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ASYMPTOTICS FOR ~u = m2 u + G (x, t, u, ux , ut), II.

SCATTERING THEORY(*)

by JOHN M. CHADAM

In this paper the scattering theory of equations of the form

will be discussed based on the decay estimates obtained in a previous
work [1]. The problem in its simplest analytic form is : i Given a Banach

space B which is physically relevant (e. g. the finite energy solution space
of the unperturbed equation) and a solution of the free equation, u_ (t),
which for each t E 1R is in B, to find

i) a solution of the perturbed equation (1), u (t), which for each t E 1R
is in B and which is asymptotically equivalent to u_ (t) at t = - oo ; i. e.

ii) for the it of i), to find a solution of the free equation, u+ (t),
which for each t E 1R is in B and which is asymptotically equivalent to u (t)
at  == -j- oo ; i. e,

The correspondence between u_ and u~ is a description of the scattering
or dispersion experienced by the free solution u_ when it is propogated
by means of the quasi-linear equation (1). The scattering operator discussed
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in the time-dependent approach can be obtained via the isomorphism of

solutions of the free (K- (~) equation and the Cauchy data at any finite
time.

In section 1 an abstract version of the basic tecnique will be syste-
matically outlined. The general properties required of (~ for the existence

of a scattering theory will be explicitly verified in section 2 for the specific
examples discussed in reference 1, section 2. The general technique is in

large part a combination of the ideas used by Segal [2] and Strauss [3] in
discussing similar questions for perturbations G(u). The results to be pre-
sented here are, as are those of [1] and [2], perturbative in nature in that
they depend upon restricting the size of u_ and/or the coupling constant.

1. Scattering. The notations and definitions introduced in part I of
this work, [1], will be used throughout this paper. For convenience the

most basic of these are listed below without motivation. A2 will denote the

self-adjoint realization of m2I - d on L2 The real solution spaces of

the K - G equations, H (A, a), which are relevant in this work are, for

each a E the completions of D (Aa) D (Awl) with respect to the inner
" , , 

’a ) E a) will be denoted by  u (t) )a as opposed to the usual H - norm,
u (t)

11 u (t) and G (., t, u (t), Ux (t), u (t)) will be shortened to G (t, u (t)). Genera-
lized solutions of the l~ - G equation can be written in the form

in view of the fact that Uo (t), so defined, is a continuous one - parame-
ter group of orthogonal transformations on H (A, a) with skew-adjoint infi-

nitesmal generator (- 0 A2 1 ) 0 The corresponding generalized solutions of

the perturbed equation (1) which will be discussed here are the H(A, a) -
valued solutions of the integrated form of (1),

where is the Cauchy data at tiiiie to*



69

Conditions are available which guarantee the existence of unique
local solutions to such equations in more general settings [4, Theorem 1,
p. 343] as well as in the specific cases to be considered here [1, section 2].
In order to focus attention on the requirements demanded on G for a scat-
tering theory to exist, throughout this section it will be assumed that the

map (

continuous and semi Lipschitz uniformily on each finite t-interval thus gua-
ranteeing the existence of solutions of (5) in H (A, a) locally for finite to.
In addition, to avoid unnecessary technical problems, we assume that

(~ (x, t, 0, 01 0) :- 0 (which is the case in the examples to be treated in sec-
tion 2).

Turning now to the scattering theory of equation (1), the Hilbert space
is a suitable canditate for the space in which problems i) and ii)

should be investigated in view of the fact that H(A,1/2) and H(A, 1) are,(A, 1 ) ’ ’

respectively, the Lorentz-invariant and finite energy solution spaces of the

K - G equation. However, ~ not all H (A, a) - solutions ( . can be used
u (t)

because for technical reasons it is necessary to know that the space -

.Lr ( En) norm of the components of these solutions, || U (t) lir and || U (t) Ilr ,
satisfy suitable decay estimates of the type developed in part I. The relevent
subclass of .g (A, a)-valued solutions can be described most conveniently as
follows. In anticipation of the use of condition (Di) of part I (i. e., r and
a, are such that if the expected decay of each

component of the solution is
I , . I B

then for define

where k, k are 0 or 1 (depending, in the examples, on which component
is relevant in the computation). The s, 6, a and r dependence are supressed
because they remain fixed throughout the argument. The type of If (A, a)-
valued solutions which are important here are those which lie in

In view of of part I, BT with the norm ].~T can be easily shown to
be a Banach space. For s, 3 £ 3/2, the discussion in part I shows that ~oo
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contains a large class of smooth solutions of the .g -- G equation (1) (i, e.

u ( . ) E Boo , I but for notational convenience in the future this will be writ-u(.)
ten as u with the implication being that for solutions the second
..

component is understood to be u ( · )).
The proof of the existence of a scattering theory for equation (1) will

proceed as follows. With certain conditions on G, it will be proved that

equation (-),

has a solution u E BT for sufficiently large negative T for any solution of
the free equation u_ E Boo. Next, u will be shown to be a generalized solu-
tion of equation (1) which tends to u_ in H (A, a) as t -+ - oo because of
the representation (7). The solution u will then be extended to a global
solution in Boo by using the techniques of part I. This will show the exi-

stence in Boo of solutions of equation (5) which tend in H(A,a) to a pres-
cribed free solution The uniqueness of the solution of this pro-
blem will be proved under the prevailing assumptions on G, thus comple-
ting the discussion of problem i). Finally the techniques and computations
used in the above will allow a, short proof of the existence of a unique
solution in Boo of the free equation u+ to which u tends in H (A, a) as

t -~ + 00, thus dealing with problem ii). The scattered solntion u+ can be
explicitly obtained either from equation (+),

(the analogue of equation (-) at t = + oo), or in terms of the incoming
free solution and u by means of

oo

In addition to the decay assumptions (D1)... (D6) required of C~ and

the given data,, variants of several of these will be required; l namely if
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for all s E (- T) and for a pair 1  q, q’  ~ (with corre-
sponding a’, y’), and

for all s E (- oo, T), where the functions y, y’ and y" : 1R2 --~ 1R+ are boun-
ded on bounded sets and monotonically non-decreasing in each variable.
Corresponding to (D6) it will also be assumed that all the constants and

exponents appearing above can be chosen consistent with

where ~o and a are the temporal decays of the fundamental solutions of the
K - G equation, .Et, b and Ft, b-l, in the LP and LP’-norm respectively
with p-I 4 q-1= 1-~- r-1 and + =1-’-- [1, equations (6)...(8)
and (Ds)].

REMARK. Although the number of conditions has been raised above

that required for decay, the new ones, (S2), (S3) and (S6), do not further
restrict the types of perturbations which may be considered. This will be

seen in the discussion of the examples to follow in that the same conditions
on G required for (~2), (D3) and ( l)6) are sufficient to deduce (S2), (S3) and
(s6) and by essentially the same methods. In fact it may be possible, but

hardly profitable or interesting, to show that a version of the scattering
conditions can be given which in general imply the corresponding decay
conditions.

(i) More egplicity U(.)= (U." t, , G (~,, u (,,)) denotes G (81 :1:, ui (8y :1:), ux (8, :1:), U2 (8, :1:»

and ] u (~, is given by (6). Similarly for v.
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The proof of the above assertions will begin by establishing the local
existence at t = - oo of solutions of equation (-).

THEOREM 1.1. Suppose u- E Boo is a solution of the .g - G equation
and conditions (j~)y (S2), (D5) and (S6) can be simultaneously satisfied.
Then for a sufficiently large negative T, there exists a unique solution of

equation (-),

over the interval ( - oo, T ~ with u E BT.

PROOF. For r define the operator .L by

for t  T (the integral is considered to be H (A, The proof con-
sists of showing that there exists a T such that .L : BT is a contraction.

Taking the .g (A, a)-norm of equation (11), using the spectral theorem to
remove the trigonometrical terms and observing that each component gives
the same contribution, one obtains
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Incidentally, estimate (13) with v = 0 shows that .L (U1 J E H (A, a) for each(u2(t)
t E (- oo, T), and the continuity of the map follows from the existence of

the defining .~ (A, a)-valued integral (10) and the continuity of G (s, u (s)) as
assumed for the local existence theory. The assumptions (D1), and (D5)
along with the discussion in obtaining inequality (8) from equation (6) in

part I justify the following steps in estimating the Lr-norm of the first com-

ponent of A

From the estimates (13), (14) and (15) one obtains from the definition

where T(. , .) is a function like the y’ s, being the sum of such things.
Finally y using a technical result of Segal [2, Lemma 3.1, p. 467] to estimate
the integrals in (16) and the assumption 
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where r ) 0. The version of the contraction mapping principle given by
Strauss [3, Lemma 1.5, p. 416] can now be applied (taking 0 (] u [T + ] v [T) =
= gC [T + ] v [T, ] It [ + ] v [T) I Tto obtain the desired conclusion

(as in [3, Lemma 1.7, p. 417 J~.

REMARK, Suppose ]~-[oo==/~ then u_ [~ ~ ~ u_ [~ = ,u for all 

The remainder of the proof of Theorem 1.1 amounts to showing that ine-

quality (17) guarantees the existence of a 1’= T (It, G) such that the right
band side of equation (-) defines a mapping from the closed ball of radius
2,u, centered at the origin in But into the same ball, and at the same time
is a contraction. Thus the solution u of equation (-) lies in the same ball;
that is

an observation which will be useful in later developments. 
°

The next step in the program is to show that the u given in Theorem
1.1 is a solution of equation (5) for some finite to so that the results of
part I can be applied to prove that it can be extended to t = -f- oo . To
this end it is convenient to have the following intuitively obvious represen-
tation result. There is no loss in generality to assume that the solution

(U(.) of equation (-) obtained in Theorem 1.1 is defined at t = T (since
(u(.)
the interval of existence can be taken slightly smaller than the maximuni

provided by Theorem 1.1).

PROPOSITION 1.2. Let uT denote the solution of the g - (~ equation

with Cauchy data With the hypotheses and resulting so-

lution u of Theorem 1.1,

as H (A, a~-valued functions for all 

PROOF. It suffices to show that ’ ds exists

as an improper Riemann integral with values in B’ (A, a). Then, because for
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each t, Uo (t) is a bounded (orthogonal) transformation in H (A, a),

and a simple calculation under the integral as in equation (11) provides the
equation 

-

The left member of the above equation is a solution of the K - G equation
in H(A, a), while the second part shows that at t = T it is precisely
I -,,

The result now follows from the uniquess of solution to the K - G

equation in H (A, a).

The existence of

-

will follow by Bochner’s Theorem [e. g. 5, Theorem p. 133] from the
, ".... I 

continuity of and the fact that its decay in s is suf-

ficiently rapid so that its improper Riemann integral at - oo exists. The

continuity is a consequence of the combined continuity of the maps

) (Theorem (

(implicitly assumed throughout this work) and the
fact that Uo (s) is a strongly continuous group on H (A, a). The decay on the
other hand follows from inequality (13) with v = 0 in view of the assump-

tion that G (x, s, 0, 0, 0) = 0.
Thus for t E (- T)

t
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That is the solution, , of equation (-) given in Theorem 1.1 is a

solution of equation (5) (the integrated for of = m2 u + G (s, u (s))) with
Cauchy data given at time T. The implicit assumptions on G guarantee the

existence, locally, of solutions of equation (5) for t &#x3E; ’1" and globally, by
part I, if the inequalities (D1) ... (D6) can be simultaneously satisfied with
some choice of the constants and exponents and if the coupling constant g

and/or the Cauchy data is appropriately small [1 ~ Theorem 1.2].
/ 10BB

All except (D4) will be assumed and the decay estimate for corre-

sponding to (D4) will be obtained in terms of ] u- [00 and independent of T.
Thus restricting the size of 1tp can be accomplished by choosing u- [~
small in a sense made specific in the next result.

PROPOSITION 1.3. With the hypotheses and notations of Theorem 1.1

and Proposition 1.2, and

where r(. , .) is the function appearing in inequality (16).

PROOF. From equation (19) and the estimates in Theorem 1.1
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Because the term in brackets is bounded by const. (1-~- ~ t ~ which attains

its maximum at t = 0,

Finally, by inequality (18),

because of the monotonicity of 1-’ (. , .) in each variable.
The above results may be summarized as part of the solution of pro-

blem i) in the following form.

THEOREM 1.4. Suppose that v.- E is a given solution of the K - G

equation and the inequalities (D,), (D2), (D3), (D5) and (D6) of part I and

the stricter forms (S2), (S3) and (S6) can be simultaneously satisfied with
some choice of the constants and exponents. If, in addition, the size of the
coupling constant g and/or ] u_ are appropriately restricted (as in Theo-
rem 1.2 of part I), then there exists a unique global solution, u E I of

(the integrated form of)

such that 1 u (t) - u_ (t) I. --~ 0 as t -+ - oo .

PROOF. The solution, u, of equation (5) constructed above will suffice
to establish the question of existence provided that it can be shown to

behave like u- near t == - oo in the prescribed sense. This will follow
from the fact that for large negative tinaes u satisfies equation (-). As a
result, for t  T,

using the techniques of Proposition 1.3.

All that rema,ins to be shown then is the uniqueness of the solution

of problem i) as formulated in the statement of this theorem. The essential
technical part of the argument consists of proving a converse to the remarks
surrounding Proposition 1.2 ; i.e. any solution of the problem stated in the
Theorem necessarily satisfies equation (-) . To this end suppose that u E Bm

is a solution of the problem. Then ( u (t) ) ) satisfies equation (5),p 
kit t 

q 5 )’
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for  co and all t E where as before u, is the solution of the

K - G eqnatioll which agrees with u at t = 1. The above can be written

in the more convenient form

Then, just as in Proposition 1.2, for all 

as elements of H (A, a). SiInilarily,

in H (A, a) as t --~ - oo because, for each t E ~o (t) is orthogonal in

H (A, a). On the other hand, directly from the hypotheses.

in H (A, a). The above may then be assembled to show that

in H (A, a) as t - - oo. But if two solutions of the g - G equation agree
asymptotically in H (A, a), they necessarily agree in all of 1R. So correspon-
ding to equation (19), one has
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Thus from equations (23) and (25) any solution of problem i) as spe-
cified in the theorem is a solution of equation (-).

Suppose now that there are two solutions u and v of the problem. Then

where L is defined in equation (10). Thus, as in equality (17)

for all t E R, using the facts that 1" (.,.) is monotonic and ] f [t  ~ f [~ .
Thus if t is taken large enough in the negative direction so that the coef-
ficient of u - v [t on the right side of inequality (26) is less than unity then

] u - v [t and hence (s) - ~ (8) la = 0 for all s  t. The uniqueness part
of Segal’s result for such equations [4, Theorem 1, p. 343] implies they
must agree as elements of H (A, a) throughout their entire interval of

existence.

REMARK. Because only a restricted class of H (A, a) solutions are

being used in this discussion, the convergence of u to u- as t -+ - oo is

in fact better than that proved in the above theorem. In particular, just
as in inequality (22), we have that for all t  T

Problem ii) can be treated using many of the above techniques and

estimates. In summary we give

THEOREM 1.5. Assuming the hypotheses, notation and conclusions

of Theorem 1.4, then there exists a unique solution, of the K-G

equation such - u+ (t) 1,,, --~ 0 as t --~ + oo.
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PROOF. To begin, u satisfies equation (-),

Then, just as in Theorem 1.4,

in H (A, a) as t 2013~ + oo. Thus

in H (A, a) as t - + oo, the limit being a solution of the .~ - (~ equation
The uniqueness follows from the observation that solutions of G

equation which agree asymptotically agree throughout 1R. Thus

the first equality following from Bochner’s Theorem for such integrals, and
the second from equation ( - ).

REMARK. As above the convergence of u to u+ is actually better than

just in H (A, a); namely i



81

2. EXAMPLES. Throughout this section, as in the corresponding section
of part I, n = 3, r = oo (or ~ 2 if u does not enter the discus-
sion). We shall show here that the scattering theory for the examples intro-
duced in part I can be treated by means of the general technique discribed
above. In view of the fact that part I shows that inequalities (D1), 
(D3), (D5) and (D6) can be simultaneously satisfied along with the conditions
required for existence of local solutions, all that requires checking in that

(s2)1 and (S6) can likewise be satisfied with 8 and b’s compatible with

those appearing in the decay conditions. For these examples, as previously
mentioned, the technique of verification will be quite similar to that of the

correspondingly numbered decay conditions. The arguments will be directed

towards showing that some realistic values of 8 and 03B4 (i.e.  3/2) can be
found so that the existence of scattering can be verified for each perturba-
tion without attempting to estimate the minimal decay that u- must have
for the procedure to be applicable. In other words the existence of scatte-

ring will only be checked for a class of smooth solutions which decay suf-
ficiently rapidly. A large class which falls within the scope of the following
discussion is that containing solutions whose Cauchy data at some time have
Fourier transforms in Cfi (R3) (for which s = b = 3/2). On the other hand
lower bounds on 8 and ð which presumably are not the best do appear as
a result of the need to satisfy the technical parts of the procedure.

(a) G (x, t, u, ux , ur) = G (u). The decay results for this example (c. f.
also [2, section 4, p. 478 j) were obtained, in Part I, for perturbations which,
for all essential matters, looked like G (~,) N g ~ ~ ~ ~ with ~ ~ 3 However a

better result is possible; namely that if the Cauchy data were prescribed
at some time in H (Al 2) for which the solution of the K - G equation
decayed uniformly in space like t B-E with 3 - 5)w  e c 2-1 - 6)
for 8/3  03B2  3 and max (1, 3 (2fl - 4)-1  E  3/2 for 03B2 &#x3E; 3, then the solu-
tion of the perturbed equation exists globally and possesses the same decay
property provided either g or the Cauchy data was suitably small. (Actually
the result was proved only for ê --- 3/2 in Part I but the condition (D6)
for this case, appearing betwecn inequalities (27b) and (28b), can readily
be checked for the cited range of 8 using the algebraic computations appear-
ing below). For this example it will turn out that such E’s are also suitable

for showing the existence of scattering and discussion of u can be avoided

(i. e. k =1 and k = 0 in defining equation (7)). More precisely, the result

we shall prove is

THEOREM 2.1. Suppose G (x, t, = G (u) where G E C~ (1R), is

real-valued and for all A and j = 0, ... , 3 with 03B2 &#x3E; 8/3.

6. Annali della Scuola Norm Sup. di Pisa.
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If the given solution u_ of equation is in Boo, with a = 2,
3 (3~ - 5)-1 ~ 8 ~ 2-1 (3fl - 6) for 8/3 3 and max (1, 3 (2fJ - 4)-1) 
C E  3/2 for 03B2 &#x3E; 3, and g or ] u- [00 is appropriately small, then there

exists a unique global solution, u E Boo, of the perturbed equation and a

unique solution, u+ E Boo, of the K - C equation such that

In addition (1 -+- (t) __ Zd_ (t) 1100 and (1 -F I t I ), 11 M (t) - ~¿+ (t) 1100 -+ 0
as t --~ - oo and + oo respectively.

PROOF. With ac = 2 and taking b = 2 an inequality of the form (S2)
and (S3) which suffices for the present situation as well as for the next

example is that summarized in

LEMMA 2.2. If (~ satisfies the hypotheses of Theorem 2.1 and 1  q  2 ;
then for arbitrary it, v E BT and s  T

where y : 1R2 -~ 111+ is bounded on bounded sets and monotonically non-

decreasing in each variable.

PROOF. Appendix 1.

From inequality (32) and the well-known decay estimate, 11
:1, ~ Theorem 2.2]), the exponents

appearing in (S6) for this specific exaniple are a = (fl - 2lq) , Lo = 3 jq - 3/2
and a" _ (8 -1) 8 (noting II A2 f 112 by the spectral theorem).
Now in view of the hypotheses (J." = (f3 -1 ) E ) 28 &#x3E; 2 3 and

for 8/3  ~ S 3. All that remains then is to

check that it is possible to choose 1 2 such that max (3/q - 3/2,
(~ - 2/q) E) &#x3E; 1 and min (31q - 3/2, (~ - 2/q) 8) &#x3E; E. This will be done very

crudely by splitting the problem into two parts. First with f3 &#x3E; E and

max (1,3 (2~ - 4)-1 )  s  3/2 choose 1  q  6 (2e + 3)-1 « 6/5 since

s &#x3E; 1). Such q’s exist because if s  3/2 then 1  6 (2e + 3)-1. The con-

clusion will clearly follow by showing that this choice implies that

(,8 - 2/q) s &#x3E; 3/q - 3/2 &#x3E; E and (fl - 2/q) s &#x3E; 1. The first part of the first

inequality is equivalent to q &#x3E; (4E + 6) + 3)"~ . But 8 &#x3E; 3 (2~ - 4)-1
implies that (4E + 6) (2fls + 3)w  1. Our choice of q &#x3E; 1 &#x3E;(4e + 6) + 3)-l
thus verifies the first part. The second part is equivalent to q  6 (2t + 3)-1
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The last inequality follows from the choice q ~ 1, for then (fl - 2/q) E &#x3E;
(~ 2) . &#x3E; ~ &#x3E; 1.

Suppose now that 8/3  ,8  3, then 0  (fl - 8/3) (fl --1), or equiva-
lently 3 (3~ - 5)-l  2-1 - 6). Thus it is indeed possible to find 6’ 8

such that 3 - 5)w  s  2-1 (3P - 6). Now 8  2-1 - 6) is equiva-
lent to 2 (fl - l)-l  (6 + 4s) (2P8 + 3)-l so that it is possible to find q’ s
such that 1 ~ 2 (fl -1)-1  q  (6 + 4s) (2P8)-1  6/5, the first inequality
following while the last is equivalent to 3(3fl- 5)w 8.
Finally q  (6 + 4s) + 3)w implies that 3/q - 3/2 &#x3E; (fl - 2/q) s, and
2 (fl - l)-l  q implies that (fl - 2/q) 8 &#x3E; 8, while q  6/5 is equivalent to
3/q - 3/2 &#x3E; 1 thus concluding the proof.

REMARK. A more careful analysis in Theorem 2.1 would presumably
give better lower bounds for 8 than max (17 3 (2fl - 4)-1) for fl &#x3E; 3 and
3 (3i3 - 5)w for 8/3  ~8 C 3.

(b) G (x, t, u, ux , ut) = G (ut). For this example the decay results in

part I were also obtained for 0’ s of the form with 3.

However in this case the relevant solution space is H (A, 3) with b = 2.

In addition only the decay of u (shown in part I to be I t 1-6 1/2  3  1

if the same is true for the free solution) needs to be considered here to

obtain scattering in .H (A, 3). Hence, for this example, k = 0 and k = 1.

THEOREM 2.3. Suppose G (x, t, U7 ux, ut) = G (ut) where G E C3 (1R), is

real-valued and I cf I 1 real-valued and I dAi (l)  g IlIP-j(A) I A |fi-i for all A and j = 0, ..., 3 with fl &#x3E; 3.W 9 for all 03BB and j = 0 &#x3E; ... 3 with 3.

If the given solution u- of the equation is in with a = 3 and

1 l2  8  1, and g or u_ ( ~ is appropriately small, then there exists a

unique global solution, u E of the perturbed equation and a unique
solution, of the K- G equation such that

and

In addition 1 and

as t ---~ - oo and + oo respectively.

PROOF. From inequality (32) which is again applicable and the esti-

mate 11  C t for 1  q’  4/3 (c. f. [1, Corollary 2.5]) the

exponents in (S6) are oc’= (~8 - 2/q’) ð, a = and a"= (~3 - 1) ð (where in the
analog of inequality (16) the ensuing integrals are estimated by using a similar
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technical result due to Shenk and Thoe [6, Lemma 3.1]). Clearly, a" =
- 1) 6 ~ 28 ) 1, so that it is sufficient to show that it is possible

to choose 1 ~ q’  4/3 such that (fl - 2/q’~ ~ &#x3E; 1 /q’ &#x3E; 3 and (fl - 2/q’) ð&#x3E; 1.
But this is precisely the result which was established in the discussion of

decay for this example (1, Theorem 2.6].

the results in part I were obtained for with ax &#x3E; 2. Again
the relevant solution space is H (A, 3) and b = 2. By making minimal
modifications in the proof of Theorem 2.7 of part I, it can be shown that

that if the free solution and its time derivative decay like t 1-8,3/4 21,
and I t )-3, 1/4  3  5/6, respectively, then the same is true for the per-

turbed solution if the size of g or the Cauchy data is restricted. In this

case it will be necessary to have some decay for both u- and u- in order

to prove that scattering can take place in H (A, 3). (i. = 7i = 1).

THEOREM 2.4. Suppose where fore ach

x = 0,..., 3, I (1R), is real-valued and for all a~ ~ i
I

with ax &#x3E; 2 and ’ = 0 1 2 and C 03BB|a 
a3 

with 0 au oo. 1fwith a, :&#x3E; 2 and j = 0, 1, 2 and C13G. (A) I  Y I i 3 with 0 L--- a’  oo. If&#x3E; | a3k with 0 3 ; oo. If

the given solution u- of the equation is in Boo with a= 3, 3/4 
 E  1, 1/4  b  5/6 and g or lu-[ [00 is appropriately small, then there
exists a unique global solution, u E of the perturbed equation and

a unique solution, it+ E Boo, of the equation such that

In addition and

as t -+ + 00.

PROOF. The inequalities of the form (82) and (83) which are valid in
the present situation are summarized in

LEMMA 2.5. With hypotheses of Theorem 2.4 and u, v E BT
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for all and max with a = min

and

for all s  T with a" = min ( The
’"

functions y, 711: --)-1R+ are bounded on bounded sets and monotoni-

cally non-decreasing in each variable.

PROOF. Appendix II.
Returning to the proof of the theorem, in order to treat ocx = 2 we

take q = q’ = 6I5. Thus e =1, a = 5/6 and oc = a’ = 4/38. It is trivial to

to check that (S6) is satisfied in the form &#x3E; E with a &#x3E; 1 ? a’ &#x3E; 
with a’ &#x3E; 1 and a" &#x3E; 1.

For this linear example only the

decay needs to be considered in order to obtain the existence

of scattering in .g (A, 3). The decay result obtains for 0  E  3/2 by
means of a minor modification of Theorem 2.21 of part I and the com-

putations to follow. In these calculations b is taken to be 2.

THEOREM 2.6. Suppose where, for all t E m,
G ( ,, t) E W 2, ~ (~R3) (i) for is a continuous fun-

ction of t E 1R with ]) ~(’y)~2,i unirormly bounded in t and G ( ·, t) ~ 2, ~ =
---- 0 ( t 1-3) 1-+ oo. If the given solution u- of the .g - G equation
is in with a = 3, 0 ,s  3/2 and g is sufficiently small, then there

exists a unique global solution, u E Boo, of the perturbed equation and a
unique solution, u+ E of the K - G equation such that

and

In addition and i
2013~- - oo and -~- oo respectively.

(i) W 2, P (E3) as usua~l denotes the Sobolev space with norm



86

PROOF. The appropriate forms of (S3) are quite similar to the

result in Lcmma 2.9 of part I, being most conveniently summarized in

LEMMA 2.7. With the hypotheses of Theorem 2.6, 1  q ~ 2 and

u,vEBT,

for all s  T, and x = min ( and

7: R2 ---&#x3E; JR+ is bounded on bounded sets and monotonically nondecreasing in
each variable.

PROOF. Appendix III.
The remainder of the proof of Theorem 2.6 consists of showing that (86)

can be satisfied with o = 31q - 3/2, a = min 3 - 31q + e, 7/2 - 31q +203B5 4-
B 3

and a" = min ( by a suitable choice
i i

of 1  q  2. Clearly a"’ &#x3E; 1 for 2. For any 0  3/2, choose
1  q  36 (33 + 28)-l. Such q’ s exist because s  3/2 implies that 1 

 36 (33 + 2~)w . To complete the argument it is sufficient to show that

3/q - 3/2 &#x3E; ~ - 3/q -i- E/3 ) 7/2 - 3/q + 2s/3 &#x3E; 3 - 3/q + e &#x3E; 8 and that

31q - 3/2 &#x3E; 1. Taking each inequality in turn, the first is equivalent to

q  36 (33 + 2E)m ; the second and third follow from E  3/2 ; the fourth
from q &#x3E; 1. For the last inequality, since 0 C E  3/2, 36 (33 + 2E)-1  6/5
and hence 3/q - 3/5 &#x3E; 1.

The technical part of the above discussion suggests several interesting
exercises. As previously mentioned, better estimates on the lower bounds

of c (and 6 if it appears as in (c)) are presumably possible. It would also

be more satisfying to know that the upper bounds are actually attained.
Finally it should be strightforward to check the rate of convergence of

u to u± in examples (a), (b) and (d). From another point of view it might
be profitable to examine whether the abstract method, which in part gene-
ralizes that of Segal [2] and Strauss [3], can be applied to other quasi-linear
situations. Current work which will be reported elsewhere iudicates that

the coupled equations arising from generalized weak and electromagnetic
interactions can be treated similarly.

APPENDIaES. In this section the computational dctails of the basic

inequalities in section 2 will be given. The technique is precisely that

used to obtain similar inequalities in part I by means Sobolev type inequa-
lities. The most basic is
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PROPOSITION. (Nirenberg, cf. Proposition 2.4 of part I). Let Da.t’ die-
note the ath weak derivative of f and define

Suppose f E D (A2) with a &#x3E; 2. Then i

where

For the other definitions and concepts which are implicitly assumed
(such as the chain rule and Leibniz formula for strong derivatives) see part
I, especially the introductory remarks surrounding Proposition 2.4.

I. PROOF of LEMMA 2.2 A straightforward computation gives (deleting
the s-dependence for the moment)

where G’, an, G"’ refer to the usual derivatives of G and the derivatives

of u and v are the weak I or equivalently strong - L2 (E3) derivatives, and
ai + bi = 1 are constants arising from the mean value theorem.

The desired inequality can now we obtained by estimating the ~ -norm of
each term. For convenience the subscripts will be deleted.

provided that (fl -1) q &#x3E; 2, which is guaranteed by the restrictions on #
and q. The next part of the argument, being similar for all other terms,
will be represeuted at this stage in detail for the one and only time. Dis-

playing the s-dependence
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This and similar results for and 2~ (~~; - v (~) can be used to obtain

In other words the required estimate has been 4btained for the first term

of expression (35) with y [T, V [T ) = [T )fJ-2/q which is of the stated form.
The most essential details for the remainder of the terms proceed as

follows.

where the requirement is again fulfilled.

the requirement 2q (fl - 2) (2 -q)-ih 2 again being fulfilled.
Letting ai denote the weak derivative with respect to the ith coordinate

the fourth term may be estimated as follows.

The requirement is satisfied and the result is ob-
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tained by observing that ]] I , Finally,

The conclusion now follows because each term is of the required form and
the form is preserved under sums.

II. PROOF of LEMMA 2.5. The summatiou convention will be used

with sums on x going from 0 to 3 and on lc from 1 to 3, with de-

noting u and ak u representing 20132013 for lc = 1, 2, 3. A straightforward cal-
axk

culation as in equation (37) gives

What must be estimated, however, is the difference of the above with the

same expression with u replaced by r. As in Appendix I, only the essential
details will be given.

where arise through the mean value theorem. Now

from the estimates for the first term in Lemma 2.8 of part I since
For the first term in inequality
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since

Again the second term can be handled as in part I to give

since while the first can be treated in the same manner

as the first term of inequality (39).
Next

From part I, the second term satisfies

since ak 2q (2 - q)-l ~ 2. The first term follows along the lines of the first
terms of inequalities (39) and (40). The seventh parallels the third as the

second does the first.

As in fourth term of Lemma 2.8 of part I, the first term satisfies

since (ak -1) 2q (2 - q)-l h 2. The second term of inequality (42) can be

handled in exactly the same way to obtain
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For the last term in inequality (42)

since (ak - 2) 6q (6 - 5q)-1 &#x3E; 2.
The discussion for the corresponding term with x = 0, that is the

eighth, requires only minor modifications.

The first two parts are handled like the eighth term in part I.

and

since

since (0153O - 2) 6q (6 - 5q)-1 h 2.
The fifth procedes exactly like the fourth. The ninth which is related

to the fifth may be estimated as follows.
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By part I, the first two terms satisfy

and

since (a° - 1) 6c~ (6 - &#x3E; 2. The last term is similar in part.

since

The sixth term is estimated by

The estimates for the sixth term in part I can be effectively used on the
first two terms of inequality (45) to give

and
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since (ak - 2) 6q (6 - 5q)-1 h 2. The last part of inequality (45) may be
done as follows.

since 2q (2 - 2. The last term follows as above except for the term

corresponding to the last in inequality (46). But

since 6q (6 - 5q)-1 &#x3E; 2.

The remainder of the proof of part i) follows from the above inequali-
ties as in Appendix I. For part ii) all but the sixth, eighth, ninth and
tenth are valid for 2 and q = 2 and contribute to a decay term

(1 + s For the sixth term, inequality (45) may be used with q = 2
and the estimate for the last term is valid as it stands for q = 2, while
the first two may be treated as in Lemma 2.8 of part I to give
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both of which contribute to inequality (34) a term with decay factor

For the eighth term, the analysis of part I can be directly applied, as
above, to the first two terms of inequality (43), and the last term follows

from the same trick after noticing that

Thus all terms hava a decay factor (1 +Is )°a°-~12~E+a12] ,
The ninth and tenth follow as above from the corresponding estimates

in the proof of part ii), Lemma 2.8 in part I, both contributing terms with
decay factor (1 + I s

III. PROOF OF LEMMA 2.7. The proof follows quite easily from Lemma
2.9 of part I. In particular, because of the linearity, inequality (42) of part
I applies to give

for all 1  c~ ~ 2, with Now, using the decay

properties of G~,

Similarly,

The result now follows by repeating the argument outlined in Appendix I.
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