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On the Singularities of the Solution of the Cauchy Problem
for the Operator with Non Uniform Multiple Characteristics.

YÛSAKU HAMADA (*) - GEN NAKAMURA (**)

dedicated to Jean Leray

We consider the Cauchy problem with singular data for linear partial
differential equation in the complex domain.

The Cauchy problem with ramified data has been studied by Y. Hamada,
J. Leray and C. Wagschal [5] for the operator with constant multiple charac-
teristics.

In [7], one of the authors has already treated the case for diagonalizable
first order system with non uniform multiple characteristics, by applying the
method of B. Granoff and D. Ludwig [4] to the operator with variable co-
efficients. That is, he has studied the propagation of the singularities for
the system under the condition that two components of its characteristic
variety intersect one another and their intersection is involutive.

In this paper, we shall treat the case for single operator whose principal
part satisfies the above conditions, but without Levi’s condition. Actually,
the geometry of the singular supports of the solution is closely related to the
studies of J. Leray [6] and L. Garding, T. Kotake and J. Leray [3].

Our method is analogous to that of [7]. In the next section, we shall give
the precise statement of our results.

The authors wish to express their thanks to Professor A. Takeuchi for

his valuable advices.

1. - Assumptions and results.

Let X be a neighborhood of the origin in and (t, x) (x = (x,, ..., xn)~
be a point of X.

(*) Department of Mathematics, Kyoto Technical University.
(**) Department of Mathematics, Tokyo Metropolitan University.
Pervenuto alla Redazione 1’ll Gennaio 1977.
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We consider a linear partial differential operator of order m with holo-
morphic coefficients on X:

where and

We denote by the characteristic polynomial
of

We often write A = ~o .
Let S be the n-dimensional plane t = 0 and T be the (n - I)-plane

We shall impose on the polynomial h(t, x; Ä, ~) the following conditions
due to G. Nakamura [7].

ASSUMPTION (A). Let be the roots of
the equation 90

We assume that these satisfy the f ol-
lowing three conditions :

are holomorphic in a neigh-
borhood of (0, 0 ; 1, 0, ..., 0 ~.

and

are distinct.

(iii) The Poisson bracket vanishes in a

neighborhood of ( 0, 0 ; 1, 0, ..., 0 ) . This means that

holds in a neighborhood of (0, 0 ; 1, 0, ..., 0).
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Then there exists m characteristic surfaces .gi (1 ~ i ~ m - 2), K± issuing
from T. 

’

K; (1  i  m - 2) and K* are defined by the equation ggi(t, ~) = 0
(1 ~ 2 ~ m - 2) and x) = 0 respectively. Here 99 i (1  i  m - 2), gg± are
the solutions of Hamilton-Jacobi’s equations

Now we consider the solution 0(t, x, 1’) of the equation

(We shall often write Wz = gradx 0).
Now we assume that

(B) ffi(0, 0, holds for T sufficiently 

(In § 5, we shall give some remarks on this assumption (B).)
Then the Weierstrass’ preparation theorem allows us to write

where p(t, x, r) is holomorphic in a neighborhood of (0, 0, 0), p(0, 0, 0 ) ~ ~
and P(t, x, r) is a distinguished pseudo-polynomial in T. P(t, x, r) is ir-

reducible in T, because ~(o, x, 0) = xl.
Let A (t, x) be the discriminant of P(t, x, i). Denote the surface 4 (t, x) = 0

by This surface is n-dimensional and is characteristic for the operator
a(t, x, D t, Dr) (more precisely, for both Eo - ~,+(t, x, E) and 80 (t, x, ~)),
and it is not regular in general and touches 

is spanned by 2-families of bicharacteristics (also, cf. J. Bony and
P. Schapira [1]) which are obtained by integrating successively Hamilton-
fields H,.-,,, and H,.-,,-.

In Section 5, we shall state precisely the geometrical properties of Ko.

We write

Now we consider the Cauchy problem with singular data :

where (0  h  *z - I) have poles along T.
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Then our results are stated as follows

THEOREM. Under the assumptions ~A) and (B), the Cauchy problem (1.2)
has a unique holomorphic solution on the simply connected covering space over
v - K, where V is a neighborhood of the origin.

1’VI_ ore precisely, the solution is expressed by

where p,,, p+ are integers &#x3E; 0 and F;., F+, Fk, I G+, G, H are holomorphic
in a neighborhood of the origin.

REMARK 1. The assumption (B) is unnecessary to obtain the expres-
sion (1.3). We can easily see that the singularities of the solution lie on K
under the assumption (B).

REMARK 2. The solution does not have singularities along _Ko on the sheet
of the covering space which contains S - T.

The proof of this theorem is performed by a classical method.
In Section 2, we shall prepare some calculations. By using these cal-

culations, we shall construct a formal solution of the problem (1.2) in Sec-
tion 3. This is based on the method of asymptotic expansion developed by
L. Garding, T. Kotake and J. Leray [3], B. Granoff and D. Ludwig [4], J.
Vaillant [9] and G. Nakamura [7]. In Section 4, we shall prove the conver-
gence of this formal solution by the method of majorant function due to
C. Wagschal [8], De Paris [2], and Y. Hamada, J. Leray and C. Wagschal [5].
Section 5 is devoted to giving the geometrical properties of the surface ~ Ko
and to giving some remarks on the assumption (B).

2. - Preliminary calculations.

In the preceding section, we have defined 0 as the solution of the equation
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By the assumption (A), we can see that 0 satisfies

The first equality is evident and the second is proved in Section 5.
We write

Let g(t, x, Â, ~) be the homogeneous polynomial of degree m - 1 in ~,, ~
defined by

where

(We also write

We define the polynomial H(t, x, 2, ~) by

Furthermore we put

where

Then we have the following lemma that plays an important role in con-
structing a formal solution of (2.1).
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LEMMA 1.

Here, for holomorphic functions F, G, H, F = G mod H means that F - G = HK
holds for some holomorphic f unction K.

PROOF. We can easily see from (2.1 ) and (2.2) that

Hence differentiating the above equalities with respect to t and xi respectively
we obtain for 1 ~ i ~ n

This yields

On the other hand, differentiating the second equality of (2.1) by try we get

Thus, we have proved (2.7).
By the same procedure, we get

By the assumption (1.1) (or Proposition 5.1), we get

This means (2.8)+.
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Taking account of 0(t, x, 0) := gg-(t, x) and putting T = 0 in (2.7), we
obtain (2.8)-. The proof of the lemma is complete.

We frequently use the following two kinds of Leibniz’ formulas

FORMULA 1. Let g(x, ~) be a homogeneous polynomial of degree m in $
with holomorphic coefficients, then we have

where La is differential operator of order a independent of f, u.

FORMULA 2. Let P(t, x, Dt, Dx) be a differential operator of order m with
holomorphic coefficients and F(t, x, r) be a holomorphic function.

Then we have the following identity

where M(t, x, Dt, D,, D,,;) is the differential operator of order m - 1 and

M (t, x, A, p, ~) is the polynomial of degree m - 1 in (A, p7 E) defined by

Hereafter we shall use the following notation.
be a series of functions and p, q (p  q) be non-negative integers.

Then Uj) is defined by

where La are differential operators of order a with holomorphic coefficient.
Now let us calculate

Here (j E Z) are functions of independent variable g E C which satisfy
the relation = (j E Z).
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Taking account of h(t, x, ~t , ~x ) = 0, we obtain by Leibniz’ formula 1

where

We have by a simple calculation

for

Therefore, according to Lemma 1, we can write

where q+ (t, x) = q(t, x, =1= 0 and c+ (t, x) is holomorphic function in a
neighborhood of the origin.

For convenience, we define by

Next, let us calculate

By Leibniz’ formula 2, we have

where M(t, x, Dt, D~) is the differential operator of order m - 1 and
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Applying Leibniz’ formula 1 to the above expression, we have

Here Ma, Lo; are differential operators of order oc.

We want to compute Mo, Lo, L, more explicitly. First, put

Then, it follows from (2.1), (2.2) that

and

where

We note that these functions are holomorphic since the numerators are

evidently equal to 0 modulo (/)1:.

Next, let us observe the second term of the right hand side of (2.13).
Now we can easily see that
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An application of Lemma 1 allows us to rewrite

where c’(t, x, T) is a holomorphic function in a neighborhood of the origin.
In connection with the operator L1, we define the differential operator

then J¡ is a holomorphic differential operator, because we obviously know
x, 9 Ox) =- 0 mod Wr for 0  i ~ n.

Now, an integration by parts yields

Hence, it follows from (2.13) and (2.17) that

where and

By making use of (2.14), (2.15) and (2.16), we can express Ni , Ng in the
following forms

where the differential operators (~ and Qg are defined by
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Next, in order to see the form of differential operator g2 more explicitly,
we compute the principal part of K2. This is really of the form

By integrating by parts, y we may write _K2 as

where Rio and R2 are the differential operators of order 0 and 2 respectively, y
and R2 does not involve the terms of Dt 9 ~’

As we proceed to construct a formal solution of the Cauchy problem (1.2 ),
it is preferable to replace r) by W;(t - T7 x, T)i and for simplicity
we write again x, r) x, r).

Consequently, summarizing the calculations made above, y we obtain

Here we have set
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K2 = -f - R2, Ro and R2 are the differential operators of order 0 and 2
respectively, y and .R2 does not contain the second order derivatives D;,

3. - Construction of formal solution of the Cauchy problem.

Making use of the results obtained in the preceding Section, we shall
construct a formal solution of the Cauchy problem:

where wi(x) (0 ~ l c m -1 ) have poles along T.

By the principle of superposition, it is enough to consider the simple case
(0~~2013l)y where (p: integer &#x3E; 0).

We split a(t, x, Dt, Dx) into two parts :

where b(t, x, Dt, Dr) is a differential operator of order m - 1.
Let U(k) (k &#x3E; 0) be the successive solutions of the Cauchy problems:

Then I is obviously a formal solution of (3.1).

We shall seek each in the form

First, we want to find the conditions that satisfy the differential equa-
tions of (3.2) and (3.3).

To this end, taking account of the results of the preceding section, we
see by a simple calculation that it is sufficient that X), x) and
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satisfy the relations:

Additionally, y we put here these equations (3.4) in the following forms
which are convenient to discuss the convergence of the formal solution:

Here L[ , Ni and N~ are differential operators of order 1 and do not con-
tain the term of Do D7: and Dt respectively.

Furthermore R§ is differential operator of order 2 which does not con-
tain D~ , Di , DtD7:.

Finally, we shall observe the initial conditions of (2.3) and (2.4).
We have by Leibniz’ formula 1
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where

Observe that the determinant

does not vanish at t = x = 0.

Then u satisfies the initial condition if the following relations hold.

where d t are holomorphic in a neighborhood of the origin.
Thus we can determine successively I

. - , . - - , - 6__"

and

from (3.4), (3.6) and (3.7).

Indeed, we first determine from (3.4), (3.6) and (3.7). Secondly,
we calculate W ~k~ ( o, x, t ) and ~(~~0) by (3.4), (3.6) and (3.7). Then

r) can be determined by solving Goursat problem for the last

equation of (3.4).
We can see that

Thus we have obtained a formal solution of the Cauchy problem (3.1):
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where

with

4. - Convergence of formal solution.

In this section, we shall prove the convergence of the formal solution
obtained in the above section. In order to do so, we shall employ the method
of majorant ameliorated in a convenient form for this type of problem by
the introduction of the majorant functions : C. Wagschal [8], De Paris [2],
Y. Hamada, J. Leray and C. Wagschal [5].

Let f, g be holomorphic functions in a neighborhood of the origin. We
say that g is a majorant of f, symbolized by f « g, if 

da E Nn+l.

We recall the functions 0~~~(r, z) (k: integer) which play a fundamental
role to prove the convergence of the formal solution. That is:

where r &#x3E; 0 is a constant.

We know that o(k) satisfies the following properties:

1) For every

2) For every

3) Let i hold for some k and then

we have for
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4) For r, R constants (0  r  R) there exists a constant A &#x3E; 0 such that

J. Leray gave an elegant proof of the first part of 4) with

In the terms of these functions we shall put for 0  r  R and &#x3E; 0

Then the functions O~ have the following properties:

with then we have

for

For we hacve

By taking account of these properties, we have two lemmas (c.f. [8],
[2], [5]).

LEMMA 4.1. Let Q(t, x, i, D t, Dx) be a differential operator of order m
with holomorphic coefficients on I t 1, Iii, (0  r C R  R’), and the
order of Q with respect to Dt, D, is  mo .

Then there exists a constant B &#x3E; 0 depending only on Q, r, R, R’ such

that, it

for
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then we have

LEMMA 4.2. Let H(t, x, Dt, Dz) be a differential operator with holomorphic
coefficients in a neighborhood of 0. Its order with respect to Dt is  p.

W e consider the Cauchy problem

where f, wh (x) ( 0  h  p) are holomorphic in 0.
.Let 1,~)(t, x, Dt, Dx) be the differential operator obtained by replacing the

coefficients of H by their majorant f unctions - we call it ac majorant differential
operator of H -. Let and (0 ~ h ~ p - l ).

If a majorant f unction U verifies

for

then it follow that

We can obtain an analogous lemma for Goursat problem. But we do

not formulate it in particular.
By using Lemma 4.1, we have the following

LEMMA be a series of holomorphic functions and let 0, e,
K be constants indep endent of j, 1, s 

satisfies

then we can f ind a positive constant B independent of j, 1, s K, C such that

for

where m is a positive integer.
By making use of these lemmas, we can obtain an estimate of

and W)’.2

48 - Annali della Scuola Norm. Sup. di Pisa
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PROPOSITION 4.4. There exist constants 0, e independent o f k, j
su,eh that ,

where

PROOF. We set and denote by
the majorant differential operators of

in (3.5) and (3.7).
By virtue of the successive application of Lemma 4.2, we see that it is

sufficient to prove that the following majorant equations of (3.5), (3.6)
and (3.7) hold;

-

We shall show, for example, that the 3-rd majorant equation of (3.5)
holds, because the validity of the other equations is shown by the same
procedure.

In view of Lemma 4.1, 4.3 and the properties of 9:, the right hand side
of this equation is majorized by

with a suitable constant B &#x3E; 0.

Therefore, if we choose C, e so that
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the 3-rd majorant equation of (3.5) is verified. This completes the proof of
Proposition 4.4.

In view of this proposition and the properties of 6~ we have

with suitable constant B &#x3E; 0.

Now let us prove the convergence of the formal solution (3.8).

We shall estimate

In order to do so, we consider two cases.

The first case (I ) : j ~ 0.
’Ve see by (4.1 )

with a constant B &#x3E; 0.

Now we have

for ]

Then, taking account of this fact,

We also have

for

By using this, we obtain

Thus we have obtained an estimate of r) 

for

with a suitable constant B ~&#x3E; 0.
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The second case ~ -1.

Write j = - s (s ~ 1 ), then we have

with a constant B &#x3E; 0.

By using (4.3) once more, we have

Thus, with a suitable constant B independent of s, we have obtained an
estimate of ~~ (t, x, r) for j = - s c - l :

for

Therefore, taking account of the results of the two cases (I) and (II),

we see that converges uniformly in a neighborhood

of 0 except on

The proof of the convergence of and

can be performed by the same procedure.
Thus, we have proved the exactness of the formal solution (3.8).
This completes the proof of our theorem.

5. - Geometrical properties of characteristic surface _Ko : c.

In this section, we shall state the geometrical properties of the character-
istic surface go and give some remarks on the assumption (B). This geometry
is closely related to the studies of J. Leray [6] and L. Girding, T. Kotake
and J. Leray [3].

Let V be a neighborhood of the point (o, 0 ; 1, 0,..., 0) in (t, x, ~)-space :

We set
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and set

The condition (1.1) of (A) (that is, the Poisson bracket {~, - ~,+(t, x, s),
~o - W (t, x, ~ )} vanishes in a neighborhood of (o, 0 ; 1, 0, ... , 0 ) ) implies that

n II- is involutive in (t, x, ~o, ~)-space. However we do not assume that
d(~o - 2+ (t, x, ~)) and d(~o - 2-(t7 x, ~)) are linearly independent, where d is
the differential with respect to , x, o, and also o, $. Hence HI n II-
is not always regular in (t, x, o, )-space and also n is not neces-

sarily of codimension 2 in (~o, ~)-space.
The bicharacteristic strip corresponding to (~o2013~) (we call it the (~o2013~)

-bicharacteristic strip) is defined by the solution of Hamilton system

Then the curve (t(a), x(a)) (the projection of the bicharacteristic strip
on (t, x)-space) is the (o- £*)-bicharacteristic curve.

The next proposition can be easily seen from the condition (1.1).

PROPOSI’IION 5.1. o - A+(t, (resp. o - A-(t, x, )) is constant along
the (o - A-) (resp. (o - Â+) )-bicharacteristic strip.

Then as a direct consequence, we have the following Proposition.

PROPOSITION 5.2. The (o - Â:f:)..bicharacteristic strip issuing from a point
of II+ n H- remains in Il+ n II-.

Now we set

and let S2 be the set of the characteristic elements for $o - I± in Q, that is;

Obviously
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Next, we set

A:f: is the subvariety of and K:f: is characteristic for both (~o - 21) and
($. - ~- ) on 

We also set

It is evident that . and if 1
eo

is the

contact element of K±.

The following Proposition follows from Proposition 5.1 and the defini-
tion of A±, 

PROPOSITION 5 .3. A± is generated by the (o - Ä::i:)-bicharacteristic strips
issuing from f2. Hence A± is generated by the (~o- 2±)-bicharacteristic curves
issuing from f2. Moreover we have

In general, Q c T. When T = Q, we have

PROPOSITION 5.4. The following three assertions are equivalent.

PROOF. In fact, it follows from Proposition 5.3 that 1) is equivalent to 2).
Next, 2) means that .K+ is characteristic for (~o - ~")- Since the characteristic
surface for (Eo- A-) passing T is K-, we have .K+ = K-. Conversely 3)
means evidently 2).

PROPOSITION 5.5. KI and IT" intersect not only on T, but also outside T.

Thus, K+ n T.
=1=

PROOF. We can write p+(t, x) = xl + ta(t, x) and p-(t, x) -r- tb(t, x),
Where ac, b are holomorphic in a neighborhood of the origin. Obviously,
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Hence, if we set

then we have

and Ci(0) = 0.
In the case of Cl(x’) - 0, we have l~+ = .K- by Proposition 5.4, which

means that our Proposition is valid.
In the case of 0, we have evidently

This completes our Proposition.
Now let us r).

PROPOSITION 5.6. Let 0(t, x, -r) be the solution of (2.1), then it satisfies (2.2).

REMARK. Or is constant along the (Eo - ~.")-bicharacteristic curves asso-
ciated with 0, as will be seen in the proof of this Proposition.

PROOF. Differentiate then we have

Now let be the

bicharacteristic strip with the initial data

Then we have by the definition of 0,

Now by Proposition 5.1, is constant along this
.bicharacteristic curve.

On the other hand, r) is also constant along this curve.
Indeed, we have
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By differentiating (2.1) by T, we have

so this shows that Wr is constant along this curve.
Since (2.2) is valid for t = r, the above fact means that (2.2) holds for

any t. Thus Proposition 5.4 has been proved.

PROPOSITION 5.7. Let a point (t, x) satisfy 0(t, x, T) == T) = 0
with some r, then (t, x) ties on the (Q - Â-)-(resp. ( o - Â+))..bicharacteristic
curve issuing from the point of !1+ (resp. Ã-). The converse is also valid.

PROOF. This results from the remark of Proposition 5.6 and the fact
that 0(t, x, T) is constant along the (o - A-)-bichaxacteristic curves asso-
ciated with 0.

PROPOSITION 5.8. If then 0(t, x, r) = a(t, x, T) 99+(t7 x) with a

holomorphic function a(t, x, T) (a(O, 0, 0 ) = 1). Therefore, the assumption (B)
does not hold.

PROOF. In this case, by Proposition 5.4 we have g+ _ K-. Let (t, x)
be an arbitrary point of K+. Then the ($o - I-)-bicharacteristic curve issuing
from (t, x, x), x)) is contained in .g+. Denote by (T, y(t, x, T)) for
any T the point on this curve, so (T, y(t, x, z)) E K+. At this point, we have
( 99 t + (~~ T)) (~? i))~ = a(t7 x, T) (99t (’~~ X7 T)) 7 99X (T7 T)))
with a holomorphic function a(t, x, z) (a(O, 0,0) = 1). Therefore the

(~o2013 A-)-bicharacteristic curve issuing from (T, y(t, x, 1’), (T7 y(t, x, r)), (T7
y(t, x, r)) coincides with the above (o - I-)-bicharacteristic curve. 0 is
constant on this curve, so 0(t, x, r) = g+(z, y(t, x, T)) = 0 for any T. Na-

x, r) = 0 on K+,, which means that 0(t, x, ) = a(t, x, T) q+(t, x).
Obviously, a(O, x, 0) = 1. Thus Proposition 5.8 has been proved.

Before we observe the properties of the surface .go, let us recall the de-
finition of Ko. According to the assumption (B), we have written

where p(t, x, r) is a non zero holomorphic function defined in a neighborhood
of the origin and P(t, x, r) is a distinguished pseudo-polynomial. From the
fact that 0(o, x, 0) = Xl’ we see that P(t, x, r) is irreducible in i.

d (t, x) is the discriminant of P(t, x, i) and Ko is defined by {(t, x); 4 (t, x)= 0}.
Hence, Ko is n-dimensional, and Ko =1= S.
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EXAMPLE 5.1.

PROPOSITION 5.9. Assume that (B) holds. Then we have

4 ) ~o is generated by the -bicharacteristic curves is-

suing from Ã+ (resp. 

5) Ko is tangent to .Kt on A:f:. K+, .K-, Ko touch one another on Q.

6 ) characteristic for (~o - ~~).

In general, the surface Ko is not regular.

REMARK. It is not always valid that Ko r1 K:f: = A±, as will be seen
in Example 5.3 below.

PROOF. 1) results immediately from the definition of .Ko . 2) results from
Proposition 5.8 and 5.4. 4) follows from 1) and Proposition 5.7. Next,
(o - A-)-bicharaeteristic curve issuing from Ã+ is obviously tangent to K+,
which implies 5).

Now we pass to the proof of 6). Let i = z(t, x) be the solution of

0(t, x, T) = 0, then r = T(t, x) is algebroid function. Let f(t, x) be an ir-
reducible factor of d (t, x), then ~ f (t, x) == 0} is an irreducible branch of .Ko .
We consider a regular point (t, x) off == 0}, thus (f t, fx) ~= 0. Suppose for

0, then we can find holomorphic function t(x) such that t(O) = 0
and f (t(x), x) = 0. Since -r(x) = í(t(X), x) is also algebroid, it is holomorphic
outside a) (m is (n - 1) dimensional variety) and satisfies

By differentiating these equations by xi, we have Øtfxi== This means

that fx) is proportional to Øx). On the other hand, we have
øt - A±(t, x, Ox) = 0 on ft = 01. Hence ff = 0} is characteristic for ($o - Â:f:),
which proves 6).
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Finally, let Ko = K*, then it follows from 6) that K+ is characteristic
for ( ~o - A±). Hence we have K+ = ~l+ by the definition of A+. This is

contrary to 2), which implies 3). Thus we have achieved the proof of our
Proposition.

EXAMPLE 5.2.

go is not regular on
We shall again observe the singularities of Eo for this example with relation
to Proposition ~.15.

By combining 4) of Proposition 5.9 with Proposition 5.3, we also have

PROPOSITION 5.10. We suppose that (B) is fulfilled.
We consider the integral mani f old go passing f2 for Hamilton fields

Hço-).+’ 9 go__ (that is, we first consider the (o - À+)-bicharacteristic strips
issuing from f2 and next from the points of these strips we draw (~o - Â-)-bi..
characteristic strips. -90 is spanned by these strips : 2-families of bicharacteristics
which are obtained by integrating successively Hamilton fields Ho_ +, Ho__
with initial conditions ( 0, y, o , ) E f2).

Obviously, Ko c H+ nll-, and go is the projection of Ko on (t, x)-space.
Now we give an example which shows the dependence of Ko on .Q along

2-families of bicharacteristics.

EXAMPLE 5.3.

go consists of two regular surfaces. This follows from the fact that S~ de-

composes into a reunion of two regular varieties:

and

Now we seek a sufficient condition that is regular at the origin.
We easily see that
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According to this, we have

PROPOSITION 5.11. Suppose

for

Then, the assumption (B ) is verified and the surface I~o is regular at the origin.
Incidentalty, S2 is of course regular at the origin. Ko touches K--17 with the order 2
of contact.

REMARK. The geometrical meaning of (5.2) will be also explained in
Remark of Proposition 5.14.

PROOF. By the hypothesis, we have 0, 0) ~ 0. Hence, it is evident
that (B) is verified. Furthermore, we can find holomorphic function

rt = T(t, x) such that Ø1’(t, X, z(t, x)) = 0 and i(O, 0) == 0. We set 1p(t, x) ==
- 0(t, x, T(t, X)), then 1p(t, x) is holomorphic in a neighborhood of the

origin and (1pt, (0, 0), because 0 ) = 0, 0) = 1. Since

.Ko = ~~ (t, x) = 0~, Ko is regular at the origin. 
1

Finally, let (~(~), be the (~o - A-)-bicharacteristic curves issuing from
zi+, then we have by a simple calculation x(a)la=o =1= 0 at
the origin. This implies the last assertion of our Proposition.

Now we want to construct directly the surface Ko r1 S.
Consider the equation

with the initial condition 0(o, x, 0) = Xl’ and the associated equation of the
(1+ - Â-)-bicharacteristic strip

Let
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be the solution of (5.3) with the initial condition

Then ~(o, x, r) and x, z) are constant along this curve.
Therefore we have

PROPOSITION 5.12. Let

Then U is generated by (A+ 2013 curves (5.4) issuing from Q.
The following Proposition is obtained by Proposition 5.8 and 5.12.

PROPOSITION 5.13. Suppose that (B) Then n S = U and

dim U = n - 1. 
=1=

By virtue of the existence theorem of the initial value problem for non
linear first order partial differential equation, we have

PROPOSITION 5.14. Assume that (5.2) is fulfilled. Then the equation

with the initial condition

have a unique holomorphic solution oc(x), and U is given by
Moreover U is regular at the origin

REMARK. The condition (5.2) implies that the initial condition a(x) = x,
on 1~ (thus (axi(x), ..., 7 L*4x,, (x)) = (1, 0, ..., 0) on 1~’~ is non characteristic for (5.5)
in a neighborhood of the origin. More precisely,

is the set of the characteristic points of the initial condition for (5.5).

PROOF. In fact, we see from the assumption (5.2) that ris regular and
the initial condition is non characteristic for (5.5). Hence this Cauchy problem
has a unique holomorphic solution. The second part of Proposition follows
from Proposition 5.12.

According to Propositions 5.10, 5.13 and 5.14 we have the following
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PROPOSITION 5.15. yPe suppose that (5.2) is fulfilled.
Let f3(t, x) be the solution of the Cauchy problem:

with the initial condition

Then .Ko is given by

REMARK OF EXAMPLE 5.2. In this example,
is characteristic for the operator , on the 

The solution of (5.5): is ramified around the

vairety generated by the bicharacteristic curves

(5.3) issuing front Therefore, is ramified
,-, I 

- 

CJ - 
_

around the variety Incidentally, is not regular along the
- I - --

subvariety of 11
’ B.’ I , I t7 .L’.. J 11

Finally we give a simple criterion that the assumption (B does not hold.

PROPOSITION 5.16.

l) If then (B) does not hold.

2) If 1 then ~B ) is not verified. In this case, we have

with a holomorphic f unct2on
Therefore, the singular support of the solution of the Cauchy problem (1.2)

is contained in I n particular, for oper-
"=1

ator with constant coefficients.

PROOF. 1) is evident, because

2) has been already shown in Proposition 5.8.

EXAMPLE 5.4. is holomorphic
at

For this operator we have T = Q. Hence by 2) of Proposition 5.16 the
Cauchy problem (1.2) has singularities only on .K+ : x, = 0.

Erceptional point... The origin is said to be exceptional for operator h
when the assumption (B) does not hold and T:5,~--.Q.
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In this case, the various phenomena happen. Here, we shall only give
some examples of these phenomena.

EXAMPLE 5.5.

The origin is exceptional for h.
We consider the Cauchy problem:

The solution is given by

which has singularities on .K+, K- and the surface $2 = 0.
As for the À:f: -characteristic surface x2 = 0, we interpret that it is

generated by (Eo - Â-)-bicharacteristic curves issuing from - A-)-char-
acteristic points of I+ at infinity t = oo . Thus we may have to discuss

the singularities of the solution from a viewpoint of its global existence
domain (as A. Takeuchi has pointed out it).

EXAMPLE 5.6.

The solution of the Cauchy problem (1.2) for this operator h may have
singularities on K+, g- and the surface x, = 0. The surface Kt has the es-
sential singularities at infinity t = oo and accumulates to the (~o - 2±)-char-
acteristic surface x2 = 0 as t tends to 00 .

EXAMPLE 5.7.
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The solution of the Cauchy problem (1.2) for h has singularities on K+, I-
and the surfaces {(t, x); x3 = 01, {(t, x); = 0}. The (o - A±)-char-
acteristic surface 3 = 0 is generated by the (o 2013 W )-bicharacteristic curves
issuing from the (~Q - A-) -characteristic points of K+ at infinity t = 00,
while the (Eo - A±) -characteristic surface xx x~ - x2 - 0 is spanned by
(~Q - I-)-bicharacteristic curves issuing from A+.
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