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AN ARITHMETIC RIEMANN-ROCH THEOREM
FOR POINTED STABLE CURVES

BY GERARD FREIXAS1 MONTPLET

ABSTRACT. — Let (O, X, F) be an arithmetic ring of Krull dimension at most 1, S = SpecO and
(r: X — S;01,...,0,) an n-pointed stable curve of genus g. Writeld = X'\ U;0;(S). The invertible
sheaf wxs(o1 + - - - + o) inherits a hermitian structure || - |nyp from the dual of the hyperbolic met-
ric on the Riemann surface U... In this article we prove an arithmetic Riemann-Roch type theorem
that computes the arithmetic self-intersection of wx,;s(01 + - - - + on)nyp. The theorem is applied to
modular curves X (T'), I" = T'o(p) or I'1(p), p > 11 prime, with sections given by the cusps. We show
Z'(Y(I),1) ~ e®mtT5(1/2)°L(0, Mr), with p = 11 mod 12 when I' = ['o(p). Here Z(Y (I), s) is
the Selberg zeta function of the open modular curve Y (T'), a, b, c are rational numbers, Mr is a suitable
Chow motive and ~ means equality up to algebraic unit.

REsuME. —  Soient (O, X, Foo) un anneau arithmétique de dimension de Krull au plus I,
S =SpecO et (m:X — S;01,...,0,) une courbe stable n-pointée de genre g. Posons
U = X\ U;o;(S). Le faisceau inversible wx,s(o1 + --- + on) hérite une structure hermitienne

|| - [lnyp du dual de la métrique hyperbolique sur la surface de Riemann U.,. Dans cet article nous
prouvons un théoréme de Riemann-Roch arithmétique qui calcule 'auto-intersection arithmétique
de wx;s(01 4+ -+ + on)nyp. Le théoréme est appliqué aux courbes modulaires X(I'), I' = I'o(p)
ouT'i(p), p > 11 premier, prenant les cusps comme sections. Nous montrons Z' (Y (T'),1) ~
e®mT2(1/2)°L(0, Mr), avec p = 11 mod 12 lorsque T' = T'g(p). Ici Z(Y ("), s) est la fonction zéta
de Selberg de la courbe modulaire ouverte Y (T'), a, b, ¢ sont des nombres rationnels, Mr est un motif
de Chow approprié et ~ signifie égalité a unité pres.

1. Introduction

Let (O, 3, F) be an arithmetic ring of Krull dimension at most 1 [22, Def. 3.1.1]. This
means that O is an excellent, regular, Noetherian integral domain, X is a finite non-empty
set of monomorphisms ¢ : @ — C and F,, : C*¥ — C¥ is a conjugate-linear involution of
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336 G. FREIXAS 1 MONTPLET

C-algebras such that the diagram

5 . C*
05 | e
\
(CZ
commutes. Here ¢ is induced by the set 3. Define S = SpecO and let (7 : X — S;
o1,...,0,) be an n-pointed stable curve of genus g, in the sense of Knudsen and Mumford

[35, Def. 1.1]. Assume that X is regular. Write i/ = X' \ U;0,(S). To X and U we associate
the complex analytic spaces

Xoo = | | %(C), Uso = | | Us(C).
oex oD
Notice that F, acts on X, and U,,. The stability hypothesis guarantees that every con-
nected component of U, has a hyperbolic metric of constant curvature —1. The whole fam-
ily is invariant under the action of F,. Dualizing we obtain an arakelovian —i.e. invariant
under Fo—hermitian structure || - |y, on wx/s(01+- - -+0y,). Contrary to the requirements
of classical Arakelov theory [23], the metric || - ||nyp 1S 10t sM00th, but has some mild singu-
larities of logarithmic type. Actually || - ||nyp is @ pre-log-log hermitian metric in the sense of

Burgos-Kramer-Kiihn [8, Sec. 7]. Following loc. cit., there is a first arithmetic Chern class
1
C1(wxs(01+- - +0n)nyp) thatlives in a pre-log-log arithmetic Chow group CH,,,,(X'). The

authors define an intersection product

—1 —1 L —2
CHpre(X) z CHpre(X) — CH (X)

pre
and a pushforward map

Tt CHLyo () — CH (S).
This paper is concerned with the class 7, (€1 (wx/s(01 + - + 0 )nyp)?).

In their celebrated work [24], Gillet and Soulé —with deep contributions of Bismut— proved
an arithmetic analogue of the Grothendieck-Riemann-Roch theorem. Their theorem deals
with the push-forward of a smooth hermitian vector bundle by a proper and generically
smooth morphism of arithmetic varieties. The associated relative complex tangent bundle
is equipped with a smooth Kihler structure. With the notations above, if n = 0 and g > 2,
then the metric || - ||nyp is smooth and the arithmetic Grothendieck-Riemann-Roch theorem
may be applied to wx /s nyp and the “hyperbolic” Kéhler structure on X.,. The result is

a relation between 7, (C1 (wx /s hyp)?) € (/Jﬁl(S) and the class 1 (AM(wx/s), || - [lq), where
|| - lg is the Quillen metric corresponding to our data. However, for n > 0 the singularities
of || - |lnyp prevent from applying the theorem of Gillet and Soulé.

The present article focuses on the so far untreated case n > 0. We prove an arithmetic
analogue of the Riemann-Roch theorem that relates 7, (C1 (wx/s(01 + - - 4 0 )nyp)?) and
Cc1(Mwxs), || - ll@)- The Quillen type metric || - || is defined by means of the Selberg zeta
function of the connected components of U, (see Definition 2.2). In contrast with the result
of Gillet and Soulé, our formula involves the first arithmetic Chern class of a new hermitian
line bundle ¢y, . The corresponding invertible sheaf is the pull-back of the so called tauto-
logical psi line bundle on the moduli stack M, ,,, by the classifying morphism S — M, ,,.
The underlying hermitian structure is dual to Wolpert’s renormalization of the hyperbolic
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AN ARITHMETIC RIEMANN-ROCH THEOREM 337

metric [63, Def. 1] (see also Definition 2.1 below). The class ¢; (¢¥w ) reflects the appearance
of the continuous spectrum in the spectral resolution of the hyperbolic laplacian. After the
necessary normalizations and definitions given in Section 2, the main theorem is stated as
follows:

THEOREM A. — Let g,n > 0 be integers with2g—2+n > 0, (O, X, F.) an arithmetic ring
of Krull dimension at most 1 and S = Spec O. Let (v : X — S;01,...,0,) be an n-pointed
stable curve of genus g, with X regular. For every closed point p € S denote by n, the number
of singular points in the geometric fiber X, and put Ay ;s = [Z@ nep| € CHY(S). Then the
identity

1261 (Mwx/s)@) — Axys +C1(Yw)
=, (@ (wxys(o1+ -+ on)nyp)?) + €1 (O(C(g,n)))

holds in the arithmetic Chow group 6ﬁ1 (S).

The theorem is deduced from the Mumford isomorphism on M, ,, (Theorem 3.10) and
a metrized version that incorporates the appropriate hermitian structures (Theorem 6.1) ().
The techniques employed combine the geometry of the boundary of M., ¢ —through the
so called clutching morphisms— and the behavior of the small eigenvalues of the hyperbolic
laplacian on degenerating families of compact surfaces. By a theorem of Burger [0, Th. 1.1]
we can replace the small eigenvalues by the lengths of the pinching geodesics. Then Wolpert’s
pinching expansion of the family hyperbolic metric [62, Exp. 4.2] provides an expression of
these lengths in terms of a local equation of the boundary divisor OMy, o. This gives a
geometric manner to treat the small eigenvalues. Another consequence of theorems 3.10 and
6.1 is a significant case of the local index theorem of Takhtajan-Zograf [55]-[56] (Theorem
6.8 below).

Natural candidates to which Theorem A applies are provided by arithmetic models of
modular curves, taking their cusps as sections. We focus on the curves X (I') /C, where I C
PSL4(Z) is a congruence subgroup of the type I'y(p) or I'; (p). We assume thatp > 11isa
prime number. IfI" = 'y (p), we further suppose p = 11 mod 12. These conditions guaran-
tee in particular that I'g(p) acts without elliptic fixed points and X (T") has genus g > 1. To
X (T") we attach two kinds of zeta functions:

—let Y(T') := X(T') \ {cusps} be the open modular curve. Then Y (T") is a hyperbolic
Riemann surface of finite type. We denote by Z (Y (I'), s) the Selberg zeta function of
Y (T") (see Section 2). It is a meromorphic function defined over C, with a simple zero
ats =1;

— let Primg(T") be a basis of normalized Hecke eigenforms for I'. To f € Primy(T") we
can attach a Chow motive M ( f) over Q, with coefficients in a suitable finite extension
F of Q(p,), independent of f »). If x is a Dirichlet character with values in F*, we

(M In particular, with the formalism of [7, Sec. 4.3], the assumption of regularity of X can be weakened to
7 : X — S generically smooth.

@) The construction of M (f) amounts to the decomposition of the jacobian Jac(X (")) under the action of the
Hecke algebra. More generally, Deligne [11, Sec. 7] and Scholl [49, Th. 1.2.4] associate a Grothendieck —i.e.
homological- motive to any normalized new Hecke eigenform of weight k& > 2, level n and character x.
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338 G. FREIXAS 1 MONTPLET

denote by Q(x) its Artin motive. For instance we may take x = X7, for the Dirichlet
character x associated to f € Primq(T"). If Sym? denotes the square symmetrization
projector and (2) the Tate twist by 2, we put

Mr= @  SymM(f) ® QE7)(2) € Ob(Mrw(Q)r).
f€Prim, (T")
The motivic L-function of Mr, L(s, Mr), can be defined —with the appropriate defi-
nition of the local factor at p— so that we have the relation

(1.1) Lis,Mr)= [ L(s+2,Sym*f,x7).

f€Primy(T")
The reader is referred to [9], [11, Sec. 7], [28, Sec. 5], [49] and [52] for details. )
Denote by I'; the Barnes double Gamma function [3] (see also [47] and [59]).

THEOREM B. — Let p > 11 be a prime number andT' = Ty(p) or I'1(p). Assumep = 11
mod 12 whenever I' = T'g(p). Then there exist rational numbers a, b, c such that

Z'(Y(T),1) ~gx e*n’T2(1/2)°L(0, Mr),

where o ~g B means o = qf3 for some q € @X @,

The proof relies on Theorem A and the computation of Bost [5] and Kiihn [37] for the
arithmetic self-intersection number of wx, (p)/q(y,) (CUSPS)nyp- Undertaking the proof of
Bost and Kiihn —under the form of Rohrlich’s modular version of Jensen’s formula [45]- and
applying Theorem A to (P};0, 1, 00), one can also show the equality

(12) Z'(D(2),1) = 4n®/3T5(1/2)75/3,

where Z(I'(2), s) is the Selberg zeta function of the congruence group I'(2). The details are
given in our thesis [19, Ch. 8]. However, our method fails to provide the exact value of
Z'(PSLy(Z), 1).

To the knowledge of the author, the special values Z'(Y (I"), 1) remained unknown. Even
though it was expected that they encode interesting arithmetic information (see [26] and [46]),
it is quite remarkable that they can be expressed in terms of the special values L(0, Mr). The
introduction of Mr in the formulation of the theorem was suggested by Beilinson’s conjec-
tures (see [53] for an account) and two questions of Fried [21, Sec. 4, p. 537 and App., Par. 4].
Fried asks about the number theoretic content of the special values of Ruelle’s zeta function
and an interpretation in terms of regulators ). Also Theorem B may be seen as an analogue
of the product formula for number fields [],, |z|, = 1. This analogy alone deserves further
study.

So far there have been other attempts of proof of Theorem A. This is the case of [60,
Part II]. The method of loc. cit. seems to lead to an analogous statement up to an unknown
universal constant. The advantage of our approach is that explicit computations —such as
Theorem B and (1.2)- are allowed. Moreover, in contrast with [60, Fund. rel. IV’, p. 280],

®) The factors L(s + 2, Sym? f,x7) have already been studied by Hida [28], Shimura [52] and Sturm [54].

() The exponents a, b, ¢ can actually be computed in terms of p.

®) The Ruelle zeta function R(s) of a hyperbolic Riemann surface is related to the Selberg zeta function Z(s) by
R(s) = Z(s)/Z(s + 1). For instance, R'(1) = Z'(1)/Z(2).
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our result is available for pointed stable curves of any genus . Remark 6.7 below strength-
ens the importance of the case g = 0 and n = 3.

In his forthcoming thesis [25], T. Hahn obtains different results related to Theorem A. His
approach is much in the spirit of Jorgenson-Lundelius [31]-[32]. In contrast with our geo-
metric considerations, Hahn works with a degenerating family of metrics on a fixed compact
Riemann surface and studies the behavior of the corresponding family of heat kernels. Con-
sequences are derived for the family of heat trace regularizations and spectral zeta functions.
It is likely that the two approaches can be combined to produce more general statements.

T. Ebel’s thesis [16] presents a complete account on equivariant analytic torsion and Sel-
berg zeta functions for cocompact Fuchsian groups, possibly with elliptic elements. His re-
sults are combined with the arithmetic Riemann-Roch theorem of Gillet-Soulé and the arith-
metic Lefschetz fixed point formula of Koéhler-Roessler [36]. Equalities with the same flavor
as Theorem B are derived for suitable Shimura curves (Theorem 0.1 in loc. cit.) and arith-
metic surfaces of genus two (Proposition 2.18 in loc. cit.).

In a sequel to the present work, we will exploit the Jacquet-Langlands correspondence for
GL, and our Theorem A to relate arithmetic intersection numbers on modular curves and
Shimura curves (7).

Let us briefly describe the structure of this paper.

Section 2 fixes the normalizations to be followed throughout the paper. Specially we de-
fine the Wolpert and Quillen metrics occurring in the statement of Theorem A. In Section
3 we review the definition and properties of the clutching morphisms of Knudsen. We also
recall the Mumford isomorphism on M, . With these tools at hand, we show how to de-
rive the Mumford isomorphism on M, ,, (Theorem 3.10). Sections 4 and 5 are devoted to
the analytic part of the proof of the main theorem. In Section 4 we introduce the first tauto-
logical metric on the first tautological line bundle and establish its continuity and behavior
under pull-back by the clutching morphisms. In Section 5 we recall the results of Wolpert
on the degeneration of the Selberg zeta function for degenerating families of compact hy-
perbolic Riemann surfaces [61]. We also review the theorem of Burger on the small eigen-
values of such families of curves [6]. We derive consequences for the Selberg zeta function
as well as for the Quillen metric. In Section 6 we prove a metrized version of the Mumford
isomorphism on M, ,, (Theorem 6.1). The strategy relies on Sections 3—5 and the arithmetic
Riemann-Roch theorem of Gillet and Soulé. Theorem A is then deduced as an immediate
application of Theorem 3.10 and Theorem 6.1. The article finishes with the proof of Theo-
rem B in Section 7.

2. Conventions and notations

We fix some conventions and notations that will hold throughout this paper.

(©) The proof of loc. cit. presents a gap in genus g < 2 (last two lines in page 279). The case g = 2 requires
a justification whereas there are counterexamples to the principle of the proof in genus 0 and 1: there exist non-
constant harmonic functions on Mg ,,.c,forg = 0,n > 4andg = 1,n > 1. Also thecase g = O andn = 3 is
beyond the reach in [60].

() This has been suggested by J.-B. Bost and G. Chenevier, to whom the author is grateful.
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340 G. FREIXAS 1 MONTPLET

Let g,n > 0 be integers with 2g — 2 + n > 0. We define the real constants

C(g,n) = exp ((29 —2+4n) <§((__11)) + %)) ,

B(g,n) = 20507 =0/2 exp (29— 2+m) (2¢/(-1) — | + 1 log(2m) ) ),

where ¢ denotes the Riemann zeta function. Notice the relations

(2.1) C(g+n,0)=C(g,n)C(1,1)",
(22) E(g+n,0) = 7" E(g,n)E(1,1)".
Let X be a compact and connected Riemann surface of genus g and p;,..., p, distinct

points in X. The open subset U = X \ {p1,...,p,} admits a complete hyperbolic rieman-
nian metric, of constant curvature -1. Denote it by dsj, ;. Via a fuchsian uniformization
U ~T\H, I" C PSLy(R) torsion free, the metric dsﬁypﬂ is obtained by descent from the I'
invariant Riemann tensor on H

dz? + dy?

Y2

Associated to dsﬁyp’U there is a hermitian metric on the complex line Ty, that we write hy .
It is obtained by descent from the metric hy on Ty defined by the rule

h (E ﬂ>_i
H\oz 02/ — 297

The hermitian metric Ay extends to a pre-log-log hermitian metric ||-||hyp 0N wx (P1+- - ~+Pp)
[20, Sec. 7.3.2]. The first Chern form of wx (p1+: - -+Pn)nyp, Which is defined on U, coincides
with the normalized Kdhler form w of hy (curvature —1 condition). The form w is locally

given by
i 0 3)

The volume of X with respect to w is 2g — 2 + n.

dsﬁypﬂ: , z=c+1y e H

For every puncture p; there is a conformal coordinate z with z(p;) = 0, by means of which
a small punctured disc D*(0, ) C C with the Poincaré metric

dz| 2
= (L)
P \zllogz|

isometrically embeds into (U, dsﬁyp,U). Such a coordinate is unique up to rotation and is
called a rs coordinate at the cusp p; ®).

DEFINITION 2.1 (Wolpert metric [63], Def. 1). — Let z be a rs coordinate at the cusp p;.
The Wolpert metric on the complex line wx ;,; is defined by

lldzllw,p; = 1.

The tensor product ®;wx ,; is equipped with the tensor product of Wolpert metrics, and we
write || - ||w for the resulting metric.

®) The shortcut rs stands for rotationally symmetric.
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The complex vector space C*° (X, wx ) (D H°(X,wx)) is equipped with the non-degener-
ate hermitian form )
1 —
= — ND.
<aa 6>0 o < « 6
The space H!(X,wx)" is canonically isomorphic to H°(X,Ox) = C via the analytic Serre
duality. Since w is integrable, the L? metric on C*° (X, Ox)(D> H°(X,Ox)) with respect to

hy is well defined. If 1 is the function with constant value 1, then
(1,1), ::/ w=29—2+n.
X

The complex line A(wx) = det H*(X,wx) ® det H}(X,wx) ! is endowed with the deter-
minant metric built up from (-, -)¢ and (-, -);. We refer to it by || - || 2.

We next recall the definition of the Selberg zeta function of U (see [27]). For every real
I > 0 the function

(oo}
Zi(s) = [ (1 = e~ (e+o1y2
k=0
is holomorphic in Re s > 0. In a first step, the Selberg zeta function of U is defined by the
absolutely convergent product

Z(U,s) = HZ[(,Y)(S), Res > 1,
¥

running over the primitive closed non-oriented geodesics of the hyperbolic surface
(U, dsﬁyp’U). Then one shows that Z(U,s) extends to a meromorphic function on C,
with a simple zero at s = 1.

DEFINITION 2.2 (Quillen metric). — We define the Quillen metric on A(wx ), attached to
the hyperbolic metric on U, to be

Il = (B(g,n)Z' (U, 1))~ 2|| - | 2.

We denote by O(C(g, n)) the trivial line bundle equipped with the norm C(g,n)|-|, where
| - | stands for the usual absolute value.

Let (O, %, F) be an arithmetic ring of Krull dimension at most 1. Put § = Spec O and
denote its generic point by . Let (x : X — S;01,...,0,) be an n-pointed stable curve
of genus g, in the sense of Knudsen and Mumford [35, Def. 1.1]. Assume X, smooth. We
write Y = X \ U;0;(S). By definition &), is geometrically connected. For every complex
embedding 7 € X, the preceding constructions apply to U, (C) C X, (C). Varying 7, we
obtain arakelovian hermitian line bundles wyx/s(o1 + - -+ + 0 )nyp, Yw = ®jo; (Wx/s)w»
Mwx/s)q and O(C(g,n)). Similar notations will be employed for the analogous construc-
tions over more general bases. In this way, we shall consider the “universal situation” (7 :
Cyn — Myn;oi,...,0,), where M, , is the Deligne-Mumford stack of n-pointed stable
curves of genus g, @g,n the universal family and o4, ..., 0, the universal sections. We then
have “universal hermitian line bundles” )\(wgm/ﬂm) |Mgni@s TF (wgw/ﬂm) [ My s
etc. (Mg, is the open substack of smooth curves). When the context is clear enough, we
freely write Ay n;q. 0 (wg, /77, )W Ygmw, etc.

If F is an algebraic stack of finite type over Spec Z, then we denote by F»" the analytic
stack associated to F. For instance, applied to M, ,, and ﬂgyn, we obtain the analytic
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342 G. FREIXAS 1 MONTPLET

stack M7, of n-punctured Riemann surfaces of genus g and its Deligne-Mumford stable
compactification ﬂ:nn If &1 — &, is a morphism of sheaves over F', there is an associated
morphism £ — £3" over F*". Finally, to a morphism F' — G between algebraic stacks of
finite type over Spec Z, corresponds a morphism between analytic stacks F'*" — G?".

Our standard references for the theory of algebraic stacks are [13] and [38]. For pointed
stable curves we refer to the original article of Knudsen [35]. Concerning the arithmetic inter-
section theory, we follow the extension of the theory of Gillet-Soulé [22] developed by Burgos,

Kramer and Kiihn [8].

3. Knudsen’s clutching and the Mumford isomorphism on M, ,,

3.1. Preliminaries

Let g,n > 0 be integers with 2g — 2 +n > 0. We denote by M, ,, — Spec Z the Deligne-
Mumford stack of n-pointed stable curves of genus g, and by 7 : C,,,, — M, ,, the universal
curve [35]. The morphism 7 has n universal sections: o1, ..., 0,. The first theorem compiles
some geometric features of M ,,.

THEOREM 3.1. — (i) My, is a proper and smooth algebraic stack over Spec Z of relative
dimension 3g — 3 +n. The substack OM g ,, classifying singular curves is a divisor with normal
crossings, relative to Spec Z.

(i) The fibers of M, ,, over Spec Z are geometrically irreducible.

Proof. — The first assertion is [35, Th. 2.7]. The second assertion is due to Deligne-
Mumford [13] in the case n = 0 and g > 2, to Deligne-Rapoport [14] in the casen = g =1
and Keel [34] in the case ¢ = 0 and n > 3. For the remaining cases we proceed by in-
duction. Assume the claim for some couple (g,n), with 2g — 2 + n > 0. We derive the
claim for (g,n + 1). Recall that C,,, gets identified with M, 11 via Knudsen’s contrac-
tion morphism ¢ : My 41 — Cgn [35, Sec. 2]. It then suffices to show that C,,, has
geometrically irreducible fibers over SpecZ. If My, is the dense open substack of M, ,
classifying non-singular curves, then 7='(M,,) — M, is proper, smooth with geo-
metrically connected fibers (by definition of pointed stable curve [35, Def. 1.1]). It follows
that m=1(M, ) has geometrically irreducible fibers over SpecZ. To conclude, we notice
that 7= 1(OMg ) U 01(Myn) U -+ U 0,(M,,) is a divisor with normal crossings rela-
tive to Spec Z. Therefore 7~1(M g,n) 18 fiberwise dense in fg,n, over Spec Z. The proof is
complete. O

COROLLARY 3.2. — Let N > 1 be an integer. For an algebraic stack of the form M :=
Mg,y X -+ x My, . we have

H°(M x SpecZ[1/N],G,,) = Z[1/N]*.

Proof. — By Theorem 3.1, M x Spec Z[1/N] is a proper and smooth algebraic stack over
Spec Z[1/N], with geometrically irreducible fibers. The corollary follows. O

We now define the tautological line bundles on M, ,,.
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DeriNITION 3.3 (Tautological line bundles [35], [43]). — The tautological line bundles on
My, are

)\g,n = )\(ngyn/ﬂgm) = det(Rﬂ*wEg,n/ﬂg,n)’
= 0(0My,n),

’l/léjﬂ)] = O';U.)Egyn/mg’n, j = 1, ey

Vg = ®jw§{7)z’

Ko = (6, 30, (01 4+ 00 g, (01 o)

where (-, -) denotes the Deligne pairing [2, X VIII], [18].

3.2. Clutching morphisms

We proceed to recall Knudsen’s clutching morphism [35, Part I, Sec. 3]. The basic con-
struction is resumed in the following theorem.

THEOREM 3.4 (Knudsen). — Let 7w : X — S be a pre-stable curve (i.e. flat, proper, whose
fibers are geometrically reduced with at worst ordinary double points). Let 01,02 : S — X be
given disjoint sections of w. Suppose that w is smooth along o1, 09. Then there is a diagram

1X$X;Y
{3
§=——3

such that:

(1) 0 = po1 = poq and p is universal with this property;

(11) p is finite,

(iii) 7’ : X' — S is a prestable curve, fiberwise obtained by identification of o1 and o2 in an
ordinary double point;

(iv) for every open U C X' we have

H(U,0x:) ={f € H(p™"(U), Ox) | o1(f) = 05()};
(v) let ) = ojwxys, j =1,2. There is an exact sequence
(3.1) 0— (P @9v®@) 5 Qx5 — pQx/s — 0.

The arrow o of (3.1) is defined as follows. Let I; (resp. I) be the ideal sheaf of the image
of oj (resp. o) in X (resp. X'), j = 1,2. Consider the natural morphisms p; : T/I? —
p-(ZL;/T7) = 0., There is a natural isomorphism
2
(3.2) A Z/72 — o.(p® @ @)
UNV > p1u @ pav — P1v Q pau.

Via the isomorphism (3.2 ), o gets identified with u A v — udv.

The clutching morphism is defined by a three step construction.
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344 G. FREIXAS 1 MONTPLET

CONSTRUCTION 3.5 (Clutching morphism)

Step 1. Letm : X3 — S be an n; + 1-pointed stable curve of genus g;, with sections
a§1), R UT(Lll)+1. In addition consider the 3-pointed stable curve of genus 0, (7 : P — S;
0,1,00). By Theorem 3.4 we can attach P} to X; by identification of the sections 1 and
ﬁbll)ﬂ. We obtain a new pointed stable curve X of genus g;, with sections agl), e ,05111)
and 0y, co;. We proceed analogously with an ns + 1 pointed stable curve w5 : Xo — S, with

: (2) 2
sections oy, ..., 0, " ;.

ag

Step 2. We apply Theorem 3.4 to glue X and X} along the sections co; and coy. We ob-

tain a new pointed stable curve X of genus g; + g with sections agl), ce 07(111), cr?), e 07(122),

01, 0a.

Step 3. We contract the sections 0; and 0, [35, Prop. 2.1]. We obtain an n; + ng pointed
stable curve of genus g; + go.

THEOREM 3.6 (Knudsen). — Construction 3.5 defines a morphism of algebraic stacks

ﬂ : M91,n1+1 X Mgzmz-‘rl M91+927n1+n2’

which is representable, finite and unramified. If moreover g1 # g or ny +ng # 0, then B is a
closed immersion.

Proof. — Thisis [35, Th. 3.7 and Cor. 3.9]. O

The following statement describes the behavior of the tautological line bundles under pull-
back by the clutching morphism.

PROPOSITION 3.7. — Let g = g1+g2, n = ni+na. There are isomorphisms of line bundles,
uniquely determined up to a sign,

(3.3) ﬁ*)\g’n = Agini+1 B Agy notis

(3.4) B89 > BOgrmir @ YLD T B (Fgsma1 ® Vgm0,
(3.5) B g m = (g mi 41 @ PS8 (g, my 1 @ 90D,
(3.6) B Kgn > Ky mt1 B Ky 1.

Proof. — Once the existence of (3.3)—(3.6) is proven, the uniqueness assertion already fol-
lows from Corollary 3.2.

For the isomorphisms (3.3)—(3.5) we refer to [35, Th. 4.3] (they are easily constructed
by means of Theorem 3.4 above). We now focus on (3.6). The formation of the relative
dualizing sheaf is compatible with base change [35, Sec. 1], as well as for the Deligne
pairing [18, Par. 1.3, p. 202]. By the definition of the clutching morphism (Construction
3.5), we first reduce to the following situation. Let S be a noetherian integral scheme and

(mi + X; — S of), . ,o,(l? +1)» % = 1,2, two pointed stable curves of genus g;, respectively.
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We apply Theorem 3.4 to the pre-stable curve X = X; U X, — S with sections af}l) 1

(2)

O por1- With the notations of the theorem, we have to construct a natural isomorphism
ny na
3.7) <wX,/S ng +Za ,wxrys(D ot +Za]<,2>)> -,
j=1 j=1
ni+1 . ni+1 L
(3.8) (oxss(X o) wmys(Y o))
j=1 j=1
na+1 @ na+1 @)
(3.9) © (wxys(Y o) wxus(Y o).
j=1 Jj=1

We denote by L the line bundle of (3.7) and Ly, Lo the line bundles of (3.8), (3.9), respec-
tively. After localizing for the étale topology on S, we can find rational sections s, of
wxr/s (354 0'(1) + 202 O'J(Q)) whose divisors are finite and flat over S, with mutually
disjoint components, disjoint with the image of the section o (image of aﬁb ) 41 and ani) 4110
X"). Denote by s |x,,t |x, (resp. s |x,,t |x,) the pull-backs of s and ¢ to X (resp. X2)
respectively. By the properties of the relative dualizing sheaf, s |x,, t |x, (resp. s |x,, t |x,)

are rational sections of wx, /g( "1+1 ) (resp. wx,/s( "2“ (2))) They have finite
and flat divisors over S, with mutually dlS]Olnt components and disjoint from an +1 (resp.

7(122)“) The symbols (s, t), (s |x,,t |x,) and (s |x,,t |x,) are non-zero sections of L, L,
and L, respectively. We define the assignment

D <57t> — <8 |X17t |X1> ® <8 |X27t |X2>'

The symbols of the form (s, ¢) generate L. Clearly ® defines a morphism L — L; ® Lo. It
is compatible with base change, by functoriality of the Deligne pairing and the relative dual-
izing sheaf. Observe that ® is injective. Indeed, with the assumptions and notations above,
(s |x15¢ |x1) ® (s |x,,t |x,) 1s non-zero by integrality of S. We now prove that ® is an
isomorphism. By Nakayama’s lemma, we reduce to S = Spec k, where k is an algebraically
closed field. In this case, by definition of the relative dualizing sheaf, we have

n;+1

wx’/s Zo +202)) |x,= wx,/s( Za )) 1=1,2.

Fori = 1,2, let s;, t; be rational sections of wx, /(3 "”’1 ())

disjoint components, disjoint from orfI 9 +1- Consider s;, t; as sections of wx, /5. We can define

a(s;) = Res (i) Si e k*,b(t ) Res o, t- € k>, 1 =1,2. We introduce the sections s, ¢

ni+

of wxr/s(372y 0(1) +>052 ) characterlzed by

{a(52)31 on X,
S =

—a(Sl)SQ on XQ,

whose divisors have mutually

and
P b(tg)tl on Xl,
—b(tl)tg on XQ.
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The divisors of s and ¢ have mutually disjoint components, disjoint from o. We compute
®<S, t> = a(sl)a(SQ)b(tl)b(t2)<51, t1> ® <82, t2>.

Since (s1,t1) ® (sa,t2) is a frame of L1 ® Ly and a(s1)a(s2)b(t1)b(t2) € k*, we conclude
that & is surjective.

Since ® is compatible with base change, it descends to the required isomorphism on
Mg, ni+1 X Mg, n,+1. The proof of the proposition is complete. O

COROLLARY 3.8. — Lety : My, x ﬂf? — M0 be obtained by reiterated applica-
tions of clutching morphisms. Then we have isomorphisms, uniquely determined up to a sign,

(3.10) Y Agtn,0 = Agn KA,
(3.11) Y Ggn0 = (Bgn ® 1y ) B (511 ® 97 1)™",
(3.12) YV Kgino — Kgn B KL
Proof. — This is a straightforward application of Proposition 3.7. O

REMARK 3.9. — The isomorphisms (3.10)—(3.12) are described, locally for the étale
topology, by means of Theorem 3.4 and the proof of Proposition 3.7 (see also Knudsen [35,
Part I1I, Sec. 4]).

3.3. The Mumford isomorphism on M, ,,

The next theorem generalizes to M, ,, the so-called Mumford isomorphism on M, . The
statement is known for M, ,, over a field [1, Eq. 3.15, p. 109]. Our approach is well suited for
the analytic part of the proof of the main theorem. The idea is based on two points: a) pull
back the Mumford isomorphism on M., o by the clutching morphism of Corollary 3.8; b)
deduce the Mumford isomorphism on M, ,, from point a) and the Mumford isomorphism
on Mj ;.

THEOREM 3.10. — There is an isomorphism of line bundles on M, ,,/Z, uniquely deter-
mined up to a sign,
Dg,n : )‘?ﬁf ® 5;2 ® Yg,n — Rgn-

Proof. — For the cases g > 2, n = 0and g = n = 1, we refer to Moret-Bailly [41, Th. 2.1]
(which is based on Mumford [42] and Deligne-Rapoport [14]). For the latter, a comment is
in order: [41] provides an isomorphism

®12 o s—1 ~
(313) )\1’1 ® 6171 —_— <w51,1/ﬂ1,1’w51,1/ﬂ1,1>'
Since 7 : 51,1 — ﬂl,l is smooth along the universal section o1, we have the adjunction
isomorphism
(0(01),0(01)) = {we, | /71, ,»Ola1)) ™,
and hence an isomorphism
~ -1
(314) <w51,1/m1,1’w61,1/ﬁ1,1> — k11 ®¢171'

The isomorphism D; ; is then constructed with (3.13)—(3.14). For the general case, we first
claim that there is an isomorphism

(3.15) D, ipri(A 2 @0, @ Pgn) — prikgn
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(pry is the prOJCCthIl onto the first factor). Indeed, consider the clutching morphism
v Mg X M1 1 — Mg ino. From Corollary 3.8 we deduce

(B.16) Y Dyino: A2 ® 0% ®Ygn) BT @611 @ 91,1) " =5 kg BT

The claim follows tensoring (3.16) by prs (D'g”)‘g’ L

Let p; # p2 be prime numbers and X; — Spec Z[1/p1], X2 — Spec Z[1/p3] two smooth
1-pointed stable curves of genus 1?). Associated to the curves X, j = 1,2, there are mor-
phisms

@j : SpecZ[1/p;] — M1 x SpecZ[1/p;] 2, ﬂlx? x Spec Z[1/p;],

where A is the n-diagonal map. Pulling D}, ,, back by pr3¢;, we obtain an isomorphism of
line bundles on My ,, x Spec Z[1/p;]

DY) A2 ® 0,k @ vy ® Z[1/pj] > kg © Z[1/pj]-

Define the line bundle L = (A212 ® 6, ), ® g n) ™" ® kg on My . Then DA(,J% induces a
trivialization 7; of L ® Z[1/p;]. Over the open subset Spec Z[1/p1p2] of Spec Z, the trivial-
izations 71, 7o differ by a unit in Z[1/p1p2]* = £ptp5 (Corollary 3.2). Write 7y = ep]*p5 72,
over Spec Z[1/p1ps], with e € {—1,1}. Then 7| := ep] "'11, 74 := pyTy are new trivializa-
tions of L& Spec Z[1/p1], L®Spec Z[1/ps], respectively. By construction, they coincide over
Spec Z[1/p1] N Spec Z[1/p2]. Therefore they glue into a trivialization of L over Spec Z. This
establishes the existence of an isomorphism as in the statement. The uniqueness follows from
Corollary 3.2. O

COROLLARY 3.11. — For the clutching morphism = : ﬂg,n X ﬂf? — ﬂg+n70, the iso-
morphisms v* Dy iy 0 and Dy, X D?ﬁ’ coincide up to a sign.

Proof. — The corollary is a straightforward application of Theorem 3.10, Corollary 3.8
and Corollary 3.2. O

4. The first tautological metric on x ,

4.1. Local description of M,

Let (X;p1,...,pn) beapointed stable curve over C. Teichmiiller’s theory provides a small
stable deformation (f : X — Q;p1,...,pn) of (X?%;p1,...,pn), where  C C3973" is some
open analytic neighborhood of 0. Let § : 2 — ./\/ta be the induced morphlsm of analytic
stacks. After possibly shrinking 2, the image §(Q ) is an open substack of M. gn- ItIs the
stack theoretic quotient of 2 by a finite group. Varying (X; p1,. .., pn) in M, ,(C), the open
subsets {2 as above cover ﬂ;nn This subsection is based on [39, Sec. 2] and [62, Sec. 2], and
reviews the construction of the small stable deformation (f : X — Q;p1,...,pn)-

©) For instance, for p = 11, 17 the modular curve Xo(p) can be given the structure of an elliptic curve over Q with
good reduction over Spec Z[1/p] [14].
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COoNSTRUCTION 4.1. — (i) Fix (X;p1,...,pn) an n-pointed stable curve of genus g over
C. We shall identify X with X®* by Chow’s theorem. Let ¢1, ..., ¢, be the singular points
of X. Define X° := X \ {p1,...,Pn,q1,---,qm} and X a smooth completion of X°. Then
X has a pair of punctures a;, b; at the place of each cusp g;. The surface X° has a unique
complete riemannian metric of constant curvature —1. Let (W;, w;) be a rs analytic chart at
p; and (Uj,u;), (V;,v,) rs analytic charts at a;, b; respectively (see Section 2). We suppose
that all the W;, U;, Vj, are mutually disjoint. Finally, let Uy be a relatively compact open
subset OfY\ (UiJ‘Wi U Uj U ‘/J)

(i1)) The deformation space ® of X° is the product of the Teichmiiller spaces of the con-
nected components of X°. We can choose smooth Beltrami differentials vy, ..., v, com-
pactly supported in Uy, spanning the tangent space at X° of ©. Let s € C" and define v(s) =
>_;8jv;. Then v(s) is a smooth Beltrami differential compactly supported in Up. For |s]
small, ||v(s)||co < 1. The solution of the Beltrami equation on X °, for the Beltrami differen-
tial v(s), produces a new Riemann surface X2 diffeomorphic to X°. For this, let {(Uy, 24) } o
be an analytic atlas of X°. For every a we take w, a homeomorphism solution of wz, =
v(s)w,,. We can normalize w, to depend holomorphically on s. Then {(U,, wq 024)} is an
atlas for the Riemann surface X7. Notice that w, is in general not holomorphic in z,, but
quasi-conformal. However w,, o 2, is holomorphic on U, N (U; ;W; UU; UV;), since v(s) is
supported in Uy. This means that (U, N (U; ;W; UU; UV}), 24 ) is an analytic chart of X3. In
particular, (W; \ {p;}, w;), (U; \ {a;},u;) and (V; \ {b;}, v;) serve as analytic charts on %3.

(iii) Let 0 < ¢ < 1 be a small real number such that u;(U;) and v;(V;) contain the open
disc D(0,¢) C C, for all j. Lett; € C with |t;| < ¢?. We remove from X2 the discs {|u;| <
|t;|/c} C Uj and {|v;| < [tj]/c} C V;. We obtain a Riemann surface X7 ;, t = (t1,...,tm)-
Then we form the identification space X3 ; = X7 ;/ ~, where p ~ ¢ is the equivalence relation
generated by

p € {|tj|/c < |u;| <}, qe€{|t;|/c < |vj|] <c} for some j,

p ~ ¢ if, and only if, u;(p)v;(q) = t;.
The analytic space X3 , is actually a Riemann surface. We can let some of the t; = 0, with
the obvious meaning for X5 ;. Observe that the (W; \ {p;},w;), i = 1,...,n, still define
analytic charts on X3 ;. Then the charts (W;, w;) describe a completion X ; of X5 ;, smooth
near the points p;(s,t) := (w; = 0), j = 1,...,m. The tuple (X, 4;p1(s,1),...,pn(s, 1)) is
an n-pointed stable curve of genus g.

(iv) For (s,t) in some small open analytic subset Q C C39~3+" we have constructed an

n-pointed stable curve of genus g. We put X := U, 4)cnXs,: and f : X — Q for the natural
projection.

PROPOSITION 4.2. — (i) The tuple (f : X — Q;p1,...,pn) is an n-pointed stable curve of
genus g, whose fiber at 0 equals (X;p1,...,pn). LetF: Q — ﬂ:nn be the induced morphism
of analytic stacks.

(i) After possibly shrinking 2, § is a local manifold cover: the image F(Q2) is an open sub-
stack of ﬂzr‘n and is the stack theoretic quotient of Q2 by a finite group acting on Q.

Proof. — We refer to [62, Sec. 2]. O
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4.2. Definition of the first tautological metric

CONSTRUCTION 4.3. — Letp € M, ,(C) be a point corresponding to a pointed stable
curve (X;p1,...,pn). Let X1,..., X, be the decomposition of X, into connected compo-
nents. Every Riemann surface X7 = X; \ {p1, ..., p,} admits a complete hyperbolic metric
of constant curvature —1, dsf. ;. If X; is a compactification of X¢ and X5 = X \ X3,
then dsﬁyp’ ; induces a pre-log-log hermitian metric || |[byp,; On wx, (0X7). Forits first Chern
form we write ¢1 (wx, (0X73 )nyp) (well defined and smooth on X?). If o, T are rational sec-
tions of wx (p1 + - - - + pxn ), whose divisors have mutually disjoint components, disjoint from
Xiing, then the integral

5(0,7) 5= [ [10g 10l +108 7y €1 (g, (OX )]
X
is convergent [8, Sec. 7]. The norm ||{c, 7)|| of (o, 7) is characterized by
log [[{o, 7)|| = Y I;(o, 7).
j=1
This construction defines a hermitian metric (at the archimedian places) on the tautological

line bundle  p,.

DEFINITION 4.4 (First tautological metric). — The hermitian metric on x4, defined by
Construction 4.3 is called the first tautological metric. We write K4 ,, to refer to the line bundle
Kg,n together with the first tautological metric.

LEMMA 4.5. — Let || - ||nyp be the hermitian metric on wggm/ﬁm(ol + -+ o0y), induced

by the hyperbolic metric on (the regular locus) of the fibers of Cy ., \ U;0;(Cgn) — Mgn.
Then we have

4.1 Kgn = <wEg,n/ﬂg1n (o1 4+ Un)hyp’wég,n/ﬂg," (o144 n)nyp),
where the right hand side of (4.1) is endowed with the Deligne metric [12, Sec. 6].

Proof. — This is a reformulation of the definition of the first tautological metric. O

LEMMA 4.6. — Letg=g1+gao,n=mn1 +ngandB: My, ny+1 X Mgy nyr1 — Mg be
Knudsen's clutching morphism. Then the isomorphism (3.6 ) induces an isometry

*— ~ —
ﬂ Kg,n Kgy1,mi+1 X Kgama+1-

In particular, for the clutching morphism ~y : Mg, % HTT — Mo of Corollary 3.8, we
have the isometry

*— ~—= —Xn
YV Rgin0 — Fgn MR T

Proof. — One easily checks that the isomorphism (3.6), constructed in the proof of Propo-
sition 3.7, is compatible with the first tautological metric. O

The main result of this section is the following theorem.

THEOREM 4.7. — The first tautological metric is continuous on MZ?O.
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We postpone the proof of Theorem 4.7 until §4.3. For the moment we derive a conse-
quence of the theorem.

COROLLARY 4.8. — The first tautological metric is continuous on ﬂj“n

Proof. — We first observe that the metric on &y ,, X E?ﬁ’ is continuous. Indeed, consider
the clutching morphism v : M, ,, x ﬂf? — Mino. By Lemma 4.6, we have an isometry
YV Rgin,o — Fgn BRLT.

The claim already follows from Theorem 4.7. Notice that, applied to the particular case
g = n = 1, this implies that the metric on %; ; X &1 ; is continuous.
Let A : My 1 — My 1 x Mi 1 be the diagonal morphism. Then we have an isometry
A*(El’l X E171) = E(lgﬁ

We deduce that the metric on & ; is continuous. Together with the continuity of the metric
on kg, X E%?, this shows that pri&, , is a continuous hermitian line bundle. Hence so is
Rg,n. The proof is complete. O

REMARK 4.9. — (i) By means of Teichmiiller theory it can be shown that the first tauto-
logical metric is actually smooth on M2, .

(ii) In [19, Ch. 6] we show that the first tautological metric is pre-log-log along MY, .

4.3. Proof of Theorem 4.7

The proof of Theorem 4.7 is based on the next statement and the pinching expansion for
the family hyperbolic metric established by Wolpert [62, Exp. 4.2, p. 445].

ProOPOSITION 4.10 (Masur [39], Sec. 6, Eq. 6.6). — Let f : X — $ be a small stable de-
Jformation in compact curves of genus g > 2, as in Construction 4.1. For the hyperbolic metric

dspypeer On Xs g and forall j =1,...,m we write
2
Astypos = puCuy) (Il ) on Ay(8) = {1857 < Juy| < o},
swint = 2ot 40) [ o [ o) = Ll <
2
Astypss = o) (1LY on By(1) = (112 < oy < o).
e "7\ g log Jug | ’ o

Then, after possibly shrinking € in a neighborhood of 0, there exists a constant C > 0, inde-
pendent of s, t, such that for all j = 1,..., m we have

< ps,it(uj) < C on Aj(t)

Ql~

and

< psit(v;) £ C on Bj(t).

Ql=
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Proof of Theorem 4.7. — Let f : X — () be a small stable deformation of a stable curve X
of genus g > 2. After possibly restricting €2, we can find meromorphic sections o, 7 of wx /o
whose divisors are relative over 2, with mutually disjoint irreducible components, disjoint
from the singular points of the fibers of f. We can further assume that div 7 does not meet
U;(A;(t) U B;(t)), (s,t) € Q. We have to prove that the function

(s,t) = log|l{o |z, .7 |2}l

is continuous at 0. Introduce the functions

F(37t) = / log ||U||hyp5divra
X

Gls,t) = [ 108l lhyp 1 (w2 mmpe)
xs,t
so that log [|(7 |x,,,0 |z, )| = F(s,t) + G(s,t). It suffices to show that " and G are con-
tinuous at 0. The continuity of F' at 0 is a consequence of the flatness of div o over 2 and
[62, Exp. 4.2, p. 445]. For the continuity of G we proceed in two steps, according to the
decomposition G = Gy + G2, with

Gi(s,t) = / log ||T||hyp Cl(w%/ﬂhyp)y
Xs,6\U; (A (£)UB; (1))

Galst) = | 108 7l €1 (w3010
U; (A5 (#)UB; (1))

Step 1. That G1(s,t) is continuous readily follows from [62, Exp. 4.2, p. 445], the curva-
ture — 1 constraint for the hyperbolic metric on X, ; and Lebesgue’s dominate convergence
theorem.

Step 2. We treat Ga(s, t). Observe that over the annulus A;(t), any differential form can be
expressed in terms of the holomorphic coordinate u; (even for ¢ = 0, provided we exclude
u; = 0). In the coordinate u; we have the pointwise convergence

log ([ llnyp 14;5)) €1(wx/@nyp) 14,06~
Llog([|I7llnyp [4;(0)) c1(wx/@nyp) 4;00) as (s,t) = 0.
Indeed, this is a consequence of [62, Exp. 4.2, p. 445] and the curvature —1 condition for the
hyperbolic metric on X, ;. The corresponding fact is true for the annuli B;(¢), as well. Now,

by assumption, | div 7|NA4;(t) = @, (s,t) € Q. From Proposition 4.10 and the curvature — 1
constraint, we derive a uniform bound

|de A\ dﬂj|
|uj|?(log |u;])?”
Notice that we used that div 7 is away from the singular points of the fibers of f. An analogous
bound holds on B;(t). By Lebesgue’s dominate convergence theorem we arrive at

[log([I7llnyp |4, () c1(@z/anyp) 4, < loglog |uj|~*

Galst) = [ 108 [l €1 (w/2150)
U; (A5 ($)UB; (1))

- log || 7{Inyp €1 (wx /@ hyp)-
U; (4;(0)UB;(0))

This completes the proof of the theorem. O
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5. On the degeneracy of the Quillen metric

5.1. Statement of the theorem

Let (X;a1,...,a,) be a smooth n-pointed stable curve of genus g and (73;b1), ...,
(T,;b,) n smooth 1-pointed stable curves of genus 1, all over C. They define complex
valued points P € My, (C), Q1,...,Q, € M;i 1(C), respectively. We apply the clutching
morphism v : M, , X ﬂlx? — Mgyinoto (P,Q1,...,Q,). We obtain a complex valued
point R € M,1,0(C). The curve represented by R is constructed as the quotient analytic
space

Y = (X|_|T1I_|-~-|_|Tn)/(a1 Nbl,...,an an)
Since Y is compact, Chow’s theorem ensures the algebraicity of Y.

Construct a small stable deformation f : ) — € of Y as described by Construction 4.1.
We build the family g : 3 — D by restriction of { to the locus s; = --- = s, = 0 and
ty =---=t, =t € D. The fiber 3; = g~1(¢) is non-singular for ¢ # 0, of genus g +n > 2.
Let X° := X \{a1,...,a,}, T} = T; \ {b;}, j = 1,...,n. Following the conventions of
Section 2, we denote by Z(3:, s), Z(X°, s) and Z(T7, s) the Selberg zeta functions of 3;, X°
andT7,t #0,j = 1,...,n, respectively.

THEOREM 5.1. — Fort € D\ {0}, we have the convergence

G ZGu D - L (

ﬂ-n

n

! ° 1 /(o ., )
729_2+n+1)2(x, )];[Z(Tj,n as t—0

The proof of the theorem is detailed throughout the next subsections.

5.2. Degeneracy of the Selberg zeta function

We undertake the notations in Theorem 5.1. For every t € D, t # 0, denote by A; = d*d
the scalar hyperbolic laplacian on 3;. We notice that A; is obtained, via a fuchsian uni-
formization, by descent of —y?(8%/0x% + 92/0y?) on H. It is well-known that A; admits
a unique non-negative and self-adjoint extension to the Hilbert space L?(3;, C) [29]. For the
eigenvalues of A, counted with multiplicity, we write Ag(¢) = 0 < A1(t) < A2(t) < ...

THEOREM 5.2 (Wolpert et al.). — (i) Ast — 0, the non-zero eigenvalues that converge to 0
are exactly A1 (t), ..., An(t).

(ii) Let v1(t), - .., yn(t) C 3¢ be the simple closed geodesics that are pinched to a node as
t — 0. Then the holomorphic function

_ ZBus) , Res> L
I Zias () 2
uniformly converges to Z(X°,s)[]; Z(Ty,s) ast — 0.
(iil) Let Ky C D(1,1/2) and Ko C D be relatively compact open subsets. Then there is a
uniform bound

Z(3t7 3)
L Zitv; 0 (8) [Tj=0 (8% — s + A;()

Proof. — The first assertion is established in [48]. The second and third items are proven
in [50, Th. 35 and Th. 38] and [61, proof of Conj. 1 and Conj. 2]. O

<8, se Ky, te Ky\ {0}.
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THEOREM 5.3. — Fort € D\ {0}, we have the convergence

1 7 105 (®) m?
@2m)" (3“1)};[1 0 eXp<31(fyj(t))>_’

Z'(X°,1 H T°,1) as t — 0.

(5.2)

Proof. — For every t € D, define the meromorphic function

Quls) = dLoLn »

[1; Ziv; (0 (8) [Tj=0(s% — s + A;(t))
By Theorem 5.2(iii), Q¢(s) extends to a holomorphic function on D(1,1/2). Furthermore,
for every sequence {t,}, — 0, t, # 0, there exists a subsequence {t,, } such that {Q;, }x
converges to a holomorphic function H, uniformly over compact subsets of D(1,1/2) (Mon-
tel’s theorem). In particular @, (1) — H(1) as k — +oo. By Theorem 5.2(i)—(ii), we see
that

s € D(1,1/2).

XO S) i Z Toa

11 o 127 seD(1,1/2).

j=1
The Selberg zeta functions Z(3¢, s), Z(X°,s) and Z(T}, s) all have a simple zero at s = 1.
The local factors Z; (., (+))(s) are holomorphic and non-vanishing at s = 1. Thus we compute

Z,(st’ ]-)
[Tj=1 Zl(’yj(t))(]-))‘ (1)

H(1)=2Z'(X°,1 HZ’ 79,1

H(s) =

Q1) =

Furthermore the following asymptotic estimate evaluated at s = 1 holds [50, Lemma 39]:
for Re s > 0 we have
lim ['(5)2Z;(s) exp(n?/31)1*~! = 2r.

The proof follows from these considerations. O

5.3. Asymptotics of small eigenvalues and proof of Theorem 5.1

The notations of Section 5.2 are still in force.

THEOREM 5.4. — The product of the eigenvalues A1 (t), . .., A\, (t) satisfies

o () 1 n
(5-3) }g%jl;[l l(vjj(t)) o (2n2)n (2g —2+n * 1) '

This result actually appears as a particular instance of [0, Th. 1.1] (see Theorem 5.5 be-
low), that the author learned from [30, Sec. 4]. We shall detail how to apply loc. cit. to derive
Theorem 5.4.

The first step is to attach a weighted graph to every fiber 3;, ¢ # 0. Let G be the graph
consisting of:

e n + 1 vertices, V = {vo,...v,};
e nedges, E = {ey,...e,}. The edge e; links the vertices vy and v;.
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Therefore the shape of G is an n-edged star. For every ¢t € D, t # 0, we attach to 3; two
functions m; and I;:

my:V — R

vo — 29 — 2+ n,

vi—1l,5=1,...,n
and

l;: E+— R

ej — U (1))-

Define R[V] := @}_, Rv; and R[V]* the vector space of linear functionals on R[V]. For
every F € R[V]* we put

n

Q:F = (F(v;) — F(v0))*Li(e;)-

j=1

We also introduce the scalar product on R[V]*
n
Fl,FQ Z ’Uj F1 ’UJ FQ('UJ)

There exists a unique symmetric operator M; € Endg(R[V]*) such that

<MtF,F>t :QtF, FER[V]*

The matrix of M, in the base v, ..., v} dual to vy, ..., v, is
(@) + -+ 1)/ a =l@) /o =la(t)/a
—11(¢) L@ 0 --- 0
—1n(t) 0 0 -+ (%)

where [;(t) = I(v;(t)), o = 29 — 2 + n. It is easily seen that 0 is a simple eigenvalue of A(t).
Let p1(t) < --- < up(t) be the strictly positive eigenvalues of M, counted with multiplicity.

THEOREM 5.5 (Burger). — Forevery j =1,...,n we have
s
N1
t—0 fuj (t) 271’2

Proof. — See [6, Th. 1.1 and Sec. 2]. O
Therefore, to prove Theorem 5.4, it suffices to establish the next proposition.

PROPOSITION 5.6. — For the product of the eigenvalues u1(t), . .., un(t) we have

5 (t) n
1 = + 1.
tﬂ%jl;[lzmj(t)) 29— 2+n
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Proof. — Introduce the function I(t) = 27%/log|t|™!,t € D, t # 0. By [62, Ex. 4.3,
p. 446] there is an estimate

(5.4) 1(75(5) = U(t) + O ((log1|t|)4> .
Define the matrix
nl(t)/a =l{t)/a - - —l(t)/oz\
=i(t) lt) O 0
B(t) := 0 0
—(t) 0 0 --- It

Let vo(t) = 0 < v1(t) < --- < v, (¢) be the eigenvalues of B(t). They are easily computed

n
=i =uy = = —+1 .
i (t) e (®) = 10) < alt) = (53 +1) 10
By comparison of the characteristic polynomials of A(¢), B(t) and the estimate (5.4) we

arrive to
n

- pi() . vit) _ m
}%El(w(t)) _}E%Hl () 2g—2+n "

j=

n

This completes the proof of the proposition. O

Proof of Theorem 5.4. — The theorem is a straightforward consequence of Theorem 5.5
and Proposition 5.6. O

We are now in position to prove Theorem 5.1.

Proof of Theorem 5.1. — The limit property (5.1) is a conjunction of (5.2) (Theorem 5.3),
(5.3) (Theorem 5.4) and Wolpert’s estimate (5.4) for the length I(v;(¢)). O

5.4. Consequences: degeneracy of the Quillen metric

We apply Theorem 5.1 to study the behavior of the Quillen metric || - ||g on Ag4n,0, Dar
oM.

We maintain the notations of Section 5.1. For the clutching morphism v : M, , X
M} — Mgy n,0, we have the isomorphism (3.10)

Dy Ngin0 — Agin BT
At the point N = (P, Qq,...,Q,),  induces a natural isomorphism

Oy Aw3,) — AMwx) ® ®)\(wTj).

j=1

Observe that A(ws3,) = A(wy) is the stalk at 0 € D of A(w3,/p).
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PROPOSITION 5.7. — (i) The L? metric || - || 2 on Mws,p) | p\{o} extends continuously to
)\(w3/D).
(ii) Let p = n/(29g — 2+ n) + 1. Then @ N induces an isometry

Oyt (Mws/p)s - llz2) lo—= (Mwx), [l lz2) ® ®(>\(wTJ~), I llz2) © O(u'/?).

Proof (see also [4], Prop. 13.5, case (II), pp. 96-98). — We shall prove the two assertions
simultaneously. Write D* = D \ {0}. First of all we have isometries

(Aws/p) o+, Il - lI22) = (det Rguws b b, Vol - Il - llo)s
Mwx ), I| - [1z2) = (det HO(X, wx), V2|l - [lo),

Awry), |- l122) = (det HO(Ty,wr,), Vi42 - 1| - llo)

where || - [|o is the L? metric on the line det R°g.w3,p |p- (respectively det HO(X,wx),
det H(Tj,wr,)) and Vgqno = 29+ 2n — 2, Vg, = 29 —2+n, Vi3 = 1. Since p =
Vg+n,0/Vgn, it suffices to prove that the L*? metric on det R°g.w3,p |p- extends continu-
ously at 0 and @ induces an isometry

(det ROg.w3,p, || - o) o= (det H*(X,wx), || - [lo) ® R)(det HO(T}, wr,), || - Ilo)-
j=1

Let oy, ..., a4 be a basis of H(X,wx) and 3; a basis of H*(T;,wr,), j = 1,...,n. The
differential forms «;, B; satisfy the residue conditions Res,, a; = 0, Resy,; 3; = 0. Therefore
there exist global sections &; and Ej of wy extending «;, B; by 0, respectively. The sections
ai,i=1,...,9, ﬁj,j = 1,...,n form a basis of H’(Y,wy). Besides, Rg,w3,p is locally
free of rank g + n. After possibly shrinking D, we can find a frame &;(¢),i =1,...,g9, Bj (),
j=1,...,n0f R°g,ws,p over D, such that &;(0) = &; and Bj(O) = Bj. Write {0;(t)}17
for the whole ordered set {a;(¢)}7_, U{ ﬁj (t)}}—1- Aneasy local computation shows that the

function
tr—»det(l/ ajA9k> L t#£0
2T s

1<j<k<g+n
extends continuously to 0, with value

. n .

7 7 —_
det(—/a-/\ak) ”7/ B; A B;.

2 Jx J 1< k< jo1 2T T; J J

Notice that
Py (01N ANbgin)(0) = (1 A Nag) QRBL ® -+ ® Py

The proposition follows from these observations. O

Attached to the one-parameter deformation g : 3 — D, there is a classifying map
C(g): D — Hjimo.

The line bundle A(w3,p) = C(g)* A3}, o is endowed with the Quillen metric || - [|¢.
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COROLLARY 5.8. — Let ..., 04, 51, e ,Bn be a frame of the sheafRog*w3/D over D,
as in the proof of Proposition 5.7. Then we have

lim @ Ao AGgABL Ao A Bullgelt™
= flar A= Aagllg - lIBillg -+ 1Balle-

Proof. — This is easily derived from the very definition of || - || (see Section 2), Theorem
5.1, Proposition 5.7 and the relation (2.2). O

6. Metrized Mumford isomorphism on M, ,,

In this section we establish the following metrized version of the Mumford isomorphism
(Theorem 3.10).

THEOREM 6.1. — Let D ,, be the restriction to Mg ,, of the Mumford isomorphism Dy ..
Then Dy, ,, induces an isometry

5;’ >\®12Q ® ¢g n;W - Rg n® O( (g7n)) on Mg,n~

REMARK 6.2. — For the sake of simplicity, in the theorem we wrote Ay, ¥g4.n, tc.
instead of Mg, [A, .0 Yg,n [M,., €tC. respectively.

To lighten the forthcoming arguments, it is worth introducing some notations.

NOTATION 6.3. — We define the line bundles
Lyn = A0 Qg0 ®6, ).

Lo = (OG0 @y ® 0, 2) OAPI® @ Y11 ® 877)"
and the isomorphism
Dyn = Dgn DY : L9 — kg K KLT

We let || - ||4,» be the continuous hermitian metric on L, ,, such that the Mumford isomor-
phism D, ,, becomes an isometry

Dyn : Lgn = (Lgn; || lg.n) = Fg.n ® O(C(g,n)).
Finally, we write £, , = L, ,, X f%? and®, , =D, K f??.

The first observation towards the proof of Theorem 6.1 is summarized in the next propo-
sition.

PROPOSITION 6.4. — Let g > 2 be an integer. Then:
(i) Theorem 6.1 holds true for (g,n) = (g,0);
(i) endow 5;(1) = O(—=0M ) with the trivial singular metric coming from the absolute

L o=—1 . SR
value; write 6,  for the resulting hermitian line bundle. Then )\®1

U —1 = =
hermitian line bundle )\?(1];2(9 ® 4,0 0n Mgyo. Moreover, D; o extends to an isometry

0:0 extends to a continuous

A®OQ®6goemgo®O(C( 0)).

Proof. — In the present form, the first item is a theorem of Deligne [12, Th. 11.4] and
Gillet-Soulé [22]. Indeed, it is enough to point out the following facts:
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o

— Deligne’s functorial isomorphism coincides with Dy o,

H%(M,0,Gp,) = {£1} [4], Lemma 2.2.3];

— the normalization of the Quillen metric on A(wx) of Deligne and Gillet-Soulé in loc.
cit. coincides with ours (see Section 2). Let X be a compact Riemann surface of genus
g, with hyperbolic metric of curvature —1, dsﬁyp. Let h be the hermitian metric induced

up to a sign. This is justified by

by ds} ., on Tx. Denote by Az = 8" 0 the associated d-laplacian acting on functions,
and A, = d*d the hyperbolic scalar laplacian. Recall the Kahler identity [58, Ch. 5]

6.1) Am = %Ad.
Deligne and Gillet-Soulé work with the Quillen metric
-1 = (et Ag) 2] .
We now check the relation
(6.2) det'Az = E(g,0)Z' (X, 1).
First of all, since X has genus g and by (6.1), we compute
(6.3) det’ Ay = 20972/3det’ A4
(see [4, Eq. 13.2, p. 88]). By a theorem of d’Hoker-Phong [15] and Sarnak [47, Cor. 1],
we have the expression
(6.4) det’'Ag = Z'(X,1) exp((2g9 — 2)(2¢'(—1) — 1/4 + 1/21og 27)).
Equations (6.3)—(6.4) together already imply (6.2), and hence the equality || - || = || || o-
The second assertion (ii) is derived by combination of the Mumford isomorphism on M, g

(Theorem 3.10), the continuity of the first tautological metric (Theorem 4.7) and the first
point (i). O

COROLLARY 6.5. — (i) For every integer g > 2, the continuous hermitian line bundle L, o =

£g.0 satisfies the following factorization formula:
" _yel2 o1
L9.0 = Ag,0:0 ® g,0-
(i) There is a diagram of isometries of continuous hermitian line bundles on M ,,

_ T Pgno
(6.5) Y*Lgino ——— 7 (Fg1n,0 ® O(C(g +n,0)))
Z\L LZ

Eg,n — (Eg,n b2 O(C(g’n))) X (El,l b2y O(C(lv 1)))@11’

Dg,n

commutative up to a sign. The isomorphisms underlying the vertical arrows are induced by
(3.10)—(3.12) (Corollary 3.8 ).

(10) This definition agrees with the one by Deligne and Gillet-Soulé due to the remark preceding [44, Prop. 2.7,
p. 159].
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Proof. — The first claim is a reformulation of Proposition 6.4(ii). For the second asser-
tion, we first observe that if we forget the hermitian structures, then (6.5) is a consequence of
Corollary 3.2, Corollary 3.8 and Corollary 3.11. The existence of the whole diagram (6.5) is
a conjunction of the very definition of £, ,, and D, ,, (Notation 6.3), relation (2.1), Lemma
4.6 and Proposition 6.4(ii). O

Theorem 6.1 is actually equivalent to the next apparently weaker statement.

PROPOSITION 6.6. — There is a factorization of hermitian line bundles on Mg n, x M}
I — ()\®12 ®12 b
(66) 297” |Mg,n><Mi;L_ (Ag,n;Q ® wg,’ﬂ;W) X (Al,l;Q ® 1/’1,1;@) "

Proof. — We first observe that proving (6.6) is tantamount to proving the factorization
formula

[an an n an an Xn

(6.7) Lon |Mg‘jan€ff‘1X": ()‘g,n%2 gmsw) B ()‘1,1%2 ®YTe)
Since we aim to show the factorization of the underlying hermitian structures, we shall es-
tablish (6.7) pointwise.

By Corollary 6.5 there is an isometry of continuous hermitian line bundles on M, ,, x
My

v V*Eg+n,o — Eg,n-

The isomorphism of line bundles underlying ¥ is built up with (3.10)~(3.11). Fix a com-
plex valued point N = (P,Q1,...,Qn) € Mg ,(C) x My 1(C)*"; let R be its image in

M y1.0(C) by the clutching morphism . At the point N, ¥ induces an isometry of com-
plex hermitian lines

(68) @N : R*Eg+n70 = N*’Y*Eg_;,_n’o ; N*Eg’n.
We focus on R*L,4,0. Let (X;ai,...,a,), (T1;b1),...,(Th,b,) be the pointed stable
curves corresponding to P, Q1, ..., Qy, respectively. Let Y be the curve represented by R.

By means of Construction 4.1 we obtain a small stable deformation f : 9 — Qof Y.
Attached to f there is a classifying morphism

C(f) : Q2 — My, o

We agree in denoting the pull-backs of A3%,, 4, 055, 5, £55,, o, €tc. to Q by A(f), o(f), £(f),
etc. respectively. We also set R(f) := 0 € . We have to study the hermitian complex line

R()*£(f). With the notations of Construction 4.1, the equation of the divisor of the singular
fibers of fisty-- - --t, = 0. After possibly shrinking 2, the holomorphic sectione := ty-- - -+,
is a frame of §(f) ~1. We introduce two auxiliary metrics:

— amodified Quillen metric || - ||, on A(f):
I Mgy = Il gty -+ - tn|'/12 at the point (s,t) € Q;
— the smooth metric || - ||" on 6(f)~! defined by the rule
lefl" = 1.
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With these choices, there is an obvious equality

—_— ———1

_ 1
(6.9) £H =252 @6F)  =rNF? @)
We point out two features concerning || - ||’Q and || - ||":

— by the continuity of the metric of £(f), the smoothness of || - || and equality (6.9), we
see that the metric || - || is actually continuous;
— the pull-back of the isomorphism (3.11) by N yields

O+ BGy0 = RO P ® @ Qoo
j=1
R(f)"e — £(®j_1du;) ® (&j_1dvj),
where u;, v; are the rs coordinates at a;, b;, respectively, used to construct f : Y — Q.
This is so because the degeneration of the family f in a neighborhood of the node a; ~
b, ismodeled by u;v; = t; (see[17, Sec. 4] for a detailed proof). Therefore, if we endow
§(f)~* with the metric || - ||, then © 5 becomes an isometry

(6.10) Oy : R(f)*@,_1 = P g ® ® QiY11w-

j=1
Indeed, it suffices to recall that the Wolpert metric assigns the value 1 to du; and dv;
(see Definition 2.1).

We claim that the isomorphism (3.10) induces an isometry

6.11) By R() AP — P Agmq © Q) @ ue-

j=1
Let g : 3 — D be the restriction of f to thelocus s; = ---=s, =0,t; =---=t, =t € D,
for some small disc D C C centered at R(g) := 0. Let C(g) be the associated classifying map.
By the very definition of g there is a commutative diagram

\w
: M o-

c(f)
R(f)=0——Q

From (6.12) we derive the equality of line bundles
A(g) = C(9)" Aghn 0 = " A(F):
Therefore, the pull-back of || - ||, by ¢ is a continuous hermitian structure on A(g). Write

A( g)’Q for the resulting hermitian line bundle. The claim (6.11) is equivalent to asserting an
isometry induced by (3.10)

(6.13) By : R(g)"A9)p — P Ao @ Q) QA 1150-

Jj=1
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The validity of (6.13) has been established in §5.4, Corollary 5.8. We come up to the conclu-
sion by (6.8)—(6.11). O

Proof of Theorem 6.1. — By the very definition of L ,, (Notation 6.3) it suffices to show
a decomposition of hermitian line bundles

(DECg,n) g n IMg n )‘;8);2@ ® TPg,n;W-
As a first step, we treat the case g = n = 1. Proposition 6.6 yields
(6.14) €11 |mze2= (AP ® ¥1,1w)™?

Recall that £ ; | M= L1 1. Therefore the pull-back of (6.14) by the diagonal morphism
A: Mg — My xMMleadsto

(6.15) Ly 1%, = 0010 @ Yrw)®”

Because L11 |m,, = )\®12 ® 1,1, the formula (DEC; ;) follows from (6.15). To estab-
lish (DEC, ,,) for generdl g,n, we tensor equation (6.6) in Proposition 6.6 by the identity
(pr3(DECy 1)™M™)®=1 (pry is the projection My, x M7 — M{T). We obtain

(6.16) Prilon Im, .= pri(A2220 ® Vg nw ).

By definition of Ly n, Ly n |m,.,= )\®12 ® 9g,n. Consequently, (6.16) already implies the
coincidence of the metricon Ly ,, | M,.,, and the metric on )\®12Q ® ¥g.n,w, hence (DEC, ).
This completes the proof of the theorem. O

REMARK 6.7. — The Wolpert metric on ¢, ,, naturally extends to M, ,,. For the clutch-
ing morphism 8 : Mg, 5,41 X Mg, nyt1 — Mg, 4g5.n14n, We have an isometry of hermitian
line bundles

(617) 5*w91+gz,n1+nz;W I wg1,n1+l;W X 1/)!]2,nz+1;W'

In view of the results in [19, Chap. 4] —specially Section 4.3 of loc. cit.—, we expect that 1y ».w
1s a continuous hermitian line bundle on MM. In this case, the isometry ﬁ;)n of Theorem
0.1 extends to an isometry of continuous hermitian line bundles

_ 1 ~ -—
Dgn : )‘S%ibz;Q ® by 0 ®Vgnw — Kgn ® O(C(g;n)) on Mgyn,

where 6 » 1s equipped with the trivial singular metric coming from the absolute value. A
parallel argument as for the proof of Theorem 6.1 and Proposition 6.6 —combining Lemma
4.6, Equation (6.17),[50, Th. 35 and Th. 38] and [6, Th. 1.1}~ will then lead to a factorization

(6.18) /3*591+gz,n1+n2 = 59177L1-i-1 X 5_(}277L2+1'

An analogous compatibility formula is expected for the clutching morphism
«: /\/lg 1n+2—>M n of [35, Def. 3.8 and Th. 4.2]:

(6.19) @*Dyy = Dyg_1,n+t2-

Conversely, assume that for a suitable choice of constant F'(g,n) —and the subsequent choice
of Quillen metric determined by Definition 2.2— the relations (6.18)—(6.19) hold. An alge-
braic manipulation then shows that £(0, 3) determmes E(g,n). Furthermore, by Theorem A
applied to (P};0,1,00), E(0,3) coincides with the constant introduced in Section 2 (for
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g = 0 and n = 3), and so does E(g,n). This explains the significance of Theorem A in the
case g = 0, n = 3. We plan to deepen in these questions in the future.

Proof of Theorem A. — Attached to (X — S;01,...,0,) there is a classifying morphism

C:S8S— ﬂg,n.
For every embedding 7 € ¥, X, = X x,Cis smooth. Hence there is a commutative diagram
(6.20) SpecC - = M,
T ﬂg’n
/
S

Let C*D, ,, be the pull-back of the Mumford isomorphism D, ,, by C. From (6.20) we infer
the equality 7*C*Dy ,, = C;D; , (recall that Dy , := Dy, |m, ). Therefore Theorem 3.10
and Theorem 6.1 altogether yield an isometry of hermitian line bundles on &

C*Dym Awr/s)g > @ O(Axss) ' @ pw —

(621) <wX/S(01 +-+ Un)hypa WX/S(O-I.Z + -+ 0n)hyp>
® 0(C(g,n)).
The theorem is now obtained from (6.21) applying ¢;. O

We close this section with one further application of Theorem 6.1: a significant case of
the Takhtajan-Zograf local index theorem [55]-{56].

THEOREM 6.8 (Takhtajan-Zograf). — Let wwp, wry be the Weil-Petersson and Takh-
tajan-Zograf Kdihler forms on MY, , respectively. The following equality of differential forms
on MZ, holds:

1 1

(6.22) c1(Agn;Q) = WWWP - §WTZ~

Proof. — First of all we have the equality of differential forms on MF7,

1
(623) C1 (Eg’n) = ﬁwwp.

For a reference, see [62] (case n = 0) and [19, Ch. 5] (general case). Secondly, by [63, Th. 5]
there is another identity of differential forms on M7,

4
(624) Cl(wg,n;W) = ngz.
The relation (6.22) is deduced by conjunction of Theorem 6.1 and (6.23)—(6.24). O

REMARK 6.9. — In contrast with [60, Fund. th., p. 278], our proof of (6.22) is new and
does not require the work of Takhtajan-Zograf.
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7. The special values Z'(Y (T'), 1) and L(0, Mr)

The aim of this section is to prove Theorem B. The argument relies on Theorem A
and a formula of Bost [5] and Kiihn [37] for the arithmetic self-intersection number of

WX (p)/Q1ap) (CUSPS ) yp-
Fix K = Q(pup) C C the p-th cyclotomic field. Denote by ¢ the inclusion K C C and

by 7 its complex conjugate. Then A = (Spec K, ¥ := {¢,1}, F) is an arithmetic ring. The
1

arithmetic Chow group CH (Spec K) —associated to A— comes equipped with an arithmetic
degree map:

— 1

deg : CH (Spec K) — R/ log |[K™|
(7.1) 1 .
[(0,{ )\, A\z})] — [i(AL + A7)l = [A] (since A, = 7).

If L = (L,| - |) is a metrized line over Spec K, then the first arithmetic Chern class
c(L) € aﬁl(Spec K) is the class of (0, {log ||, ||;%}sex), for any non-vanishing section s
of L. Therefore, taking (7.1) into account,
(7.2) dege: (T) = [log [ls.[1 ],
which is independent of the choice of s.

Let Q be the algebraic closure of Q in C. We will write [Q | for the group of norms of
elements of Q.

The modular curve X (T'), for I' = I'y(p) or I'1 (p), and its cusps are defined over the num-

ber field K [51, Ch. 6.7]. We still write X (I") for a projective model over K. The notations
Xo(p) and X (p) will also be employed ‘' .

PROPOSITION 7.1. — Let p be a prime number for which X (I') has genus g > 1. Then the
equality
degei (Mwxry/x): || - 2) = — log(r > L(0, M)
holds in R/ log |@X |-

Proof (see also [57]). — First recall that via the g-expansion, HO(X(F),wX(p)/K) gets
identified with the space of weight 2 cusp forms in Sy (T", C) whose Fourier series expansion
at oo have coefficients in K [10, Th. 1.33]. Let us write S3(I", K) for this space. Notice
that the set Prime(T') C S2(T, K) ®x Q is a Q-basis. For every f € Primy(T"), write
wy € HO(X(F),wX(p)/K) ®x C for the corresponding differential form. Viewing wy as a
holomorphic form, we find the relation

1
47r<faf>: %A(F)waW7

where (f, f) is the Petersson square norm of f. Indeed, w; pulls back to the I' invariant
tensor 27i f(2)dz on H. By the definition of the L? metric || - || 2 (see Section 2) and (7.2),
we infer the equality in R/ log [Q |

(7.3) deges (Mwx(ry/x), [ - llz2) = —log(x?  T] (£, 1)
fePrimy(T)

(1) Contrary to the usual conventions, here Xg (p) is assumed to be defined over K, and not over Q.
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By [28, Th. 5.1] we have
(7.4) II hH~ger™ I LE@Sym*fx5).
fEPrimy (T) fEPrimy (T)

The equations (1.1) (see the introduction), (7.3) and (7.4) altogether lead to the conclusion.
O

LeEmMA 7.2. — Suppose that p is a prime number congruent to 11 modulo 12. The following
assertions hold:

(i) the natural morphism ¢ : X1(p) — Xo(p) is unramified as a morphism of K -schemes;

(1) @ induces an isometry of pre-log-log hermitian line bundles

‘P*(wxo(P)/K((O) + (00))hyp) — WX, (p)/K(CuSPS)hym

Proof. — The first assertion is derived from [40, Ch. 2, Sec. 2, Table I]. Property (ii) is an
easy consequence of (i). O

PROPOSITION 7.3. — Let p > 11 be a prime number. Assume that p = 11 mod 12 when-
ever I' = T'y(p). Let yw be the tensor product of the cotangent bundles at the cusps of X (T') g,
endowed with the Wolpert metric. Then the equality

degls (Yw) = 0
holds in R/ log | K™ |.

Proof. — We begin with the case I' = I'y(p). Let op and o be the sections of X(p)
induced by the cusps 0, oo, respectively. We first show that d/e\goj;o (Wxo(p)/k) = 0. Let f €
S2(To(p), K) be a cusp form whose g-expansion has leading coefficient a; # 0. It exists
because Primy(T') is a base of S2(I'o(p), K) ®x Q. Let 6 be the global section of wx, )/ i
corresponding to f via the g-expansion. We claim that

(7.5) lo5ebllw.co,. = laa] € [K].

Indeed, the condition p = 11 mod 12 ensures that T'g(p) acts without elliptic fixed points.
Therefore the restriction of the differential form 6¢ to Xo(p)c \ {0, oo} lifts to the upper half
plane as
n dq TiZ
()= ang"—, q=¢
n>1 q

)

and by the very definition of the Wolpert metric we find
llozefllw,co,. = laal-
This proves the claim. Notice that by (7.2), Equation (7.5) entails
(7.6) degol (wx,(p)/x)w = [log la1|™2] =0 in R/log|K*|.

Now we turn our attention to d/t%ag (Wxo(p)/k)w- Consider the Atkin-Lehner involution
wy : Xo(p) — Xo(p) (see [14, 1V, (3.16)] and [40, Ch. 2, Sec. 6, Par. 1]). The pull-back w6
is a global section of wx(p)/x. From [14, VII, (3.18)] and [40, Ch. 2, Sec. 6, Par. 1], the
first coefficient of the g-expansion of wy;6 at the cusp 0 is a; /p. The same argument as above
shows

lozwi8lwo. = lail/p € K]
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and hence
(7.7) degoy (Wxy(py/x)w = 0 in R/log|K*|.

Equations (7.6) and (7.7) lead to the conclusion.

The argument for I' = T'y(p) is analogous. A comment is in order: to produce a global
section of wy, (), x Not vanishing at a prescribed cusp, besides the Atkin-Lehner involution
we need the diamond operators (d) : X;(p) — Xi(p), ford € (Z/pZ)*/{£1}"?). This
completes the proof. O

PROPOSITION 7.4. — Let p > 11 be a prime number and suppose that p = 11 mod 12
whenever T' = T'y(p). The equality

degrm. (€1 (wx (ry/x (Cusps)iyp)?) = 4[L(1) : T(2¢/(—1) + ¢(~1))

holds in R/ log |@X |-

Proof. — We begin with I' = T'y(p). By [33, Tab. 10.13.9.1, Th. 10.13.11] there is a
Kodaira-Spencer isomorphism

KS: w22, 5 wx, (/K (cusps),

where wﬁgd is the sheaf of weight 2 modular forms on X;(p)/K. Equip wgzd with the her-

mitian structure || - |mod = KS™|| - ||hyp- A theorem of Bost and Kiihn [37, Th. 6.1, Cor. 6.2
and Rem. 6.3 a)] provides

(7.8)  degm.(@1(weg Il - llmoa)?) = #{z,2} - 2[T(1) : Ta () (2C'(=1) + ¢(~1))

inR/log |Q"|"%.
We now focus onI'g(p), p = 11 mod 12. Let d denote the degree of ¢ : X;(p) — Xo(p).
By Lemma 7.2 and the functoriality of the arithmetic self-intersection numbers, we have

— 1—
(7.9)  degm. (@1(wxo )/ K ((0) + (00))nyp)*) = Zdegme(@1(wx, )1 (CUSPS)nyp)”).
Because d = [[y(p) : T'1(p)], the claim follows from (7.8) and (7.9). O

Proof of Theorem B. — The result follows from Theorem A, the relation (7.2), Proposi-
tion 7.1-7.4 and the identity

exp(¢’(—1)) = 271/3671/6,(1/2)=%/3

(see [59, App.]). O

(12) The diamond operators constitute the Galois group of X1 (p) — Xo(p). This morphism is unramified at the
cusps [40, Sec. 2]. Hence the group generated by the Atkin-Lehner involution and the diamond operators acts
transitively on the cusps of X1 (p).

(13) The discussion of [37, Par. 4.14] shows that || - ||moq is 1/+/2 times the Petersson metric (or L? metric) used by
Bost and Kiihn. This disagreement contributes to 0 in the arithmetic self-intersection number (7.8), whose value is

inR/log [Q .
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REMARK 7.5. — We expect that ~gx can be refined to an equality. A possible approach
would be to work with the regular models of Deligne-Rapoport [14] and, at least in the case
I' = T'y(p), apply a theorem of Ullmo on the Faltings height of the Jacobian Jy(p) [57]. How-
ever, the necessary considerations have not been effected here: the singular fiber of Xy (p)/Z,
together with the sections 0, oo, is not a pointed stable curve [40, Ch. 11, Sec. 1 and App.].
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