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Analytic Regularity for the Dirichlet Problem
in Domains with Conic Singularities.

M. S. BAOUENDI (*) (**) - J. SJÖSTRAND (*) (***)

dedicated to Jean Leray

0. - Introduction and main result.

In this paper we shall study the analytic regularity of the Dirichlet
problem for certain (degenerate) elliptic equations of second order in a domain
in R~ whose boundary may present certain singularities of conic type. Our
main result (Theorem 0.1) will be local and it is therefore convenient to work
in a neighborhood of the origin in Rn.

Let Q c R,,, n ~ 2 be an open set such that 0 c- D. We shall always
assume that has a « conic » singularity at 0, or more precisely that :

(0.1) There exists a real analytic diffeomorphism x : V2 between two,
neighborhoods of the origin, such that x(O) = 0 and u(Q r1 V,,) n TT2,
where Qo is an open cone in Rn.

After composition with a linear transformation, we can get a trans-
formation as in (0.1) which satisfies dx(0) = 1. The corresponding will

then be independent of the choice of x (satisfying dx(0) = I) and we
denote it by the  tangent cone » at 0.
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The second author was partially supported by N.S.F. grant MCS 76-04972, while he
was at Purdue University.

(**) Department of Mathematics, Purdue University, West Lafayette, Indiana
47907 - U.S.A.

(***) Math6matique, Universite Paris-Sud, Centre d’Orsay, 91405 Orsay Cedex,
France.
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Let P(x, D) be a second order differential operator with analytic coef-
ficients defined near 0. We assume that P has the form

where and satisfy the following condition:

(0.3) There exists an integer ..K~ ~ - 2 such that are homogeneous poly-
nomials of degree -+- K and a« (x) vanish at least to the order -+-
-~- .g -~- 1 at the origin (if 

Here the notations are the usual ones; a = («1, ... , 
D- = (2-1(a~axl))al ... Let po(x,;) be the principal symbol of Po.
We assume that

(0.4) Po is elliptic on When n = 2 we also assume that Po is

properly elliptic, or more precisely that var arg = 0 for every
closed curve y in Tx(R2)B~0}, x 

Notice that the conditions (0.2), (0.3) and (0.4) are invariant under analytic
diffeomorphisms preserving 0. When = I then Po will not change
under such a diffeomorphism. We also notice that (0.2), (0.3) and (0.4)
are satisfied when P is (properly) elliptic at the point 0; in fact, we choose
K= - 2 and then Po(x, D) = p (0, D), where p is the principal symbol of P.

Introducing polar coordinates, we can write = {(r, 8); r &#x3E; 0, 
where m c is an open subset of the unit sphere. The operator Po takes
the form

where A~ is of order  j. Let be the principal symbol of order j
of Ai and put

Notice that 7~ í) = r¡, iT) is the principal symbol of the operator Qo
at the point 0 E Sn-1.

Put
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The ellipticity of Po in implies that A2(O, Do) is elliptic and

Ao(0) = ao(0) is non-vanishing on ~. Then clearly 1~ is a closed cone in C,
such that

Put and let 1’+ be the convex hull of 1’+ ~J R+.
Notice that T’ is not invariant under arbitrary diffeomorphisms, preserving
the origin (except those with dx = I at 0). We introduce the following
condition:

(H) After a suitable local analytic diffeomorphism, preserving the origin,
the angle of .1~+ is strictly smaller than 7rln.

If P is elliptic at 0 with real principal symbol at that point, then (H) is
satisfied. In fact, we can make a linear change of variables so that Po be-
comes and then 7~_===/~_=jR~_. More generally, if p(x) is analytic
near the origin and satisfies

for some constant C and a non-negative integer K, and p(x, ~) = g~(x)r(~),
where r is real, elliptic and homogeneous of degree 2, then (H) is satisfied.

Let We can now state the main result of

this paper:

THEOREM 0.1. Let D satisfy (0.1) and let P satisfy (0.2), (0.3), (0.4) and (H).
If and Pu and u 1,,, have analytic extensions to ac f ult neighborhood
of the origin, then the same is true for u.

We say that an open set Q c Rn is an analytic polyhedron, if in a

neighborhood of each point zo E 8Q we can define ,~ by k inequalities:
qi(z) &#x3E; 0,..., &#x3E; 0, where =... = qJk(XO) = 0 and PI’ ..., 99k are real,
analytic and have independent differentials. (The number k will depend
on xo , as well as the functions In a neighborhood TT of xo we can then

choose an analytic diffeomorphism Y.: V3x ~-* (y,, ... ~ y,,,) c- x(V) such that

yj = pj(x) for Then r1 S2 ) = r1 S20, where SZo is the cone
YI. &#x3E; 01 - - -, Yk &#x3E; 0. Disregarding the fact that x, is not necessarily 0 we
conclude that the condition (0.1) is satisfied. From our preceding remarks
we then deduce the following consequence of Theorem 0.1.
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COROLLARY 0.2. Let Q c Rn be an analytic polyhedron and let P(x, D)
be a second order elliptic operator with real principal symbol and analytic coef-
ficients, defined in a neighborhood of S2. If u E and Pu and ulôn have
analytic extensions to neighborhoods of 92 and aSZ respectively, then u has an
analytic extension to a neighborhood of Q.

It is obvious from Theorem 0.1 that 8Q can also have some isolated

singularities. As an example, let

It is clear that satisfies a condition similar to (0.1) at each point of S2,
and hence the conclusion of Corollary (0.2) holds in this case.

The main idea of the proof of Theorem 0.1 is similar to the one in [4].
We work with the Mellin transform in the radial direction and apply certain
estimates for a holomorphic 1-parameter family of elliptic operators on a
subset of the unit sphere, together with the Phragmén-Lindelöf principle.
Notice that in the case when S~ u fol is a full neighborhood of 0, then
Theorem 0.1 is essentially contained in Theorem 3 in [4].

Several authors have treated boundary problems in domains with conic
singularities and some of them have also used the Mellin transform, which
is very natural in this context. We refer to Kondratev [7] and Grisvard [6],
where further references are given. To our knowledge our analyticity results
obtained in Theorem 0.1 and Corollary 0.2 are new even for the Laplacian,
(of course when the boundary is analytic such results are well known [9]).

Finally we would like to mention that it is also possible to obtain non-
regularity results in C°° if the boundary has only isolated conic singularities.
We will treat these questions in a separate paper.

1. - Function spaces.

We recall here some more or less well known facts. Let w c be an

open subset. (The following discussion is also valid when m c Rn-1 is

bounded and open.) We denote by the closure of for the in-

duced topology of the Sobolev space We denote by 
the dual space and we think of Je-l(W) as a subspace of 1‘~’(c~), where the
duality is given by the usual (extension of the) .L2-product :

Here du is the Euclidean volume density on Sn-1. We write for 
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and use the notation

We have the compact and dense inclusions:

and if A is a differential operator of order i = 1 or 2 with coefficients

in C’(Co), then A is continuous X’ 0 -* (Here Au is computed as a
distribution in 

Now is a Hilbert space with the scalar product

and it is therefore clear that we have a surjective isomorphism R§ i v -&#x3E;-

- w E given by

Clearly this isomorphism is 1- d if 4 denotes the Laplacian on 
On we choose the scalar product which makes 1-d unitary from Jo
to If we consider (1- d )-1 as a compact operator in it is clear

that (1- 4 )-1 as a compact operator in it is clear that (1- 4 )-1 is

self adjoint. In fact, if we have ~=(12013J)~ v = (1 - 4 ) v’ ,
and

Let ... ~ 0 be the eigenvalues of (1- L1 )-1. We need the following
more or less well known rough estimate of the Âk.

LEMMA 1.1. There exists ac constant C &#x3E; 0 such that

PROOF. We recall the well known argument based on the mini-max
principle. Let 2,,(co) be the k-th element in the decreasing sequence of eigen-
values of (1- d )-1 on Let WI c Sn-1, be an open set containing w.
Then R§(m) is a closed subspace of If H is a Hilbert space we denote

by the set of closed subspaces of codimension  k. We have the
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mini-max formula:

Representing we have

so the mini-max formula becomes

Now choose Wl = Sn-1 and W2 c m such that w2 is diffeomorphic to the unit
cube in Rn-1. Then it is well known that satisfy (1.4), and another
application of the minimax principle, comparing the eigenvalues of 4 with
the eigenvalues of the Laplacian on the unit cube (which can be calculated
explicitly)) shows that also satisfy (1.4). Then also satisfy (1.4)
since  ~,k(c~) ~ 

We now recall from Dunford-Schwartz [5], that a compact operator A
in some Hilbert space is said to be of class C,, oo if the eigen-
values ~11, ~2 , ~3 , ... of (A * A)! satisfy  00. The operators of class Of)
form a stable set under composition to the right or to the left by bounded
operators.

LEMMA 1.2. I f Je°(w) JC’(oi) bounded operator,
of class Of) for all when considered as an operator in

PROOF. The operator

is an isomorphism from JCO X onto Jel 0 xX0, so 93 can be written as DC,
where C is bounded in Jeo X Je-l. It is therefore enough to show that D is
of class Cp for p &#x3E; n -1. Now (1- LI )-1: JCO and 1: Je° ~ X-1 are

adjoints of each other, so 5) is selfadjoint as an operator Je° X JCO x X-1.
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Let (uo, U1) E XO X Je-1 be an eigenvector with eigenvalue A. Then we

obtain: 2uo = (12013 J)-~i, ÂU1 = uo or equivalently: (1- d )w~c1 = z2 U1,
o = Au,.. The eigenvalues of 2) are therefore + (where A,, = 
are introduced above) and Lemma 1.2 follows from Lemma 1.1.

We will also need the following lemma:

LEMMA 1.3.

PROOF. For £ &#x3E; 0, we put where d is some

distance in Sn-1. It is well known that there exist functions X, E 

0  ~  1, such that 0  xE  1, X, = 1 on K,, and I grad where C is

independent of E . Put use = ze u e C - ((o). Then u, - u in L 2 ( c ) when s - 0.
Moreover

Now the volume of mnKe tends to 0 with 8, and u grad Xe and (Xe -1 ) grad u
are uniformly bounded with support in Hence grad Ue - grad u
in L2(W) and it follows that u E 

2. - An elliptic operator, depending on a complex parameter.

Let m c be open and let = 0, 1, 2 be differential oper-
ators of order  j with coefficients in We shall study the operators

Let 7y) e be the (j-th order) principal symbol of Ai and put

so that r) is the principal symbol of the operator Do, Dt). We
assume that

and even properly elliptic when n = 2 .

Then A2(O, Do) is elliptic and = is non-vanishing. We put

34 - Annali della Scuola Norm. Sup. di Pisa
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Then r is a closed conic set in and (2.3) implies that

We recall the following well known lemma. (For a proof, see [10,
Lemma 3.1].)

LEMMA 2.1. Let q be a complex valued quadratic form on Rn such that

q() 0 0 f or 0. For n = 2 we also assume that var. y arg. q = 0 for
every closed curve y in R2B~0~ . T hen 

where 0 ~ (;(2 - al  ’Jl.

In order to apply Garding’s inequality we need

LEMMA 2.2. Let E c be a closed cone such n .1~ = 0. When
n = 2 we also assume n iR =A 0 and that E is connected. Then there

exists a f unction ~O E such that e(O, Do, CDt) is

strongly elliptic In other words: 

~ a(8, q, Cí) &#x3E; 0 when, (1], 1) # (0, 0) is real, 0 E co, C n S 1.

PROOF. Clearly A(O, Do, CDt) is elliptic at each point (0, C) X (~ m Si)
and also properly elliptic when n = 2, in view of the assumption that .E is
connected and .E r1 iR 0 0. (The assumption (2.3) implies that A (0, Do, CD t)
is properly elliptic i.) Then Lemma 2.1 shows that for every
a = (ea, c Co X (Z r1 ,S1), there exists E C such that

Then by the continuity and the homogeneity, y there exists a neighborhood
SI) of a such that

We can now pick a finite partition of unity:

Then the lemma follows if we put
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Now let 27 and O be as in the lemma. We have then Garding’s inequality:

where the positive constants 01 and C, are independent of f and of C.
From (2.8) we see that there is a constant C, independent of f and of C
such that

if 1: satisfies the assumptions of Lemma 2.2. Using this inequality and an
idea of Agmon [1] we shall now prove

PROPOSITION 2.3. Assume that (2.3) holds and let E be a closed

cone such r1 r = ø. When n = 2 we also assume is connected

and r1 iR =1= ø. Then there exists a constant C such that A, = A (01 Do, z)
is an isomorphism from onto ~-1 ( cv ) and

when zEE, C.

REMARK 2.4. In the next section it will be convenient to work with the

norm depending on z:

on Then the inequality (2.10) takes the form

PROOF OF PROPOSITION 2.3. Choose such that 

If we put

Notice that
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Since =1, we have IIDtx(t) exp [ilzlt] 110 = lzl -f- c~(1) and hence

We also have = Now let zEI: and put ~ = zllzl. An easy com-
putation gives

The inclusion implies by duality
that L2(]-1, 1[ ; X ]-1, I[) , so if we use the corresponding
inequality for the norms we get from (2.13) :

where, here and in the following C denotes some positive constant, in-

dependent of u and z. Combining (2.9), (2.12) and (2.14) we get (with a
new constant C) :

Using that is non-vanishing and then applying (2.15) we get

Adding (2.15) and (2.16) gives:

Choosing Izl large enough we can absorb the last two terms and we

obtain (2.10). In particular Az: is injective with closed image
when &#x3E; C. What we have proved so far, is also valid for the adjoint
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when z E &#x3E; C’, so Az is also surjective and this completes the proof
of Proposition 2.3.

We also need some control over A z near r. Put

and introduce the given by the matrix
0 1

A = (0 . . The equation Az U == v is then equivalent to (z - ) 
.i2 B1

 U= Y, where U = (u, zu), V = (0, Ao(0)-iv) and Az is an isomorphism
from Xl 0 onto Je-1 if and only if (z - A) is an isomorphism from JCI 0 X R°
onto Je°xJe-1. Proposition 2.3 shows that there are values z E C for which
(z - A) is an isomorphism and without any loss of generality we shall as-
sume that 0 is one of these values. Then T = A-’ is compact as an

operator in XO xX-1 and Lemma 1.2 shows that T is of class Op for all

p &#x3E; n - 1. At this point we shall apply Proposition (II.1) of [4], which is
an easy consequence of general results in the theory of C,,-operators (see
Dunford-Schwartz [5]). There exists zo E ]0, 1[ such that if {z E C:
Re z = xo + then (I - exists for z E Dj and satisfies

for all s &#x3E; 0. The norm is here the operator norm in Since

(A - z) = (I - zT) A, we conclude that ( ~ - z) is invertible for ZE Dj and that

where 08 is a new constant, and the norm is the operator norm:

Passing back to scalar operators, we see that

Ax : is invertible for and that

3. - End of the proof.

From now on the proof is very similar to the proof in [4] so we shall not
repeat all the details. Let Q and P be as in the introduction, satisfying
all the assumptions there. After an analytic diffeomorphism we may as-
sume that S~ = {(r, 0); r &#x3E; is conic and that the angle of 1’+
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is strictly smaller than In polar coordinates P will take the form

C.f. formula (4.8) in [4]. The operators Aj are here the same as in the
introduction, the operators A;,k are of order ~ j and the infinite series con-
verges uniformly with all its derivatives in a neighborhood of the origin.
In fact, there exists a constant M, such that for every choice of local

coordinates 0iy ..., 6n_~ on Sn-l and every N &#x3E; 0, there exists a constant CN
such that every derivative of order  N of any coefficient of .A~ can be
estimated by ON. This implies that there is a constant C such that

if () ~~ ~,-1 ( ~~ (~ 0,-1, 11 ))_i,-i) is the operator norm from X’ 0 into 

After a change of variables (r, 0) 1-+ (Ar, 0), 1 &#x3E; 1, the operators will be

replaced by so we may assume that M in (3.2) is as small as we like,
although C will remain unchanged. Notice that the operators A; remain
unchanged and that the unit ball with respect to the new coordinates will
have radius I/I in the old coordinates.

Let B be the closed unit ball in Rn and let u E n B). We introduce
the Mellin transform

Then (c.f. [4]) 4t(z, 0) extends to a meromorphic function in C with values
in C°°(~) and simple poles at the points z = 0, 1, 2, .... These poles are
the only ones and the residue at the point z = k is - Uk(O) if u(r, 0) ~

00

f’J I rkuk(O) is the Taylor expansion of u, rewritten in polar coordinates.
k=O

Taking Mellin transforms of the equation Pu = v, we get

where Co and 01 are certain linear combinations of u(1, 0) and 0),

and satisfies all the assumptions of section 2.
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LEMMA 3.1. If u E r1 B) vanishes to infinite order at 0 and satis-

fies Pu = 0, = 0, then u = 0.

PROOF. We get from (3.3) that

Moreover u is now an entire function with values in in view of

Lemma 1.3. From (3.2) it follows that

If Ie is a closed connected cone satisfying f r1 r = 9~, f r1 P = 9~,
~ r1 iR ~ ~, we deduce from (3.4), (3.5) and Proposition 2.3, that

When it is clear that ))~(z, 0)))f C~[z[~ and after a change of
variables (r, 0) ~ (2r, 0), 1 &#x3E; 1, we may assume that M is as small as we

like, without increasing C and 01. Working in the domains 

Re z C - 2 -f- k~, k = 0, 1, 2, 3, ... and using induction over k, we see that
there exists a constant C such that

For more details we refer to [4].
Combining (3.4), (3.5) and (2.20) we obtain

where are the vertical lines introduced in the end of section 2.

Again, by recurrence over j (starting ~with j = -1 ) we obtain

where Ce is a new constant. For more details we refer to [4].
Now P, is defined by arg z  01532, where -  a2  

a2 - 0153l  n/n. Choosing 27 to be defined by - ~c/2 ~ arg z  or by
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a2 + ê  arg ~yr/2, we see that (3.7) is valid when arg z = (X2 + s and when
arg z = al - 8. Choosing c &#x3E; 0 small enough, we deduce from (3.9) and the
Phragmén-Lindelöf principle that (3.7) is valid in the whole complex plane.
Hence is a polynomial in z and this implies that u = 0.

LEMMA 3.2. Let u E C’(D n B), = 0 and acssume that Pu has an

analytic extension to a full neighborhood of the origin. Then the Taylor series
of u converges in a complex neighborhood of the origin.

PROOF. (C.f. Lemma (V.5) in [4]). After a change of variables of the
form (r, 0) « (2r, 0), A &#x3E; 1, we may assume that the Taylor series
00

of v = Pu converges to v in a neighborhood of the unit ball and
o

that where C is fixed but M may be assumed arbitrarily
small. Then

u(z, 0) will also have simple poles but the functions 0) = sin (2xz) 0),
,b (z, 0) = sin (2nz)v(z, 0) are entire. Moreover

From (3.3) we get

and as in the proof of Lemma 3.1, we get

for some constant C. Now

is the Taylor series expansion of u. From (3.11) we see that there exists
a constant C such that

Now we write P,,(x) 1= so that Pk(x) is a homogeneous polynomial
of degree k. Then we get from (3.12)
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At this point we recall the classical Markov and Bernstein inequalities
(see [8] and also [2], [3]). If is a polynomial in one variable of

degree k, then

where E. is the interior of the ellipse x2ja2 -~- y2,/b2 = 1 with focal points
at :1: 1 and with a -~- b = 2 0 . Now let m’c cu have smooth boundary and
let Q’ c Q be the corresponding cone. Then using (M) and (3.13) it is easy
to show that

for some constant C’. (This also follows from general inequalities in [2]).
Then using (B) it is easy to show that

where TTC Cn is a small neighbourhood of the origin. Using also the fact
00

that pk is homogeneous of degree k we see that the Taylor series con-

o

verges uniformly in some complex neighbourhood of 0 and this completes
the proof of the lemma. ((3.15) also follows more directly from general
Bernstein type inequalities of [3].)

Now Theorem 0.1 follows easily from Lemma 3.1 and Lemma 3.2.

Let u E and assume that Pu and extend to analytic functions
near the origin. After subtracting an analytic function we may assume
that ulan = 0 near the origin. Then Lemma 3.2 shows that the Taylor series
of u converges to an analytic function u’ and Lemma 3.1 shows that

u-u’ = 0.
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