attached to self-contragredientsupercuspidal representations. We prove
following in Section 2 (Corollary 2.3):

THEOREM 1. – Let (Γ, γ) be a maximal simple type(in the sense of[11]) in GLN (F ) such
that the corresponding inertial class contains a self-contragredient representation. Then
(Γ, γ) has level zero, or the simple characterθ0 attached toγ can be attached to a simple stratu
[A0, n0,0, β] in MN (F ) with the following properties:

(1) The fieldF [β] is a quadratic extension ofF [β2] (in particular N is even).
(2) Let ν be an element inA×

0 realizing the Galois conjugation ofF [β] over F [β2]. The
characterθ0 satisfiesθ0(νxν−1) = θ0(x−1) (x in H1(β,A0)).

This property of self-contragredient supercuspidal representations was known in the tam
such a representation is then attached to an admissible character of a maximal field extens
contained inGLN (F ) and Adler [1] proved that this character is trivial on the group of no
relative to a quadratic subextension (orN = 1 and the character is quadratic). In loc. cit. Ad
also gives a full description of level zero self-contragredient supercuspidal representations
exist only if N is even orN = 1).

Let g �→ τg be the transposition relative to the anti-diagonal. Theorem 1 essentially amou
to saying that, for a suitable orderA in M2N(F ) related to the orderA0 above, the stratum
Λ =

[
A,2n0,0,

(
β 0
0 − τ β

)]
in M2N (F ) is simple. LetG = GL2N (F ) andP be the maxima

parabolic subgroup inG of upper block-diagonal matrices with Levi subgroupM isomorphic
to GLN (F ) × GLN (F ). The process in [11], §7.2, provides us (Corollary 2.2) with aG-cover
(JP , λP ) of (Γ× τΓ, γ ⊗ γ∗), with γ∗(x) = γ( τx−1), attached to the stratumΛ. It will lead us
(Theorem 3.1) to the cover we are looking for:

THEOREM 2. –Let (Γ, γ) be as in Theorem1 and (JP , λP ) be as above. The uniqu
representationω of Ω = JP ∩ G such that(Ω, ω) is a decomposed pair with respect to(M,P )
with Ω∩M = Γ andω|Ω∩M = γ is aG-cover of(Γ, γ).

In the case when(Γ, γ) has level zero, the cover given by Theorem 2 has previously
obtained by L. Morris in [18]. Also recall that J.-L. Kim [14] has constructed a set of typ
in classical groups, under the assumption that the characteristic ofF is 0 and the residua
characteristic is “bigenough”. The types in her work that correspond to our present setting
not be the same as those above, in particular they may not beG-covers (see [2]).

The main goal of this paper is Theorem 2, while Theorem 1 appears as a necessary t
In Section 1, we establish notation and explain the basic mechanism allowing one to
decomposed pairs inSp2N (F ) from the restriction of decomposed pairs inGL2N (F ). In
Section 2, we detail the structure of the maximal simple type(Γ, γ) and of suitableGL2N (F )-
covers of(Γ× τΓ, γ⊗γ∗). This leads us to a proof of Theorem 1, as a corollary of Theorem
In Section 3, we first build a periodic infinite sequence(Ωi, ωi) of decomposed pairs inG, with
Ωi ∩ M = Γ andωi|Ωi ∩ M = γ, then we show that certain sufficient criteria for this seque
to be a sequence ofG-covers are satisfied. Section 4 is devoted to the proof of an intertw
property (Proposition 4.1) that has been assumed in Section 3.

From Section 2.2 on, we assume that the orderA0 is standard. Any maximal simple type(Γ, γ)
in GLN (F ) is conjugate to a maximal simple type satisfying this property, hence Theore
and 2 hold without this restriction (see the remarks after Corollary 2.3 and Theorem 3.1).
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536 C. BLONDEL

1. Framework and basic tool

1.1. Notations

t

l

rds:

ce
Let F be a non-archimedean local field of residual characteristicp different from2, let oF

or o be its ring of integers,pF or p the maximal ideal ofoF , 
F or 
 a uniformizing elemen
andkF = oF /pF the residue class field, of cardinalityqF . We will be working with the group
G = GL2N (F ) and its subgroupG = Sp2N (F ) viewed as the symplectic group of theF -vector
spaceV = F 2N equipped with the symplectic form〈 , 〉 with matrix

(
0 −wN

wN 0

)
in the canonica

basis{e1, . . . , e2N}, where

wN =


0 . . . 0 1
0 . . . 1 0
...

. . .
...

...
1 0 . . . 0

 .

Most matrices written below will be2× 2 block matrices withN ×N blocks. Hence:

Sp2N (F ) =
{

g ∈GL2N (F );
(

0 −wN

wN 0

)
tg−1

(
0 wN

−wN 0

)
= g

}
.

We will let X �→ TX denote the corresponding involution onM2N (F ):

TX =
(

0 −wN

wN 0

)
tX

(
0 wN

−wN 0

)
; T

(
A B
C D

)
=

(
τD − τB
− τC τA

)
,

whereg �→ τg, g ∈ GLi(F ), is the transposition relative to the antidiagonal; in other wo
tτg = τtg = wigwi.

For any subgroupH of G, we putH = H ∩ G. Let P be the stabilizer of the subspa
〈e1, . . . , eN〉 in F 2N , a parabolic subgroup ofG. Let U be its unipotent radical and letM be the
Levi factor ofP consisting of matrices stabilizing〈eN+1, . . . , e2N〉. We letP− be the parabolic
subgroup ofG opposite ofP relative toM and we letU− be its unipotent radical. We have

M =
{(

g1 0
0 g2

)
; g1, g2 ∈ GLN (F )

}
, U =

{(
I X
0 I

)
; X ∈ MN (F )

}
,

M =
{(

g 0
0 τg−1

)
; g ∈ GLN (F )

}
, U =

{(
I X
0 I

)
; X ∈ MN(F ), X = τX

}
.

We will accordingly identifyM with GLN (F ) × GLN (F ) andM with GLN (F ), the latter
through the isomorphismi from GLN (F ) to M defined by

i(g) =
(

g 0
0 τg−1

)
, g ∈GLN (F ).

If µ is a representation of a subgroupH of GLN (F ), i(µ) will be the representation ofi(H)
defined byi(µ)(i(g)) = µ(g) (g ∈ H).

Let H be a compact open subgroup ofG andρ a smooth irreducible representation ofH .
TheG-intertwining ofρ is:

IG(ρ) = IG(ρ,H) =
{
g ∈ G |HomH∩Hg

(
ρ, ρg

)
	= {0}

}
.
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For anyg in G we define the intertwining space ofρ at g to be

Ig(ρ) = Ig(ρ,H) = HomH∩Hg

(
ρ, ρg

)
.

nd we

will

r
g

1] to
1.2. Some decomposed pairs in Sp2N(F )

Let π be a smooth irreducible self-contragredient supercuspidal representation ofGLN (F ),
hence viewed as a representation ofM ; likewiseπ ⊗ π is viewed as a representation ofM . We
want to findtypesin G andG for the inertial classes attached to these representations, a
want those types to be aG-coverand aG-coverrespectively, of types attached toπ ⊗ π in M
and toi(π) in M . The situation inG has been settled by Bushnell and Kutzko in [11], as we
recall in Section 2. Indeed we will use the types built in loc. cit. to construct theG-covers we are
looking for: the process will involve a suitable conjugation followed by a restriction toSp2N (F ).
The basic mechanism is the following:

PROPOSITION. – Let Γ be a compact open subgroup ofGLN (F ) and let γ be a smooth
finite-dimensional complex representation ofΓ. Let γ∗ be the representation ofτΓ defined by:
γ∗(g) = γ( τg−1), g ∈ τΓ.

If (J,λ) is a decomposed pair inG relative to (M,P ) such thatJ ∩ M = Γ × τΓ and
λ|J∩M � γ ⊗ γ∗, thenJ ∩ M = i(Γ) and there exists a unique representationλ̂ of J such

that (J, λ̂) is a decomposed pair inG relative to(M,P ) with

λ̂|i(Γ) = i(γ).

The representationλ = λ|J of J is isomorphic tôλ⊗ λ̂.

Proof. –We recall the following useful fact: letx ∈ U−, m ∈ M andy ∈ U be such that thei
productxmy belongs toG; thenx, m andy already belong toG. Indeed the involution definin
Sp2N (F ) stabilizesU−, M andU .

Hence taking intersections withG provides a decomposed pair(J,λ) in G relative to(M,P ).
We haveJ ∩M = J ∩M = Γ× τΓ = i(Γ) and

λ

((
g 0
0 τg−1

))
� γ(g)⊗ γ∗( τg−1

)
= γ(g)⊗ γ(g), g ∈ Γ.

In particular:(J ∩U)(J ∩U
−

) ⊂ (J ∩U
−

)T (J ∩U), with

T =
{(

g 0
0 τg−1

)
; g ∈ Γ, γ(g)⊗ γ(g) = I

}
.

To go from there to the decomposed pair we are looking for, it is enough [4, Lemme
prove a similar inclusion withT replaced by

T ′ =
{(

g 0
0 τg−1

)
; g ∈ Γ, γ(g) = I

}
.

Indeed, the representation̂λ will then be uniquely defined by the condition̂λ|i(Γ) = i(γ), plus

the fact that it is trivial onJ ∩U andJ ∩U
−

.
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538 C. BLONDEL

Now the subgroup ofJ generated byJ ∩ U andJ ∩ U
−

is a pro-p-group [6] and so is its
intersection withM , hence we can replaceT in the above inclusion by a suitable pro-p-subgroup
of T . All we have to show is:

tor
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LEMMA. – Let γ be a finite-dimensional smooth complex representation of a pro-p-groupH ,
with p odd. If the representationγ ⊗ γ of H is trivial, so isγ.

Indeedγ factors through a finite quotient ofH , so it is unitarisable. In particular each opera
γ(h), h ∈ H , is diagonalisable, and the triviality ofγ ⊗ γ implies that any product of tw
eigenvalues ofγ(h) is equal to1. Henceγ(h) is a scalar operator, namely±I. Now −I is
impossible forp odd. �

If the pair(Γ, γ) in the proposition is a maximal simple type inGLN (F ) and the pair(J,λ) is
aG-cover of(Γ× τΓ, γ⊗ γ∗), one would like to know whetheror not, under relevant condition
on(J,λ), the associated pair(J, λ̂) is aG-cover of(Γ, γ). We do address this question here in
special case of a pair(Γ, γ) attached to the inertial class of a self-contragredient represent
the object of Section 2 is to use Bushnell and Kutzko’s simple types to produce in this co
G-cover(J,λ) with suitable properties for that purpose.

2. “Self-contragredient” GL2N(F )-covers

2.1. Bushnell and Kutzko’s GL2N(F )-covers

All references in this paragraph are to [11], any undefined notion or notation comes from
Let π be an irreducible supercuspidal representation ofGLN (F ) and(Γ, γ) a maximal simple

type inGLN (F ) attached to the inertial class ofπ. From Definition (5.5.10) – where we do tre
(b) as a special case of (a) – and Theorems (6.2.1), (6.2.2), the pair(Γ, γ) = (J(β,A0), λ(β,A0))
comes equipped with the following data:

(i) A principal oF -order A0 and a simple stratum[A0, n0,0, β] in MN(F ); in particular
E = F [β] is a field extension ofF .
We let P0 be the radical ofA0 and B0 be the commutant ofE in MN(F ). Then
B0 = A0 ∩B0 is a maximaloE-order with radicalQ0 = P0 ∩B0.

(ii) A simple characterθ0 ∈ C(A0,0, β) and aβ-extensionκ0 to J(β,A0) of the unique
irreducible representationη0 of J1(β,A0) which containsθ0.

(iii) An irreducible cuspidal representationσ0 of GL(f, kE) inflated toΓ through:

J(β,A0)/J1(β,A0)�U(B0)/U1(B0) � GL(f, kE), f = N/[E : F ].

We now writeM2N(F ) as2 × 2 block matrices with entries inMN (F ). This amounts to a
decomposition of the underlying vector spaceV = F 2N , written as column matrices, as a dire
sumV = V (1) ⊕ V (2) with V (1) (resp.V (2)) the subspace of column matrices having their fi
(resp. last)N entries equal to0.

Let (Λ0,i)i∈Z be the lattice chain inFN associated to the orderA0. It determines lattice chain

(Λ(j)
0,i)i∈Z in V (j), j = 1,2, under the natural identification ofV (j) with FN . Let (Λi)i∈Z be the

lattice chain inV defined by:

Λ2i = Λ(1)
0,i ⊕Λ(2)

0,i , Λ2i+1 = Λ(1)
0,i+1 ⊕Λ(2)

0,i (i ∈ Z).

The corresponding principal order inM2N (F ) is A =
(

A0 A0
P0 A0

)
.
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We identifyE with its block-diagonal image inM2N(F ), hence we also writeβ for
(
β 0
0 β

)
.

We write B for the commutant ofE in M2N (F ) and define theoE-orderB = A ∩ B, with
radicalQ = P∩B (whereP is the radical ofA).

4):

7. We
atter of
1.1

f
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by
a
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m 8.3
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derive
Since the period of(Λi)i∈Z is twice the period of(Λ0,i)i∈Z, we get (see 1.2.11, 1.4.13, 1.2.

FACT. – [A,2n0,0, β] is a simple stratum inM2N (F ) and all assumptions in(7.1.11), (7.2.1)
are satisfied, witht = e(B|oE) = 2.

The following proposition can be regarded as obvious: it is a paraphrase of [11], §
state it to fix notations and make references easy, and give a sketch of proof as a m
conscientiousness. The groupsP , U , M are defined in (7.1.13) or equivalently in Section
above.

PROPOSITION. – There exists a unique representationλ of J = J(β,A) which is a simple type
with the following property.

Let λP denote the natural representation ofJP = (J ∩ P )H1(β,A) on the space o
J1(β,A)∩U -fixed vectors inλ. The pair(JP , λP ) is a decomposed pair inG relative to(M,P )
with:

JP ∩M = J ∩M = Γ×Γ and (λP )|J∩M = γ ⊗ γ.

Proof. –Indeed this is Theorem (7.2.17) in [11], except that we want an actual eq
between representations instead of an equivalence.

From (7.1.16):J ∩ M = J(β,A(1)) × J(β,A(2)); but we have arrangedA so thatA(1) =
A(2) = A0, henceJ(β,A(i)) = Γ.

If β belongs tooF we just note thatJ = JP andJ ∩ M = U(A0) × U(A0); we take the
representationσ0 ⊗ σ0 there.

We now assume thatβ /∈ oF . From (7.1.19), the restriction toH1 = H1(β,A) of any
simple typeλ is a multiple of a simple characterθ ∈ C(A,0, β) and the pair(H1, θ) is a
decomposed pair inG relative to(M,P ), satisfying:H1 ∩ M = H1(β,A(1)) × H1(β,A(2))
and θ|H1∩M = θ(1) ⊗ θ(2), whereθ(i) ∈ C(A(i),0, β) is the image ofθ under the bijection

C(A(i),0, β) ≈−→ C(A,0, β) given by Theorem (3.6.14). Since the family of bijections given
(3.6.14) is unique andA(1) = A(2) = A0, we must haveθ(1) = θ(2), and from (3.6.14) there is
uniqueθ ∈ C(A,0, β) such thatθ|H1∩M = θ0 ⊗ θ0.

With this choice ofθ, the next step towardsλ is the choice of aβ-extensionκ. From (7.2.5),
(7.2.15), (7.2.16), it has the formκ = IndJ

JP
κP where again the pair(JP , κP ) is decomposed

and(κP )|J∩M = κ(1) ⊗ κ(2), both beingβ-extensions ofη0. Since(κP )|J∩M is normalized by(
0 IN

�E 0

)
(7.2.15) and
E intertwinesκ(i), we haveκ(1) � κ(2) � κ0⊗χ◦detB0 in the notation

of (5.2.2). Sinceκ⊗ χ−1 ◦ detB is anotherβ-extension we may pickκ in the first place so tha
(κP )|J∩M = κ0 ⊗ κ0.

All we have to do now is to tensorκ with σ0 ⊗ σ0 as before (7.2.17). �
COROLLARY. – The pair(JP , λP ) is a G-cover of the pair(Γ × Γ, γ ⊗ γ) in M . The pair

(JP , λP ) is a type in G attached to the inertial class[M,π ⊗ π]G.

The first assertion follows from (7.3.2) and the results in [12, §7], the second from Theore
in [12]. Note that by symmetry – see (7.1.13) – this also holds for the pair(JP− , λP−), with
JP− = (J ∩P−)H1.

Before turning to the case of self-contragredient supercuspidals in the next paragraph
fix some more notations and write down some properties that will be used later on; they all
from [11, §3.1].
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Let

U =
(

0 MN(F )
)

and U− =
(

0 0
)

.

n

to

s
t

verse is

-

r

0 0 MN(F ) 0

We will identify U− with MN(F ) through
(

0 0
X 0

)
�→ X andU with MN(F ) through(

0 X
0 0

)
�→X.

We also use the isomorphismsi+ and i− from MN(F ) to U = 1 + U and U− = 1 + U−

respectively, defined by

i+(X) =
(

I X
0 I

)
, i−(X) =

(
I 0
X I

)
.

Write J1 = J1(β,A), J1 = J1(β,A), J1
− = J1 ∩ U−, J1

+ = J1 ∩ U (both viewed as lattices i
MN(F )), and similarly forH1, H1. From [11, §3.1, 7.1] we have:

J1 = 1 + J1 = i−
(
J1
−

)(
J1 ∩M

)
i+

(
J1

+

)
,

H1 = 1 + H
1 = i−

(
H

1
−

)(
H1 ∩M

)
i+

(
H

1
+

)
.

The latticesH1 andJ1 are invariant under conjugation byK(B), hence by
(

0 IN

�E 0

)
. Hence

J
1
− = 
EJ

1
+ = J

1
+
E ; H

1
− = 
EH

1
+ = H

1
+
E .

Those lattices inMN (F ) also satisfy:


EJ1
− ⊂ H1

− ⊂ J1
− ⊂H1

+ ⊂ J1
+ ⊂ 
−1

E H1
+.

2.2. Intertwining properties in the self-contragredient case

Let (Γ, γ) = (J(β,A0), λ(β,A0)) be a maximal simple type inGLN (F ) as above, attached
the inertial class ofπ. We want to use the decomposed pair(JP , λP ) given by Proposition 2.1
to produce a decomposed pair inG through the process described in Proposition 1.2. This i
easy ifΓ is equal to τΓ andγ∗ equivalent toγ, which implies that π and its contragredien
representation belong to the same inertial class. We actually want to show that the con
true up to conjugacy.

PROPOSITION. – Let (Γ, γ) be a maximal simple type inGLN (F ) such that the correspond
ing inertial class of irreducible supercuspidal representations ofGLN (F ) contains a self-
contragredient representationπ. We keep the notation in Section2.1 and assume the orderA0 is
standard.

(i) There existsσ in U(A0) such thatΓ is stable under̃σ : x �→ σ τx−1σ−1, andγ is equivalent
to γ ◦ σ̃.

(ii) Such an elementσ is unique up to left multiplication byΓ. It satisfies:
(a) σ τσ−1 ∈ Γ and
−1

E σ τ
E
τσ−1 ∈ Γ.

(b) The map̃σ stabilizesH1(β,A0) andJ1(β,A0) and we have: θ0 = θ0 ◦ σ̃.
(c) The latticesJ1

+, J1
−, H1

+ and H1
− in MN(F ) defined in Section2.1 are stable unde

X �→ σ τXσ−1.
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Example. – AssumeN = 2 and E is a quadratic extension ofF generated by an element
of matrix form

(
0 a
b 0

)
. Then we may takeσ =

(
1 0
0 −1

)
; here conjugation byσ realizes the

conjugation ofE overF andσ plays an explicit part in the construction ofG-covers in [2,3].

7],
ted
le

ntation

um

s
ter
e

e

e

es

e

d

e

Proof. –We call herestandardan order whose matrix form is given by [11], (2.5.1) or [
(1.9). Note that we can always conjugate(Γ, γ) into a maximal simple type whose associa
order is standard. The property we need here is thatA0, being standard and principal, is stab
under the mapx �→ τx.

(i) By a theorem of Gelfand and Kazhdan [13, Theorem 2], the contragredient represe
of π is equivalent to the representationπ∗ defined byπ∗(x) = π( τx−1). SinceA0 is stable
underτ , the automorphismx �→ τx−1 transforms the pair(Γ, γ) = (J(β,A0), λ(β,A0)) into
(Γ∗, γ∗) = (J(− τβ,A0), λ(− τβ,A0)), a maximal simple type underlaid by the simple strat
[A0, n0,0,− τβ]. Sinceπ∗ is equivalent toπ, those two types,(Γ, γ) and(Γ∗, γ∗), intertwine in
GLN (F ) and we may use [11, Theorem (5.7.1)] to derive that they are conjugate inGLN (F ).
Since the two types are associated to the same orderA0, the proof of loc. cit. actually tells u
more: indeed it says that there is an elementσ in U(A0) that conjugates the simple charac
θ0 ∈ C(A0,0, β) into θ∗0 = θ0 ◦ (x �→ τx−1) ∈ C(A0,0,− τβ), and that, eventually, that sam
elementσ conjugates(Γ, γ) into (Γ∗, γ′) whereγ′ is equivalent toγ∗ (if γ has level0, it says
thatγ andγ∗ are equivalent).

(ii) Let σ1 be another such element. The automorphismσ̃1 ◦ σ̃ normalizes(Γ, γ) and is a
conjugation byσ1

τσ−1 that must therefore belong toE×Γ ∩ U(A0) = Γ ([11], (6.2.2)). Then
the first part in (a) follows whenceσ1 ∈ Γ τσ = Γσ.

For the last part in (a), we use the same argument: the elementσ1 = 
−1
E σ also satisfies th

conditions in (i) – except that it does not belong toU(A0) – because
E normalizes(Γ, γ), and
the determinant ofσ1( τσ1)−1 is 1, whence the result.

Now, for (b) we only have to note that the elementσ produced in the proof of (i) satisfies th
required properties.

The first step in the proof of (c) is the description ofJ1(β,A) and H1(β,A) in terms of
the lattices inMN(F ) attached to[A0, n0,0, β], as in [11], (7.1.12). Since the given lattic
in M2N (F ) are the direct sums of their intersections with theHomF (V (i), V (j)) we use the
corresponding block-matrix notation.

LEMMA. – For any non-negative integerk, we have:

Hk(β,A) =
(

H[(k+1)/2](β,A0) J[k/2](β,A0)

EJ[k/2](β,A0) H[(k+1)/2](β,A0)

)
and

Jk(β,A) =
(

J[(k+1)/2](β,A0) 
−1
E H[k/2]+1(β,A0)

H[k/2]+1(β,A0) J[(k+1)/2](β,A0)

)
.

Proof. –The diagonal blocks are already describedin [11], Proposition (7.1.12), (iii). Sinc
the latticesHk(β,A), Jk(β,A) are invariant under conjugation by

(
0 IN

�E 0

)
∈K(B), all we have

to show isHk(β,A)∩N = J[k/2](β,A0) andJk(β,A)∩N− = H[k/2]+1(β,A0). The proof of this
goes exactly as in loc. cit.: the equality is first checked forβ a minimal element, then obtaine
by induction alongβ. �

SinceJ1
+ = 
−1

E J1
− andH1

− = 
EH1
+ it is easy, using property (a), to check thatJ1

+ and
H1

− are stable under the mapΣ:X �→ σ τXσ−1 if J1
− andH1

+ are. From the lemma we hav
J1
− = H1(β,A0) andH1

+ = J(β,A0).
We know from (b) thatΣ stabilizesH1(β,A0) = 1 + H1(β,A0) henceH1(β,A0).
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We haveJ(β,A0) = B0 + J1(β,A0) ([11] (3.1.8)) andJ1(β,A0) is stable underΣ by (b),
so we have to show thatΣ(B0) is contained inJ(β,A0). We know thatΣ(Q0) = Σ(B0 ∩P0)
is contained inJ1(β,A0). SinceJ(β,A0) = Γ is invariant under̃σ we also know thatΣ(B×

0 )

of

e

e

ariance

on
ple

lution
will

ick
is contained inJ(β,A0). Our claim then follows from the fact thatB0 is theoE-linear span of
B

×
0 : B0 = oE [B×

0 ], as asserted in [7] on page 190 (recallp � 3). �
Let S =

(
I 0
0 σ

)
; it belongs toU(A). DefineJS = S−1JS andλS(x) = λ(SxS−1), x ∈ JS ,

where (J,λ) is the simple type given by Proposition 2.1. Recall that the restrictionλ
to H1 = H1(β,A) is a multiple of a simple characterθ ∈ C(A,0, β) such that(H1, θ) is
a decomposed pair inG relative to (M,P ) with H1 ∩ M = H1(β,A0) × H1(β,A0) and
θ|H1∩M = θ0 ⊗ θ0.

COROLLARY. – The representationλS of JS = J(S−1βS,A) is a simple type with th
following properties:

(i) The pair(JS
P , λS

P ) is a decomposed pair inG relative to(M,P ) with:

JS
P ∩M = JS ∩M = Γ× τΓ and

(
λS

P

)
|JS∩M

� γ ⊗ γ∗.

The same holds for the pair(JS
P− , λS

P−).
(ii) The groupsJS , JS

P andJS
P− are invariant under the involutionX �→ TX−1.

(iii) The groupH1(β,A)S is invariant under the involutionX �→ TX−1 and so is the simpl
characterθS . We haveθS

|H1S∩M
= θ0 ⊗ θ∗0 .

Indeed, using Iwahori decompositions of those groups, one checks easily that the inv
of their intersections withM , U andU− derives from the properties in the proposition.

2.3. A block-diagonal skew-simple stratum

The simple characterθS ∈ C(A,0, S−1βS) in the above corollary is fixed under the involuti
X �→ TX−1; it follows from [22], Theorem 6.3, thatthis character can be viewed as a sim
character attached to a skew simple stratum, namely:

There exists a simple stratum[A,2n0,0, δ] in EndF (V ) satisfyingδ = − Tδ such thatθS

belongs toC(A,0, δ).
In our situation we want, though, to work with a field extension both stable under the invo

and contained inM . We will thus derive a number of properties of the above stratum that
lead us to that goal: we will first study the hermitian structure ofV over the fieldL = F [δ] and
show that we can conjugateδ into a block diagonal elementg−1δg (Lemma 1); then we will use
the very strong intertwining properties of simple types (Lemma 2) to show that we can pg
in JS .

If δ is equal to0, thenL = F is already contained inM anyway. We thus assume thatδ 	= 0.
The involutionX �→ TX induces onL an automorphism of order2; let L0 be the fixed field of
this automorphism. ThenL is a separable extension ofL0 (recallp 	= 2) with

TrL/L0(X) = X + TX (X ∈ L).

Let φ be any non-zeroF -linear form onL0; thenφ ◦TrL/L0 is a non-zeroF -linear form onL,
invariant under the involutionT . We define a non-degenerateL-anti-hermitian formbφ on V
through:

∀a ∈L, ∀x ∈ V, ∀y ∈ V, 〈ax, y〉 = φ ◦TrL/L0

(
abφ(x, y)

)
.

The intersection ofEndL(V ) with Sp(V ) is the unitary groupU(V, bφ) relative to that form.
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We first want to find a decomposition of the symplecticF -spaceV as a direct sum of
maximal isotropic subspaces stable underL; it amounts to showing that the anisotropic part
of the (anti-)hermitian space(V, bφ) is equal to{0}. To show this we will use lattice duality, and

form.

e
f-
,

,

, 1.10

on of
uration

c
n

at
it will actually be easier, as Shaun Stevens pointed out to us, to work with an hermitian
We then fix an elementu in L satisfyingTrL/L0(u) = 0 and such thatvalLu = 0 if L/L0 is
unramified,valLu = 1 if L/L0 is ramified, and we define:dφ(x, y) = ubφ(x, y) (x, y ∈ V ). This
is an hermitian form.

Recall ([11], (3.5.1)) that the field extensionsE = F [β] and L = F [δ] have the sam
ramification index and residual degree overF (hence[E : F ] is even). In particular the sel
dual lattice chain(Λi)i∈Z attached toA (2.1) has period2 overL (by definition of a stratum
those lattices areoL-lattices). ForY anoL-lattice inV we put:

Y 	 =
{
v ∈ V | 〈v,Y 〉 ⊆ oF

}
; Y 
 =

{
v ∈ V | dφ(v,Y ) ⊆ oL

}
.

We fix φ such thatφ(oL0) = oF andφ(p−1
L0

) = p
−1
F ; we then haveY 
 = Y 	. SinceA0 is standard

we can number the lattice chain(Λ0,i)i∈Z in such a way that

Λ0,0 =

oF
...

oF

 .

We get the sequenceΛ	
1 = Λ−1 ⊃ Λ0 = Λ	

0 ⊃ Λ1 = 
LΛ−1, that reads:

Λ

1 = Λ−1 ⊃Λ0 = Λ


0 ⊃ Λ1 = 
LΛ−1.

This is the self-dual slice of the lattice chain in the sense of Morris [17]. Propositions 1.7
in [17] tell us that we can find a decomposition of the hermitian space(V, dφ) into a direct
orthogonal sumV = VH ⊕ Va, whereVa is anisotropic and the anisotropic part ofVH is null,
such that, for alli ∈ Z: Λi = Λi ∩ VH ⊕Λi ∩ Va. We now use the following fact:

Let (W,b) be an anisotropic hermitian space overL. Assume there is anoL-lattice Y in W
satisfying:

– Y = Y 
 if L/L0 is unramified;
– Y = 
LY 
 if L/L0 is ramified.

ThenW has dimension0 or 1 overL.

Remark. – The first case is a remark in [16], 5.I.1. Both cases rely on the classificati
anisotropic hermitian spaces (see, e.g., [16], 1.I.4, or [17], 1.8); indeed such a config
cannot occur in two-dimensional spaces.

We can now conclude, sinceV has even dimension overL as overE, that the anisotropi
part of V is null. Again, from Propositions 1.7, 1.10 in [17], we can find a decompositio
V = W1 ⊕W2 into a direct sum of maximalbφ-isotropicL-subspaces such that:

– for all i ∈ Z, Λi = Λi ∩W1 ⊕Λi ∩W2;
– the induced lattice chains onW1 andW2 have period1 overL;
– Λ1 = Λ0 ∩W1 ⊕
LΛ0 ∩W2.
Let (f1, . . . , fN ) be anoF -basis for(Λi ∩ W1)i∈Z (see definition (1.1.7) in [11]) such th

Λ0 ∩W1 = oF f1 + · · ·+ oF fN ; one checks easily that the basis(fN+1, . . . , f2N) of W2 defined
by 〈fk, f2N−k+1〉 = −1 for 1 � k � N and〈fj , f2N−k+1〉 = 0 for 1 � k � N , 1 � j � N and
j 	= k, is anoF -basis for(Λi ∩W2)i∈Z.
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Let g be the element ofSp(V ) that sends the canonical basis(e1, . . . , e2N ) on (f1, . . . , f2N ).
We started (see 2.1) with a decompositionV = V (2) ⊕ V (1) having the same properties with
respect toE as the above decomposition with respect toL, and (e1, . . . , eN) is an oF -basis

,

le
e

ion
cible
d

pe
d
p:

d

ive

f

ll
for (Λi ∩ V (2))i∈Z. We thus haveg(Λi ∩ V (2)) = Λi ∩ W1 for all i ∈ Z, hence, using duals
g(Λi) = Λi, sog belongs toA×. We sum up what we have just proved:

LEMMA 1. –There exists an elementg in Sp2N (F )∩A× such thatg−1δg is block diagonal,
namely

g−1δg =
(

δ0 0
0 − τδ0

)
.

Let us come back now to the simple type(JS , λS) in Corollary 2.2, related to the simp
characterθS in C(A,0, S−1βS) = C(A,0, δ). Its conjugate(JSg, λSg) is related to the simpl
characterθSg in C(g−1Ag,0, g−1δg); note thatg−1Ag = A since g belongs toA×. Since
g−1δg is block diagonal, the machinery of [11], §7.1 and 7.2 applies:(JSg, λSg) determines
equivalent maximal simple typesρ(1) andρ(2), attached respectively to the strata[A0, n0,0, δ0]
and [A0, n0,0,− τδ0]; from [11], Theorem 7.2.17, we have:(λSg)U = ρ(1) ⊗ ρ(2) (see also
terminology 7.2.18, (iii)).

We now recall [11], Corollary 7.3.12. Letπ′ be any smooth irreducible representat
of G containingλ. Its supercuspidal support consists of unramified twists of an irredu
supercuspidal representationπ of GLN (F ) containingγ, the maximal simple type we starte
with in 2.2:(Γ, γ) = (J(β,A0), λ(β,A0)).

But π′ containsλ if and only if it containsλSg , henceπ also contains the maximal simple ty
ρ(1). Since the maximal simple typesλ(β,A0) andρ(1) intertwine inGLN (F ) and are associate
to the same orderA0, they are conjugate inA×

0 ([11], Theorem 5.7.1 and its proof). We sum u

LEMMA 2. –Let(J(δ0,A0), ρ(1)) be the maximal simple type associated to(JSg, λSg). There
exists an elementa in A

×
0 such thatJ(δ0,A0) = a−1J(β,A0)a andρ(1) � [λ(β,A0)]a.

Now the elementa above is related as follows to the elementg in Lemma 1:

PROPOSITION. – Let c =
(
a 0
0 τ a−1

)
be the element ofSp2N (F ) ∩ A× associated toa. Then

g belongs to the cosetcJSg in A×.

Proof. –To simplify notation here we letH = JSg = J(g−1δg,A) and µ = λSg . We use
[11], Theorem 7.2.17, to produce two decomposed pairs(H1, µ1) and(H2, µ2) in H such that
µ = IndH

H1
µ1 = IndH

H2
µ2.

For the first one we letµ1 be the natural action ofH1 = (H ∩ P )H1(g−1δg,A) on the space
of (H ∩ U)-fixed vectors inµ; indeedH1 = (JSg)P , µ1 = (λSg)P . We obtain a decompose
pair (H1, µ1) relative to(M,P ) with µ = IndH

H1
µ1.

For the second one, we letH2 = (JP )Sg , µ2 = (λP )Sg and obtain a decomposed pair relat
to (g−1Mg,g−1Pg) with µ = IndH

H2
µ2.

We now apply Mackey’s theorem [15] to the irreducible representationµ. The intertwining of
µ in H is one-dimensional, hence there exists a unique double cosetH2zH1 in H such that the
restrictions ofµ1 andµz

2 to their common domainH1 ∩ z−1H2z intertwine.

Let us look at the induced representationIndA
×

H µ. It is irreducible – indeed the intertwining o
µ in A× is contained in the intersection withA× of the intertwining of the simple characterθSg ,
hence in(HD×H) ∩ A× = H(D ∩ A)×H = H , whereD is the commutant algebra ofg−1δg.

Applying the same theorem toIndA
×

H1
µ1 = IndA

×

H2
µ2 produces a unique double cosetH2z

′H1

in A× with the previous properties. We must haveH2zH1 = H2z
′H1, hence the proposition wi

follow from:
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CLAIM . – g−1c intertwinesµ1 andµ2.

First note that the pairs(H1, µ1) and (H2, µ2) are both invariant (up to equivalence of the
T −1

m

f

.14:
representations) under the involutionx �→ x : this follows from Corollary 2.2, sinceg belongs
to Sp(V ).

We have c−1gH2g
−1c = c−1JS

P c, so the pairs(H1, µ1) and (Hg−1c
2 , µg−1c

2 ) are both

decomposed with respect to(M,P ) and the representationsµ1 andµg−1c
2 intertwine if and only

if their restrictions toH1 ∩M andHg−1c
2 ∩M intertwine.

Now H1 ∩ M = J(g−1δg,A)∩ M = J(δ0,A0)× τJ(δ0,A0) and the restriction ofµ1 there
is ρ(1) ⊗ ρ(2), equivalent toρ(1) ⊗ (ρ(1))∗. On the other hand:

Hg−1c
2 ∩M = c−1(JP ∩M)Sc =

(
a−1J(β,A0)a

)
× τ

(
a−1J(β,A0)a

)
and the restriction ofµg−1c

2 there is isomorphic to[λ(β,A0)]a ⊗ ([λ(β,A0)]a)∗. We now
conclude with Lemma 2. �

Sincec−1g belongs toJSg, thenc−1 belongs tog−1JS so we can writeg = hc with h ∈ JS ;
note thath belongs toG sinceg andc do. Since the elementsg−1δg = c−1h−1δhc andc belong
to M , so doesh−1δh. Furthermore, sinceh belongs toJS , it stabilizes the simple characterθS .

We have finally proved that, given any simple stratum[A,2n0,0, δ] in M2N (F ) satisfying
δ = − Tδ and θS ∈ C(A,0, δ), there exists an elementh ∈ JS ∩ G such thath−1δh belongs
to M . We conclude:

THEOREM. – Let θS be the simple character in Corollary2.2. There exists a simple stratu
[A,2n0,0, α] in M2N (F ), satisfyingα ∈ M andα = − Tα, such thatθS belongs toC(A,0, α).

Now write α =
(

α0 0
0 − τ α0

)
and note that such an element generates a field overF if and

only if α0 = 0 (case ruled out from the start) or the fieldK = F [α0] is a quadratic extension o
K0 = F [α2

0].
Recall that the pair(H1(α,A), θS) is a decomposed pair above(H1(α0,A0)×H1(− τα0,A0),

θ0 ⊗ θ∗0) and isT -stable, i.e.:{
H1(α0,A0)×H1(− τα0,A0) = H1(α0,A0)× τH1(α0,A0),
θS

((
g1 0
0 g2

))
= θ0(g1)θ0( τg−1

2 ).

From [11], Proposition 7.1.19, we conclude that the characterg �→ θ0( τg−1) onH1(− τα0,A0)
is the image ofθ0 under the canonical transfer of simple characters from [11], Theorem 3.6

C(A0,0, α0)
≈−→C(A0,0,− τα0).

It is difficult here to use the original notations to denote the canonical map; indeedC(A0,0,− τα0)
is still a set of simple characters attached toα0, but we change the action ofK on the underlying
vector space by composing it withτ and with the Galois conjugacy overK0, denoted byx �→ x.
We now use the following

FACT. – Letψ1, ψ2 be twoF -embeddings ofK into MN (F ) such thatψ1(K×) andψ2(K×)
both normaliseA0. There existsu in U(A0) such that, for allx in K , we haveψ2(x) =
u−1ψ1(x)u. The canonical transfer map between the set of simple charactersC(A0,m,ψ1(α0))
andC(A0,m,ψ2(α0)) (m in N) is then given byθ �→ θu.
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(The first assertion above is Lemma 1.6 in [9]. The second is so tautological that it is implicit
in [11]. In any case properties 3.6.13 in [11] are easily checked.)

We may then choose an elementσ in U(A0) such thatσ−1xσ = τx for all x in K . The
ter

-

a

proof

nce

ld not

ient

i

canonical transfer map fromC(A0,0, α0) to C(A0,0,− τα0) hence transforms a simple charac
µ into the simple characterx �→ µ(σxσ−1). We get:

COROLLARY. – Let (Γ, γ) be a maximal simple type inGLN (F ) such that the correspond
ing inertial class of irreducible supercuspidal representations ofGLN (F ) contains a self-
contragredient representationπ, and assume the corresponding principal orderA0 is standard.
Then either(Γ, γ) has level zero, or the simple characterθ0 underlying it can be attached to
simple stratum[A0, n0,0, α0] in MN(F ) with the following properties.

(1) The fieldF [α0] is a quadratic extension ofF [α2
0] – in particularN is even.

(2) Let x �→ x denote the Galois conjugation ofF [α0] overF [α2
0]. There is an elementσ in

U(A0) such thatσ−1xσ = τ x for all x in F [α0]. The simple characterθ0 then satisfies:

θ0

(
σ τxσ−1

)
= θ0

(
x−1

)
(x ∈ H1(α0,A0)).

Remark1. – The elementσ above satisfies all assumptions in Proposition 2.2 (see the
of 2.2). It is unique up to left multiplication byU(B0), andσ τσ−1 belongs toU(B0).

Remark2. – We can apply the above fact to the embeddingx �→ τx of K into MN (F ), and
getu in U(A0) such thatu−1xu = τ x for all x in K . The transfer map betweenC(A0,m,α0)
andC(A0,m, τα0) is then given byθ �→ θu. Since it is also given byθ �→ θ ◦ τ , any simple
characterθ in C(A0,m,α0) satifiesθ(g) = θ(u τgu−1). We let ν = σu−1 and combine this
with the above corollary: we haveν−1xν = x for x ∈ K andθ0(νxν−1) = θ0(x−1) for x in
H1(α0,A0). This is the formulation given in the introduction; it is conjugacy-invariant, he
the assumption thatA0 is standard can be removed there.

Remark3. – One can actually go further along the same lines and show thatf = N/[E : F ] is
either even or equal to1; hence either[E : F ] is equal toN , or N is a multiple of4.

3. A sequence of Sp2N(F )-covers

3.1. Construction of the sequence

We do not need in this paragraph the results obtained in Section 2.3; their use wou
help. Henceworth we keep the notations and assumptions in Section 2.2 – in particular(Γ, γ)
is a maximal simple type inGLN (F ), attached to the inertial class of a self-contragred
supercuspidal representationπ, andA0 is standard – and start with a sequence(Ji, λi)0�i�4

of G-covers of the pair(Γ× Γ, γ ⊗ γ) as obtained from Proposition 2.1:

(J3, λ3) = (JP , λP ); (J2, λ2) = (JP− , λP−);

(J1, λ1) =
(
Js

2 , λs
2

)
; (J0, λ0) =

(
Js

3 , λs
3

)
with s =

(
0 I
I 0

)
;

(J4, λ4) =
(
Jc

0 , λc
0

)
with c =

(

E 0
0 
−1

E

)
.

Note that the elementss and c normalize(Γ × Γ, γ ⊗ γ). Let us write down the Iwahor
decompositions of theJi’s to visualize them:
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J0 = i−
(
J1

+

)
(J ∩M)i+

(
H1

−
)
, J1 = i−

(
H1

+

)
(J ∩M)i+

(
J1
−

)
,

J2 = i−
(
J1
−

)
(J ∩M)i+

(
H1

+

)
, J3 = i−

(
H1

−
)
(J ∩M)i+

(
J1

+

)
,( ) ( )

h

ve

f
s
s
pairs
ce

s.

],
f

odicity

es
rty
e.

ng
to the
e

tion of
J4 = i− J1
−
E (J ∩M)i+ 
−1

E H1
+ .

The process in Proposition 1.2, applied to the conjugatesJS
i of Corollary 2.2, provides us wit

a corresponding sequence of decomposed pairs(JS
i , λ̂S

i ) in G, that we will denote by(Ωi, ωi) to
simplify notations; namely:

(Ωi, ωi)0�i�4 with Ωi = JS
i ∩G, Ωi ∩M = i(Γ) and (ωi)|Ωi∩M = i(γ).

We have:

JS
4 =

(

−1

E 0
0 σ−1
Eσ

)
JS

0

(

E 0
0 σ−1
−1

E σ

)
with(


−1
E 0
0 σ−1
Eσ

)
=

(

−1

E 0
0 τ
E

)(
I 0
0 τ
−1

E σ−1
Eσ

)
and we know from Proposition 2.2 thatτ
−1

E σ−1
Eσ belongs toσ−1Γσ = τΓ. HenceΩ4

is equal toz−1Ω0z wherez =
(�E 0

0 τ �−1
E

)
belongs toG. We can thus derive from the abo

(Ωi, ωi)0�i�4 an infinite sequence of decomposed pairs inG through:

Ωi+4j = z−jΩiz
j, i ∈ {0,1,2,3}, j ∈ N.

THEOREM. – The pairs(Ωi, ωi), i ∈ N, areG-covers of the pair(i(Γ), i(γ)).

Remark. – Let (Γ′, γ′) be another maximal simple type attached to the inertial class oπ.
From [11], (6.2.4), we can finda ∈ GLN (F ) such thatΓ′ = Γa, γ′ = γa. The conjugate
of the subgroups in Corollary 2.2 by the elementA = i(a) in Sp2N (F ) satisfy analogou
properties with respect to(Γ′, γ′). The process in Proposition 1.2 then gives us decomposed
above(i(Γ′), i(γ′)) which areG-covers of(i(Γ′), i(γ′)), asA-conjugates of the above. Hen
Theorem 3.1 actually provides us with a construction of aG-cover of(i(Γ), i(γ)) whether or not
A0 is standard.

The proof of this theorem will occupy the remainder of this paper; it is organised as follow
From the properties recalled in Section 2.1 we know that the sequencesΩi ∩ U andΩi ∩ U

−
,

i ∈ N, are respectively increasing and decreasing, with
⋃

i∈N
Ωi = U . We can then use [2

Theorem I.3.4: to show that the sequence of decomposed pairs(Ωi, ωi) is actually a sequence o
covers, it is enough to show that each couple of consecutive pairs((Ωi, ωi), (Ωi+1, ωi+1)), i∈ N,
satisfies one of three criteria. In the present paragraph we will prove a convenient peri
lemma, allowing us to reduce this checking of criteria to the casesi = 0 to 3. For i = 0 or 2,
criterion 1 in loc. cit. is satisfied (3.2). Fori = 1 or 3, criterion 2 is used, but the proof in 3.3 tak
for granted an intertwining property, property(�). Section 4 is then devoted to proving prope
(�), or rather Proposition 4.1 which implies the former; for this we will need Theorem 2.3, i.
the stability of the underlying fieldextension under the involutionT .

Since an appropriate power of
E belongs to
F Γ, the sequence(Ωi, ωi) is periodic in
the sense of [5], Lemma 1, with period4e(E/F ). Since we would rather restrict the checki
of criteria to the smallest possible number of cases, we have to generalize this lemma
case of our elementz, which does not lie in the center ofM . Note that although we state th
periodicity lemma below in our present context, it actually holds in the more general situa
[5], Lemma 1.
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LEMMA. – Let z be an element ofM which normalizesΩi ∩ M = i(Γ) and such thatγ and
zγ :x �→ γ(z−1xz), are equivalent representations ofΓ. Let i, k ∈ N such thatΩi+k = z−1Ωiz
andΩi+k+1 = z−1Ωi+1z. Let(τ,W ) be a smooth representation ofG and define, forw ∈ Wωi :

ing

s

y

Nτ
i (w) =

∫
Ωi∩U

−

τ(y)dy

∫
Ωi+1∩U

τ(n)wdn.

We haveNτ
i+k = τ(z−1)Nτ

i τ(z), henceNτ
i+k is injective onWωi+k if and only if Nτ

i is injective
onWωi .

Proof. –Sincez belongs toM we have:Ωi+k ∩ U
−

= z−1(Ωi ∩ U
−

)z andΩi+k+1 ∩ U =
z−1(Ωi+1 ∩ U)z. From a change of variables(y,n) �→ (z−1yz, z−1nz) in the integral defining

Nτ
i+k, we get Nτ

i+k = τ(z−1)Nτ
i τ(z) (indeed the moduli of the action ofz on U and U

−

are mutually inverse). The consequence on injectivity relies on the equalityτ(z)Wωi+k = Wωi ,
due to the fact that, sinceγ andzγ are equivalent, the representationsωi andzωi+k of Ωi are
equivalent. �

Since our present elementz =
( �E 0

0 τ �−1
E

)
satisfies the assumptions in the lemma, show

injectivity of the operatorsNτ
i for i ∈ N amounts to showing it fori = 0 to 3. In other words

(see [5], Proposition 1), we only need to check the criteria in [2], Theorem I.3.4, fori = 0 to 3.

3.2. Injectivity of Nτ
i for i = 0 or 2

We start with the casei = 2 and will prove that criterion 1 is satisfied, namely:

for anyy in Ω3 ∩ U , y /∈ Ω2, there is a closed subgroupX of Ω2 ∩ U
−

such thaty−1Xy is
contained inΩ2 and has no non-zero fixed vectors underω2.

We use the groupsH1 = H1(β,A) andJ1 = J1(β,A) from Section 2. From our definition
of J2 andJ3, both groups containH1 and the restrictions ofλ2 andλ3 to H1 are a multiple of
the simple characterθ which satisfies ([11], (7.2.3)):

FACT. – For x in J1 ∩ U− andy in J1 ∩ U , the commutator[x, y] = xyx−1y−1 belongs to
H1 and the map: (

J1 ∩U−/H1 ∩U−)
×

(
J1 ∩U/H1 ∩U

)
−→C×,

(x, y) �−→ θ
(
[x, y]

)
is a perfect duality between those two groups.

We have by definitionJ2 ∩ U− = J1 ∩ U−, J3 ∩ U− = H1 ∩ U−, J3 ∩ U = J1 ∩ U and
J2 ∩U = H1 ∩U . Conjugating byS then gives us a perfect duality:(

JS
2 ∩U−/JS

3 ∩U−)
×

(
JS

3 ∩U/JS
2 ∩U

)
−→ C×,

(x, y) �−→ θS
(
[x, y]

)
.

Corollary 2.2 states that the involutionX �→ TX−1 onG preservesJS
2 , JS

3 and the above dualit
given byθS . From Stevens’s remark in [22, §4], we conclude that by restriction toSp2N (F ) we
still have a perfect duality:

(Ω2 ∩U
−

/Ω3 ∩U
−

)× (Ω3 ∩U/Ω2 ∩U)−→ C×,

(x, y) �−→ θS
(
[x, y]

)
.
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Now for x in Ω2 ∩ U
−

andy in Ω3 ∩U , the commutator[x, y] belongs to

(H1 ∩U
−

)i(g)(H1 ∩U)

if

ra

g:

haracter

ties

that
s

for someg in H1(β,A0), and we haveθS([x, y]) = θ0(g)2. On the other handω2([x, y]) is a
multiple of θ0(g). SinceH1 is a p-group withp odd, the perfect duality above implies that,

y /∈Ω2, the subgroupy−1(Ω2 ∩U
−

)y acts inω2 through a non-trivial character.�
The casei = 0 is entirely similar: indeedJ1 = sJ2s

−1 andJ0 = sJ3s
−1.

3.3. Injectivity of Nτ
i for i = 1 or 3

Those steps are more involved that the previous ones – indeed, in cases whenJ1
± = H1

±, we
haveΩ2 = Ω3. We start withi = 1 and want to show that criterion 2 is satisfied, i.e.:

there is a compact subgroupK of G, containing Ω1, such that the Hecke algeb
H(K,Ω1, ω1) is supported onΩ1 ∪Ω1tΩ1 for somet in K satisfying:

t−1i(Γ)t = i(Γ), t−1(Ω1 ∩U)t = Ω2 ∩U
−

, t−1(Ω1 ∩U
−

)t = Ω2 ∩U.

We certainly haveΩ1 = tΩ2t
−1 with

t =
(

0 σ
− τσ−1 0

)
= S−1

(
0 I

−σ τσ−1 0

)
S (t ∈G).

Note that
(

0 I
−σ τ σ−1 0

)
belongs to the cosets(Γ×Γ) from Proposition 2.2(a); hencet normalizes

(Ω2 ∩M,i(γ)) and intertwinesω2.
SinceJ1 = sJ2s

−1 andJ2, s andS are contained inK = GL2N (o) (recallA0 is standard), the
subgroup generated byΩ1 andΩ2 is contained in the maximal compact subgroupK = Sp2N (o).
Note that working withΩ2 or Ω1 here amounts to the same since the elementt2 belongs toi(Γ).
The support ofH(G,Ω2, ω2) is theG-intertwining ofω2, criterion 2 hence amounts to showin

PROPOSITION. – We have: IG(ω2)∩K ⊂Ω2 ∪Ω2tΩ2.

Proof. –From Proposition 1.2 we know thatIG(ω2) is contained inIG(λS
2 ), itself contained

in IG(θS), since the restriction ofλS
2 to H ′ = S−1H1S is a multiple ofθS .

We must now make an essential use of Shaun Stevens’s results in [22]. Indeed the c
θS of H ′ is fixed under the involutionx �→ Tx−1. From [22], Theorem 6.3, it follows thatθS can
be viewed as a simple character attached to a skew simple stratum, hence satisfies the proper
shown in [22], §3. In particular we have by [22], Theorem 3.7:

IG

(
θS

)
= IG

(
θS

)
∩G.

We thus have the following information on the support we are looking for:

IG(ω2) ∩K ⊂ IG

(
θS

)
∩K.

From [11], (5.1.1) and (5.5.11), the intertwining ofθ is equal toJB×J = JW̃J , whereW̃
is the affine Weyl group ofB× relative to the basis given in loc. cit. Assume for a moment
[E : F ] = N . SinceB× is isomorphic toGLi(E) with i[E : F ] = 2N , we are considering in thi
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case the affine Weyl group ofGL2(E), whose intersection with a maximal compact subgroup
has at most two elements, soIG(θ) ∩ K consists of the two double classesJ andJsJ and we
get:

ce

be

ebra
the
.2
–

d
ula,

that
IG(ω2)∩K ⊂
(
JS ∪ JStJS

)
∩K.(�)

We now drop our assumption on[E : F ] and get on with our proofassuming that(�) holds.
SinceJ = i−(J1

−)(J ∩ M)i+(J1
+) = (J2 ∩ U−)(J2 ∩ M)(J3 ∩ U) = J2J3, the groupΩ =

JS ∩ G satisfiesΩ = (Ω2 ∩ U
−

)(Ω2 ∩ M)(Ω3 ∩ U) = Ω2Ω3 = Ω2(Ω3 ∩ U). Furthermore we
have:

LEMMA. – JS t JS ∩G = Ω tΩ.

Proof. –Sincet(JS ∩U−)t−1 is contained inJS ∩U , we have

JStJS =
(
JS ∩U

)
t
(
JS ∩M

)(
JS ∩U

)
.

We apply [23], Theorem 2.3, to the automorphismx �→ Tx−1 of G, the pro-p-subgroupJS ∩U ,
and the subgroupH = (JS ∩M)∪ t(JS ∩M). Condition (2.1) in [23] is easily checked, hen

JStJS ∩G = (Ω∩U)t(Ω∩M)(Ω ∩U) = ΩtΩ. �
At this point we know:IG(ω2) ∩ K ⊂ Ω ∪ ΩtΩ. Now note that the above argument can

applied in exactly the same way to the representationω3 of Ω3; indeedJS
3 also containsH ′.

We thus getIG(ω3) ∩ K ⊂ Ω ∪ ΩtΩ, with the pleasant feature thatΩtΩ = Ω3tΩ3 since
Ω∩U = Ω3 ∩U .

We now use [11], (4.1.5): fori = 2,3, the dimension of the subspace of the Hecke alg
H(G,Ωi, ωi) supported onΩ (resp.ΩtΩ) is equal to the dimension of the subspace of
Hecke algebraH(G,Ω, IndΩ

Ωi
ωi) supported onΩ (resp.ΩtΩ). But the argument in Section 3

shows that the induced representation ofωi to Ω is irreducible, hence the first dimension
dimension of the subspaces supported onΩ – is equal to1. Furthermore the two induce
representationsIndΩ

Ωi
ωi, i = 2,3, are isomorphic (use for instance Mackey restriction form

plus the irreducibility and the fact that the representationsω2 andω3 coincide onΩ2 ∩ Ω3), so
the second dimension – dimension of the subspaces supported onΩtΩ – is the same fori = 2
andi = 3. Fori = 3 it is equal to1, because any intertwining betweenω3 andωt

3 must intertwine
the irreducible representationi(γ), then it is also equal to1 for i = 2, and sincet does intertwine
ω2 we get the required property.�

The last case left,i = 3, is dealt with exactly in the same manner, after observing
Ω4 = qΩ3q

−1 with:

q =
(

0 − τσ τ
−1
E

σ−1
E 0

)
= S−1

(− τσ τ
−1
E σ−1
E 0
0 I

)
wS, w =

(
0 
−1

E


E 0

)
.

Again we haveJ4 = wJ3w
−1. Furthermore, lety =

(
0 I
�E 0

)
; then:

yJ1y
−1 = J4, yJ2y

−1 = J3, yJ3y
−1 = J2 and ysy−1 = w.

So we can repeat the previous argument, and we obtain a formula analogous to (�), where we
replaceK by (Ky)S , ω2 by ω3, t by q. The lemma becomesJSqJS ∩G = ΩqΩ, with the same
proof except that the roles ofU andU− are exchanged. SinceΩ is contained in(Ky)S , the last
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part of the argument also follows through after exchanging the roles ofω2 andω3. The proof of
Theorem 3.1 is now complete, provided we prove (�) in Section 4 below.

gebra

by
t these
a

uadratic

operty

.1
ies of
f
n

t part,
t

.

um
e

ing

).

ave

e

Remark. – Along the lines of the above proof we might get on to show that the Hecke al
of the pair(Ω2, ω2) for instance, inG, is the algebra with generatorsTt andTq (elements with
support the double coset respectively oft andq) and relations the quadratic relations satisfied
Tt andTq (they belong to a two-dimensional subalgebra). We cannot expect though tha
quadratic relations be the same as the relations satisfied byTs and Tw in the Hecke algebr
of the pair(J2, λ2) in G – and it is not to be expected either! For instance, forN = 2, the
G-covers constructed in [2] are, in the self-contragredient case, instances of the above(Ω2, ω2).
The corresponding Hecke algebras are described in [3]; one can check there that the q
relations are, in a number of cases, different from the ones inGL4(F ).

4. Glauberman’s correspondence and intertwining

We must in this last part complete the proof of Theorem 3.1, that is, establish the pr
(�) in 3.3, as well as the analogous property needed in the last case (i = 3) in 3.3. We will
first show that these properties follow from a bound on intertwining, namely Proposition 4
(compare [11], Proposition 5.5.11). To prove this proposition, we will detail in 4.2 propert
the representations involved and use the argument in [11], Proposition 5.3.2, to reduce the proo
to a very precise intertwining assertion: Proposition 4.3. At last we will establish that assertio
using Glauberman’s correspondence together with arguments from [11], §5.1 and 5.2.

4.1. Intertwining and Weyl group

We must now use the full content of Theorem 2.3, so we change notations in this las
both to simplify them and to stick to the notations in [11]. We call(J,λ), θ, and so on, wha
we previously called(JS , λS), θS and so on (Corollary 2.2), callβ the element inMN(F )
previously calledα0 and callβ̃ the element inM2N (F ) previously calledα in Theorem 2.3, i.e
β̃ =

(
β 0
0 − τ β

)
.

We know that(J,λ) = (J(β̃,A), λ(β̃,A)) is a simple type attached to the simple strat
[A,2n0,0, β̃] and the simple characterθ ∈ C(A,0, β̃). Recall thatJ , λ andθ are stable under th
involution X �→ TX−1. We will abbreviateH1 = H1(β̃,A) and the same for, e.g.,J1, when
there is no risk of confusion.

We let E be the fieldF [β] in MN(F ) and B0 be its commutant; we still callE the field
embeddingF [β̃] in M2N (F ) and callB its commutant. The crucial fact is that the embedd

F [β̃] of E in M2N (F ) is stable under the involutionT andB
×

is a unitary group (Section 2.3

Let W be the affine Weyl group ofB
×

relative to the subgroup of diagonal matrices. We h
B

×
= U(B)WU(B), sinceU(B) contains a standard Iwahori subgroup ofB

×
. As in [11],

§5.5, we letM(B)× be the intersection withM of B×.
Let I(λ) be the representation of̄J defined byI(λ) = IndJ̄

J̄P
λ̂P (notation defined in 1.2). W

already know (3.3) that its intertwining is contained inJB×J = J1B×J1 (recallJ = U(B)J1).

SinceB is now stable underT we can use fully [22], Theorem 3.7, to get:J1B×J1 = J̄1B
×

J̄1.
We will prove in the next paragraphs the following proposition:

PROPOSITION. – The intertwining ofI(λ) is contained inJ̄1N
B

×(M(B)×)J̄1, equal to
J̄NW (M(B)×)J̄ .
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To derive property (�) we need only note that the normalizer ofM(B)× in W is equal to
(U(B) ∩W )W2(U(B) ∩W ) with{( ) } {( ) }

that

e

ion
W2 = 
i
E 0

0 τ
−i
E

, i ∈ Z ∪ 0 
i
Eσ

− τ
−i
E

τσ−1 0 , i ∈ Z ,

whereσ is an element inU(A0) satisfying the property in Corollary 2.3 (orσ = I in the level
zero case).

The intersection ofW2 with any compact subgroup has at most two elements. It follows
the intersection with any compact subgroup of the intertwining ofI(λ) contains at most two
J̄-double classes.

4.2. A one-dimensional intertwining space

To prove the above proposition we have to collect informations on the representationI(λ). We
need more notation. We letJ− = J ∩ U− = J1 ∩ U−, J+ = J ∩ U = J1 ∩ U , JM = J ∩ M ,
J1

M = J1 ∩ M , H− = H1 ∩ U−, H+ = H1 ∩ U , H1
M = H1 ∩ M , and so on. We define th

auxiliary subgroupsJ1
P = H−J1

MJ+ andK = H−H1
MJ+. We will move around the following

diagram (where arrows mean inclusion):

J̄ = J̄−J̄M J̄+ I(κ)
induction↗ ↖ extension

ĩ(κ0) J̄P = H−J̄M J̄+ J̄1 = J̄−J̄1
M J̄+ I(η)

extension↖ ↗ induction

J̄1
P = H−J̄1

M J̄+ η̂P = ĩ(η0)
↑ Heisenberg

K = H−H
1

M J̄+ ĩ(θ0)
↑ extension

H
1
= H−H

1

MH+ ĩ(θ0)

Here, for any subgroupN of G admitting an Iwahori decomposition with respect to(M,P ),
we denote bỹi(µ) the representation ofN trivial on N ∩U− andN ∩U and with restrictioni(µ)
to N ∩M , whenever it makes sense. We defineI(κ) = IndJ̄

J̄P
ĩ(κ0) andI(η) = IndJ̄1

J̄1
P

ĩ(η0). We

let ηP be the representationη|J1
P

of J1
P in the space of̄J+-fixed vectors inη, as in [11], §7.2.

By definition of η̂P (Proposition 1.2) we havẽi(η0) = η̂P . Furthermore, since the representat

ĩ(σ0) of J̄ is trivial on J̄1, we have:

λ̂P = ˜i(κ0 ⊗ σ0) = ĩ(κ0)⊗ ĩ(σ0)

hence

I(λ) = IndJ̄
J̄P

λ̂P �
(
IndJ̄

J̄P
ĩ(κ0)

)
⊗ ĩ(σ0) = I(κ)⊗ ĩ(σ0).

We need the following properties:

PROPOSITION. –
(i) The representationsI(κ) andI(η) are irreducible.
(ii) The restriction ofI(κ) to J̄1 is isomorphic toI(η).
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(iii) The representationI(η) is the Heisenberg representation above(H
1
, ĩ(θ0)).

(iv) The intertwining ofI(η) is equal toJ̄1B
×

J̄1 and for anyg in J̄1B
×

J̄1 the dimension of
the intertwining spaceI (I(η), J̄ ) is equal to1.

om

e

ces us

s

lity

exact

e
y

tor
ce

e

g 1

Proof. –The irreducibility ofI(η) is a consequence of the fact in 3.2 and (ii) follows fr
Frobenius reciprocity. For (iii) the argument is in [22, §4].

(iv) is more intricate but the proof is entirely in [11]. We recall the main points. First of all w
already know that the intertwining is contained in̄J1B

×
J̄1 so we may assume thatg belongs

to B
×

. SinceI(η) is a Heisenberg representation, the argument in [11], 5.1.8, 5.1.9, redu
to proving that [

J̄1 : J̄1 ∩
(
J̄1

)g] =
[
H

1
: H

1 ∩
(
H

1)g]
namely Lemma 5.1.10 in [11], but forG instead ofG. Using the Cayley transformx �→
(1 + x/2)(1 − x/2)−1, which is defined on(J1)− = {X ∈ J1 | TX = −X} and establishe

bijections between(J1)− andJ̄1, (H1)− andH
1
, and so on (see [24]), we replace the equa

to be proved by[(
J1

)−:
(
J1

)− ∩
((

J1
)−)g] =

[(
H1

)−:
(
H1

)− ∩
((

H1
)−)g]

(the Cayley transform onP is easily seen to preserve subgroup indices).
Now the proof of loc. cit. applies mutatis mutandis: all exact sequences there remain

after replacing each lattice involved, sayZ , by Z− = {X ∈ Z | TX = −X}. Indeed, sinceg
belongs toB× and satisfiesg = Tg−1, all the lattices involved areT -invariant; furthermore, th
mapaβ is easily seen to commute with the involutionT and from [24], Lemma 2.1.1, we ma
(and must here) choose a corestrictions that also commutes withT . �

We are now in a position to work out the intertwining ofI(λ). Let g belong toW and
intertwine I(λ); we have to show thatg normalizesM(B)×. Since I(λ) is isomorphic to

I(κ)⊗ ĩ(σ0) and the following two facts hold:

– ĩ(σ0) is trivial on J̄1;
– dim Ig(I(η), J̄1) = 1;

we can imitate the proof of [11], Proposition 5.3.2, to get that any non-zero intertwining opera
in Ig(I(λ), J̄) has the formS ⊗ R with S ∈ Ig(I(η), J̄1) andR an endomorphism in the spa

of ĩ(σ0).
Let us use Proposition 4.3 below: for anyT -stable minimaloE-order Bm contained

in B, the operatorS also intertwines the restriction ofI(κ) to the subgroupU
1
(Bm)J̄1

(use one-dimensionality forI(η)). Again as in loc. cit., this implies thatR belongs to

Ig(ĩ(σ0),U
1
(Bm)J̄1).

Proposition 4.1 now follows from:

LEMMA. – Let g ∈ W intertwine the restriction of̃i(σ0) to U
1
(Bm)J̄1 for any T -stable

minimaloE-orderBm contained inB. Theng normalizes the groupM(B)×.

Proof. –Indeed we almost recognize [11], Proposition 5.5.5, that again we will imitate. Th
sequence of lemmas there holds unchanged, so we assumeg does not normalizeM(B)× and
produce an hereditary orderB′

0, with radicalQ′
0, and a parabolic subgroupQ of GLN (F ), with

unipotent radicalN = 1 + N, such that:
(i) B′

0 ⊂ B0; B′
0 ∩N = Q′

0 ∩N � Q0; g−1(Q′
0 ∩N)g ⊂Q0;
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(ii) the image of1+Q′
0∩N in U(B0)/U1(B0) is the unipotent radical of a proper parabolic

subgroup ofU(B0)/U1(B0).
Indeed, in the notations of loc. cit.,B′

0 is B, contained in someBi, and one can decompose

s.

y

el

e

ur
well as

t
ique
V i into a direct sumV i = W 1 ⊕ W 2 of E-vector spaces such thatL̄1 ∩ W 1 = L̄0 ∩ W 1 and
L̄1 ∩ W 2 = 
EL̄0 ∩ W 2; then N = HomE(W 2,W 1) ⊂ EndE V i satisfies the assumption

Furthermore, sinceg belongs toB
×

, we can as well assume here thatBi = B1.
We putB′ = B′

0 ⊕ τB′
0; hence(B′)× is contained inM and equal toU(B′

0)× τU(B′
0). We

putQ′ = Q′
0 ⊕ τQ′

0. Sinceg belongs toB
×

we still have

g−1
(
1 +

[
Q′

0 ∩N⊕ τ (Q′
0 ∩N)

])
g ⊂ 1 + Q and 1 + Q′ ⊂ U(B).

We now pick aT -stable minimaloE-orderBm contained inB′ + Q. Then1 + Q′ ⊂ 1 + Qm =
U1(Bm).

Assume then thatg does intertwine the restriction of̃i(σ0) to U
1
(Bm)J̄1; then there is a

non-zero operatorR in the space of the representation such that:

∀x ∈
(
U

1
(Bm)J̄1

)
∩

(
U

1
(Bm)J̄1

)g
R ◦ ĩ(σ0)(x) = ĩ(σ0)

(
gxg−1

)
◦R.

This relation holds in particular forx = g−1i(y)g with y ∈ 1+Q′
0∩N, becausex belongs toJ̄1

andi(y) belongs toU
1
(Bm). We getR = σ0(y)◦R, which, with (ii), contradicts the cuspidalit

of σ0. �
Remark. – The above lemma itself is the full proof of Proposition 4.1 in the case of lev0

representations.

4.3. Glauberman’s correspondence

This last paragraph will be devoted to the proof of the proposition below.

PROPOSITION. – Let Bm be a T -stable minimaloE-order in B contained inB. The
restriction ofI(κ) to U

1
(Bm)J̄1 has the same intertwining asI(η).

The property we want to prove is invariant under conjugation byB
×

; hence we may assum
(see [11], 1.1.9 and 7.1.15) thatBm = (B0,m⊕ τB0,m)+Q whereB0,m is a minimaloE-order

in B0 contained inB0. We then have:U
1
(Bm) = i(U1(B0,m))U

1
(B) and

U
1
(Bm)J̄1 = i

(
U1(B0,m)

)
J̄1 = J̄−

[
i
(
U1(B0,m)

)
J̄1

M

]
J̄+.

Looking at the diagram and proposition in 4.2, we find that

I(κ)|U1
(Bm)J̄1 � Indi(U1(B0,m))J̄1

i(U1(B0,m))J̄1
P

ĩ(κ′
0) whereκ′

0 = κ0|U1(B0,m)J1(β,A0).

It is enough to show thatthe representations̃i(κ′
0) and ĩ(η0) have the same intertwining. Indeed,

by [11], 4.1.5, we have:IG(I(κ)|U1
(Bm)J̄1) = J

1
IG(ĩ(κ′

0))J̄
1 andIG(I(η)) = J̄1IG(ĩ(η0))J̄1.

Glauberman’s correspondence is the tool weneed here. We recall briefly what it is in o
setting; more general and precise statements can be found in [22], §2, or [10], §A2, as
the original references.

Let ε be the involutionx �→ Tx−1 on G, with fixed pointsG. For any open compac
pro-p-subgroupH of G which is ε-stable, Glauberman’s correspondence gives us a un
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bijection g: ρ �→ g(ρ), between the setIrr(H)ε of ε-stable equivalence classes of smooth
irreducible representations ofH and the setIrr(H) of equivalence classes of smooth irreducible
representations ofH , characterized by the property thatg(ρ) occurs inρ|H with odd multiplicity.

of the

ple

n

).

t

Let K be a subgroup ofH satisfying the same assumptions asH , let σ ∈ Irr(K)ε and

ρ ∈ Irr(H)ε. Thenρ� IndH
K σ impliesg(ρ) � IndH

K
g(σ), andρ|K � σ impliesg(ρ)|K � g(σ).

A crucial property of this correspondence is the following:

FACT (Stevens [22], Lemma 2.4). –Letρ ∈ Irr(H)ε, g ∈ G. The dimension ofIg(ρ,H) is odd
if and only if the dimension ofIg(g(ρ),H) is odd.

We now proceed to find the inverse images under Glauberman’s correspondence

representations̃i(κ′
0) andĩ(η0). We start a series of lemmas. The first one is valid for any sim

stratum inMN(F ).

LEMMA 1. –
(i) Let [A, n,0, β] be a simple stratum inMN (F ) and letα ∈ o

×
F . Then, for any defining

sequence[A, n, ri, γi] for [A, n,0, β] (see[11], 2.4.2), the sequence[A, n, ri, αγi] is a
defining sequence for[A, n,0, αβ]. In particular we haveJk(β,A) = Jk(αβ,A) and
Hk(β,A) = Hk(αβ,A).

(ii) The mapθ �→ θ2 is a bijection fromC(A,m, 1
2β) onto C(A,m,β) (m ∈ N), which is

compatible with the canonical bijections of[11], §3.6. We will denote the inverse bijectio
by θ �→ θ1/2.

Proof. –(i) is simple checking. Since the groupsHm+1(β,A) arep-groups withp odd, (ii) is
easily checked by induction along a defining sequence forβ. �

Let againθ be the simple character that underlies our simple type(J,λ) and let θ1/2 in
C(A,0, 1

2 β̃) be its inverse image under the square map. To the simple characterθ1/2 we attach

representationsη1/2, κ1/2, andη
1/2
P , κ1/2

P in the usual way of [11], §§5 and 7. For instance,κ1/2

is a representation ofJ(1
2 β̃,A) = J(β̃,A) which is a beta-extension ofη1/2; note that we have

to choose one here, whileη1/2 is completely determined byθ1/2.

LEMMA 2. –We still write θ1/2 for the extension ofθ1/2 to K trivial on J+. We have

g(θ1/2) � ĩ(θ0) (onK , K) andg(η1/2
P ) � ĩ(η0) (onJ1

P , J̄1
P ).

Proof. –The characterθ1/2 on K is trivial on J+ and H−; on H1
M it is given by

θ1/2
((

g1 0
0 g2

))
= θ

1/2
0 (g1)θ

1/2
0 ( τg−1

2 ) for g1, τg2 in H1(β,A0) ([11], 7.1.19, and Corollary 2.2

We thus have:θ1/2(i(g)) = θ
1/2
0 (g)θ1/2

0 (g) = θ0(g), for g ∈ H1(β,A0), which proves the firs

assertion. The restriction ofη1/2
P to K is a multiple ofθ1/2 so its restriction toK is a multiple

of ĩ(θ0); unicity of Heisenberg representations says that the restriction ofη
1/2
P to J̄1

P is then a

multiple of ĩ(η0). �
Of course Glauberman’s correspondence does not apply toJ(β̃,A) which is not ap-group,

nor toJP . But it does apply to the following group, intermediate betweenJ1
P andJP :

L =
[
U1(B0,m)× τU1(B0,m)

]
J1

P

= H−
[(

U1(B0,m)J1(β,A0)
)
× τ

(
U1(B0,m)J1(β,A0)

)]
J+.

The subgroupL is certainly stable underx �→ Tx−1; let us check that the restriction toL of the
representationκ1/2

P is also stable by this involution, up to isomorphism. From [11], §7.2,κ
1/2
P is
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trivial on L− andL+ and its restriction toL∩M has the form

1/2

(
g1 0

)
τ −1

f

-

er

of

s:

on-
κP 0 g2
� κ1(g1)⊗ κ2( g2 ),

whereκ1 andκ2 are both beta-extensions of the Heisenberg representationη
1/2
0 of J1(β,A0)

attached toθ1/2
0 . Henceκ1 andκ2 differ from a characterχ ◦ detB0 whereχ is a character o

o
×
E/1 + pE ([11], 5.2.2). This implies thatκ1 andκ2 agree onU1(B0,m)J1 whence the stability

of (κ1/2
P )|L underε.

LEMMA 3. –We haveg((κ1/2
P )|L) � ĩ(κ′

0) (onL, L̄).

Proof. –Both representations have trivial restrictions toL̄− and L̄+ and irreducible restric
tions toL̄∩M . So what we have to show is:g((κ1/2

P )|L∩M ) � i(κ′
0).

Let κ1/2
M = (κ1/2

P )|L∩M ; this is a representation of

L∩M =
(
U1(B0,m)J1(β,A0)

)
× τ

(
U1(B0,m)J1(β,A0)

)
.

Denote by A0,m the unique hereditaryoF -order in A0 stable under conjugation byE×

such thatA0,m ∩ B0 = B0,m. Let θ
1/2
0,m be the image ofθ1/2

0 under the canonical transf

map:C(A0,0, 1
2β) → C(A0,m ,0, 1

2β), and letη1/2
0,m be the unique irreducible representation

J1(β,A0,m) containingθ1/2
0,m. Let µ1/2

0 be the unique extension ofη
1/2
0 to

L0 = U1(B0,m)J1(β,A0)

satisfying

IndU1(A0,m)
L0

µ
1/2
0 � IndU1(A0,m)

J1(β,A0,m) η
1/2
0,m.

From [11], 5.2.6 and 5.1.15 (whereµ1/2
0 is denoted bỹη, or in our contextη̃1/2

0 ), we have

κ
1/2
M � µ

1/2
0 ⊗ µ

1/2
0

∗
. The induced representations above are irreducible and loc. cit. implie

IndU1(A0,m)× τ U1(A0,m)
L∩M κ

1/2
M � IndU1(A0,m)

L0
µ

1/2
0 ⊗

[
IndU1(A0,m)

L0
µ

1/2
0

]∗
� IndU1(A0,m)

J1(β,A0,m) η
1/2
0,m ⊗

[
IndU1(A0,m)

J1(β,A0,m) η
1/2
0,m

]∗
� IndU1(A0,m)× τ U1(A0,m)

J1(β,A0,m)× τ J1(β,A0,m) η
1/2
0,m ⊗

[
η
1/2
0,m

]∗
.

Since the representations involved are irreducible, one gets through Glauberman’s corresp
dence an isomorphism:

Indi(U1(A0,m))

i(L0)
g
(
κ

1/2
M

)
� Indi(U1(A0,m))

i(J1(β,A0,m)) g
(
η
1/2
0,m ⊗

[
η
1/2
0,m

]∗)
.

We already know thatg(η1/2
P ) is isomorphic toĩ(η0) and thati(κ′

0) extendsi(η0). Again from
loc. cit., the representationi(κ′

0) is the unique irreducible representation ofi(L0) extendingi(η0)
and satisfying:

Indi(U1(A0,m))

i(L0)
i(κ′

0)� Indi(U1(A0,m))

i(J1(β,A0,m)) i(η0,m).
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Hence it is enough to show thatg(η1/2
0,m⊗ [η1/2

0,m]∗) � i(η0,m). But the restriction ofη1/2
0,m⊗ [η1/2

0,m]∗

to i(H1(β,A0,m)) is a multiple of

f

an’s

ow
e
n
d

id
earlier

advice.
i(g) �→ θ
1/2
0,m(g)⊗

[
θ
1/2
0,m

]∗( τg−1
)

=
[
θ
1/2
0,m(g)

]2 = θ0,m(g),

so its image is the Heisenberg representation abovei (θ0,m) namelyi(η0,m). �
End of proof ofProposition 4.3. –The intertwining of ĩ(η0) contains the intertwining o

ĩ(κ′
0) since the second representation restricts to the first. Let us now takeg in IG(ĩ(η0)) and

show thatg belongs toIG(ĩ(κ′
0)). The above fact about intertwining spaces and Glauberm

correspondence, combined with the lemmas, gives us:

– g intertwines η
1/2
P (Fact and Lemma 2). Indeeddim Ig(ĩ(η0)) is equal to 1, from

Proposition 4.2 and [11], 4.1.5.
– g intertwinesκ1/2

P . Indeed, from [11], §7.2,g intertwinesη1/2 (induced fromη
1/2
P ), henceg

intertwinesκ1/2 (that has the same intertwining asη1/2); furthermoreJ1
P gJ1

P is the unique

J1
P -double coset inJ1gJ1 that intertwinesη1/2

P ([11], 4.1.5 and 5.1.8). Similarly, inJgJ

there is a uniqueJP -double cosetJP bJP that intertwinesκ1/2
P . SinceJ = JP J− we may

assume thatb belongs toJ−gJ−, hence toJ1gJ1. But then, sinceb also intertwinesη1/2
P ,

we must haveb ∈ J1
P gJ1

P ; sob ∈ JP gJP whence the result.

– the dimension ofIg(η1/2
P ) is equal to1, so is the dimension ofIg((κ

1/2
P )|L) (again

the second representation restricts to the first, by [11], §7.2). Henceg intertwines the

image of this representation by the Glauberman correspondence, namelyĩ(κ′
0) (Fact and

Lemma 3). �
Remark. – Of course Proposition 4.3 says something about the restriction ofI(κ) to a suitable

subgroup being aβ-extension ofI(η). To prove Theorem 3.1, we actually do not need to kn
whether or notI(κ) itself is aβ-extension ofI(η). It should follow from the study of the Heck
algebra of theG-cover that the bound on intertwining given by Proposition 4.1 is actually a
equality, i.e. the intertwining ofI(λ) is equal toJ̄NW (M(B)×)J̄ – see the remark at the en
of 3.3.
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