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THE PARAMETRIX OF REGULAR HYPOELLIPTIC

BOUNDARY VALUE PROBLEMS

J. BARROS - NETO (1)

Let P (D, Dt) be a properly hypoelliptic partial differential operator
with constant coefficients and of type p (Section 1) and let Q, (D, Dt),
1 :::;: p., be partial differential operators with constant coefficients all

defined in Suppose that defines a regular
hypoelliptic boundary problem in 1R+.+l (Section 2~ definition 1). Then~ to

it corresponds kernels , satisfying
the following properties :

i) are distributions belonging to

ii) they are C°° functions in the open half space which can

be extended to C°° functions in

(iii) denoting with the same notation the extensions of K and 
then K (x, t) is a solution of the boundary problem

while every Ki (x, t) is a solution of the boundary problem

Pervenuto alla Redazione il 30 Marzo 1971.

(i) This work was supported by N.S.F. Grant GP-20132.
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where 3v, is the Kronecker symbol and fl (x) E ~S (lRn). The kernels K, 
define a parametrix of the hypoelliptic preblem under consideration.

The kernels K, are obtained by the same method we employed
in [2] and [3] in order to get Green’s and Poisson’s kernels. Our proof is
based on the existence and properties of the characteristic function of a

boundary problem, a notion introduced by Hormander in his paper [5],
where he characterized regular hypoelliptic boundary problems.

The existence of kernels K, satisfying conditions i), ii) and
iii) above is proven, in our theorem of section 4, to be a necessary and

sufficient condition in order that the boundary problem (P ~ (Qy)l~y~~ ) be a
regular hypoelliptic one in m++1. In that theorem we prove several equivalent
conditions for regular hypoellipticity of a boundary problem, one of which
is Hormander’s algebraic condition proved in [5].

In section 1, we define properly hypoelliptic polynomials and establish
a few properties needed later. In section 2, the definition of regular hypoel-
liptio boundary value problems is given and some examples are discussed.

The characteristic function, some of its properties and estimates are consi-

dered in section 3. Most results of this section are contained in Hormander [5] J
and reproduced here for the sake of completeness. In section 4, we state

and start the proof of our main theorem which gives several necessary and

sufficient conditions for a boundary problem to be regular hypoelliptic.
Section 5 is devoted to the proof of existence and properties of the kernels
j5~ Finally, in section 6, we complete the proof of the theorem

of section 4 by introducting the parametrix of the boundary problem.

1. Hypoelliptic polynomials.

Let P (C) be a constant coefficient polynomial in n complex variables

and let

be the variety of zeros of P (~).
We say that P (~) is hypoelliptic if and only if the following condition

holds :

From condition (Hj) it follows trivially that the set

is a compact subset of lRn. a
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A polynomial P (;) is said to be elliptic if

where P~ (~) denotes the principal part of P, i. e. the homogeneous part of
highest degree. As it is well known, elliptic semielliptic (for the definition
see [4], [6]) and parabolic polynomials are hypoelliptic.

Consider a constant coefficient hypoelliptic polynomial P (~, z) in n -~-1
variables and suppose that the coefficient of the highest power of 1: is in-

dependent of ~ thus it can be assumed to be equal to 1. Write

where a, (~), .. , ac~ (~) are polynomials in ~ E (tn. If ~ E and is a real

root of the equation

it follows from (Hl) that (~, 7:) belongs to a compact subset of The-

refore, we can find r &#x3E; 0 so large that ] $ &#x3E; r implies that (2) has no
real root z. Since the roots depend continuously on $, in each connected

component of the complement in 1Rn of the closed ball B (o, r), the number
of roots z of (1) with positive imaginary part is constant.

We say that a polynomial (P (03B6, z) is properly hypoelliptic if it is hypo-
elliptic and the number of z zeros of the equation (2), with positive ima-

ginary part, is constant, for all $ E 1Rn with I ~ I sufficiently large. We call

type of P the number of such zeros. It is obvious that when n &#x3E; 1 all hypo-
elliptic polynomials are properly hypoelliptic. This may not be the case

when n ---1, what can be seen by taking P (~, 7:) = ~ + ir. It is well known
that if is an elliptic operator and n &#x3E; 1 then P is of even order 211t
and its type is m.

Suppose, now, that the polynomial (1) is properly hypoelliptic and of

type p. Denote by -(71 the set of all ~ E en such that equation (2) has pre.

cisely p roots with positive imaginary part and none that it is real. Since

the roots are continuous functions of ~, it follows that A is an open set

in Also, since P is properly hypoelliptic the set A contains a suitable
neighborhood of infinity in More precisely, in [5], Hormander has proved
the following results on the set A :

1) Let P (~’, ~) be properly hypoelliptic and of type ft. Then, given A &#x3E; 0,
there is B &#x3E; 0 such that stl contains the following set
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2) the saine assumptions above, there are constants LO &#x3E; 1 and

C &#x3E; 0 such that contains the set

The proof uses the fact that the hypoellipticity condition (H,) is equi-
valent to the following conditions ([4] and [6]):

given there is such that - whenever

and

there are constccnts and such that

The proof of 1) (resp. 2)) above goes as follows. If , E (tn belongs to

(3) (resp. (4)) then, for every real number r~ we have

hence by (H 2) (resp. (H3)) we must have P (’, 1:) # 0. Therefore the equation
in z P (~, z) = 0 has no real root when ~ belongs to (3) (resp. (4)). It then

follows that on every connected component of the set (3) (resp. (4)) the
number of z roots of P (~, z) = 0 with positive imaginary part is constant.

Since every connected component contains real vectors 03BE E mn with |03BE| I
sufficiently large and for those the number of roots with positive imaginary
part is p, the assertion 1) (resp. 2)) follows at once, q. e. d.

2. Regular hypoelliptic boundary value problems.

Denote by 1R++l 1 the set of all such that

t ~:~ 0 and by 1R:t+1 the closure of Let

Denote by (resp. the set of all C°° functions (resp.

with compact support) in is an open subset of 1R++l and if co

is a plane piece of the boundary of Q contained in R), we have a simi-
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lar definition for i

with p copies of in the last product. Analogously,

with p copies of In the same way we define and

(Q U w ; w, ft). An is, then, of the form

with f E C°° (Q u ro) and gj E 0 CXJ (a)), 1 C j ---,a.

Let. where and let -

Given a set (P (D, Dt) ; Q1 (D, Dt), ..., Q, (D, Dt)) of partial differential ope-

rators with constant coefficients, define the operator

where Qj (D, Dt) u indicates, here, the restriction of Qj (D, Dt) u to the plane
piece of boundary w.

Dl£FINITION 1. Let P (~, 1) be a polynomial of the f orm (1) and suppose
that P is properly hypoelliptic and of type a. Let Q1 (c, -r), ..., Q, (~, z) be I’"

polynomials with constant coefficients. say that the set of differential
operators

defines a regular hypoelliptic boundary problem in S~ U OJ if, given ( f ; g ; ..
..., g,) E C°° (Q U 00 ; 00, p), every u E Ck (Q u w) (1) solution of th-e boundary
problem

I - - -

belongs to C°° (Q U co).

(i) Here k denotes the maximum order of P, Q , .., Q *&#x3E;
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EXAMPLES. 1) The Dirichlet and Neumann problems are regular elliptic
(hence hypoelliptic) problems. More generally, every regular elliptic boundary
problem (see, for instance, [1] or [41, Clla,p. 10) is a regular hypoelliptic
problem (2).

2) Let 
- -

be the heat operator in R3 and consider the following boundary problem

(Observe that this is not the Cauchy problem for the heat equation). The
chracteristic polynomial

1

is semi-elliptic, hence hypoelliptic. Aloreover, + iq) 2 denotes the square
root with positive real part, for all ($,,q) =j= 0, then

is the root of P (,q, ~, T) with positive imaginary part, for all (~, q) =f= 0.

Therefore, P is properly hypoelliptic of type 1. We shall see, in section 4,
that (4) defines a regular hypoelliptic boundary value problem in lR) .

3. The characteristic function of a hypoelliptic boundary problem.

... , j, be p analytic functions of a complex variable and let

be a polynomial in r with p complex roots ’l1 , ... ~ z, not necessarily distinct.
In what follows we are going to allow .,. , 7 TI, to vary but always belon-

(2) In the elliptic case, the solutions of (5) are analytic functions up to the boun-

dary when the data are analytic functions.
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ging to some bounded set in C. Define

when the zeros are distinct and by continuity otherwise.

PROPOSITION. R (k; ;f1 , ..., f~) is an analytic function of the cont_plex
variables (-z 1 7 ..., 7:p,).

PROOF. Suppose for a moment that ’1:1 , I .. are distinct and define

the divided differences

Clearly ... , is a symmetric function of its variables. Let, now, C

be a Jordan curve in the complex plane surrounding all the roots 1:1 , ... , z~
and suppose that f is analytic in some neighborhood of the bounded region
defined by C. We have

hence

(8)

In general

This formula shows that ... , in) is an analytic function of all its varia-
bles and also that the divided differences are well defined in the case of

coinciding zeros. By using (9), it is easy to see that (7) can be written as

follows

Therefore R (l~ ; f~ , ... , f~) is an analytic function of the variables ~s, .,., ~f~, Y

q. e. d.
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Suppose that rl =)= r2 then (8) can be written as follows

and this formula makes sense even if -E 2 By an induction argument
one can show that

By observing tha,t

we get the following inequality

where I~ denotes the convex hull of the points -cl , ... , ,r, - In all this dis-

cussion we are supposing that f is an analytic function in some neighbor-
hood of K. Inserting the last inequality in (7’) we get

where .g is the convex hull of 1’1 , ... , 7 Til 1.
We now go back to our properly hypoelliptic polynomial (1) of type p.

For every ( E A let us denote by 7:1 (~), ... , 1’t-t (~’) the roots of P (C, 1’) = 0
with positive imaginary part and set
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Given p polynomials Q, (~’, ~), ... , Q, (~, T) with constant coefficients, the fun-
ction

, J .íI&#x3E; 1 I- , So-B B

defined on  is said to be the characteristic function of the set (P ; Q, , ..., Q,)
or the boundary problem defined in by the partial differential opera-

tors (P (D, Dt) ; Q (D, Dt), ..., Q, (D, Dt)).
Since Q~ , ... , Q, are polynomials in the variables (~, T) then

is a polynomial in the variables (C 1 , ... , i ... ~~~. Moreover, for every

~ _ (C 1 , ... ~~,), it is a symmetric polynomial in (z1, ... , z,). By replacing
1:j by Tj (~) a root of P (~, 1:) = 0 with positive imaginary part, it follows

from a well known theorem in Algebra that the function C (~) is a polyno-
mial in the coefficients of the polynomial k03B6 for all E sIl. But these coef-

ficients are analytic functions on A because they are the elementary sym-
metric functions of 1’1 (C), ... , 1’p, (~’) which, when ~ E are all the roots of

.P(~T)==0 with positive imaginary part. Therefore, C (~) is an analytic
function on 

4. Some characterizations of regular hypoelliptic boundary problems.

In this section we shall prove a theorem which gives necessary and

sufficient conditions in order that a hypoelliptic boundary problem be a

regular one.

THEOREM. The ~following are equivalent conditions :

1) (P (D, Dt) ; Q, (D, Dt), ... , Q, (D, Dt)) defines a regular hypoelliptic
boundary value problems in S~ u w ;

2) Every u E U co) solution of the homogeneous boundary value

problem

is an infinitely differentiable function in Q u w.
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3) Let C (~) be the characteristic function of the boundary and

let ~7 , then,

4) Given A ) 0 we, can find B &#x3E; 0 such that

5) There are constants M &#x3E; 0 and y c=~ 1 such that

6) There are distributions

such that K, K, , ..., K, are infinitely differentiable functions in 
1 which

can be extended to infinitely differentiable functions in 1- (0~. If we keep
the sante notations for the extended functions, then K (x, t) satisfies the boun-

dary problem

where f3 E cS and every Kz (x, t) satisfies the boundary problem

where ~y, 1 is the Kronecker symbol and

7) There is a continuous linear map
such that

where -P is a continuous linear map from Cc oo (Q u co ; co, ft) into Coo (w). The

map (f is said to be a parametrix of the boundary problem.

PROOF. Condition 1) implies trivially condition 2). 2) &#x3E; 3). This im-

plication is proved in Hörmander [5] § 4. One establishes, first the estimate
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for all solutions of the homogeneous problem (13), where 7z

denotes the maximum order of P (D, Dt) and of Q, (D, Dt), 1 ~ v ~ u, and
Q’ is an open subset such that its closure is contained in 03A9 U OJ but not

in S~. Then, applying the estimate to exponential solutions, i. e. solutions

of the form u (x, t) = ei " x, c 11 v (t) of (10) the algebraic condition 3) follows.

3) &#x3E; 4). We already know by property 1) of section 1 that given
A ] 0 there is B’ &#x3E; 0 such that the set

is contained in A. On the other hand, if 3) is satisfied, given A ,] 0 we
can find B" &#x3E; 0 such that

It then suffices to take B = max (B’, B").
It is very easy to check that 4) &#x3E; 3), hence condition 3) is equiva-

lent to condition 4).

5) &#x3E; 3). Indeed, suppose that and that I
I 1m , I is bounded by a constant A &#x3E; 0 then I Re C I must tend to infi-

nity. In this case, we can find ( E nl n N (hence C (C) -= 0) such that

which contradicts 5).

3) &#x3E; 5) Suppose that there is a real number to such that for all

~ E -ci with I &#x3E; to we have C (~) ==F 0. By property 2) of section 1,
there are constants C &#x3E; 0 1 such that contains the set

If we take max 7 C) and y = e then the set defined in condition 5)
is contained in nl and C (~) =1= 0 in that set.

Suppose, next, that for every positive real number t there is ~ E 

with &#x3E; t and such that C (~) = 0. Define the following function

One can see that M (t) is the infimum of all I such that the following
system of equations and inequalities hold :

17. Annali della Scuola Norm Sup. di Pisa.



258

By using Seidenberg’s theorem, Hormander has shown ([5], Pg. 259) that
M(t) is a piecewise algebraic function of t. If condition 3) holds, it implies
that -~ oo as t 2013~ + oo. By using the Puisseux expansion of M (t)
at infinity we get:

with and c &#x3E; 0. But this condition is equivalent to

Hence we get

I with’ E sIl and C (03B6) -- 0 we get

Hence, for every ~ E with C (~) = 0 we have

where M is a suitable constant. Finally, choosing we obtain

condition 5). Conditions 3), 4) and 5) are, then, all equivalent and in section
5 we shall prove that each of them imply condition 6).

5. The construction of kernels K, K1, ,..., K03BC.

Suppose that u is a smooth solution in of the boundary problem

(3) with Then, taking partial Fourier

transform with respect to the x variable, is a solution of the initial

value problem

The kernel will be defined as an inverse Fourier transform of a
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solution of the initial value problem derived from (14) while the kernels

K1 (x, t), ..., K, (x, t) will be inverse Fourier transforms of solutions of the

initial value problem derived from (15). First of all let

the integral being absolutely convergent if o, the degree of P (~, 1:) in 7:, is

~ 2 and convergent if a =1. We clearly have

i. e., Go (~, t) is a fundamental solution of P (~, Dt).
Next, for every 1  v define

where C (~) is the characteristic function of the boundary problem and 1: (~)
indicates any of the ,u roots of (2) with positive imaginary part and the

exponential factor occurs in the v th place. It follows from condition 5)
that for all ~ e with I &#x3E; .ll~, C (~) ~= 0, hence Hw (~, t) is well defined.

Moreover, Hv ~~, t) is the unique solution of the initial value problem

We modify, now, the fundamental solution Go ($, t) as follows. For all

, set
f-t

(19) G (03BE, t) = Go (03BE, t) - I (Qw (03BE, Dt) Go) (03BE, 0) Hw (03BE, t).
v=1

The function G (~, t) is a solution of the following initial value problem

for 

Let X ($) E C~ ° (1Rn) be such that X (~) = 1, for and (~) = 0,
for all I ~ + 1. We shall see later on that for all t ~ 0,
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are tempered distributions in Thus we can define

and

Operating formally we have :

and also

In the same way we get equations (15).
In order to justify these formal calculations we shall prove that (21)

are tempered distributions and that the distributions K (x, t), 
are C °° functions in 1R~ 1 that can be extended to C °° functions in

’~1+ 1- (0). The proof will be based on sharp estimates on the derivatives

with respect to t of G (~, t) and of Hv (~, t), 1  l’ c p, that were established

by Hormander in his paper [5], namely

IJEMMA 1. that condition 5) holds and let .

. Then, tlze fitnctioits i

= D~ Hy (~, t) are analytic i~z D and there are constants M’,
c and y’ such that

The proof of this lemma ca,n be found in Hormander’s paper [5] at
pg. 253. The estimates (24) and (25) show that, for every t ~ 0, the f un-
ctions

define tempered distributions on 1R++l, hence (22) and (23) are tempered
distributions on 1R++l.
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We shall give here the proof of lemma 1 because, later on, we shall

use some of the estimates appearing in the proof. First of all we quote the
following result : if’ condition 5) holds, there are constants Mi and C1 such that

where D is the set defined in lemma 1. (See Hormander [5], lemma 5.4 at
pg. 259).

By property 2) of section 1, there are constants C) ~ 1 and C &#x3E; 0 such
that

If z is a complex zero of P (~, 1’) = 0, we have

hence

We may assume that for all ~ E D, Re ~ ~ ~ 2 C1 (1 + le) so that by
(27) and because e 0161 y we have

The last inequality can be replaced by
1

(28) I -:’ C3 1 ~ Iy

because y 1 and in D we can estimate I by . On the other

hand, it is easy to see that all roots 1: of P (~, z) = 0 satisfy the inequality

where c and d are suitable constants. Therefore, the inequalities (28) and

(29) show that the convex hull .~ of the zeros of P (~, z) = 0 with positive
imaginary part is contained in the circle C ( ~ ~ d -~- 1) and in the

1

half plane &#x3E; 03 I , 
Now
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thus, by using (10), (26) and noticing that the polynomials Qw (~, T) can be

estimated by a power of 1’1 I while I xve nhta,in 

Finally, (24) follows from (25) plus the inequality

(see Hbrmander [5], pg. 260), q. e. d.

LEMMA 2. The distributions K (x, t) and .gv (x, t), 1 C v C ~u, are 0 00

functions in 

PROOF. Indeed they are all solutions of P (D, Dt) u = 0 in 1R++l and P
is a hypoelliptic partial operator, q. e. d..

LEMMA 3..The distributions K (x, 0) = 1 (1 - y (03BE)) G (03BE, 0))K (x, 0) = (1 - y (~)) ? (~ 0)) and
’ 

functions in mn - (0).

PROOF, Denoting by .L (~) any one of the functions G (~, 0) and ~(~ 0),
1 :!~ v  IA, then, by lemma 1, L (C) is an analytic function defined on D

and satisfying the inequality

Using Cauchy’s integral formula for analytic functions of several variables
and Cauchy’s inequalities it is easy to show that there is a constant C

such that

are continuous functions of x, provided that k is a number sufficiently
large. The same argument applied to any derivative of .g (x, 0) and Kw (x, 0),
1 --- v ~ ,u, will show that K (x, 0) and Kv (x, 0), 1 C v C It, are C °° functions

in (0), q. e. d..

LF,mmA 4. For every 
j) (~, t) - Hv(j) (~, 0), 1 v -,- p, uni -

formly on every compact subset of 1Rn, when t - U~-.
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PROOF, By using the inequality (11), the fact that Qz (~, z) are polyno-
mials and that the roots z (~) can be estimated by (29) one can easily see

that I H,,(j) (~, t) - (~, 0) 1 can be estimated by a constant times a finite
anm nf nf +16. f’IYrIY1i

,Jl) sup 1 6°"’"’ - 1 I
rE K

and 
* 

r E K

1

(32) sup ~ 

It is clear that the right side of (32) converges to zero uniformly when ~
belongs to a compact subset of On the other hand,

0

whence

by (29). Therefore, (31) converges to zero uniformly when ~ belongs to a

compact subset of 1Rn, q. e. d..

LEMMA 5. For every n-tuplc ex = (exi , ..., y an), for every integer j,
Dx Dt Kv (x, t) 2013~ n: D/ Ky (,x, 0), uniformly on every compaot subset of 1Rn - 

t 2013~ 0+.

PROOF. Let .L be a compact subset of 1R" - (0) and let m E C °° (’~R~ - (0))
be such that co === 1 on L. By lemmas 2 and 3,

mn £YOnf-.

and Ft (~) E S for all t &#x3E; 0. To complete the proof of the lemma, it suf-

fices to show that Ft (~) --~ 0 in S (lRn) as t -~ 0+. If r is any non-negative
integer and fl = ... , any n-tuple of non-negative integers let



264

J -,

whence

where A is a number to be chosen later. From lemma 4 it follows, once

we choose A, that the first integral can be made  E provided that t &#x3E; 03

be small enough. By using- Peetre’s inequality (3) and (25), we can estimate
the second integral by

Next, by choosing k to be a positive integer so large that the integral

converges, we can estimate (34) by

(3) (1 -I-- I ~ I2 )t ’c C (1 + 1 n I I ) 1 (1 + ~ ~ ~ ~I ~ !~ ~ ~ for every real t.
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where the last integral converges since it is the convolution product of

the tempered distribution (1-~- ~ r~ ~2)2k with the function (1+ ~)~.D~(~)~
which belongs to S. Therefore, by choosing A sufficiently large we can
make (35) and, consequently, the second integral appearing in (33), smaller

than ’* - Similarly, one can show that the third integral appearing in (33)3

is e/3 provided that A be sufficiently large, which completes the proof’ 

3

of the lemma, q. e. d..

We can apply the previous results to prove that for all a and for all

j, can be extended continuously to and that for

t = (1 the extension coincides with ). Indeed, let
be an arbitrary point in - 10) and write

By lemma 5, the first term between brackets converges to zero, as t ~ 0+ ,
uniformly when x belongs to a compact subset in 1Rn - (0), while the

second term converges to zero, 1 as x -+ xo , 2 because Dx D! Xv (x, 0) is conti-

nuous in (0) (lemma 3). This shows that the left hand side of (36)
converges to zero as (x, t) -+ (xo , 0). Therefore, the distributions Ki (x, t), ...

... , K, (x, t) satisfy the condition 6) of our theorem. Finally, let us mention
that similar versions of lemmas 4 and 5 hold true for G (~, t) and K (x, t)
thus K (x, t) also satisfy the condition 6) of the theorem.

6. The parametrix of a regular hypoelliptic boundary value problem.

... , g~) E U w ; a)7 p) and define the following
operator

where * indicates the convolution in while *1 indicates the convolution

with respect to the variable x only. It is easy to see that (f 9 E 0-)),
Furthermore, we have the following
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6. Let f (x, t) (resp. gv (x)) be a continuous function with conipact

support m++l (resp. 1Rn). Then

ilf a C °° function in the complement in 1R++l of the singular support of f
(resp. gv).

PROOF. 1) Let (x, t) with t ~ 0 be a point in the complement in 
of sing supp f and let ill be a relatively compact open neighborhood of

(x, t) such thdt cu n sing supp f = z. Let a E be such that a = 1

on co and supp a n sing supp f = 0. We can write

Since cxf is a C °° function with compact support, then is a C °°

function everywhere. Since (x, t) does not belong to the support L of

(1- a) f, the origin does not belong to the set - y, t - s) : (y, s) E L )
and on M fl Rn+ 1, K is a C °° function. Therefore

is C °° at (,~, t).
2) The same proof applies to a point (x, 0) with s # 0.
3) Finally, using lemmas 2, 3 and 5 one can see, immediately, that

for all a and all j, (Dx D~ ..g ~ f ) (x, t) converges to (Dx Dt ~ ~ f ) (x~ , 0) as
(x, t) - (xo , 0), xo # 0. Therefore is a 000 function in the complement

in 1R++l of sing supp f. A similar proof applies to gv and ~v *’ gy , q. e. d..

By using equations (14) and (15) one can easily see that the operator
C above defined satisfies the relation

The operator E: w ; cv, p) --&#x3E; C °° (D U w) is said to be a parametrix
of the regular hypoelliptic boundary value problem.

We are now in a position of completing the proof of our theorem. Let
1t E Ck (D U c~) be a solution of (5), i. e. 9u === y with ( f ; ~1, ..., Up.) E
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E C °° (Q U a) ; co, IA). We want to prove that u E C °° (S~ U (0). Let Q’ be an

open subset of let w’ c R0n be the plane piece of its boundary and
suppose that the closure of Q’ U w’ is compact and contained in Q U co.

Lest a E Ccoo (JR"+’) with compact support contained in 03A9 U co and such that

oc is equal to one on the closure of Q’ U m’. From our assumptions it follows

that

with stlpp 9 C ,03A9 U w supp h’V C wand By lemma. ~i?
it follows that (au) E 0 ex) (D’ U w’).

On the other hand,

n

because au is a solution of the initial value problem (16) and we have
uniqueness when ] $ I is sufficiently large. The last relation implies that

Since (f 9) (au) E C °° (03A9’ U and # *’ (au) is C °° with respect to the tangen-
tial variable and is Ck with respect to the transversal variable t, the last
equation implies that on 0~ U the function u (x, t) is infinitely differeli-

tiable in x and times differentiable in t. But

with f E C °° (S~? U w). By taking derivatives in both sides we are able to

conclude that indeed u E U w’), q. e. d..
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