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On the Envelope of Regularity
for Solutions of Homogeneous Systems
of Linear Partial Differential Operators.

ALDO ANDREOTTI (*) - MAURO NACINOVICH (**)

Introduction.

Given a topological space .X with a countable topology and denoting
by C(X) the space of complex valued continuous functions on X, it is known
that a closed subset F of X is compact if and only if

for every function f in C(X) (this criterion is essentially due to Weierstrass).
In general, given a part 8 of C(X ), the set C(X, 8) = {FIF is a closed sub-
set of X and sYP III  + oo, Vf E 8) is larger than the set of all compact
subsets of X. The elementary theory of convexity is interested in the question
of giving criteria for C(X, 8) to consist of the compact subsets of X only.

A first interesting instance of this question is the following: X is an open
set in Cn and 8 is the space JC(X) of holomorphic functions on X. Then the

necessary and sufficient condition for C(X, Je(X)) to consist of all com-

pact sets, is that X is an open set of holomorphy. This can be viewed as

the content of the classical theorem of H. Cartan and P. Thullen (cf. [5]).
Here we are interested in the following general situation: .X is an open

subset of the numerical space Rn and 8 the set of solutions u of an elliptic
system

(*) Scuola Normale Superiore - Piazza dei Cavalieri - Pisa.
(**) Istituto di Matematica c L. Tonelli)) - - Via Derna, 1 - Pisa.
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where A : 6Q(X) --&#x3E; 6°(X) is a p X q matrix of linear partial differential oper-
ators on .X (by 8 we denote the space of complex valued, 000 functions).

In § 1 we develop the theory of the envelope of regularity and give the
extension of the theorem of Cartan and Thullen to the case of operators whose
coefficients are either constant or real analytic.

In § 2 we undertake the study of domains of regularity for overdeter-
mined systems, with constant coefficients, in one unknown function (the
case q =1). The simple cases of differential ideals of dimension zero and of
reduced homogeneous differential ideals of dimension one are given directly
to cover the theory till the vanishing theorems for cohomology (with values
in the sheaf of germs of solutions).

In § 3 we treat general systems in one unknown function.
In the last paragraph the properties of the logarithmic distance from the

boundary of a domain of regularity are established until an analog of Levi’s
convexity condition is found.

This convexity condition of Levi type will be studied in a subsequent
paper, where we will deal with the finiteness of the cohomology groups related
to such systems of differential equations.

Some of the results of this paper have been treated in two seminars of

the R.C.P. 25 at Strasbourg (1).

§ 1. - Elementary convexity theory.

1. - Preliminaries.

(a) Let us consider a p X q matrix A,,(x, D) of differential operators
with 000 coefli.cients on Rn (2).

If 6 denotes the sheaf of germs of (complex valued) C°° functions on R-,
Ao defines a linear map:

By é) Ao we denote the sheaf of germs of C°° solutions of the homogeneous

(1) A. ANDREOTTI - M. NACINOVICH, Théorie élémentaire de la convexité, R.C.P. 25,
November 25, 1976.

A. ANDREOTTI - M. NACINOVICH, Domaines de regularité pour les opérateurs ellip-
tiques à coefficients constants, R.C.P. 25, May 26, 1977.

(2) By x = (xl ... x.) we denote cartesian coordinates in Rn and by D = (a/axl,
..., ô/ôxn) the symbols of differentiation.
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equation Aou = 0 so that we have an exact sequence of sheaves:

A basis for open sets in the topology of OAo is given by the sets:

with Q any open subset of R" and u c 6Q(Q) a solution of Ao(0153, D) u = 0
on SZ.

With this topology the natural map

is a local homeomorphism. However, the topology of 0 Ao may fail to be a
Hausdorff topology.

(b) If 8 is a subsheaf of the sheaf Sy at any point zo of Rn we can asso-
ciate to a germ d in 8xo the Taylor series

as an element of the ring f/Jxo of formal power series centered at xo . Thus

we obtain a linear map:

We say that the sheaf 8 has the property (A) of Aronszajn if for every x,,
in Rn the map ’Gx. is injective.

In particular, this is the case if 8 is a subsheaf of the sheaf A of (com-
plex valued) real analytic functions on R".

Another remarkable case in which (A) holds is when 8 is the sheaf of
germs of solutions of a second order partial differential equation:

With a2’ , b2 and c of class C°° and for any zo in Rn and any non zero real vector $

This is the content of a theorem of Aronszajn [3].
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PROPOSITION 1-. A subsheaf 8 of 6 with property (A) has a Hausdorff
topology.

PROOF. We denote by n: 8 - Rn the natural projection. We have to
prove that any two distinct points a, fl in 8 have disjoint neighborhoods
in 8 . If n(a) =1= n(fl) this is straightforward. So, assume that n(a) = n(fl) = xo .
In a sufficiently small neighborhood to of xo we can find two sections 8, a
in r(ro, 8) with:

We consider a fundamental sequence {cov} of neighborhoods of xo in co, and
the neighborhoods of a, fl given by W(cw, s/ro.,} and W(cov’ 1/ro,,) respectively.
We claim that, for some vo ,

Otherwise we will find a sequence {Yv} converging to zo in co such that

But then we have, for any multiindex p,

and thus, passing to the limit,

By property (A) this implies that a = sxo = o’a- = P, which contradicts our
assumption. The proof is complete.

We say that the operator Ao(x, D) is elliptic if, for every open set Q in Rn,
any distribution solution u of

is real analytic.

A theorem of Petrowski [9] states that Ao(x, D) is elliptic (in this sense) if :

(i) A,,(x, D) has real analytic coefficients;

(ii) p &#x3E; q and, for each minor determinant Xj (x, $) 1  j  p of1 ( q))
order q of the matrix Ao(x, $) = (ai; (x, $)) we can find an integer mj &#x3E; degree
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in $ of Xj(x, $) such that for every x in Rn the system

has no real solution $ =A 0.

Every elliptic operator with constant coefficients is elliptic in the sense
of Petrowski.

But there are elliptic operators with real analytic coefficients which are
not of Petrowski type (3 ) .

From Proposition 1 we deduce the following

COROLLARY. For an elliptic operator A,,(x, D), the sheaf é) Ao has a Haus-
dorff topology.

2. - Riemann domains.

(a) Let Y be a differentiable connected manifold (for instant
Y = ll$n) ; by a .Riemann domain over Y we mean the set of the following data:

(a) a connected topological manifold X;

(fl) a continuous map co: X --* Y which is a local homeomorphism.
Then X has necessarily the same dimension of Y. Moreover on X there

is a unique differentiable structure in which co becomes a local diffeomorphism.
We will assume that Y has a countable topology (4).

THEOREM 1 (of Poincacre-YoZterra). Any Riemann domain X 01 Y over Y
has a countable topology. ,

PROOF. We assume first that Y is an open subset of Rn. Then = w(X)
is open and connected and we can as well assume that Y = S2. Let I be the

set of rational points in SZ and set A = co-1(I). For every a e X define

the positive number E(a) as follows: E(a) = sup Ir &#x3E; 0 1 the ball with center
(o(a) and radius r is contained in SZ and can be isomorphically lifted via co
to a «ball» in X with center (x}.

(3) For a positive integer k, the operator

in R2 is of this sort. 
’ ’

(4) We mean by this that there exists on Y a countable system of open sets such
that any open set of Y is a union of open sets of that system.
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Because co is a local homeomorphism, e(x) &#x3E; 0, for every oc in X, and 8(a)
is also a continuous function of oc on X. Let B(a, e) denote the open  ball &#x3E;&#x3E;

of .X’ with center a and radius for 0  e  E(a).
Let

Since 8(0153) is a continuous function one verifies first that every open set

E c X is the union of all B(a, e) contained in it:

Therefore 93 is a basis for open sets. It will be enough to show that B is a
countable set and, for that, that A is countable. Fix an element ao E Â.
For any a E A we can find a continuous arc

because X is connected and thus arcwise connected.

If is not restrictive to assume that or = cvoy: [0, 1] --&#x3E; Q has the following
two properties:

i) a is a broken line joining co(Xo) to co(a).

ii) the edges of this broken line are all in I.

Now, given an arc

with d(0) = w(oco), there exists at most a unique lifting y : [0, 1] - X with

y(O) = ao . This because w is a local homeomorphism.
Therefore A is in one to one correspondence with a subset of the set A

of all broken lines with starting point in co(oco) and edges in I. Any one of
these broken lines is determined by the sequence of its edges. Thus

Hence ll. is countable and thus A is also countable.

We now drop the assumption that Y is an open subset of Rn. As Y has
a countable topology we can find a proper imbedding

for some sufficiently large N.
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We can also extend this imbedding to a diffeomorphism

where n denotes the dimension of Y, DN-n = {t E RN-n/Et;  1}, and SZ is
a connected open tubular neighborhood of J( Y) in RN. The natural map

is a local homeomorphism. By the previous argument X xDN-n has a coun-
table topology. Therefore the closed subset X X (0) of X &#x3E;C DN-" has also
a countable topology (5).

Given two Riemann domains over the same manifold Y:

a morphism of the first into the second is a differentiable map f : X - Z
which is a local homeomorphism and makes the diagram

commutative.

(b) Given a vector space Tr over C and a differentiable manifold X
we can consider the space Jk(X, V) of k-jets of X into V as a fiber space
over X, via the source map a : Jk(X, V) ---&#x3E;- X. The fibers are the typical
spaces Fk(n, p) of k-jets at 0 of Rn into Tr = CP. This is a vector bundle,
as Fk(n, p) inherits from the vector space structure of 7 == Cp a vector
space structure compatible with the source map a: Jk(X, V) --&#x3E;. X. The dual

bundle,

(called the k-th tangent bundle of .X relative toV) is the bundle whose sections
are the differential operators of order k over X on functions with values in V.

(5) A slight modification of the first part of the argument would give a direct
proof of the following general statement : let X, Y be arcwise connected and locally
simply connected topological spaces. Let X -+ Y be a local homeomorphism. If Y
has a countable topology then X has also a countable topology.

The first part of the argument given above is sufficient for the applications we
have in mind.
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Now, if Â: X -? Y is a local diffeomorphism, it establishes a natural map

by transplanting every k-jet a over x E X to a k-jet f3 over Â(0153) E Y in such
a way that ,

(as this equation has a unique solution).
Dually we obtain a natural lifting

of k-th order differential operators over Y to k-th order differential operators
over X.

In particular, y if Y = ll8n and xi, ... , xn are cartesian coordinates on Y,
for any Riemann domain ill: X -j- Rn we can consider the lifting

of the n vector fields alax, over Rn. These give to X a parallelizable struc-
ture and for any differential operator

we can consider its lifting ro* E to X given by

As yi = oj*(xi), 1-  i  n, are local coordinates everywhere on X the oper-
ators co*(alaxi) (1  I  n) are the partial derivations with respect to the set
of these local coordinates.

3. - Partial completion (elliptic operators).

(a) By a domain in llgn we mean an open and connected set. Let G be
a domain in R" and let A.o(x, D) be an elliptic operator on RII; we set
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this is the space of solutions on Q of the homogeneous equation

A function u E je(0) defines a section

by associating to each point y e S2 the germ u, of u at y.
Let Qu be the connected component of Fu(Q) in OAo and denote by

a): f2,. --&#x3E; Rn the natural projection induced on Qu by the natural projection
yr: OAo - Rn.

Since 0..40 has a Hausdorn topology, f2,, is a connected Hausdorff topological
space and (o is a local homeomorphism. Therefore Qu acquires a differentiable
structure in which co becomes a local diffeomorphism.

Moreover for every point Lx e Qu we can define

We obtain in this way a function U : (Ju --* C-v which extends the function
m*u on F.(92) and which satisfies the equation (00* Ao) TI = 0.

Moreover let 9 $ lEtn be a Riemann domain over Rn provided with a
section

with the property that on f2 there exists a function U : £5 --&#x3E; C-’o such that

Then a unique natural map 1 : f? - S2u is defined (by associating to each
point fl of 12 the germ of 0 at 8 in .’) Ao and thus a point of Qu) which makes
the diagramm

commutative and induces an isomorphism from Pu(Q) onto Fu(Q) for ’which
Ci = A* u.
We say then that 4li ---&#x3E; Rn is a u-completion of Q. We summarize these

remarks with the
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PROPOSITION 2. Every u E k(iil) defines a section .Fu : S2 --&#x3E;- 0 Ao. The con-

nected component f2. of .F’’u(S2) in (9 Ao with its natural projection w: SZ ---&#x3E;- Rn

has the following properties :

i) Qu ---&#x3E; llgn is a Riemann domain over Rn. I n particular f rom Poineari-
Volterra’s theorem it follows that all fibers of ware at most countable.

ii) There is an analytic function U: D. --&#x3E; CP such that

iii) For any u-completion {6 - &#x3E;- Rn, Fu, O} of Q we have a uniquely
de f ined commutative diagramm

in which À* U = U, A being an isomorphism from Fu(Q) onto Fu(Q). Then

(03A9---&#x3E; # R n, F u, U} is the maximal u-compZetion of Q, in the sense that every
u-completion factors uniquely through it.

(b) What has been said for a single function u E JC(S2) can be repeated
with only slight changes if we replace the element u by a part 8 c JC(92).

In this last instance the sheaf 0 OA, must be replaced by the sheaf 0§
of germs of maps of Rn into (CI) having all their components in 0 Ao.

An element f.,. E °s.xo is therefore a collection Of germs f a E 0 Ao.xo’
all defined in a sufficiently small but common neighborhood of Xo.

Let us consider Via e 8 a copy 0 Ao(a) of 0 Ao and consider the fiber product
over X of all these copies ]*j[ 0 Ao(a).

ac-s 
°

We have a natural inclusion

The topology of Os is defined in the usual way as the topology of the
sheaf of germs of maps of Rn into (CP)s with components in (9 Ao. Therefore

the topology of Os is a Hausdorff topology. A natural section

is then defined by
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If Ds denotes the connected component of FS(S2) in 08 we obtain, setting
co = alds (n: 08 --&#x3E; Rn being the natural projection), a Riemann domain

having the following property (Proposition 3) :

there exists a section F : Q - QS such that dg c 8 there exists an analytic
f unction G = Go on £5g (with values in C2,) such that

(ex) ("* Ao) G = 0; 1

(fl) G[Fg(Q) = W*g.
A Riemann domain 4lig Li Rn endowed with a section -P8: [J -+ f2 such that
Vg c- 8 properties (ce) and (/3) above specified are satisfied by (4lig -i Rn,
9g , {G O}OES} will be called an 8-completion of Q.

The Riemann domain {,08 R", -F8 {GO}OES} satisfies the following
universal property:

for every 8-completion {f2 R-9 1’s, {GO}OES} o f SZ there is a uniquely
de f ined map 2: f2 -+ £5g such that we have a commutative diagramm

moreover A is an isomorphism of Fg(Q) onto Fs (S2), and Vg E S, ð-g = Â*Gg.
In other words, f2,s ---. Rn is the maximal 8-completion (or the 8-envelope)

of SZ. In particular if 8 = Je(Q) we speak of the envelope of regularity of Q
with respect to Ao(x, D).

(c) If 8c 8’c JC(S2) we have a natural map

and thus a natural morphism of domination between the 8 and S’ en-

velopes of Q
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(£5g, « dominates )) £5g). Thus the envelope of regularity dominates every

S-envelop,e of Q, and every JC(S2) -completion of Q f acctors through it.

4. - Domains of regularity in R".

Any domain Q of IEgn which coincides with its regularity envelope will
be called a domain of regularity. By this we mean that the section

establishes an isomorphism of S2 onto its envelope of regularity f2jc(Q).
Let d c i be two domains in R" and suppose that d c Q. Then 4 is

called a JC(S2) Id -completion of 4 if

PROPOSITION 4. A domain Q c ll8n is a domain of regularity if and only if,
for every choice of a domain d c S2 and o f an Je(Q)I.1-completion J o f d, we
have necessarily that i c Q.

PROOF. Assume that Q - S2. The natural map Â: 3 - f2 is injective.
Thus, as Q oi D, we must have d c S2.

Conversely if Q c D we can construct 4 c J satisfying the condition
that J is a JC(92) [4-completion of 4 and 4 E S2.

For this choose Xo E Q, Xl E f2 - Q and a continuous path

with y(O) = xo, y(l) = Xl. Let to E [0, 1] be the first point in 0  t  1 with

y(t,,) 0 Q. Take an s-neighborhood .LE of the closed set L = y([O, tao]). Then

.LE ¢ Q for E &#x3E; 0 and, if E is small, LE is a Je(Q)-completion of the 8-ball
B(Xo,8) around xo :

This proves our assertion, as L,, is one-sheeted if E is small.

5. - The 9 suspension of an operator.

(a) Given a p X q matrix A,,(x, D) of linear partial differential oper-
ators with real analytic (complex valued) coefficients on Rn, we can find
an open neighborhood U of lEBn in Cn to which it extends with holomorphic
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coefficients. If x = (xl, ... , xn ) are cartesian coordinates in Rn, we denote
by zi = xj + iy; holomorphic coordinates in Cn, identifying Rn to the real
subspace {Z C- Cn ly = 01. If the operator Ao is defined by

then it is extended by

where ca(z) are holomorphic (matrix valued) functions on U which reduce
to e,,(x) if restricted to Rn.

For every open subset D of U we can consider the operator

IV N

where 80,’(D) denotes the space of C°° forms of type (0, 1) on S2 and 9 is the
exterior differentiation with respect to antiholomorphic coordinates.

The operator A. so defined on U is elliptic (even if Ao is not so) and is
called the ä-suspension of Ao (cf. [2]).

For every open subset S2 of U, we define the space

This is the Kernel of A over D, i.e. the space of q-t-uples u of holomor-
phic functions on D which satisfy the holomorphic differential equation

(b) An operator A,,(x, D) : &#x26;q (Rn) - 6P(R") with C°° coefficients on Rn

is called hypoelliptic if, for any open subset Q of Rn and any solution
U E 0’(S2)q of the equation

we have necessarily U E f;q(Q). Note that every elliptic operator is also hypo-
elliptic.

Let {Ki}iEN be an exaustive sequence of compacts in Q, i.e. we assume that:

6 - Ann. Scuola Norm. Sup. Pisa Cl. Sci.
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For U E &#x26;q(S2), we define the seminorms 
’

(where 1.1 I is a norm in Cq).

LEMMA. I f Ao is hypoelliptic, then the Schwartz topology on JC(D) is also
defined by the seminorms pi . The space JC(S2) is complete.

PROOF. The space JC(92) with the Schwartz topology of uniform con-
vergence of functions together with all derivatives on compact sets is a com-
plete (Frechet) space. It is also complete under the topology defined by
the seminorms pi, because A,,(x, D) is hypoelliptic by assumption. Denote
by Je{pt}(Q) the space X(92) endowed with this topology; by a theorem of
Banach the identity map

which is obviously continuous, is a topological isomorphism.

(c) We can now prove the following

THEOREM 2. Let Ao(x, D) be an elliptic operator with 000 coefficients on
an open set Q eRn. There exists a lower semicontinuous positive function

with the following properties

i) en(0153)  n- i dist (x, ôQ) Vx E S2;

ii) V0153o E SZ and Vu E JC(S2), the Taylor series lJxo U o f u centered at xo

is convergent in the polycylinder of C?l

PROOF. Set II0153ll [[ = sup.lxil and let 6 be the distance based on that norm1-i-

(instead of the euclidean one). Thus Vx,, e D we set

For every positive integer m such that 1/m  3(so , 8Q) we consider the
space
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This is a C-vector subspace of JC(92); every element u c A (x,,, m) admits
a well defined analytic extension ft to Q U IZ C- Cn I ll_, - X. 11  1/ml because
we have taken the precaution of requiring that 1/m C 6(x,, 8Q).

Set

and, for every u E A(X’o, m), set

Then the sequence of seminorms 11 u 11 i makes the space A(xo, m) a com-
plete space.

Consider the restriction map

This is continuous and JC(S2) = U Im rm . Thus for at least one m = m(xo)
we must have that Im r m(xo) is of second category. By Banach open mapping
theorem then rm(xo) must be surjective (and thus a topological isomorphism).
We can therefore define

en(Xo) = sup {e &#x3E; Ole  6(x,,, a,S2) and Vu E JC(D) the Taylor series bxo U
converges in Ilz - xo II  el .

If 11 x - zo C en(Xo), then

This proves that (!n is lower semicontinuous. Since op(zo)  ð(xo, 8Q)
and we have ð(xo, aQ)  n- I dist (xo , a S2), the theorem is completely proved.

REMARK. In the course of the previous proof we have shown that the

map A(xo, (11A)e.Q(xo)) ’&#x3E; JC(92) is a topological isomorphism, for every Â&#x3E;l.
In particular for every A &#x3E; 1 we can find a compact set B(xo, A) c 92

and a constant e(xo, Â) &#x3E; 0 such that Yu E X(S2)

We deduce from this remark the following useful

COROLLARY 1. V x, E 4ii and every Â &#x3E; 1 there exist constants 8 &#x3E; 0, C(X,,, 1 ) &#x3E; 0
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and a compact set B(xo, Â) such that Yu E JC(92) we have

for all x with 11 x - XO II  8.

COROLLARY 2. Let A,(x, D) be an elliptic operator with real analytic coe f -
ficients defined in an open set Q of Rn. Then we can f ind an 9-connected
neighborhood U of S2 in en in which the operator Ao can be a-suspended into
a holomorphic operator A and such that the natural restriction map

is an isomorphism (JC_, (U) = {u E F(U, Oq)IAu = 01) -

REMARK. We can always replace the function eo of the theorem by the
function (!n(0153) = sup (o(z)[o verifies conditions i) and ii) of theorem 21.
This is the best one verifying the same conditions i) an ii). It is still lower

semicontinuous (as supremum of a class of lower semicontinuous functions).
We will call this function en pseudodistance from the boundary.

If ZT is an Q-connected neighborhood of Q in Cn, as in corollary 2, for
many practical purposes it will be sufficient to take for QD(x) the function

In this way eg(x) is also continuous.

6. - Convexity theory. Operators with constant coefficients,.

(a) We will assume that Ao(D) is a matrix-operator with constant
coefficients.

If .g is a compact subset of an open set SZ we set for U E &#x26;q(S2),

where [ . I denotes a norm in the space Cq.

For every c &#x3E; 1 and every compact set K c Q we set

(g ) Sometimes we will write A(c) instead of 9D(c).



85

REMARK. - Ass2cme that Je(Q) is an algebra i.e. q = 1 and u, v E k(4ii)
implies that u v E JC(S2). This is for instance the case if q = 1 and all

operators in the matrix A.o are homogeneous of the first order. Then Vo&#x3E;l
we have Kn(c) = Kn(l).

Indeed Kn(l) c Kn(o) Yo&#x3E; 1. On the other hand if x E Kn(c), then

V u E JC (s2)

thus Vl &#x3E; 0 integer, y

and therefore

Letting I - + oo we get then, as lim c1/l = 1, that
I-+-

and therefore -kD(,c) c Kn(l).
(b) Let .Ao be an operator with constant coefficients, Q an open set

in Rn. Let us consider the following two conditions :

(K)n: V compact K c S2, Vo&#x3E;l the set Kn(o) is also compact

(D)n: V divergent (7) sequence {0153v} c Q there exists u E JC(S2) such that

Clearly (D)n =&#x3E; (K)n. 
’

Indeed if it is not so there exist a compact .g in Q and a constant c &#x3E;
such that Ksa(c) is not compact. Then we can find a divergent sequence
(zr) in Kn(o). On that sequence we have, for some u E JC(S2), sup [u(zr) [ = 00.
But on the other hand IU(X,) I  0 11 U 11 K - 00: this gives a contradiction.

THEOREM 3. 1 f Ao is an elliptic operator then the two conditions (K)n and
(D)n are equivalent.

PROOF. Since the opposite inclusion has already been proved above,
we have only to show that (K)n =&#x3E; (D)n. If this is not the case there exists

a divergent sequence {xl c Q such that Vu E JC(S2)

(7 ) Divergent means without point of accumulation in Q.
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Set

The subset A c E(S2) is convex, closed, and symmetric with respect to
the origin A = - A. The only property that needs a proof is the fact that A
is closed.

Now if u,, = lim u, with u, c- A and if L-x = sitp luo(x,) I &#x3E; I then for

0  8  !(a -1) we can find vo such that

Since, y for ft sufficiently large, we have

it follows that

This is impossible as u, c A. Hence a = sup Iuo(0153,) 1 1 and Uo E A.
Now, we have

and thus one of the sets mA (and therefore A which is homeomorphic to mA )
contains an interior point. Because A is convex and balanced, it must con-
tain also a neighborhood of the origin. There exist therefore a compact set
K c .G and an E &#x3E; 0 such that (as Ao is hypoelliptic)

We claim then that Vu E Je(Q)

Indeed, given u e Je(Q), we can find I &#x3E; 0 such that
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If 11 u 11.,, = 0, then Au E V(K, 8) Y£ &#x3E; 0. Thus

and hence u(zr) = 0 for every v.
If 11 u K =F 0 we can take A = E/(2 11 u "K) and we get the same conclusion (*).
But the condition (*) says that (zr) c -k(21s), which is by assumption

compact. Thus (zr) cannot be divergent. This establishes the implication
(K)D =&#x3E; (D),Q.

DEFINITION. We will sacy that the open set Q is A,-cgnv,-,v if property
(.g)n is satisfied.

COROLLARY. I f Q is a domain Ao-convex (and Ao is elliptic) then Q is a
regularity domain.

Indeed this follows from proposition 4: property (D)n shows that the
condition of that proposition is satisfied.

(e) The converse of the last corollary is not true. For instance if Ao
is the operator of exterior differentiation :

then R" is a regularity domain which is not Ao-convex as for any non empty
compact KeRn we have g (c) = Rn Vo&#x3E;l.

Let Q be an open set in Rn, and pp a pseudodistance from the boundary
of Q. For any compact c Q we set

This is also a minimum, as on is lower semicontinuous. Thus en(K) &#x3E; 0.

We have in any case the following

PROPOSITION 5. Let Q be an open set in Rn, K a compact subset of Q and
c &#x3E; I - For any $ E K(o) and any u E JC(12) the Taylor series 131u o f u at $
is convergent in the (complex) polycylinder

PROOF. We have
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Since Ao has constant coefficients, D"u E JC(92). Therefore

For any A &#x3E; 1, the functions u E JC(92) satisfy an estimate of the form

where K’(Â) is a convenient compact subset of SZ depending only on .g and I
(this is a consequence of Corollary 1 of theorem 2).

Therefore bçU is majorized by the series

The last series converges for

and thus the same is true for bçU. As A &#x3E; 1 is arbitrary we get the sta-
tement of the proposition.

COROLLARY. Let Q be a regularity domain f or Ao: Then for any compact
K c S2, and for any 0&#x3E;1 we have

(where en(G) = inf op(z), for C closed in Q).
xEC

PROOF. We have K c K(o) and thus

From the previous proposition we must have also the opposite inequality

as S? is a domain of regularity and therefore, Y$ c- ff (c), we have on($) &#x3E; e.Q(K).
In particular, if Rn is Ao-conveg we deduce the analogue of Cartan-Thullen
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theorem :

THEOREM 4. I f Rn is A,-convex (8), the necessary and suf f icient condition

f or Q to be a regularity domain is that Q is Ao-convex.

PROOF. If Q is Ao-convex then 92 is a domain of regularity by the Corol-

lary to theorem 3. If conversely Q is a domain of regularity, we have for any
compact K c Q and any c &#x3E; I-, that

On the other hand, as Rn is Ao-conveg, .K(e) is a bounded set. Therefore

it is a compact subset of SZ and thus is Ao-conveg.

(d) A function f E JC(S2) will be called a multiplicator for JC(S2) if

The multiplicators form a ring j{,Ao(Q) :J C. If JC(92) is an algebra, then

:R,Ae(S2) = Je(Q).
One can improve the statement of Proposition 5, as follows : Let f E JtA.(S2)

and assume that

Then for any 0&#x3E;1, any $ E K(c), and any u E JC(,Q), the Taylor series l3iu
o f u at $ is convergent in the polycylinder

PROOF. Set in Cn , for K compact in ,S2 and 0  t  1, Ilzll 11 = lsup n 1-,i I i

If

we have that

(8) Cf. Remark after Proposition 17 in Section 18.
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There exist a compact set K1(t) c ,i2 and a constant cl &#x3E; 0 such that

where it is the extension of u to II.

We have da E N" and $ E k(c) that, for some z E g

because f(z)’"" ( D ic(z)/a !) e R(Q) as Ao has constant coefficients and f e j{AJQ).
Also by Cauchy formula

From this we deduce

Therefore

Consequently

From this we derive the convergence of 73e u in the polycylinder

As this is true for any t  1 we get then convergence of bçU in the

polycylinder

7. - We have obtained a characterization of domains of regularity
under the assumption that R" is Ao-conveg. To remove this restriction one
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can proceed as follows

LEMMA. The following two conditions are equivalent (for Q open in Rn)

i) V compact K c Q, Ve &#x3E; 1 we have

ii) V sequence {Xv} c Q such that 1 vm en(Xv) = 0 there exists an u E Je(Q)
with

PROOF. ii) =&#x3E;i) If not, there exist g compact in S2 and a constant

c&#x3E;l such that en(K(o)) = 0. Thus we can select {xv} c K(o) with en(Xv) - 0.
Now VUE Je(Q), lu(xv)lclluIIK which contradicts ii).

Conversely i) =&#x3E;ii). If not, there exists a sequence {x,l c SZ with en(Xv) - 0
such that Vu cX(D)

Set

Then A is closed convex and symmetric with respect to the origin and
therefore (by the same argument as in the proof of theorem 3) must contain
a neighborhood of the origin in JC(92). Thus there exist K compact and
E &#x3E; 0 such that

Then

as in the proof of theorem 3. Therefore {xv} c K(2f8). This contradicts the

assumption that eo(0153v) - 0.

THEOREM 5. Necessary and sufficient condition for Q c Rn to be ac domain of
regularity is that Q satisfies the equivalent conditions i) or ii) of the above .Lemma.

PROOF. Assume 92 verifies i) and ii). Then, V{xl c Q with dist (xv, ôQ) -+0,
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we have en(xp) --&#x3E;- 0. Then there exists an u E JC(D) with

This shows that SZ is a domain of regularity by virtue of proposition 4.
Conversely if S2 is a domain of regularity we have d.g compact in Q

and Yc &#x3E; 1

Therefore condition i) (and thus ii)) is satisfied.

8. - Convexity theory. Operators with analytic coefficients.

(a) We will assume now that A,,(x, D) is an operator with real analytic
coefficients (complex valued) on Rn and elliptic. We want to characterize
its domains of regularity.

We gather here some preliminary lemmas.

(oc) LEMMA 1. Let Q be open in W and let K be a compact subset of Q.
For every A &#x3E; 1 we can f ind a compact set K1(Â) and a constant c(A) &#x3E; 0

such that

where pp(ir) - inf QD(x).
xEg

This follows from Corollary 1 to theorem 2 in section 5.

(p) For every positive integer m we set

and for every compact K c Q we set

Given open in Rn, u c- JC(S2) we set
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so that

is a radius of convergence of the power series 1I(u, x) in $.
As usual we set, for

LEMMA 2. Let u be an analytic f unction de f ined in Q. Let bxU, for x E Q,
denote the Taylor series of u at x. Let

a(x) = sup (J E R 10  0’  1, ’G., u converges in the polycylinder 11 z - x II  oJ .

Then or(x) = r(u, x).

PROOF. We have: o’(x»r(u, x). Indeed if U(u,x) converges in the

disc [$[  r(u, x), for 0  Â  1 we have an estimate

Therefore

and thus baeU is convergent in the polycylinder

or, letting A -* 1 in 11 z - x 11  r(u, x). Hence a(0153) &#x3E; r(u, x).
We have: d(m) r(u, m). Since ’G., u is convergent in 11 z - x a(0153), for

0  A  1 we do have estimates

The set of a E Nn with lexlm contains less than (M + 1) n elements.
Therefore

Then U(u, x) is majorized by the series
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and therefore U(u, x) is convergent for 1$1  a(x). Hence ar(x)  r(u, x),
and the proof is complete.

(b) Let Q be an open set in R" and let .K be a compact subset of Q.
For any c&#x3E; 1 and E &#x3E;, 1 we define

We will say that 92 is A,-convex iff the following condition is satisfied

(K,,,).Q For every K compact in Q, Ve &#x3E; 1, VL:;&#x3E;l the set Koo(L, c) is also
compact.

If the operator Ao has constant coefficients this notion reduces to the
notion of Ao-convexity already introduced. We have indeed the following

PROPOSITION 6. Suppose that Ao has constant coefficients. Then for every
c:&#x3E; 1, every L&#x3E; 1 and every compact g c SZ we have

PROOF. We have: .K(.L) c Koo(L, 1) c ]?. (L, c). Indeed Vu E JeA (Q) we
have If x 6 2i (L)

Hence

Therefore x E Koo (L, 1) c Koo (L, c).
Conversely Koo (L, 0) c K(L). Indeed if x E Koo (L, c) we have Vu E JC,,. (S2)

(taking m = 0 in the conditions defining Koo(L, c))

Therefore, X EE -k (E).

(c) We set

and for any compact K c Q

Clearly 6D(K) &#x3E; 0 for any compact subset K of Q.
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PROPOSITION 7. Let Ao(x, D) be elliptic with 000 coefficients. Let Q be

open in Rn, K compact in Q and let L&#x3E;l, c &#x3E; I. Then for any $ c- ff . (L, c)
and f or any u E Je(,Q) the Taylor series %iu o f u at $ is convergent in the
complex polycylinder

PROOF. Since E Koo(L, c) we have Voc c Nn, Vu E k(4ii)

Let £ &#x3E; 1; by lemma 1, we can find K,(A) compact in S2 such that

Therefore

Consequently

This shows that the Taylor series of u at $ is convergent in the poly-
cylinder

Letting Â - 1 we deduce the statement of this proposition.

COROLLARY 1. If Q is a domain of regularity for .A.(x, D) then f or any
compact set K c Q, for any L&#x3E;l, any c &#x3E; 1 we have

In particular for any K compact in S2, for any E &#x3E; 1, any 0&#x3E;1 we have
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COROLLARY 2. I f Rn itself is Ao-convex, then any domain of regularity
Q c Rn is also A,,-,convex.

PROOF. For any K compact in SZ, any Z&#x3E;ly any c &#x3E; 1, 11_(L, c) is a

bounded subset of S2 (as llgn is Ao-conveg) closed in S2 and such that

ðn(Koo(L, c)) &#x3E; 0. Therefore Koo(L, c) is closed and bounded in Rn and thus
is a compact set.

(d) Given a positive constant c and a function u in JC(D), we define
for x E SZ

This is a positive function of x on Q, with values in the extended real
line R U {+ Do}.

We have the following:

PROPOSITION 8. For any open set S2 in Rn the following two conditions are
equivalent:

(i) For every compact subset K of Q and every constants c&#x3E; I, L:&#x3E;l,
we have

(ii) For every sequence {xv} in Q such that (!D(Xv) --&#x3E;- 0 and for every
eonstant c with 0  c  1, there is a f unction u E Je(Q) such that

PROOF. i) =&#x3E;ii) By contradiction: assume there is a sequence (zr) in ,SZ

with (!n(Xv) - 0 and a constant c with 0  c  1 such that

Set

We have that
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ii) A is convex;

iii) A is closed.

The properties i) and ii) are immediate. If u. --&#x3E;- uo in Je(Q) and un E A,
then also uo e A because the conditions

are closed conditions (under the Schwartz topology of Je(Q) which is the
same than the « sup)) topology on compact sets) for any DC e Nn and any
v c-N. 00

As X(S2) = U mA then one of the sets mA (and therefore A itself) must
1

contain an interior point and thus a neighborhood of the origin.
There exist therefore a compact K c Q and an E &#x3E; 0 such that

Therefore da E Nn, Vv EN, Vu E JC(D)

If c2 &#x3E; 0 is such that Vm e N

we get Vu E Je(Q)

This shows that {x,,} c Koo (1, c2/c) and thus eD(XV) &#x3E; eD(Koo (1, c2/0)) &#x3E; 0

contrary to the assumption that eD(XV) - 0.

(ii) =&#x3E;(i). If not, there exist a compact set .g and constants L, &#x3E; 1,
co &#x3E; I such that eD(Koo(Lo, (0)) = 0, so that we can find a sequence {xv} c
c -k. (-L,,,, co) with eD(Xv) - 0.

For any u E Je(Q) we thus have, for every v,

7 - Ann. Scuola Norm. Sup. Pisa Cl. Sci.
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By lemma 1, we can find a compact set .g1 and positive constants c, &#x3E; 1,
.L1, such that

If C2 &#x3E; 0 is so chosen that Vm c- N

then we have

In particular, Vu E JC(S2) we have, for every v,

Let 0  c  1 be such that c  (COOI02)-1. Then by assumption (ii) there
exists u E JC(,Q) such that

for infinitely many v’s i.e. for infinitely many v’s and a = oc(v)

Now

as c co cl c2 C 1. Thus for infinitely many v’s and a = a(v) we have

This inequality contradicts inequality (*) established above.

PROPOSITION 9. Let Q be ac domain in Rn satisfying condition (ii) of the
previous proposition. Then Q is a domain of regularity for Ao .

PROOF. Assume, if possible, that Q is not a domain of regularity. Then
there exist two domains d c 3 with d c Q, 3 E Q and with A an R(Q) [4-
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completion of L1. Let a E d, b c-,d - 3 m S2 and let y : [o, 1 ] - 3 be a con-
tinuous path from a to b, with y(0) = a, y(1 ) = b. Let zo = y(to) be the
first point of this path which is not in Q. We must have 0  to c 1. Set

Xl1 = y (to (1 - 1 /v)), v = 2, 3,... ; then {Xl1} c Q and xy -+ Xo.
We can select 0  r .i 2 so that Vu E JC(12) the extension to 3 of ulL1

has a Taylor series at xo which is convergent in the closed polycylinder

If u E JC(D) is given and v is sufficiently large we have

Therefore

This is in contradiction with property (ii) of proposition 8.

COROLLARY 1. (Generalized Cacrtacn-Thullen theorem) The necessary and

sufficient condition for Q to be a domain of regularity for Ao is that Q satisfies
condition (i) or (ii) of proposition 8.

COROLLARY 2. 1 f R,, is Ao-convex the necessary and sufficient condition
f or ac domains Q to be a domain of regularity for Ao is that S2 is Ao-convex.

9. - Some remarks on non elliptic operators. 8

(a) The considerations of the preceeding sections are strongly based
on the assumption that the operator Ao is an elliptic operator. If we drop
this assumption then in general we loose the following properties:

(i) the topology of the sheaf (9 Ao of germs of C°° solutions of Ao u = 0
is a Hausdorff topology;

(ii) for every open set Q e Rn the Schwartz topology of the space
,X(92) of C°° solutions of Aon = 0 on SZ coincides with the topology defined
by the seminorms liull, = sup lu(x)l [ for K compact in Q.XEK

Here is some indications of how to cope with these difficulties or at least

of how to formulate the corresponding problems.
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(b) Given a topological space X with a topology not necessarily Haus-
dorff we can consider on X X X" the diagonal 4x = {(x, Y) c- X x X lx = Y}
and the natural identification i : X r# L1x.

For every point (x, x x,,) c- dx we can consider the following property

(a) there exists an open neighborhood U(xo X xo) of (xo X xo) in X X X
such that dg r1 U(x, x x,,) is a closed subset of U(xo X xo).

This means that 4x is locally closed at (xo X xo). The set of points (xo X xo)
where 4x is locally closed form an open subset R(4) c 4x .

Let JC(X) = i-l(Je(LI)). Then R(X) is an open subset of X and the topo-
logy induced by X on JC(X) is a Hausdorff topology. We will call Je(X) the
Hausdorff part of X ; it is the maximal open set on which the induced topology
is Hausdorff.

We can then repeat the considerations of sections 3 and 4 replacing the
notion of « connected component of ... )) with the notion of «the Hausdorff

part of the connected component of ... ».

In this way we can talk about the 8-envelope with respect to a part 8
of JC(S2) (and the envelope of regularity) of an open set Q.

(c) As an example, consider the equation on R2 (x and y are cartesian
coordinates in R 2)

on the open set

Let 0 Ao be the sheaf of germs of C°° solutions of Aou = 0. Then the en-
velope of regularity of S2 is the open set

which is larger then Q.

(d) Let Q be an open set in Rn and y : [0, 1] - Rn a continuous path
with y(o) E Q. We will say that g E JC(92) has a unique continuation along y if

i) there exists a section G E F([O, 1], y* l’) AJ with Go = gy(O);
ii) every section ,S E 1?([0, 1], y* 0,,,) with So = g,(O) must coincide with

the section G considered above.

Given two paths y,: [0, 1] - Rn (i = 1, 2) with yi(O) = a e Q (i = 1, 2)
and yi(1 ) = b E R" (i = 1, 2), assume that every g E JC(Q) admits a unique
continuation on y i (i = 1, 2 ) ; we will call the two paths equivalent if,
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denoting by Gg(i) the continuation of g along Vi (i = 1, 2), we have

i.e. the germs defined by analytic continuation to b are the same for every
g E Jc(s2).

One can then verify that, if Q is connected, given ac E S2 the envelope of
regularity fi --’-&#x3E; Rn of S2 is in one to one correspondence with the equivalence
classes of paths y: [0, 1] - Rn with y(O) = a, along which every g E Je(Q)
admits a unique continuation.

(e) We end up this section by the following

REMARK. Assume that Ao has constant coefficients.
Let y : [0, 1] - Rn be a path along which ac germ 9,(0) E é) AoY(O) has a non

unique continuation. Then we can f ind to E ]0, 1] and a eontin2cation G of gy(O)
along Yt = yl[O.to( [0, to[ - Rn such that (9)

PROOF. Let Gi, G2 be two continuations of gy(o) along y, i.e.

We assume that G1 =1= G2. If A = [0, to[ is the connected component
of 0 in the open set B = {t E [0, 1]I(G1)t = (G,),I, we have 0  to c 1.

A non difficult argument shows that without loss of generality we may
assume that y is a simple path. Then, denoting by I the set y([O, 1]), we
can find a neighborhood U of I in Rn and a section G E F(Ul OA.) such that
y*G = G1 - G2 on [0, 1]. We assume that y(4) = 0, the origin of R".

There is a sequence {x(")} converging to 0 in U with the properties that

am

As

(9) For G c-Cv we set IGI = (tGG)l.
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we can also assume, by deleting sufficiently many terms at the beginning
of the sequence {x(’)}, that for any choice of nl, ... , nv we have:

Moreover we can assume that every Gn is defined in a fixed neighborhood W
of I independent of n.

Since Ao has constant coefficients we have

The set A = {0153 E WIGx = 01 is open and contains y([0, to[) , but not the
point 0 (= y(to)).

We claim that there is a subsequence {0153(n,,)} of {0153(n)}, such that, setting

one has:

(i) H(m) E C’(A) and AoH = 0 on A;

(ii) we can find a sequence {4} converging to to, with 0 C tv C to, such that

To prove the claim (i), we note that, for xo E A, we can find a compact neigh-
borhood TI(xo) = f Ix - xo I ,El of xo in A and correspondingly an integer
no = no(xo, 8) such that, for n &#x3E; no,

Therefore, for n &#x3E; no, Gn(x) vanishes in f IX - X0 I  s} - Thus, in a neigh-
borhood of each point of A, the series defining H(x) contains only finitely
many terms which are different from 0 and hence the first claim is proved.

To prove ii), we first choose a decreasing sequence {en} of positive numbers
such that Un = {Ixl  en} c U, En - 0 and
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We fix 0153(l) and select t1 with 0  t1  to such that

Deleting from the sequence fx(")} sufficiently many terms after 0153(l) at the
beginning, and renumbering, we may satisfy also the condition:

Let a/2) be the second element of the sequence thus obtained. We can
select t2 with 0 C t2  to and

Deleting sufficiently many terms after x(2) in the previous sequence, we can
fulfill also the condition

Repeating this argument, we obtain a subsequence of fx(n)}, that we still
denote by {x(’)}, such that the function .g(x) E C’(A) constructed from it
has the properties:

(0153) the germ Hy(O) = 0 (this is the case if enough elements are deleted
at the beginning of the sequence {X(")I).

(for G(V(t,) + xU» = 0 if j &#x3E; v as y(ty) + x(j) E A).
Now we have:

Then, if we set G = G,, + y* g, the proof is completed.
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§ 2. - Envelopes of regularity. Operators with constant coefficients,
in one unknown function. First examples.

10. - Reduction to a-suspended operators. 8

a) Let Ao(D) : f;q(,Q)  f;p(,Q) be an elliptic operator with constant coef-
ficients defined on R" by a p X q matrix of differential operators with con-
stant coefficients; (D = (O/OXl’ ..., a/axn) is the symbol of differentiation
and SZ denotes an open set in Rn) -

In Cn , where z1, ... , zn are the holomorphic coordinates, z = x + iy i.e.

z, = Xj + iyj, 1 c j c n, and where Rn is imbedded as Rn = {z e c- ly = 0},
we consider the set U = {ZC-CNIZ = x + iy, XCS2, yern and IIzlI  e.Q(x)l
where lizll = sup . izi 1. This is an open set, Q c U and by corollary 2 to

iJxn

theorem 2 the natural restriction map

is an isomorphism (here A = Ao 0 a is the 3 suspension of the operator Ao).
We will assume Q and thus U connected.

Let 0i C" be the envelope of regularity of U with respect to the
operator A and let F:reA(U): U --)- 0 be the natural imbedding of U into its
envelope. Similarly let £5 # R" be the envelope of regularity of SZ with
respect to Ao and let F XA.(D): Q - £5 the natural imbedding of SZ into its
envelope of regularity. 

°

We have a natural isomorphism

Thus one deduces the following statement :

PROPOSITION 10. We have

) FJeA(U) I Sa = Fje,.(.Q);
ii) f2 is the connected component of FJeAo({J)(Q) in ii-l(Rn), i.e. the part

of U lying above Rn. 

REMARK. We do not know whether ii-l(Rn), the part of 0 above Rn,
can actually have more, than one connected component.

From the previous proposition it follows that the knowledge of the domain
of regularity 0 -1 Cn for U and the suspended operator A = Ao EÐ ä en-
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tails the knowledge of the domain of regularity f2 # Rn for the original
operator Ao. 

-

For this reason we will mainly study suspended operators A = A, (D ay
for which the assumption of ellipticity of the operator .do can be dropped,
as a a-suspended operator is always elliptic.

We may remark that, given a 9-suspended operator .A. (with constant
coefficients ), a connected open set S2 c Cn will be a domain of regularity
for A if and only if for any sequence {z,,} c D such that Eoi5(z,) - 0 there
exists uEF(Q, OA) = JeA(Q) such that

This by virtue of the generalization of Cartan Thullen theorem. In par-
ticular for any sequence (zr) c S2 with zv - zo e 8Q there exists u E X_4 (92)
with sup I u (z,) = oo.

This shows that a domain of regularity for a ä-suspended operator in Cn
is necessarily a domain of holomorphy.

The purpose of this paragraph 2 is to investigate the particularities
that a domain of holomorphy of Cn has to have in order to be also a domain
of regularity for a given suspended operator A = Ao Q j.

b) We will restrict at the beginning at least our investigation to a
a-suspended operator A = Ao @ 8 in one unknown function (q = 1). The

system of equations Au = 0 will then be of the form

where 1pi(E) = y;($i, ... , en) are polynomials in $ = ($i, ..., $n), and ojoz =
- (alazl, ..., ojozn). Such a system is completely defined by the ideal

generated by the polynomials y;($) 1 ,j ,l. For this reason we will call

the system (*) the system of the suspended differential ideal b.
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Given an ideal of polynomials

we can associate to it the algebraic (affine) variety

It will be called the characteristic variety of the given system (*).
Besides the ideal b one can consider the homogeneous ideal a c Co[$i , ..., $n]

(by C.[$11 ... , En] we denote the graded ring of homogeneous polynomials)
of the homogeneous parts of maximal degree (principal parts) of the ele-

ments of D. We will call a the asymptotic ideal and its variety of zeros

the asymptotic variety (of the characteristic variety). It is the cone of complex
lines joining the origin to the points of the variety W(a), in the projective
space Pn_i(C) at oo, of the points at infinity of the characteristic variety F(6).

If we consider en c Pn(C) and P.,,-,,(C) = Pn(C) - Cn then

We have the relations between complex dimension, provided dimc V(b) &#x3E; 1-
or assuming that the dimension of the empty set can be any integer £ 0:

This dimension is also called the dimension of the ideal b.

We remark that, if V(b) = §J, then by Hilbert’s  Nullstellensatz &#x3E;&#x3E;

for some polynomials As, i.e. b = C[81, ... , $,,]. In this case both for the

operator Ao and for its suspension A we will have OA. = 0 = OA: the only
solution (holomorphic or not) of the equations Vi(alax) u = 0, 1 I I, on
any open set Q is u = 0.

We will therefore in the sequel assume that the characteristic variety
V(b) is non void.
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118 - Differential ideals of dimensions zero.

(a) For the sake of simplicity we will first restrict our considerations
to the case of an ideal b c C[$,,..., $,,,] of dimension zero coinciding with
its radical: b = il5.

Let a(l) U a(2) V ... U a(p,) = V(b). The condition b = Vb- is equivalent with
the condition

Indeed, if b = B/52 b consists of all polynomials vanishing at the points
a(i), Iilz, and therefore the condition on the rank of the jacobian is

satisfied.

Conversely, assuming that such condition is satisfied, one has to show
that if p e c[$i, ... , $n] vanishes at the points a(i) 7 Ii,u, then pe6.

The rank condition entails that Vi with I  i  Iz we can find formal power
series q(ii)($)2 1jl centered at the point a(i) such that

By a theorem of M. Noether (cfr. Grobner [6] p. 151) there exist poly-
nomials g,, 1ilz, such that

where b2(i) are polynomials.

The ideal generated by V, ... V 17 gl, ..., g# is then the trivial ideal so that
we do have an identity of the form

with bs polynomials.
From this and condition (ii) we then derive

( b ) We have the following
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PROPOSITION 11. Let b = vb be 0-dimensional and let

For any open connected set Q C Cn we have the direct sum decomposition

Setting the projection operator

is a differential operator and on JC (92).

PROOF. Let a = (ai , ..., an) eV(b). We can assume that

Therefore

with polynomials Hii such that

Thus, setting Da = det (Hi(E)) we get Da(a) =1= 0 and from equations (+)
we deduce

So we have:

for every zero a = (al, ... , an) eV(b) we can f ind ac polynomial Da($)
such that

Then the ideal generated by ’f/ll, ..., ’f/l, and 0 has no
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zeros. Therefore it is a trivial ideal and we have an identity of the form:

with B a convenient polynomial.
Set now 5). = BDa. We have

Set

we derive the direct sum decomposition

where the projection map of Je(Q) onto ka is given by the differential operator

REMARK 1. The same theorem, with the same proof, holds for the non
suspended system on Rn:

REMARK 2. If 0 is either the sheaf OA of germs of solutions of the

suspended system (*) or the sheaf é) Åo of germs of solutions of the non

suspended one, we have an isomorphism

for some integer It.

COROLLARY. For an open set Q in Cn (or in Rn) the necessary and sufficient
condition that, for any given j &#x3E; 0,
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is thai

(c) In general we will have Vb D b. For a sufficiently large integer e
we will have

Correspondingly, y if we denote by JCf,(S2) the space of solution of the

system of equations corresponding to the ideal b on the open connected set SZ,
we have

Proposition 11 extends in general with the following

PROPOSITION 12. -Let b = C[$i , ..., $n](yi($), ... , yi($)) be any 0-dimensio-

nal ideal.

There exists a finite set of holomorphic solutions Wj 1 c j c k on Cn of the
system of equations

linearly independent over C such that for every open connected set Q c Cn we
have a direct sum decomposition

PROOF. Because of the inclusion JC(92) e Je(Vb)Q(Q) it will be enough to
prove the statement for b = (ilb)Q . Here we can proceed by induction on (2,
as for (2 = 1 we are reduced to the previous proposition. Let -BIb- be generated
by wi(8) , ... , w«8) . We set gg($) = (wi(I), ... , wi(8)) , so that, denoting by
(0) (n) = nX (a E Nt, I(X I = ! ai = (2) the monomials of degree (2 in q,, ..., nt, 7
the ideal (Vb-) 11 is generated by the polynomials co(e) (99($)). The system (*)
now reduces to

that can be written also as:
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Therefore

is for every fl a solution of the system

Then, by the previous proposition, we have

Then there is a finite set of vectors (f);j =p-i (1 j  7c), whose components
are in JC,/b- and therefore are entire functions on C-, such that, for any solu-
tion u of (*) on Q, we have:

for some Ål’ ... , Ak E C, while each ( t #, ( satisfies the integrability condi-
tions of (**) (cf. [1]). Then for each j = 1, ..., k we can find an entire
function Wj on Cn with Wj = 2c satisfying (****) with Åj = 1 and Ai = 0
for I # j.

Set now Uo = u - I Aiwi. Then uo is a solution on Q of the homu-

geneous system

By the inductive hypothesis there is a finite set of entire solutions of

this system, say {Os [s = 1, ..., 7 hl, whose linear combinations span all its

solutions in Q. Thus, for some PI’ ..., Ph E C,

As we can assume that w1, ... , wk , 7 ()I,..., ()h are linearly independent,
the proof is complete.

REMARK 1. The same argument and conclusion apply to the non suspended
system on llgn :
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REMARK 2. If 0 is either the sheaf of germs of solutions of the system (*)
or the sheaf of germs of solutions of the non suspended one, then

0 -C(D ... @ C (a direct sum of finitely many copies of the constant sheaf) .

Therefore for any open connected set S2 we have

REMARK 3. A more precise statement about the nature of the generators
of Je(Q) could be given but for our purposes the qualitative statement of
proposition 12 is sufficient information. In particular the only domain of
regularity for the system (*) relative to a 0-dimengional ideal is the entire space C-
itself.

12. - Differential homogeneous ideals of dimension one.

(a ) Let us consider the case where b = Co[1, ..., $n] (1pl()’ ..., V,
is a homogeneous ideal in the graded ring $,,,] of homogeneous
polynomials. This amounts to suppose that generators 1pl, ..., V, of b can

be found that are homogeneous polynomials. In this case b coincides with

its asymptotic ideal a and V = V(b) = V(a) is a cone with vertex at the

origin of Cn.
We will assume that

Therefore the projective variety W(a) c P.-,(C) consists of finitely many
points a (s) = (a (s) I , ..., (s») i.-Y.

We will make the further assumption that each point a(s) E W(a) is a

simple point i.e. that

REMARK. If b = db the last assumption is automatically satisfied.

Indeed, let s be fixed (1 c s c,u), and let 1,, = 0, ... , i,_j = 0 be n - 1

hyperplanes in Pn_i(C) passing through a(’) and linearly independent
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Let q be a homogeneous polynomial having the property

Then llf{J, l2f{J, ..., In-lf{J E b as b = V6 and

Therefore the above rank condition on the generators V must be also
satisfied.

For any a(8) E W ( a ) let us consider the projection map

defined by

This projection map is defined up to multiplication by an element e e C*,
as the coordinates of a(s) E P.-,(C) are so defined.

Let us denote by 0c the sheaf of germs of holomorphic functions on C
and by Og 8 the sheaf

reciprocal image of the sheaf Oc via the holomorphic map ns. In other

words Og is the sheaf of germs of holomorphic function on Cn depending
only upon the variable .1 ’as) $ Zi -

Let 0 Å denote, as usual, the sheaf of germs of holomorphic solution of
the system

We remark that we have a natural inclusion map

because for each j the operator V,(alaz) is homogeneous of a certain degree n"
and for any holomorphic function F(E) of the variable $ = I a,(’) z,, we have

8 - Ann. Scuola Norm. Sup. Pisa 01. Sci.
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We obtain therefore a natural homomorphism of sheaves

where We want to investigate kernel and cokernel of a.

(b) Let again p = * W(a) be the cardinality of W(a) and let C"-2[t]
denote the space of polynomials in t with coefficients in C and degree
p, - 2; let S c Cp-2[t]" be the subspace of p-tuples of polynomials of

degree such that

Then 8 is a finite dimensional vector space and the elements of 8 can be

viewed as sections of a sheaf 8 on Cn isomorphic to a finite sum C Q ... +Q C,
the number of components being equal to the dimension of 8.

We define a natural map 
-

by

PROPOSITION 13. Let b = a be homogeneous of dimension one and let

consist of u distinct points. Then, with the above notations, the sequence

is an exact sequence and § rr C @ ... G) C, (a f inite sum).

PROOF. We first establish the following

LEMlBIÅ.. Let (a, b, ..., c) be a set of u distinct points in Pn_i(C).
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There exists an integer v  p - 1 such that, denoting by the column vector

{wa(z)}lal=" the set of dissimilar monomials of degree v in Zl, ..., zn, 9 the rank

of the matrix (wO’(a), wa(b), ..., wa(c))lal=" equals /t.

There exist homogeneous polynomials of degree", - 1 (product of iz - 1
linear forms) vanishing on ’" -1 of the given p points but not vanishing on
the last of them.

This proves that, if v &#x3E; p - 1; then

Therefore there exists a smallest integer v ,u - 1 for which the lemma
is verified.

We go back now to the proof of Proposition 13.

Let p E Cn and If B(p) is a sufficiently small open

ball centered at p then fi will be holomorphic on Jti(B) c C as a function of
n

t = I a. (i) z..1

Assume that a( f ) = 0. Thus we have

Taking all v-th partial derivatives

we get the relation:

By virtue of the lemma, as the matrix in parentheses is of rank ,u, we
derive that

n

This shows that f. In, (B) is a polynomial in t = I a,(s) z, of degree
v- 1lz- 2. i-i

This completes the proof as the injectivity of # and the fact that
ocop = 0 are immediate from the definitions.
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(c) Now we make use of the assumption that the p points a(s) E W(a)
are simple. Modulo a linear (real) transformation of variables we may as-
sume that a( .8) o 0 for all s (1 : s ,u), so that

is a basis of linear forms vanishing on a(s).
Then we can write

so that

Now the assumption of the simplicity of a(s) states that for n - 1 distinct
indices between 1 and 1, a1, ... , CX,-J, we do have

From the equations

setting

we deduce that:

i) XI(s)(z) ?sl’) " 0 mod b; i
ii) U), (a(’)) =A 0 and 5),, (a()) = 0 for r 0 s, so that for r # s 5),(z) =

=-- Y Xi’(z) gj (z) with g, (z) homogeneous polynomials.
Therefore in the graded ring OO[Zl, ..., z,,] of homogeneous polynomials

the ideal

has no non trivial zero and thus there exists an integer e &#x3E; 1 such that for



117

any multiindex xeN" with [ce[ &#x3E; o we have

where Bas (z) are homogeneous polynomials.

d) For every s, 1 c s c,u, the homogeneous ideal generated by

X(18), ..., X( si I , Ðs is the trivial ideal .

Therefore if a = Xis)dtl + ... + X( .(s) 1 dt. - 1 + Ðsdtn and if Ar denotes the
space of exterior forms of degree r in dtl, ..., dtn and with coefficients poly-
nomials in zl, ... , zn (homogeneous if we want so), the sequence (of graded
free modules)

is an exact sequence ([1]).
We derive therefore the following

STATEMENT. Let Q be an open convex subset of Cn. Consider the system
o f equations

with fj 3 E T(Q, 0) (i.e. holomorphic on SZ). The necessary and suf ficient condi-
tion in order that the given system should be solvable with u E T(Q, 0) (i.e. holo-
morphic on Q) is that

In particular the system

is solvable with u c- F(D, 0) if Xj(’) (al az) f = 0 for I  j  n - I -
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e) Let Q be an open convex set in Cn and let u e K(Q) = F(Q, l? ..4.).
Then because of i) above we have

Therefore we can find v1 holomorphic on Q and such that

Now remark that by the linear change of coordinates

the last set of equations transforms into

We deduce therefore that v., er(D, 01).
We can thus write

with V1 E r(Q, 01) and Di(8j8z) ui = 0.
Moreover

because ’J)2(O/OZ)VI = 0 (property ii)). Then we can find V2 holomorphic
on S2 and such that
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We have v, c- F(Q, 01) and ’J),,(ô/ÔZ)(Ul - v2) = 0 so that

with v., E F(D, 01), vi E r(D, O2), and

Moreover

and therefore we can find v,, holomorphic in 0 and such that

so that, setting u= (u-v,,-v,-v,) +Vl+V2 + v3 = U. + Vl+’V2 + v3
we get

Proceeding in this way we see that

every u E JC(S2) can be written as a sum

with Vj E T(Q, 0;) and

Because of property iii) we deduce that w is a polynomial in z1, ... , zn
of degree  e - 1.

We can summarize the contents of the previous argument by the following

PROPOSITION 14. yYe assume D = a of dimension one and that the zeros

of D are simple.
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There exists an integer e&#x3E; 1 such that, if W c C,-, [,-,, ..., zn] is the vector
space of pot ynomiats w of degree  o - 1 verifying the equations

f or any open convex set Q C Cn we have

COROLLARY 1. If ú = a is of dimension one with simple zeros then Ker a
and Coker (x are sheaves locally isomorphic to a f inite sum C 0 ... EÐ C i.e. we
have an exact sequence of sheaves

with 8-C ... CDC, "W-C(D ... @ C (finite sums).

COROLLARY 2. If Q is an open subset of Cn such that gt(S2, C) = 0 Vl &#x3E; 0
then

The following is a sometimes useful remark
PROPOSITION 15. Let b = a be of dimension one with simple zeros.
I f a = Vc-t then we have for any open convex set Q C Cn

PROOF. With the notation of proposition 14. Let y : W - C be a linear

function on W. We can write, ðo denoting the Dirac distribution at 0,

as W is a vector space of polynomials of degree . (! - 1. Let C,,-,[t] be the
space of polynomials of degree  o - 1 in the variable t and let p,, c- C,-,[t],
for 1 c s c,u. We will show that the vector space L described by
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coincides with W. This will prove our contention. Now, if L c W, we can
find y as above with ’YIL = 0 but y =A 0 on W. From

for any p c- C,,-,[t], we derive that

It follows that z ofJJ1 vanishes on all zeros of a = Va and therefore is
lfll-Q-l

contained in a. We have thus

for Oke- 1.
But this shows that if w E W then y(w) = 0 as W c k(Q), against the

assumption that y =1= 0 on W.

COROLLARY 3. Let b = a be of dimension one with simple zeros. Let Q
be an open convex subset of Cn. The envelope of regularity of 92 is the set

and every convex set f2 of this sort is a domain of regularity.

PROOF. For every S2 convex we have

where yV is a space of polynomials. It follows that every w E JC(92) has an
holomorphic extension to £5. 

’

If zo E 8£5 then, for some s, n,(z,) c- Ô1ts(Q) and we can construct an el-
ement u E r(Q, 0,) c X(S2) such that lim lu(z) = oo (taking for instancezrzo

’U = II! as)(zi - zo;)) . This shows that D is indeed the envelope of regular-
ity of Q and also proves the last part. of the statement above.

13. - We keep the notations of the previous section. Let Q be an

open set in C" and let xf = 1tsln.
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PROPOSITION 16. We assume that (Q, n’ Q, ns(Q)) is a differentiable fiber
space with typical fiber F connected and such that

then

PROOF. We may assume that "’8: C" - C is the map

We set then z = z x + ix 2 and y = (y,, ..., Y2n-2) = (Re z,, Im z 1, ..., ,
Re Zn-l, Im zn_i) and define

0’-" = the sheaf of germs of differential forms of degree r in the dy’s and
with 0’ coefficients with respect to the variables x and y.

01.’ = the sheaf of germs of differential forms of degree r in the dy’s and of
degree 1 in dz with C’ coefficients with respect to x and y.

Thus C1’’’ = diA CO.,. We have a soft resolution of 0,

where d, denotes exterior differentiation with respect to the variables y
and where ax denotes exterior differentiation with respect to the variable z.

Let first A?&#x3E;2y so that j&#x3E;2 and let

be such that

We have to show that there exist

such that
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Now because of the hypothesis we can find UO.k-l E F(!J, CO.k- 1) such that

Therefore

From this we deduce that dll(0153l.k-l + Ô;UO.k-l) = 0 and therefore, be-
cause of the assumption again, we can find V1.k-2 e T(Q, (Jl.k-2) such that

This proves that if j&#x3E;2, k&#x3E;2, j&#x3E;k, we have

Let now k == 1. Let flo-1 E F(S2, 0°.1) and al ° E T(Q, 01.°) be such that

First, as above, we see that there exists ’1/,°.0 c-.P(D, 00-0) such that

Therefore

i.e. 01.0 = (X1.0 + 8g u°.° is an element of r(Q, 0°.1) which is independent of y:
01.0 = v(z, z) dz, with v C°° on ns(S2).

Now we can find w(z, 2) defined and C°° on 7r,(S2) such that

Let U = uoo - w. Then we have

This completes the proof.

COROLLARY..Assume that the open set 92 c Cn has the following properties

i) For any 8, 1  s  It, (S2, nslQ, n,(S2)) is a differentiable fiber space
with connected fiber Fs and with .H’ (Fs , C) = 0, ’d j &#x3E; 0.
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. ii) IV (s2, C) = 0, vj &#x3E; 0;
then

§ 3. - The envelope of regularity for a general system,
constant coefficient, one unknown function.

14. - Cauchy-Kowalewska systems. 8

(a) Consider in Cn+l = C’, X C, where (zl, ... , zn, t) are holomorphic
coordinates, the closed polycylinder

where IJzIJ = SUJ! IZil. We set Po = {(Z, t) E Pit = 0} = {Z E Cnlllzll 11  Bl.
A Cauchy-Kowalewska system of order m is a system of partial differ-

ential equations in the unknown functions of the form

where ccx{J and f are holomorphic (respectively N X N and N X 1 matrices)
in a neighborhood of P, together with initial conditions

where the Vj(z)’s are holomorphic (N X 1 matrices) in a neighborhood of Po.

(b) Given a Cauchy-Kowalewska system (1), (1)0 one can construct
a Cauchy-Kowalewska system (1*), (1*)0 of first order and with coefficients
holomorphic in a neighborhood of P, having the following property:

If in an open connected set G D PO the Cauchy problem for (1*), (1*)0
admits a (resp. unique) solution then on G the Cauchy problem for (1), (1)0
admits a (resp. unique) solution.

This is done by a standard procedure and therefore the argument is

omitted.
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(c) Let us thus consider a first order Cauchy-Kowalewska system

with initial conditions

Replacing u(z, t) by u(z, t) - v(z), we reduce to study the Cauchy problem
for equation (1) (where f is replaced by I ei(--7 t)(av(z)lazj) + o(z, t)V(Z) +
+ f(z, t)) with vanishing initial conditions:

(d) Solve recursively the Cauchy problems

starting with wo = 0. Setting v, = w,+l - w", then

is a solution of (1), (1)o within the region G where the series is convergent.
We have

and recursively

We now make use of the following two lemmas that we borrow from
Hörmander’s book ([7] p. 117).

LEMMA 1. If v(t) is holomorphic on It  R and if
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then

LEMMA 2. If v(t) is holomorphic in It  r and if

then

Set

Then we obtain, assuming B  1,

hence

Similarly

Thus

(10) We denote by I - I any given norm on CN or CN’.
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Proceeding in this way we get in general

therefore we derive that the series defining w(z, t) converges in the region

Uniqueness of solution within the same region is proved by the usual
argument.

We conclude this review of classical results by the following

STATEMENT. Given a Cauchy-gowalewska system (1), (1)o in P (assuming
.R  1 ), the corresponding Cauchy problem admits a unique holomorphic solu-
tion in a part of P defined by an inequality of the form

where c &#x3E; 0 is a constant which depend only on SliP 10(Xp(z, t) I. (In particular c
is independent of the Cauchy data and f). 

P

15. - Characteristic boundary points.

(a) Let us consider a general ä-suspended system in one unknown
function u

Let b :-- C[$1, *, *I n3 (Vl(E1) ... 7 V I($))’be the corresponding polynomial
ideal, a its asymptotic ideal, TT(a) the variety of zeros in Cn of the asymp-
totic ideal and yP(a) its part at o0 on Pn-l(C).

Let Q c Cn be an open set. We say that a c aQ = D - Q is a Ck-boundary
points (k &#x3E; 1) if we can find an open neighborhood Z7(a) of a and a Ck function
0: ZT (a) -* .R such that
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We will call 0 a defining function for the boundary of S2 near a. Lest 1p
be any other ek defining function for the boundary of SZ near the same point a.
Then in a sufficiently small open neighborhood V(a) of a we will have,
assuming for simplicity that 1p(a) = 0 = o(a):

where h is at least ek-11 in V(a) and h(a) &#x3E; 0. In particular if a is a C’ boundary
point the complex gradient

is well defined up to multiplication by a positive constant.
Let 27 c aS2 be the part of the boundary of S2 which is of class C1 at

least. For every point a eE, if 0 is a defining function for aS2 near a we can
consider grad, 0(a) as a point in the projective space P,,-,(C). We thus
define a map

which is independent of the choice of the defining local function 0.
We define the characteristic set of 8Q as the set -r-1(W(a)) : it is the set of

points a e Z where gradz 0(a) E V(a). In other words a point ac E.E is not

characteristic if and only if there exists a homogeneous polynomial g E a
with g(grad, 0(a)) =,4 0.

Choosing coordinates zl, ..., zn_l, t in Cn so that the t axis is parallel to
the complex line C gradz 0(a), then a E.E in non characteristic if and only
if there exists a polynomial p e b of degree m &#x3E; 0 such that, in those co-
ordinates

where, for 1 c j c m, c3(z) is a polynomial in z = (zi, ..., Z,-,) of degree c j . o
In other words in the differential ideal corresponding to 6 there is a Cauchy-
Kowalewska equation (with constant coefficients) of the form

16. - Extension lemma.

(a) As usual, if 0, is the sheaf of germs of solutions of the homogeneous
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system (*), for Q open in Cn we set

EXTENSION LEMMA. Let Q be open and let 4 E 8Q be a C2 boundary point.
If zo is not characteristic, there exists an open neighborhood V (zo) of zo

in Cn such that the restriction map

is an isomorphism.

PROOF. a) We may assume that zo is at the origin of the coordinates;
that zn = 0 is the holomorphic tangent plane to 8Q at zo ; that in a suffi-

ciently small neighborhood ZT = U(cr,,q) of the origin

Q (’) U is given by:

(we have set Zi = x,j-, + i01532i).
If q, o* are sufficiently small we can find c &#x3E; 0 such that

It will be enough to prove the theorem with Qi replacing D.

fl) Consider for s &#x3E; 0, the analytic discs De, defined by

These are given by

9 - Ann. Scuola Norm. Sup. Pisa Cl. Sci.
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Therefore if . the polycylinder

is contained in De.

y) Set t = zn + i8 (so that t = 0 corresponds to the complex hyper-
plane {Zn = - i8}).

We can find in the differential ideal b a Cauchy-Kowalewska equation

with constant coefficients e,,fl independent of 8  0’.

For any U E JC(92,,) we add to (1) the initial conditions

then the unique solution of (1), (1)o is defined and holomorphic in the region

where

the constant c1 &#x3E; 0 being independent of s.

In particular the solution is holomorphic at t = is, Z1 =... = zn_1 = 0,
i.e. at z = 0, if

i.e. for

But for these values of e&#x3E;0 the region It C 01(R(8) - ]]$]]) covers a

full neighborhood V(zo) of the origin zo. This region is independent of U and
therefore we have the isomorphism:

This completes the proof.

COROLLARY 1. If Q is a domain of reg2ctarity for (*), at any point zo E 8iii
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of class C2 we must have

P being any f unction defining aSZ near zo .

COROLLARY 2. A bounded domain Q of regularity for (*) cannot have a
boundary 8Q which is everywhere C2 unless b = 0 i. e. unless (*) reduces to
the system of Cauchy-Riemann equations only.

Indeed if 8Q is C2 everywhere, given a E Cn - {01 there exists a point
zo E aS2 where gradzp(zo) E C* a, 0 being a defining function for 8Q near zo .
This shows by Corollary 1 that a = 0. Thus b = 0.

b) An inspection of the previous proof shows that the assumption for
8Q to be of class C2 at zo can be considerably relaxed :

It is enough that

8Q be 01 at zo with a def ining function 0 for 8Q near zo having the fol-
lowing property :

in a sufficiently small neighborhood tI of zo we can f ind f initely many C2
functions 0 i: lT --&#x3E;- R, 1  I  k, so that 0 (zo) = 0,(z,) = ... = Pk(ZO) = 0
and 0 = sup (PI, ... , Pk) on TI.

Indeed we can assume, setting Zi = X2J-l + iX2J, that the tangent hyper-
plane to Q at zo has the equation X2n = 0, zo being at the origin 0 of the
coordinates. Setting in TT, ilh = {Ph  01, we may assume Dh defined by
an inequality of the form

We can then find a constant c &#x3E; 0 so that

in a sufficiently small neighborhood of the origin. The argument then proceeds
as before.

The same weakening of the assumptions applies to the previous corollaries.

17. - Envelope of regularity of convex sets.

With the same notations as before let us consider for any a = (al, ..., an) E
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E V(a) - {0} the projection map

given by

The following theorem is a generalization of Corollary 3 to proposition 14
of section 12.

THEOREM 6. Let Q be an open convex set in Cn. The set

is the envelope of regularity of 92.

PROOF. (a) We first assume 8Q to be of class C2 and prove that we have,
via the restriction map, an isomorphism

As Q is convex and every projection na is linear we have that £5 is also
convex.

Let zo E f2 - Q. Join zo to a point p E Q by a real line and let 0 be a
point on the half line pzo after zo but in S).

The convex envelope of 0 and 9, that we denote by F(O, SZ), is con-

tained in f2 and contains zo in its interior.
We will take the origin of the coordinates at 0 and define

for any It with 0  #  1. If Iz is sufficiently small, then Q(lz) contains zo in
its interior. Moreover

(i) the closure E of the part of 8Q contained in the interior of F(O, Q)
is all of non characteristic points.

Indeed each one of those points has an entire spherical neighborhood
contained in Q, while at a characteristic point this is not possible by the
very definition of D.

(ii) For every po with 0  #0  1 there exists an 8 &#x3E; 0 such that for
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every p with II" - 1"01  E we have

Indeed 8Q(p) for every 0  p  1 satisfies the weakened assumptions
under which we can apply the extension lemma. This is of pure geometric
nature. Therefore we get an uniform extension for all p near po (I1).

It follows that the set

is open and closed and thus M = (0  p1) so that

This shows that (again because f2 is convex) we have

(fl) If we drop the assumption that 8S2 is of class C2 we obtain the same
conclusion

This by the use of the following approximation lemma: Let Q be an open
convex set in R’Y. One can construct a sequence of open convex subsets Qr c 92
v = 1, 2, ... with the following properties

(11) Indeed there exists a finite number of open  triangular regions » dy, 1  v  k,
as specified in the extension lemma, such that the closure of the boundary of

k

aS2(,uo) in -P(-,O, SZ), say E)’D(,uo), is contained in U L111:
1

Therefore, if l,u - .tol  s and s &#x3E; 0 is sufficiently small, we do have also
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the properties :

This construction is obtained with unessential modification from an argument
B 

given in [4] p. 36, 37.

(y) It remains to show that £5 is a domain of regularity, i.e. that,
given any point zo in ôQ, we can find a function u in Je(Q) which cannot be
extended over zo. Now every point zo of 8£5 belongs to ôn;-l(na(Q)) for some
a E V(a) - {0} and f2 is convex; as we can assume that zo = 0, it is enough
to show that, for a EV(a) - {0}, the half space {Be (a, z)  01 is a regu-

larity domain.
To this aim we prove the following

LEMMA. Let U = {Z C- CnlRe a, z&#x3E;  0} be a half space in Cn (a:A 0).
Then either a E V(a) and U is a domain of regularity, or its envelope of

regularity C’ is the whole of Cn.

PROOF. Note first that the envelope of regularity CT of U either coincides
with U or is the whole of Cn. Indeed, if every function u E X(U) extends
over a point zo E a U, then there is a ball B of positive radius 8 centered

at zo such that the functions in JC(U) extend (in a unique way) to functions
in Je(U u B).

But our equations, having constant coefficients, are translation in-

variant, thus the functions in Je( U) extend to functions in X(U,,), where
Us = {z e Cn I Re  a, z&#x3E;  s la 11 and therefore, iterating the argument, to func-
tions in JC(Cn).

Thus we need only to prove that, if 0 = Cn, a 0 V(a) - {0}. Indeed,
if U = Cn, the restriction map X(Cn) --j- R( V) is a topological isomorphism.
In particular, we can find a compact subset .g of U and a constant c &#x3E; 0

such that

Notice that

Assume that a E V(a) - f 0}. Then we can find a sequence (rn) of positive
real numbers and a sequence (qn) in C" such that:
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For every n the function un(z) = exp (in (a + l1n, z)) belongs to Je(Cn).
Therefore, evaluating un for z = d/lal, we have from the above estimates:

This implies the estimate

By (ii) this gives a contradiction.

EXAMPLE. Let Q = {0153î + x2  2} be the disc of center 0 and radius -B/2
in R2. On R2 we consider the Laplace equation:

Every harmonic function on Q extends to a holomorphic function on
the region f2 c C2 given by

(here zi + iYl, X2 + iy, are holomorphic coordinates in C2).

18. - The distance from the boundary on a regularity domain.

We set Izl = (2 IZi12)1 for the euclidean norm in Cn.
Let B = fz E Cnlzl  1} be the unit ball in Cn.
We consider its envelope of regularity 13 with respect to the system

.Au = 0 (A being the system (*) of differential equations associated to a

5-suspended differential ideal).
We have
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The following criterion tells when # is relatively compact:

PROPOSITION 17. The necessary and sufficient condition for .B to be relatively
compact is that Y(a) generates Cn.

PROOF. The sufficiency follows from the characterization of B given
above. To prove the necessity, assume that V(a) is contained in a hyper-

plane I Iaizil = 0. By a holomorphic linear change of coordinates we
1.

can assume it is the hyperplane (zn = 0}. Then j5 must contain the cylinder
I IZ1 12 + ... + IZn-112  1} and therefore is not bounded.

REMARK. The condition that Y(a) generates Cn is therefore sufficient
for Cn to be A-convex.

We give here another sufficient criterion for Cn to be A-convex, involving
the characteristic variety V(b).

We denote by A the closed convex cone with vertex at 0 generated by
V(b): A is the closure in Cn of the convex cone

The criterion reads as follows:

If A = Cn, then Cn is A-convez.

Note that this condition is fulfilled if V(a) generates Cn.

PROOF. First notice that, if A = Cn, then Cn is the convex cone with
vertex at 0 generated by finitely many points a a(N) of F(B).

Indeed V(b) must contain a basis a(1), ..., a(2n) of Cn considered as a real
vector space. Then

is an interior point of C.
Since A = Cn, the point - a belongs to the closure of C.
Therefore, since the interior points of the line joining an interior point

of a convex set with one of its boundary points are interior to the convex

set, 0 is an interior point of C, and thus C = Cn.

Hence we have

with b(l), ... , 7 b(k) CV(b) and Â,l’ ..., A7, &#x3E; 0.
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Therefore C is the convex cone with vertex at 0 generated by a(’), ... ,
a(2n) , b(l) 7... 7b .

Let g be a compact set in C", and c&#x3E;l.
If K is contained in the baR I Iz I  B}, then

Let a E Cn. We have

with Al ... , I AN&#x3E;O’ If z G kcn (c) we have then

Therefore Kcn(c) is contained in a cube with center at 0 and sufficiently
large side. The proof is complete.

In the case b = Vb, we have the following necessary condition:

I f Cl is A.-convex and b = -,16, then V(b) generates Cn.

Indeed, assume V(b) is contained in a complex hyperplane. We may
as well assume it is the hyperplane {z,,, = 01. Then 8f8zn belongs to the
differential ideal of b and therefore the functions in R(Cn) are independent
of zn .

This condition, however, is not sufficient, as the example of the equation
8uf8z - u = 0 (case n = 1) shows.

The following is a partial converse of the sufficient criterion given above:

Assume that a = va. Then, if Cn is A-convex, it follows. that A = Cn.

PROOF. If A # Cn, then A is contained in a closed half-space of Cn. By
a holomorphic linear change of coordinates we can assume that

Then V(a) c {z E Cnlzn = Of and therefore the differential ideal of b

contains a differential polynomial of the form
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with Re A&#x3E; 0. This implies that the functions u in JC(C") are of the form

with holomorphic functions p. If .g = {Z E cn/lz/2 1}, we have

and therefore C" is not A-convex. Then we get a contradiction and the proof
is complete.

We obtain analogous results for the non suspended system Ao if we sub-
stitute

for V(a) and V(b) and denote by A the closed convex cone in Rn generated
by Re V(b). We have, repeating the same proofs given in the suspended case:

LEMMA 1. Let zo E aB r1 aB. Then Zo E V(a).

PROOF. If Zo E aB r1 aP then Izol = 1 and for some a E V(a) - {o}.
- 11 aizocl = lal. This implies that zo = pa f or some p E C* and hence that
Zo E V(a).

LEMMA 2. Let f (x) be defined on e and let Xo ERN. If f is differentiable
at xo and if for $ E RN we have

(where .,. &#x3E; is the euclidean scalar product) then $ = grad f (xo).

PROOF. For y =1= 0, y E 1l8N we have

Thus
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As this is possible only if (grad /(.To) - , y&#x3E; = 0, Vy, we have grad f (xo) = $.
Now we remark that, given any open set 92 c Cn = RN (N = 2n), the

function

is a continuous and Lipschitz function with Lipschitz constant = 1.
By a theorem of H. Rademaker (12) d(z, a,S2), as a function of z, is dif-

ferentiable almost everywhere.
Let us now assume that SZ is a domain of regularity in Cn for A. We iden-

tify Cn with the underlying real space R2’+, whose cartesian coordinates we
denote by X = (XI, ..., X2n) (Zi = X2i-I + iX2j) and set

for the scalar produce in R2n.
If zo E 92 and r = d(zo, aS2), then ,S2 contains the ball zo + rB and thus,

.Q being a domain of regularity, also the set zo + rB. Then we can find

w E 8Q m 8(zo + rB) r1 8(zo + rB). We denote by a?o the cartesian coordinates
of zo and by y the cartesian coordinates of w.

We claim that, if d(x, aS2) is differentiable at zo, then

where 1.1 [ denotes the euclidean norm in R2n.
Indeed, for z e zo + rB, if we denote by 0153 the cartesian coordinates of z,

we have

Thus:

(12) Cf. H. RADEMAgER : Über partielle und totale Differenzierbarkeit von Funk-
tionen mehrerer Variablen, und uber die Transformation der Doppelintegrale, Math.
Ann., 79 (1918), pp. 340-359.
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and thus

From this it follows that

Since by lemma 1 we have w-zo EV(a), it follows that

grad, d(x, aS2) Izo E V(a) .

We have therefore proved the following

THEOREM 7. Let f2 be a domain o f regularity for the "ä-suspended differential
ideal b and let d(z) = d(z, aD) be the euclidean distance of z E Q from aD.

Then d(z) is Lipschitz continuous (with Lipschitz constant 1) and therefore
is differentiable almost everywhere in Q.

For every g E va (a = the asymptotic ideal) we then have

If for instance Q has a piecewise smooth boundary then d(z) is also C2

almost everywhere. Note that the function b(z) = - log d(z) has the same
type of regularity than d(z).

From theorem 7 we deduce the following useful

COROLLARY. Let Q be a domain of regularity as in theorem 7.

Let

Set Vg E ill and #1’ ... , pn E C

Then .LL is a second order operator with constant coefficients.
If b(Z) is of Class C2 at zo then we have
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PROOF. We have

in a neighborhood of zo .

By differentiation we deduce then

We have therefore

This expression is &#x3E; 0 because Q, being a domain of regularity is also a
domain of holomorphy and therefore the c logarithmic distance from the
boundary » is plurisubharmonic.
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