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A Quadratic Integral Equation.

ROGER D. NUSSBAUM (*)

Introduction.

This paper treats the integral equation

Generally, f (x) will be assumed continuous and real-valued, A, will be real,
and a continuous, real-valued solution u(x) will be sought. If f (x) is extended
so that f (- x) = f (x) for almost all x and f (x) = 0 for Ix &#x3E; 1, if u(x) is

extended to be zero for x 0 [0, 1] and if denotes the

Fourier transform of a function, then it is shown in the first section that (0.1)
is equivalent (for real-valued functions) to solving

Equation (0.2) has been studied in classical work of B. Ja. Levin and (later)
31. G. Krein, who proved that if the left hand side of (0.2) is always non-

negative and f E LI[-l, 1], then there is a n E Ll[07 1] satisfying (0.2).
Our work here refines the basic Levin-Krein theorem. We shall try to
answer questions like « Hov. many positive solutions does (0.1) have? ».
How do solutions of (0.1) vary with f and I? If f is continuous, is u neces-

sarily continuous: If F). indicates the nonlinear map of C[0y 1] into itself
determined by the right hand side of equation (0.1), what is the spectrum
of the Frechet derivative of FA? We shall see that a complete picture of
the solution set {(u, 2)1 of (0.1) can be given in terms of the complex zeros
of I - Â](z).

(*) Partially supported by a National Science Foundation Grant.
Pervenuto alla Redazione il 14 Giugno 1979.
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Our immediate motivation for studying (0.1) comes from mathematical
physics. The factorization result in (0.2) has played an important role as
a tool in solving certain equations from statistical mechanics [3, 4, 13, 14].
In fact a parameter like A first appears in the physics literature; Levin and
Krein assume Â = 1. As we shall see in Section 3, the introduction of the
parameter 2 is useful mathematically in determining the number of posi-
tive solutions of (0.1).

A paper by G. Pimbley [10] and one by R. Ramalho [12] are closely
related to our work here. Pimbley and Ramalho consider the equation

primarily for the case 1&#x3E;0. Pimbley shows that (0.3) has no real-valued,
continuous solution for Â &#x3E;! and claims to show that (0.3) has at least
two positive solutions for 0  1  -1. Ramalho, building on Pimbley’s work,
claims to show that (0.3) has exactly two positive solutions for 0  )..  t
and exactly one for 2 = -1. In fact, both these results are based on The-
orem 14 in [10]. As we have discussed in detail at the beginning of Sec-
tion 3, there is a serious error in the proof of Theorem 14 in [10], and in
fact the actual estimate which is claimed in the proof is wrong. As a result,
Pimbley’s paper proves only slightly more than the existence of at least
one positive solution for 0  2  2 1 , and Ramalho’s argument proves exist-
ence of at least two distinct positive solutions of (0.3) for 0  1 

In fact Ramalho’s original claim is correct. We prove in Section 3 that
if f (x) is nonnegative and continuous and f(I) -=F 0, then (0.1 ) has no real-

valued, continuous solution for precisely one posi-

tive solution for Z _ 2, and precisely two positive solutions for 0  1  À+.
However, this result is actually quite delicate and probably inaccessible

by the techniques in [10] and [12]. For example, a slight generalization
of (0.3) is considered in [16], namely

Numerical studies in [16] suggest that for each a &#x3E; 1 there is an interval J,,
of positive 2 such that (0.4) has only one positive solution for 2 E Ja.

Numerical studies suggested that this sort of behavior does not occur for

2  a  1, y and one can prove in this case that there is a number A« &#x3E; 0
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such that (0.3) has no positive solutions for Â &#x3E; A,, and at least two positive
solutions for 0  1  1« .

An outline of this paper may be in order. In Section 1 we prove some

results which « should be » classical but do not seem to be. For example,
we prove that if f : [0, 1] --&#x3E; R is continuous, then the .L1 solution of (0.1 )
which is insured by the Levin-Krein theorem is actually continuous. We
also prove various results concerning continuous dependence of solutions
on A and f and the number of solutions. We prove these theorems in some
detail mainly because all subsequent results depend on theorems in Section 1.

The results of Section 1 show that a deeper understanding of (0.1 ) de-
pends on knowledge of the zeros of 1 - ÂJ(z) for z complex, so a reason-
ably complete analysis of the location of such zeros is given in Section 2.
A discussion is also given of zeros of O(z) = ic(z) - û(- z), where u has sup-
port in [0, 1] and ul[O, 1] is continuously differentiable. It is shown in

Section 5 that such information is essential to discuss the spectrum of the
linear operator .L : C[0, 1 ] -+ C[O, 1] defined by 

°

The operator L, of course, is the Frechet derivative of the right hand side
of (0.1 ).

In Section 3 we discuss positive solutions of (5.1). As we have remarked,
if f is nonnegative and f (1 ) # 0 (somewhat less is necessary) we obtain

precisely two positive solutions wi and uz for 0  Â  1+ . We show that
v,x(x) &#x3E; u,,(x) for 0 c x c 1 and the maps I - wi and A ---&#x3E;- uA can be defined

continuously on (0, Â+]. We also consider the problem of positive solutions
of (0.1) when f is nonnegative and 1  0, but our results here are far from
definitive and there are many intriguing open questions. Some of these

questions have subsequently been answered in [17].
In Section 4 we give an explicit formula for the « funda,mental solu-

tion » u of (o, 1 ) ; the only unknown constants in the formula are the zeros
of 1- Af(z). In Section 5 we give a complete description of the spectrum
of the operator L defined by (0.5). In fact, using our results, Ramalho’s
argument for the existence of precisely two positive solutions could be

justified. We prove that a(L), the spectrum of L, is given by a(L) =
= {Ai(z): i(z) = 11(- z)l U {0}. Furthermore, if a 0 is an eigenvalue of L
(L is compact, so it has only point spectrum aside from 0 ), then the algebraic
multiplicity of 11 is
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where T is the set of z such that a = ),4(z) and O(z) = ic(z) - ic(- z) = 0
and m1(z) is the multiplicity of z as a zero of zO(z) = 0.

The key lemma in proving these results is Theorem 5.1, which discusses
when the closed linear span of a set A in .L2[-1, 1] is all of .Lz[-1,1] and
when A is minimal (in the sense of inclusion) among sets with this property.
This general sort of result is classical, going back to Paley and Wiener [9];
and in fact our original proof was a generalization of ideas of Paley and
Wiener. However, the results in [9] and [8] are inadequate for our purposes,
and Theorem 5.1 appears to be new.

Acknowledgements. I would like to thank several people for helpful
remarks. Joel Lebowitz and Michael Wertheim explained to me how the
factorization in equation (0.2) has been used to solve problems from sta-
tistical mechanics and gave me some references in the physics literature.
Bertram Walsh and Richard Wheeden made some useful mathematical

suggestions, and Nancy Baxter carried out some helpful computer studies
for the case f (x) = 1- x and for Â  o. Finally, special thanks go to

Michael Mock. We hope to incorporate our numerous discussions about
equation (0.1) in a future.

1. - Basic theory of the equation

In this section we shall establish some basic facts about the equation

We shall recall some fundamental theorems from the literature and indi-

cate the refinements of those theorems which will be crucial for our work.

Ultimately, we shall want to assume that (at least) f E C[O, 1] and we shall
seek a continuous solution u E C[o,1], but for the moment we shall assume less.

Our first lemma is implicit in the physics literature [3, 13] but we state
it for completeness.

LEMMA 1.1. Assume that 2c E Ll[O, 1], u is real-valued, and u satisfies
equation (1.1 ) where f E Ll[O, 1] f is real-valued and A is real. Extend f to

be an even map of R to llg such that f (x) = 0 for Ix &#x3E; 1 and extercd u to be a
map of R to 1Lg such that u(x) = 0 for x 0 [0, 1]. If v and ware in L1(R),
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define v * w acs usual:

and define v(x) = v(- x). Then if u and f denote the extended functions, one
has for almost all real x

and

00

for all real $. (Recall that if v E Ll(R), V($) == f v(x) e?lrdx the Fourier trans-
f orm of v .

PROOF. If u and f have been extended as indicated, then checking that
formula (1.3) holds, is a simple exercise which we leave to the reader. Taking
the Fourier transform of both sides of equation (1.3) gives

Since u is real-valued, u(- $) is the complex conjugate of û(e), and we obtain
from (1.5) that

which proves (1.4). N

Lemma 1.1 shows that (1.1 ) can have no real-valued solutions if in-

equality (1.4) fails at any real $, so it is important to know for what 2 (1.4) will
hold for all $. The following simple lemma answers the question.

LEMMA 1.2. Assume that f c- LI(R) and f is even and real-valued. There

exist numbers ),, &#x3E; 0 and À-  0 (we allow Â+ == + 00 or Â- === - oo) such that

for all real $ i f Â-  Â  2 ; inequality ( 1. 7 ) is strict f or all real $ if I-  A  Â+.
If 2 &#x3E; Â+ or Â  Â-, there exists a real $ such that

If f # 0, at least one of the numbers Â+ and Â- is finite.
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PROOF. If I - lj($) &#x3E; 0 for all Â one finds that f($) = 0, audit I - Af($) &#x3E; o
for all real Â and all real $, it follows that f($) == 0 for all $. This would

imply that f is identically zero. If we assume that f is not identically zero,
one of Â+ and Â- is finite.

Define numbers A, and A- by

We shall prove that Â+ satisfies the conditions of the lemma; the proof
for Â- is similar. Note that Â+ &#x3E; 0 because lim f($) = 0 (true for any L1 func-
tion). Take any finite number 2,  1,. We have to show that
for every real number $ and for A such that 0  Â  Â1. Because
there exists a number .llT such that

for OA2,, and Ie I:&#x3E; M. A simple compactness argument now implies
that if

for some )1.2 with 0  A,  A,, there exists e2 with 1$,l c lVl such that

If Â3 is taken so that 2,  Â3 and

we have a contradiction, because

It still remains to prove that inf 1- lj($)  0 for ), &#x3E; ).+, but the proof
is similar to the above argument, , and we leave it to the reader. ·

Notice that if A,  oo, the above argument shows that there will be a
real number $, such that
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It will be useful later to have a simple class of examples for which
2 - = - 00. As the following proposition shows, any function f (x) of the form

for nonnegative constants Cj satisfies A-= - 00.

PROPOSITION 1.1. Suppose that f (x) is an even function such that f (x) = 0
for lx &#x3E; 1. Assume that fl[O,l] is continuously differentiable, f(l) = 0,
f ’ (x)  0 for 0  x  1, and f ’ (x) is monotonic increasing (not necessarily strictly) -
Then f($) -&#x3E;- 0 for all real numbers $ and A- = - 00, where Â- is defined as
in Lemma 1.2.

PROOF. The evenness of f (x) and integration by parts gives

If we define g(x) = - f’(x) for 0  x  1 and g(x) = 0 for x &#x3E; 0, equation (1.15)
becomes

where we defined a, by

Since f is an even function, f is an even function and we can assume that
$ &#x3E; 0. The assumptions on f imply that g is nonnegative and monotonic
decreasing (not necessarily strictly) on [0, oo), and using this fact it is easy
to see that (for S &#x3E; 0) (- 1) jaj &#x3E;, 0 for all j and jai I &#x3E; jai,, I for all j. It

follows that (1.16) represents f($) as an alternating series whose first term
is nonnegative, so f($)&#x3E;O.

A slightly more careful examination of the proof shows that if, in addi-
tion to the other assumptions, f’(x) is not constant on [0, 1], then j(8) &#x3E; 0

for all S. It may be worth noting that the proposition is also true if f [0, 1]
is C’ on an interval [I - 6, 1], 6 &#x3E; 0, and piecewise Ci on [0, 1] instead
of C’ on [0,1].
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Lemma 1.1 shows that one must have 1- ÀJ(f):&#x3E; 0 for all; to have

any hope of finding an .L1[o, 1] solution of (1.1). It turns out that this con-

dition is also sufficient. The following result is a paraphrase of Theorem 4.4
on p. 194 in [7]; Krein attributes the theorem (for the case 1- J1(;) &#x3E; 0

for all $) to B. Ja. Levin [8, Appendix 5].

THEOREM 1.1 (see Theorem 4.4 in [7]). If a&#x3E; 0 and the function
f, c- Ll[- a, ac] is such that

then there is a functions U1 E Ll[O, a] such that

and such that

for any complex number z with Im (z) &#x3E; 0. If inequality (1.18) is strict for
all $, the solution ul E Ll[O, a] of (1.19) which also satisfies (1.20) is unique.

In the statement of Theorem 1.1 we have corrected a misprint in The-
orem 4.4. The statement about uniqueness is not explicitly made in The-
orem 4.4 [7] but follows from the proof and the preceding results.

In our case, if we take f E Ll[- 1, 1] to be an even, real-valued function

(extended to be zero outside [- 1, 1]) and ), to be a nonzero real number
such that (1.4) holds for all then Theorem 1.1 (applied to f 1 = If) implies
that there is a function ul 2u c LI[O, 1] such that (1.19) and (1.20) hold.
We shall see that ul is real-valued, so one finds for - oo  $  o0

Working backward from the argument in Lemma 1.1, one finds that (1.1)
must be satisfied for almost all x in [0, 1].

Unfortunately, Theorem 1.1 is not sufficient for our purposes. It is
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not clear that if f E L2[0, 1] or f E C[O, 1] then the corresponding Ll solu-
tion u of (1.1) is respectively in L2[0, 1] or in C[o, 1].

Furthermore, we shall need to know that if ui is the unique solution
of (1.1) for Â- Â  Â+ such that

for Im (z) &#x3E; 0, then the map Â --&#x3E; u). is continuous in an appropriate Banach
space and extends continuously to Â- and A,.

As we shall see later, it suffices to verify these facts for f E L2[0, 1], so
we restrict attention to such f. The proofs are analogous to arguments in [7]
and we refer there for more detail.

Let Y denote the complex commutative Banach algebra of functions
g E Ll(R) n L2 (R) with a multiplicative unit 6 adjoined. Elements of Y

are of the form c5 + g, c a complex number. The multiplication is given by

where gi * g2 denotes the convolution of gl with g2. The norm in Y is de-

fined by

It is easy to check that with this norm Y becomes a Banach algebra. Let Y+
and Y- denote the subalgebras of Y given by

Similarly we define Z to be the complex commutative algebra of functions
of the form c + f($), where c is a constant and f E Ll(R) n L2 (R). The mul-
tiplication in Z is ordinary pointwise multiplication. Clearly, there is an

algebra isomorphism J between Z and Y given by

where We define

and
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If y is a nonzero, continuous linear functional on Y which preserves

multiplication (so 1p comes from a maximal ideal in Y), then either

V(eb + f) = c for all fELl (1 L2 or

for some real number s. The proof of this fact follows the outline of the
argument given on p. 170-172 in [6]. Thus Lemma 1 on p. 170 in [6] remains
true, although the argument must be modified because the characteristic
function of an interval of length z is not bounded by r in the Y norm.
Similarly, property (y) on p. 171 of [6] is true, but by a different argument.

We also need to know the maximal ideals of the Banach algebras Y+
and Y-. If y is a nonzero, continuous linear functional on Y+ which
preserves the multiplication on Y+, then either V(cb + f ) = c for all

f ELlnL2n Y+ or

for some complex number s with Im (s) &#x3E; 0. A similar statement holds
for Y- except that s must satisfy Im (s) c 0.

Given the above facts, the general theory of Banach algebras implies
that an element u = c3 + f in Y has a multiplicative inverse in Y if and
only if c # 0 and

An element u = c3 + f in Y+ has a multiplicative inverse in Y+ if and

only if c = 0 and

for every complex number s such that Im (s) &#x3E;0. Translating these facts
to the isomorphic algebra Z implies that a (uniformly continuous) function
u = c + .F in Z (where F is the Fourier transform of a function f E .L1(R) r1
n L2(R)) has a multiplicative inverse in Z if and only if c # 0 and u($) # 0
for any real number $. Since multiplication is pointwise in Z, (u-1)($) =
= (U($))-’. Similarly, if u c Z+, then u has a multiplicative inverse in Z+
if and only if (1.22) holds.
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We need to recall one more general fact before we can return to equa-
tion (1.1). Recall that if B is any complex, commutative Banach algebra,
with unit I, u E B and f is a complex-valued function which is defined and
analytic on some open neighborhood of the spectrum a(u) of u, then one
can define in a natural way f (u) E B, and the functional calculus defined in
this way has all the properties one would expect (see [6]). To be precise,
let D be a bounded open neighborhood of a(u) such that f is analytic on
D and continuous on D and such that F, the boundary of D, consists of a
finite number of simple closed rectifiable curves. Then

where 1-’ is oriented positively and I is the multiplicative unit.
The next lemma is a standard result whose proof we include for com-

pleteness. 

LEMMA 1.3. Let B be a complex, commutative Banach algebra with unit.
Suppose that u E B, un E B is a sequence such that Un - u and f is a complex
valued functions which is analytic on an open neighborhood of the spectrum
of u. Then f(un) is defined for n large enough and f(un) - f(u).

PROOF. Let D be a bounded open neighborhood of J(u) = spectrum
of u such that h = 3D consists of a finite number of simple closed recti-
fiable curves and f is analytic on a neighborhood of D. It is known that

a(un) cD for n large enough. Define M = max 11 (zl - u)-l ii. For n &#x3E; -Y

we can assume a(,u,,) c D and Ilu,, - ull  8, where s C .M-1. It follows

that we can write for z E r

Equation (1.23) implies that for z c- T and n &#x3E; N one has

and (1.24) implies the lemma. a

We can now start to modify Theorem 1.1 to give the form we shall need.
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LEMMA 1.4. Suppose that g is an even, real-valued function snch that
g E LI(R) r1 L2(R) and

where

Then there is a unique real-valued function v E .L1[0, 00) n L2[o, 00) (extended
to be zero on (- 00, 0] ) such that

and

Furthermore, if gn is a sequence of even, real-valued functions in Ll(R) r)
r1 L2(R) such that Ilgn - gllLl --&#x3E;- 0 and Ilgn - g L2 -&#x3E;- 0, and if vn E Ll[O, 00) r)
n .L2[0, oo) denotes the corresponding unique solution of

such that (where then

PROOF. Let Y, Z, Y’+ and Z+ be the Banach algebras previously de-
fined. Define u E Z by u(e) = 1- g(e) for real $ and note that n is real-
valued. By our assumptions, there exist positive constants - and M such that

By our previous remarks, , the spectrum of u lies in the interval [e, M].
If t(z) = log (z), where log (z) agrees with the standard logarithm for z &#x3E; 0

and is undefined for zO, then f (z) is analytic on an open neighborhood
of a(u) and f (u) is defined and f (u) E Z. ln fact, if h is the boundary of the

rectangle whose vertices are (cyclically)
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then

Since we are working in Z, where multiplication is ordinary pointwise mul-
tiplication, one can see (for a general analytic function f defined on a neigh-
borhood of the spectrum of a general element u E Z) that

so f (u) is a real-valued function and Jim (f(u))($) = 0. Since n is an even
lF -oo

function, we also see that f (u) is an even function. The above remarks

show that there is a function E L2 (R) n L1(R) such that

and since log (I - #($)) is even and real-valued, w is real-valued and even.
If we define wi(a) === w(0153) for r&#x3E;0 and w1(0153) = 0 for x  0, then (1.32)
becomes

Since WI E Z+ and the function given by k1(- e) is an element of Z-, , by
taking the exponential of both sides of (1.33) we get

By our previous remarks we know that

exp (w1($) ) E Z+ and lim exp (w1,($)) = 1,
so

where v E .L1[o, 00] r1 L2[o, oo]. The left and right hand sides of (1.35)
extend to [functions which are analytic on the upper half of the complex
plane just by letting be a complex variable with Im (;»0.
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Since both the left and right hand sides of (1.35) approach 1 as )$ ) ---&#x3E; o0

(with Im ($) &#x3E; 0) and since they are equal for real $, the maximum modulus
principle implies they are equal for all complex $ with Im (E) &#x3E; 0. Since the
left hand side of (1.35) is never zero, we have a 1) which satisfies (1.26)
and (1.27).

To prove uniqueness, we just argue as in [7]. Suppose that

where v, w E L1 n L2, , v(x) == w(x) = 0 for x  0 and v and ware real-

valued. Define 0,(s) = 1- v(s) and y+(s) = 1- w(s) for complex s with

Im (s) &#x3E; 0. Observe that 0+ and y+ are analytic on the upper half plane n,
and continuous on c+. We assume that 0,(s) and y+(s) do not vanish on
7r+ and we want to show they are identically equal. Define 0_(s) = 0+(- s )
and y-(s) = VJ+(s). For s real we have

For complex s, if we define

h(s) is continuous for all s and analytic for non-real s, hence analytic every-
where. Since lim h(s) = 1, Liouville’s theorem implies that h(s) is a con-

s&#x3E;oo

stant and 8+(s) == y+(s) for all s.

It remains to show that Vn --+ v. Recall that J: Y-Z denotes the

natural Banach algebra isomorphism. Let P denote the natural projection
of Y onto Y+ defined by P(eb + h) = eb + h,, where hi(r) = 0 for x  0

and h1(x) = h(x) for x&#x3E;O. Define a continuous projection Q of Z onto Z+
by Q = JPJ-1. An examination of the previous construction shows that

if g and v are as before, then

According to Lemma 1 .3, this is just the composition of three continuous

maps on Z, and Lemma 1.3 implies that 1 - $n = exp (Q(log (1 - #n))) ap-
proaches 1- v in the Z topology, which is the desired result.
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In the notation of Lemma 1.4, we will be particularly interested in the
case in which g(x) = 0 almost everywhere for lxl &#x3E; a. If v(x) is the func-

tion whose existence is insured by Lemma 1.4, the next lemma shows that
v(x) = 0 for almost all x &#x3E; a.

LEMlVIA 1.5. Suppose that g is an even, real-valued function in Ll(R) (1
r1 L2(R) and g(x) = 0 almost everywhere for Ixl &#x3E; a. If v is the unique real-
valued function in .L1[o, oo) r’1 L2[o, 00) which satisfies equations (1.26) and
(1.27), then v(x) = 0 almost everywhere for x &#x3E; a.

PROOF. The function v(x) is understood to be zero for x  0. For com-

plex numbers z such that Im (z) &#x3E; 0 , define

and for 1m (z) c 0 define

Equation (1.26) gives

The function W(z) defined by the left hand side of the preceding equation
makes sense and is analytic for all complex z. Since 0 - (z) 0 for Im (z)  0
ive can define

with this definition 0,(z) is analytic for all z. The defining equation for 0+(z)
implies that 0+(z) is bounded by 1 + IIvllL1 for all z with Im (z)&#x3E;O. Since

we know

uniformly in z with lmzO, equation (1.40) implies that

where c is a constant. The function ;(z) = - 0+(z) +1 is holomorphic and
its restriction to R is in E2 (R). The Paley-Wiener theorem [9] now implies
that v(x) - 0 almost everywhere for x &#x3E; a.
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The argument used above is somewhat easier than that in [7], since

we assume v E L2.

It remains to consider the case in which 2 approaches A+ or A- (nota-
tion as in Lemma 1.2). To handle this situation we need to recall a lemma
of Krein [7].

LEMMA 1.6 (Lemma 4.1, p. 190 in [7]). Suppose that g E -LI[a-, a+],
where a_O and a, &#x3E; 0 and c is a complex number..F’or complex numbers z
define W(z) by

Assume that a E C is a zero o f y(z). Then

where ga(t) is absolutely continuous on (a_, 0] and [0, a+) separately, ig"(t) -
- aga(t) = g(t) on (a_, 0] and [0, a+) separately, ga(a+) = g,,(a-) = 0 and

ga(O+) - g,,(O-) = - ic. In fact one has

With the aid of Lemmas 1.4, 1.5 and 1.6 it is now not hard to establish
a lemma which will cover the case A - 2, or ,1 ---&#x3E; 2-.

LEMMA 1.7. Suppose that g E LI(R) n L2(R) is an even, real-valued func-
tion such that g(x) = 0 almost everywhere for Ixl &#x3E; a and such that

Assume tha,t {gn} c L1-(R) n L2(R) is a sequence of even, real-valued func-
tions such that gn (x ) = 0 almost everywhere for Ix I &#x3E; a, Ilgn - g 11 1, - 0 and
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and

Then there exists v E Ll(R) n L2(R) suchlthat v is real-valued, v(x) = 0 alniost
everywhere for x  0 or x &#x3E; a and

If Vn E L1(R) n L2(R) is the unique real-valued function such that vn(x) = 0
almost everywhere for x  0 and such that Vn satisfies equations (1.47) and

(1.48 ) when vn is substituted for v and gn for g, then Ilvn - v II.L. --&#x3E; 0 and

II vn - v IIL1 - 0 as n ---&#x3E; 00.

PROOF. For z a complex number define qJ(z) and qJn(z) by

It is well known (and not hard to prove) that in any strip G, G = tz: c 
 Im (z)  dl, there is an integer N such that Q(z) and qn(z) have at

most N zeros in the strip. Since lim qJn(z) = 1 uniformly in n for z E G,IZI--
it follows from Rouche’s theorem that if q(z) # 0 for Im z = c or Im z = d,
then for n large enough cpn(z) and q(z) have the same number of zeros (counting
multiplicities) in G. Notice also that if z is a zero of Q (respectively, qJn) of
multiplicity k, then z, - z and - z are also zeros of q (respectively qn)
of multiplicity k.

In the situation of Lemma 1.7, we can assume has real roots (other-
wise Lemma 1.4 gives the result). Inequality (1.45) shows that each of

these roots must be of even multiplicity. Select e &#x3E; 0 such that qz) has
only real roots r1, r2, ..., rm, - rl, - r2, ..., ’- rm and possibly ro = 0 in the

strip itmzle. Let 2 k, denote the multiplicity of the zero rj, Iim,
and 2ko the multiplicity of 0 if 0 is a root. By the remarks above and by
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further applications of Rouche’s theorem one can see that given any &#x26; &#x3E; 0

there is an integer N(6) such that for n&#x3E;,N(6), qn(z) has precisely 2k, roots
in the ball of radius 6 about rj or - rj (we can assume B6(rj) and Ba(- rj)
are disjoint), 2ko roots in the ball of radius 6 about 0 (if 0 is a root of cp)
and no other zeros in the strip IIm z! :s.

At this point it is convenient to assume that either q(0) = 0 and Q? has
no other real roots (which we shall call case 1) or T(r) = q(- r) = 0 for
some real r =A 0 and Q has no other real roots (which we shall call case 2).
The proof in the general case is essentially the same, but notation becomes
cumbersome. Let 2k denote the multiplicity of the root 0 (in case 1) or
of r (in case 2). Select 6 &#x3E; 0 with 6  8 and 6  r such that for n &#x3E;N(3)
cpn(z) has precisely 2k solutions in 86(0) and no other solutions in the strip
Ilm zl  8 (in case 1) or qn(z) has precisely 2k solutions in 86(r) and B6(- r)
and no other solutions satisfying I Im z  8 (case 2). Let z (n) Z(’) denote
the k roots of gg,,(z) in Ba(o) (case 1) or in B6(r) (case 2) with positive imag-
inary part; there must be k such roots because CfJn(z) = cpn(Z) and qn has
no real roots.

In case 1 notice that if z c- {z’n): I  j  k} = 8,,, thpn -ZESn. We
now define new functions y(s) and yn(s) for s a complex number (i = B/2013l):

Define 1pn(s) by the formulas

In either case one can easily check that yn (s ) and y(s) are even, real-
valued and strictly positive for - oo  s  oo (y is nonnegative and one
removes the places where T is zero).

If we are in case 2 one can write
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If one applies the explicit formulas in Lemma 1.6 and uses the fact that
z E Sn - r as n - oo, one can see that for real s

where h and hn belong to Ll[- a, a] n L2[- a, a] and ]) hn - h ))&#x3E; - 0 and
IIhn - hllLl -+ 0 as n --&#x3E; 00.

If one repeats this argument 4k times (in case 2) or 2k times (in case 1 )
one eventually finds that

when tn and f belong to .L1 [- ac, ac] n L2[- a, ac] and max (1Ifn - flILI’
aS n--&#x3E;oo.

Since 1jJn and are even and real-valued, it follows that f n and f are
even and real-valued. We have arranged that 1jJn and y are positive for
real s, so Lemma 1.4 applies. Thus there exist functions Wn and w in

.L2[o, a] so Ilwn - wilLI --&#x3E; 0 and such that (if Wn and ware extended to be 0
outside [0, a])

and

Let Z+, Z and Z- be as defined at the beginning of this section. It is

an elementary fact that if Im (a) &#x3E; 0, then (s - a)-i E Z+ and if Im (oc)  0,
then (s - a)-i e Z- (see [7], p. 173). Assume for definiteness that we are
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in case 2. Then our previous work shows that if

then Q and Qn are elements of Z+ and

The formula 1.57 shows that IIQn - Qllz ---&#x3E; 0 as n -* oo and that Qn(S) =F 0
for Im s &#x3E; 0. It follows by the uniqueness result in Lemma 1.4 that

and the remarks above show that

where v is as in the statement of the lemma and )) vn- w ))y - 0 as n,c&#x3E;o. n

W’’e can now establish the basic results we shall need about equation ( 1.1 ).

THEOREM 1.2. Suppose that f (x) E L2[o, 1] is real-valued and not identically
zero and extend f (x) to be even and zero almost everywhere for Ix &#x3E; 1. Define
numbers A, and A- by

Then for A-  Â  A+ there is a solution u = U;. E L2[0, 1] of
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such that

The map 2 ---&#x3E;- u,4 is continuous in the norm topology on L2[0, 1] for Â-  2  2+,
and for 2 -  2  Â+ there is one and only one real-valued ua, E Ll[O, 1] which
satisfies (1.59) and (1.60). For 2 &#x3E; 2, or )1.  2-, (1.59) has no real-valued
solution in Ll[O, 1].

PROOF. By Lemma 1.], solving (1.59) is equivalent for Â zA 0 to finding
a real-valued VA(X) E L2(R), va,(x) = 0 for x 0 [0, 1], such that

In fact our previous lemmas show that for Â- : Â : )1.+ there is such a solu-
tion vi of (1.61) which also satisfies

that this solution is unique for  A  A,, and that À --+ v). is continuous. It

follows that u). = A-’vA satisfies the conditions of Theorem 1.2 and is con-

tinuous except possibly at 1 = 0.
To complete the proof we have to show that ut --&#x3E; f 1 [0, 1] in the L2[0, 1]

norm. To do this define a map 0: L2[o, I]xR ---&#x3E;- L2[0, 1] by

It is not hard to see that the map 0 is continuously Frechet differentiable
and that the Frechet derivative with respect to the u variable at (u, Â) is

the linear operator L given by

(Note that 11 u ll,,.  11 u 11.,. on [0, 1], so L is a bounded linear operator.) If

1 = 0, this linear operator is just the identity map, so the implicit func-
tion theorem for Banach spaces implies that there is e &#x3E; 0 and a C’ map
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Â --+ W). E [0, 1] for Al  e such that Wo = f and

If I is so small that 11 IwA ll,,  1, then because
is not hard to see that

The uniqueness of solutions satisfying (1.63’) and (1.64) implies that u). = wA
for 2 small enough, so 2 ---&#x3E;- uA is continuous (and indeed Cl) near Â = 0.

We are actually interested in (1.1 ) when f (x) is continuous or has at

most a finite number of jump discontinuities, but as we shall now show,
this case can be easily analyzed with the aid of Theorem 1.2.

LEMMIA 1.8. Suppose that f (x) is a bounded, measurable function for
0-xl and that U E L2[0, 1] satisfies equation (1.1) for x 0 E, where E has
zero measure. Then for x 0 E one has

There exist a f unction w(ð) for 6 &#x3E; 0 with lim (0(0) = 0 and a constant B such6-01

that for any xl, X2 with x, 0 E and x, 0 E one has

In particular, if f (x) is continuous on [0, ]], then n(x) can be taken to be con-
tinuous on [0, 1].

PROOF. If II(x)l  M, the Cauchy-Schivartz inequality gives (for x 0 E)
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If lu(0153)I:B for x 0 E, then for any 0153I,01532E[0,1]-E, xl  x2 , one has

Extend u to be 0 outside of [0, 1], so

It is well known that for any function u E LI(R) there is a function m(3)
(3 &#x3E; 0) with lim m(3) = 0 such that6-0+

Substituting (1.69) in (1.68) completes the proof. a

With the aid of Lemma 1.8 we can prove our basic theorem about con-

tinuous solutions of (1.1 ) .

THEOREM 1.3. Suppose that f(x) is ac continuous functions for Oxl
and de f ine real numbers Â+ &#x3E; 0 and Â-  0 as in the statement of Theorem 1.2.
For Â-:Â:Â+ there exists ac continuous function u;.(0153), 0 c x c 1, such that

uA(x) satisfies equation (1.1 ) and such that

An .L1 real-valued solution of (1.1) which also satisfies (1.70) is unique for
2- A ,2,. The map 2 --&#x3E; u). is a continuous map from [2-, Â+] to C[0, 1 ],
the Banach space of continuous f unctions on [0, 1] in the usual norm. Equa-
tion (1.1 ) has no real-valued Ll solutions for 2 w [Â-, 1+].
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PROOF. By Lemma 1.8 and Theorem 1.2 one can select for each À E [Â-, Â+]
a continuous function uA E CEO, 1] which satisfies (1.1 ) and (:L.70).

It remains to show that 2 ---&#x3E; uz is continuous as a map into CEO, 1].
By using inequality (1.65) and the fact that A -* uA is continuous as a map
into L2[0, 1 ] (so sup IIuIIL2  oo for any compact interval J c [À-, I+j)JEÂ 

one can see that for any compact interval Jc [Â-, Â+J there is a constant
.M such that

To show continuity, , take any A E [2-, 2,] and suppose 2,, - I as n - oo,
where 2,, E [Â-, A,]. For notational convenience write v = ui and vn == uÂn.
By the above comments we can assume vn (r) ) c M and v (r) (  M for 0  r  I,
and we know wn - w in L2 norm. By using the defining equation (1.1)
one finds

1

By using equation (1.72) one sees that

and (1.72) implies that vn approaches v in the C[0, 1] norm. ·

We shall also need to know that if the function ’f (x) in equation (1.1)
is continuously differentiable and u(x) is a continuous solution, then u(x)
is continuously differentiable. This result has been established by G. Pim-

bley [10] for the case f (x) == 1, but his proof applies to the more general case.

PROPOSITION 1.2 (See Theorem 6 in [10]). Suppose that u E C[0, 1], f (x)
is continuously differentiable for 0  x  I and u satisfies the equation

for some constant 2. Then u(x) is continuously differentiable, for 0  x  1
and u’(x) satisfies the equation

1
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REMARK 1.1. If f E Cn[o, 1] one can see from (1.74) that U E Cn. For

integration of (1.74) by parts gives

If f E C2[o, 1], the right hand side of (1.75) is clearly differentiable with
derivative

So n E C2[o, 1]. It follows that if f E C3[o, 1] the expression (1.76) has a
derivative and u E C3[0,1]. Clearly, , this argument can be continued to
show u E Cn.

REMARK 1.2. If we write w(x) = u’(x) E C[0, 1] (for the case f E Ci[0, 1]),
then (1.75) shows that w satisfies the integral equation

If u is considered a known function, , this equation is well-known to have
a unique solution w in C[0y 1] and one has the estimate

Using (1.77) one can see that the obvious analogue of Theorem 1.3 also
holds if one works in Cn[o, 1] (assuming f E Cn [o, 1 ] ) .

Until now we have only considered solutions of (1.1 ) which also sat-

isfy (1.2 7 ) . We shall need to know the general real-valued solution u of (1.1 ).
This can easily be found using the ideas in [7] and the previous theorems.

LEMMA 1.9. Let f (x) be an even, real-valued, integrable function such that
f (x) = 0 for Ixi &#x3E; 1, and let 2 be a nonzero real number. Assume that u E .L1[o, 1]
is a real-valued solution of equations (1.1 ) for almost all x E [0, 1]. For com-
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plex numbers z define

define S = {a E C: T(oc) = 0 and Im (a) &#x3E; 0} and define k(a) to be the mul-

tiplicity of a as a zero of T. Then one has (1 ) S is finite, (2) S is a subset
of the set of zeros of y and k(a) is less than or equal to the multiplicity of a
as a zero of y and (3) i f a E S, then - tiE Sand k(- ti) = k(a).

PROOF. Since u(x) is assumed to be real-valued one has u(- z) = u(z),
so condition (3) above is true. We assume that u E Ll[O, 1], and it fol-

lows that

Because T(z) is analytic equation (1.78) implies that S is finite. Finally,
condition (2 ) above follows from equation (1.6) in the proof of Lemma 1.1..

Our real interest is in the converse of Lemma 1.9: given any finite
subset S of zeros of V(z) as above, there is precisely one real-valued solu-
tion u of (1.1 ) such that T(z) has S as its set of zeros with positive
imaginary part. More precisely we have the following theorem.

THEOREM 1.4. Let f (x) be an even, real-valued f unction such that f (x) = 0
almost everywhere for Ix &#x3E; 1 and such that f is integrable. Let A be ac real

number and for complex numbers z define 1jJ(z) by

and assume y($) is nonnegative for all real numbers $. Let S be any f inite col-
lection of zeros a of V(z) and for each a E S let k(a) be a positive integer. As-

sume that S and the integers k(a) satisfy the following properties : (1) If a E S,
one has Im (a) &#x3E; 0, - a E Sand k(a) = k(- a) ; (2) The integer k(a) is less
than or equal to the multiplicity of a as a zero of y(z). Then there is one and

only one real-valued f unction u E Ll[O, 1] such that u satisfies equation (1.1 )
for almost all x in [0, 1] and such that the set of zeros a with Im (a) &#x3E; 0 of



401

equals S and the multiplicity of a E S as a zero of T(z) is k(a). (If S is empty
it is understood that cp(z) =I=- 0 f or Im z &#x3E; 0 ). If f E L2(R), the above solution
u E L2[0, 1 ] and if f 1 [0, 1] is continuous, u is continuous. There are no real-
valued solutions it E Ll[O, 1] of (1.1 ) except for the ones described above.

PROOF. Let v E L1[o, 1] denote a solution of (1.1) such that

Such a solution is insured by Theorem 1.1; Theorems 1.2 and 1.3 show that v
can be taken in L2[0, 1] or C[o, 1) if f is in L2[o, 1] or C[o, 1) respectively.
Define a meromorphic function Q (z) by

For $ real, notice that one can write

If ga(x) is defined by ga(a) = 0 for x  0 and ga(x) = ezax for x &#x3E; 0 one has

gtX E L2 r1 .L1 (since Im a &#x3E; 0) and

It follows that (in our previous notation) Q($) E Z+ and

where ucel if vcll , UCLlr)El if VeElr)L2 and u(r) = 0 for almost
all x  0. By grouping the factors corresponding to a and - a in the for-
mula for Q(z) and using the fact that k(a) = k(- oc) one can see that

By using (1.84) one can see that the function u is real-valued and that for
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real $ one has

Now define an analytic function T(z) by

Notice that g(z) is everywhere analytic, because if 1 - A4(- z) = 0 for

Im z C 0, then - z E ,S and - z is a zero of 1 2013 Âf(z). since we have

uniformly in z in the closed upper half planc, we find (since f has support
in [- 1, 1]) that there is a constant C such that

For nonzero A it follows that the same estimate holds for û(z), where we
define û(z) by

Since U E LI or L2 n Ll (depending on the assumptions on f), the Paley-
Wiener theorem implies that u has support in [0, 1]. Now by working
backward from (1.85) and using the ideas of Lemma 1.1, one can see that
satisfies equation (1.1). If f is also continuous on [0, 1 ], Lemma 1.8 shows
that u can be taken continuous.

It remains to prove the uniqueness statement of the lemma. Suppose
that ul and U2 are real-valued integrable solutions of (1.1) and that
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have the same set of zeros S with positive imaginary part. According to
Lemma 1.1 we have for all complex numbers z

If z is a real number and q,(z) = 0, the multiplicity of z as a zero of cp j(z)
is the same as the multiplicity of - z as a zero of qj(z) (since uj is real-

valued). Therefore equation (1.88) shows that the real zeros of Tj are pre-
cisely the real zeros of 1- 2f (z), and the multiplicity of a real zero $ of Q j
must equal (1/2!)m($), where m($) is the (even) multiplicity of $ as a zero
of 1- )J(z). It follows that gi and CP2 have the same zeros z with Im (z) &#x3E; 0
(and these zeros have the same multiplicity). By using equation (1.88)
one sees that the same is true for zeros of Qj(z) with Im (z)  0. Thus if

we define 0 (z) by

O(z) is analytic for all z. Furthermore (1.89) shows O(z) approaches 1 as

Izl-&#x3E; oo in the closed upper half plane and the closed lower half plane and
hence in the complex plane. Liouville’s theorem implies that 8 (z) = 1 every-
where, so Q1(Z) = 9?2(Z) for all z.

Lemma 1.9 shows that every solution u of (1.1) comes from some set
of zeros S of the type described in the theorem. t

Theorem 1.4 will play a crucial role in the rest of this paper, for example,
in determining the number of positive solutions of (1.1 ) . It provides a
reasonably explicit description of all real-valued solutions of (1.1).

2. - The zeros of some holomorphic functions.

The results of the previous section show that an understanding of the
structure of the solution set of (1.1 ) depends on knowledge about the zeros of

For example we shall need detailed information about the number and loca-
tion of zeros of (2.1) in order to determine how many positive solutions (1.1 )
has when f and À are positive. The main tool we shall use is simply Rouche’s
theorem, but for completeness we state the theorem below (in a slightly
more general form than is usually given in complex variables courses).
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LEMMA 2.1 (Rouche’s Theorem). Let G be a bounded open subset of the
complex plane and suppose that F, the boundary of G, consists of a finite number
of nonintersecting simple closed curves. Let qJo(z) be a f unction which is con-
tinuous on G, analytic on G and nonvanishing on T. If n denotfs the number
of zeros of qJo(z) in G (counting multiplicities), then

If cp : G x [0, 1 ] - C is a continuous map such that cp t (z) def cp(z, t) -=F 0 for
(z, t) E -V x [0, 1], and if go is analytic on G, then deg (Qt, G, 0) = the topo-
logical degree of 9?t t on G is constant and equals the algebraic nzcmber of zeros
of cpo in G. If CPl is also analytic on G, ro and CPl have the same number of
zeros in G (counting multiplicities of zeros). If G is unbounded, the same con-
clusion remains true if in addition there exists a number R (independent of
t E [0, 1]) such that any solution of cp(z, t) = 0 in G X [o, 1] satisfies lzl R.

Our next lemma gives a simple formula for the number À+ (defined
in Lemma 1.2) in the case that f (x) is nonnegative.

LEMMA 2.2. Let f (x) be a nonnegative, even, integrable fitiiction such that
f (x) = 0 almost everywhere for l0153l:&#x3E; 1 and f (x) is positive on a set of positive

1

measure. If Â+ = (2 Jf(X)dX)-B one has
0

PROOF. Observe that

If E = {x c [0, 1 ]: f(r) &#x3E; 0) and if ; -=F 0, one has

for almost all x E .E. Since E is assumed to have positive measure, in-

equality (2.2) follows from (2.3) and (2.4).
Our next lemma discusses the pure imaginary solutions of (2.1). As

we shall see, the pure imaginary solutions of (2.1) play a special role in a
discussion of positive solutions of (1.1).
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LEMMA 2.3. Assume that f (x) satisfies the same assumptions as in Lemma 2.2,
1

write Å+= (2ft(X)dx)-1 and I- = inf (1  0 : 1 - lj($) &#x3E; o for all real $).
0

Then for 0  Â  A+ equation (2.1 ) has precisely two (counting multiplicities)
pure imaginary solutions, ::1= iw(I), w(Â) &#x3E; 0. The function w(I) is differen-
tiable, w’ (1 )  0 for 0  1  )1.+, lim w(2) = + oo and lim w(Â) = 0. For1-0+ . A,

 0, equation (2.1 ) has no pure imaginary solutions. If Â-  Â:Â+, (2.1 ) has
no solutions z such that 0  Re (z) I  n.

PROOF. If z = iw is a pure imaginary solution of (2.1 ), one obtains

if 2  0, our assumptions show that V(w, 2) &#x3E; 1, so there can be no pure
imaginary solutions in this case. If 0  2  1+ we have

Because A &#x3E; 0 and f (x) is assumed positive on a set of positive measure
we find

It follows that the equation y(w, Â) = 0 has at least one positive solution w.
Because

we have ay)law  0 for w &#x3E; 0 and the equation y(w, Â) = 0 has exactly
one positive solution w = w(À). Furthermore, the implicit function theorem
shows that w(2) is a differentiable function of 2 for 0  I  Â+ and that

w’(2)  0. The fact that lim w(2) = + oo follows because ’ljJ(w, 0) = 0A-&#x3E;o+
has no solutions, and we have lim w(A) = 0 because 1p(w, Â+) = 0 has w = 0Â-+A +
as its only real root. Of course - iw(2) is also a solution of (2.1) because q)
is an even function.

It remains to show that q(z) = 0 has no solutions z such that

0  IRe (z) I  n. Since Q(2013 z) = cp(z), it suffices to prove this for z = It + iv,
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0  p :r. A calculation gives

Our definition of 2, and À- shows that equation (2.1) has no nonzero real

roots, so we can assume for definiteness that v &#x3E; 0. We can also suppose

2:A 0. It follows that the imaginary part of ),-’T(z) is obtained by in-
tegrating a nonnegative function which is positive on a set of positive
measure, so

Inequality (2.8) completes the proof of Lemma 2.3. a

We also need a rough estimate on the size of the imaginary part of
zeros of (2.1).

LEAIMA 2.4. Let t(x) be an integrable, even function such that f (x) = 0
for almost all x with l0153 &#x3E; 1. Assume that there exist positive constants c and 6
and a nonnegative integer n such that

and that there exists a constant M  co such that

Let J be a closed interval which does not contain 0 and for a positive number R,
define

Then there exists ac number B tvhich depends only on c, ð, n, M, Rand

8 = inf flul: uc-JI such that Im (z)IB for ZES.

PROOF. Let z = ,u + iv be an element of S. We can assume for defi-

niteness that It&#x3E; 0 and v _&#x3E;- 1. We divide the proof into two cases : (1) sin #1:&#x3E;
&#x3E; cos fll I and (2) 1 cos u I &#x3E; I sin p 1. If ðl = Ý2(4R)-1, it is easy to check that
in case 1 one has Isinp0153l&#x3E;ý2/4 for 1 -- ð1:0153:1, while in case 2 one has
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] cos pr ) &#x3E; 1l3j’4 for 1- ðl:0153l. Define a = min (6, 6,). If case 1 holds

one has (for q(z) as in (2.1 ) )

rro estimate h observe that integration by parts gives

where e,, is a constant that depends only on n (for v &#x3E; 1). Integration gives

By using the estimates (2.13) and (2.14) in (2.12), one can see that there
exists a number B1, which can be chosen to depend continuously on M, n, 0-’l

and c (and is independent of 2 as long as A = 0 ), such that if ]sin p ) &#x3E; leos /11 [
and v &#x3E; B,, then

Since we assume z e 8 we must have ]v] c Bl.
Now assume that )cos p) &#x3E; I sinu 1. In this case one has

Just as before, an integration by parts shows
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where dn is a constant that depends only on n (for v &#x3E; 1). Integration gives

By using (2.16), (2.17) and (2.15), one can show that there exists a number B2 ,
which can be selected to depend continuously on n, M, «, c and E such

that if ]cos p) &#x3E; I sin p I and v &#x3E; B,, then

Inequality (2.18) shows that I v I -&#x3E; B, for Z E S..

We are interested in the location of zeros of (2.1) for a general class of
functions f, but to obtain this information it suffices to analyze the simplest
function f, namely f (x) = 1 for Ix I  1 and 0 elsewhere. This analysis is

carried out in the next lemma.

LEMMA 2.5. Define À- = - min {2013 $(2 sin $)-’: n  $  2n} and define
O(z) = 0(--, Â) by

I f n is a nonzero integer and Â any real, O(z, Â) :A 0 f or Re (z) = nn.
I’or each positive integer n define Un fz: 2nn - n: Re (z)  2 nn + nl,
= {z: 2nn  Re (z)  2nn -E- nl, and Wn === {z: 2nn-n:Re (z)  2nn}. If
?, =1= 0 and n is a positive integer, the equation O(z, Â) 0 has precisely two
solutions in Un (counting multiplicities). If Â-  ),  2 and A =A 0 there is

precisely one solution Zn E Un such that Im (zn) &#x3E; 0, and this solution varies

continuously with Â for 0  A  1 and for A_  A,  0. If A &#x3E; 0, 0 (z, A,) # 0
for any z E Wn, where n is a positive integer, and O(z, A) = 0 has precisely two
solutions z such that 1 Re (z) :n. If Â  0, 0 (z, )1.) -=F 0 for any z F Vn and

0 (z, Â) # 0 for any z such that I Re (z) 1; n.

REMARK 2.1. Since 0(- z) = O(z) and O(z) = 0(z), Lemma 2.5 gives a
complete picture of all zeros of 0(z).

Although we only consider the range ?,_  Â  2 in discussing depend-
ence of solutions of O(z, À) = 0 on the parameter À, it is not hard to prove
that the solutions can be chosen to depend continuously on A for all )1. &#x3E; 0

and all ,1  0. Specifically, Lemma 2.5 shows one can restrict attention to
solutions z E Un . It is not hard to prove that there are numbers Ân &#x3E; 0

and fln  0 such that O(z, A) = 0 has no real solutions in Gn for ftn  Â  In
and precisely two real solutions for )1. &#x3E; ),,, or Â  ltn. For fln  ),  Ân the
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solutions are a conjugate pair and continuity follows by using Rouche’s
theorem; for A&#x3E;A,, or ÂJln, a calculus argument suffices. This same ob-
servation applies to the more general situation considered in Theorem 2.1
below.

PROOF OF LEMMA 2.5. Integration gives

It will be convenient to define go(z) = go(z, Â) by

Clearly z = 0 is always a solution of go(z, Â) = 0, but aside from this

O(w, Â) = 0 if and only if go(iw, Â) = 0. Thus, in order to prove that

O(z, A) -=F 0 for Re (z) = nn, n a nonzero integer, it suffices to show go(z, Â)* 0
for Im (z) = na. If z = ,u + iv, a calculation gives

so

and go(z, A) = 0 for Im (z) = n,7. If n is a negative integer and 2nn + n&#x3E;
&#x3E;- v &#x3E; 2 nn and A &#x3E; 0, (2.22) shows that Im go (z, A)  v  0 and go(z, Â) =1= 0
for iz E W -91. If 2  0 and n is a positive integer we also see that Im g,(z, Â) 
 v  0 for iz EVn, so that 0 (z, 2) 0 0 for ZEVn.

It is a calculus exercise (which we leave to the reader) to show that A-
(as defined in this lemma) satisfies

Lemma 4.3 and the above calculations show that 8(z, Â) = 0 has, for

A -  A  0 , no solutions z such that Be (z) I :z and has, for 0  A 
precisely two solutions z such that IRe (z) I 2n.

Let 1= fz: IRe (z)17r} and J= fz: IRe (z)l 2:z}. If A,A- we want
to prove that 0 (z, A,) = 0 has no solutions in I, and if A,&#x3E; -1 we want to
prove that 8(z, A,) = 0 has precisely two solutions in J. In the first case,
select À3 with A- Â3  0 and consider the homotopy 0 (z, À) for AiAAg.
We have already seen that O(z, 1) 0 0 for z E al, and it is easy to see that

there exists a constant R such that any solution z of O(z, 1) = 0 for Z E I
and ),,  A  2, must satisfy Izi  B. Rouche’s theorem thus implies that
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O(z, Å1) = 0 has the same number of solutions in I as O(z, A3) = 0, namely
none. If A,&#x3E; -I- , select Å4 with 0  )1.4  I and consider the homotopy 0 (z, ),)
for z c- J and 21  A  A2. An argument like that above shows that O(z, )12) = 0
has the same number of solutions in J as 0(z, Â4) = 0, namely two.

It remains to discuss the number of solutions of O(z, ),) = 0 in Un.
For n a positive integer define Gn = {2;: 2nn - n;Im (z) 2nn + 7cl. As-

sume A is nonzero and for 0  t I consider the homotopy gt(z) defined by

If m is a positive integer and z = imn +,a we have

so gt(z) - 0 for zEôGn. If z = p + iv c- G,,, we have

and (2.25) implies that there is a number R such that any solution z E Gn
of gt(z) = 0 satisfies lzl  R. Rouche’s theorem implies that go(z) and gl(z)
have the same number of zeros in Gn. If g,(z) = 0 for some z = p + iv
in G n, then by taking real and imaginary parts we find

The absolute value of the left hand side of (2.27) is less than that of the

right hand side if Ilt C 1, so we must have la I &#x3E; 1. Since (2.26) can only
hold if ,u = 0 or cos v = 0, we must have cos v = 0 and v = 2nn + (nl2) = vl
or v = 2nn + (3n/2) = v2 . If 2 &#x3E; 0, (2.27) shows that v = v, and ,u == ± 1,
while if A0 we find v == v, and p = ± 1. A calculation shows

that (for A &#x3E; 0 ) g’(z) -= 0 for z === :t: 1 + Vl i and that (for A  0 ) g’(z) =A 0
for z === :t: 1 + v2i. It follows that g,(z) has precisely two zeros in Gn and

consequently that 0(z, 1) = 0 has precisely two solutions z in Un (counting
multiplicity).

If Â- ?, c ( 2 ) and A # 0 we know that 0 (z, Â) = 0 has no nonzero real
solutions z, and the two solutions in Un are a conjugate pair. Thus there
is a unique solution zn(£) in Un such that Im (zn(£)) &#x3E; 0 (for Â- A-,!,
À -=F ’0), and since the multiplicity of this solution is one, the implicit func-
tion theorem implies that it varies differentiably with 2 for 0  A  21
and A- ),O. m
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We can now prove the first theorem of this section. The following the-
orem says that the location of zeros of (2.1 ) is, for a wide class of functions
f (x), qualitatively the same as for the simple function f o(x) = 1 for Ix :1
and zero otherwise.

THEOREM 2.1. Let f (x) be a nonnegative, even, real-valued function which
is positive on a set of positive measure and which vanishes almost everywhere
for Ixl &#x3E; 1. Assume that fl[O, 1 ] is integrable and monotonic increasing

1

(not necessarily strictly) and define a + == (2 jf(r)dz)-i and A- inf {A  0 :
0

1

1- 2f($) &#x3E; 0 for all real $1, where f($) = jf(r)?I&#x3E;r. For each positive integer n
1

define Un = {z: 2nn-n:Re (z) 2nn + nl, TTn = tz: 2nn:Re (z) 2nn + nj
and Wn = tz: 2nn-n:Re(z):2nn}. Define cp(z, Â) by

I f Â- c A : Â+ and i f Re (z) = mn for a nonzero integer m, then cp(z, A) =1= 0.
If Â-  2 A,, A =A 0, and n is a positive integer the equation cp(z, A) = 0 has
precisely two solutions (counting multiplicities) in Un; and if Â- - A  )1.+
exactly one of these solutions, say zn(Â), has positive imaginary part. The map
2 ----&#x3E;. Zn(Â) is continuous on [Â-, 0) and on (0, Â+J. If 0  A  Â+ the equations
cp(z, Â) = 0 has precisely two solutions z such that IRe (z) I :v, and if Â-  2  0

there are no such solutions. If 0  ),  Â+ and n is a positive integer, 99(z, A) =1= 0
for z E Wn, and if Â-  ),  0, 99 (z, ),) -=F 0 for z E Vn.

PROOF. If z = ,u -1 iv a calculation (using that f is even) gives

If p = mn for m a positive integer and if we define aj by
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then proving Im (p(z, A) =A 0 is equivalent to proving

To prove (2.31) for v =A 0 , we may as well assume v &#x3E; 0. If we define

fv(x) = f (x) [evx - . -Px], then for v &#x3E; 0 we have that f y(x) is nonnegative
monotonic increasing, positive on a set of positive measure and strictly
monotonic increasing on the same set of positive measure. It follows from

these observations that lajl : laj+ll for 1 : j : m and that at least one of

these inequalities is strict. Furthermore, it is clear that (-I)j-laj&#x3E;o for
1jm. From these remarks we see that

m even

m odd

and it follows that 99(m:T + iv, Â) -=F 0 for v =A 0.
1 t remains to prove that T (mn, A) = 0 for m a nonzero integer and

A -  A  A,. If I_  A  A + we know that Q (p, Â) 0 0 for any nonzero real
number p, so we only have to consider the case A = A-. We know from
Lemma 1.2 that T($, Â_):&#x3E;O for all real $; and thus if (p($,, Â_) = 0 for
some $o, we have

Equation (2.33) implies that for such a $o we have

The function xf (x) is nonnegative, monotonic increasing and strictly mono-
tonic increasing on an interval, so the same reasoning used before shows that
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Equations (2.34) and (2.35) show that Q($, 1-) # 0 for $ = mn, m a non-
zero integer.

We have actually proved above that if g(x) is a function which satisfies
the same hypothesis as f (x) and if 1- /-lg(e»O for all real $ and some real
number ,u, then 1- /-lY(z) =A 0 for z = mn + iv, m a nonzero integer. With
this in mind, let A be a fixed, nonzero number such that I- I I+ and
define A,, = -1 sgn (A). For 0  t I define a function gt(x) by

The remark above shows that 1- gt(z) -=F 0 for z = mn -4- iv, m a nonzero
integer. Lemma 2.4 implies that given C &#x3E; 0, there exists a constant R
such that 1- gt(z) = 0 and IRe (z) I  B imply 2; .R; an examination of
the estimates in Lemma 2.4 shows that .R can be chosen independent of t

for 0 c t c 1. Rouche’s theorem implies that for each positive integer n,
1- ÂÎ(z) = 0 has the same number of solutions in Un, Vn and Wn respec-
tively as does 1- - gI(Z). According to Lemma 2.5, 1- g1(z) has precisely
two solutions in Un, , no solutions in Wn if A1, &#x3E; 0 and no solutions in TTn if

Â1  0. The same argument shows that gg(z, A) = 0 has precisely two solu-
tions z such that I Re (z) I  n if 0  A  A, and no such solutions if A -  A  0.

If n is a positive integer and Â-  A A, we know that cp(z, A) = 0 has
no real solutions z in Un and exactly two complex solutions in Un : It fol-

lows that these solutions must be a conjugate pair and exactly one of these
solutions, call it zn(Â), satisfies Re (Zn(Â)) &#x3E; 0. If A = A- and if the equa-
tion cp(z, A) = 0 has a real solution in Un, we have already seen that this
real solution has multiplicity 2, and it follows that the real solution z is
the only solution in Un. In this case we shall let zn(Â-) denote the unique
solution in Un. If Q(z, 1-) = 0 has no real solutions in Un, the same ar-
gument as above shows it has exactly one solution z,,(A-) = z in Un with
Re (z) &#x3E; 0.

We claim that the map A --). z,,, (A) is continuous for A- A A, - The

easiest argument is by contradiction. Take ,u with A-ItA, and sup-
pose that there exists a sequence £; - p and n &#x3E; 0 such that IZn(Âj) - Zn(ft)’1 &#x3E;

&#x3E; E &#x3E; 0. According to Lemma 2.4 the sequence z,, (Aj), &#x3E; 1- is bounded, so

by taking a subsequence we can assume that z,,(Aj) - C and gg(C,,u) = 0.
We know that C E Un and Re &#x3E; 0 and continuity implies gg(C, ft) = 0 ;
the remarks above imply that = zn(,u), a contradiction.

We shall also need a theorem which treats the zeros of cp(z, A) when
f(r) is not monotonic increasing on [0, 1]. As the following theorem shows, ,
one can, nevertheless, reduce to the case covered by Theorem 2.1.
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THEOREM 2.2. Let f (x) be a nonnegative, even real-valued function which
vanishes almost everywhere for Ix I&#x3E; 1. Assume that f 1 [0, 1] is continuous,
that f is not identically zero, and that there exists a number Vo &#x3E; 0 such that

(ev,x - e-v°x) f (x) is monotonic increasing on [0, 1] (these conditions will be

satisfied if f 1 [0, I- ] is continuously differentiable and f (x) &#x3E; 0 for 0  x  1-).
Let Â+, Â-, Tln, Vn, Wn and p(z, Â) be as defined in Theorem 2.1. Let J be

any compact interval of reals which does not contain 0. Then there exists a

positive integer N such that for integers m &#x3E; 2N - I and 2 E J, T (mn + iv, Â) =A 0
and for $ &#x3E; 2Nn - n, gJ(I, Â) # 0. The equation 99 (z, Â) = 0 has precisely two
solutions in Un for n &#x3E; N. If 2 &#x3E; 0 and 2 E J, the equation p(z, Â) = 0 has

precisely 2(2N -1 ) solutions z such that I Re (z)I:(2N -l)n (counting mul-
tiplicities) ; if À  0, the equation p(z, A) = 0 has precisely 2 (2N -1 ) - 2
solutions such that IRe (z)  (2N - I)n.

PROOF. Define f v(x) = (evx - e-vx)f(x). It is a calculus exercise to verify
that (eVX - e vx)(ev°x - e-VoX)-l is a monotonic increasing function for x &#x3E; 0

if v&#x3E;v,,, so it follows that fvl[O,l] is monotonic increasing for v&#x3E;vo. An

examination of the proof of Theorem 2.1 shows that if m is a positive in-
teger, v # 0 and f v j [o, 1] is monotonic increasing then

It follows that qJ(mn + iv, Z) :/= 0 for Ivl &#x3E; Vo. Since f is integrable, it is

known that given E&#x3E; 0, there exists a constant A such that if IIm (z) ( c vo
and )z) &#x3E; A one has f (z)  e. It follows that there exists a constant B such

that q(z, 1) :A 0 for I Tm z’ :vo, Â E J and I z &#x3E;B. If we select an integer N1
such that (2N,, - 1):z -&#x3E;- B, it follows that for any integer m &#x3E; 2N,, - I- and

any real number v we have 99(mn + iv, 1) -= 0 (assuming 2 E J). By letting 2
vary in J we obtain a homotopy, and Lemmas 2.1 and 2.4 imply that for
n&#x3E;NI, the number of zeros of qJ(z, Â) = 0 in Un, TVn or Wn is independent
of 2 in J. Furthermore, the number of solutions of q(z, A) = 0 such that

Izl  (2N -l)n, N&#x3E;Nl, is also independent of )1. E J.

Thus to complete the proof take a fixed 2 E J, define f,(x) = (1- t) .
f (x) +t for Ix I :L and f t(x) = 0 for Ix &#x3E; 1 and define a homotopy h,(z) by

Since (ev°x - e-vo0153)ft(0153) is monotonic increasing on [0, 1], we see that

m a positive integer.



415

The same argument as before shows that there exists an integer N&#x3E;N,
such that ht(z) =1= 0 for 0  t  I if Re (z»(2N -l)n and Ilm(z)lv,,.
Lemma 2.1 and the estimates of Lemma 2.4 now imply that for n &#x3E; Ni
ho(z) = 0 has the same number of solutions in Un as h,(z) = 0, and the
latter equation has precisely two solutions in Un (by Lemma 2.5). Further-

more, ho(z) has the same number of zeros z satisfying IRe (z)I:(2N -l)n
as hl(z), and Lemma 2.5 implies that h,(z) has 4N - 2 such zeros if A &#x3E; 0
and 4N - 4 such zeros if A  0 (counting multiplicities). Notice that one

can also conclude from the above sort of argument that for n&#x3E;N, ho(z)
has no zeros in Wn if À &#x3E; 0 and no zeros in Trn if 2  0.

To complete the proof of Theorem 2.2 it only remains to prove the
claim that if f 1[0, 1] is 01 and strictly positive, then f v(x) is monotonic in-

creasing on [0, 1] for some v &#x3E; 0. A calculation gives

if 1’(x) &#x3E; - X for O c x c 1 and if I(x) &#x3E; a &#x3E; 0 for O:0153:l, equation (2.40)
implies

If f (x) is Ci on [0, 1], the conclusions of Theorem 2.2 follow under less
restrictive hypotheses. Specifically, we need not assume f (x) is strictly
positive on [o, 1], and we have the following theorem, whose proof we only
sketch, since it is essentially the same as the proof of Theorem 2.2.

THEOREM 2.3. Let f: R --&#x3E; R be an even function such that f {x) = 0 for
lxl &#x3E; 1, fl[O, 1] is continuously differentiable and f(l) =7-1 0. Define cp(z, Â) ===
= 1- ),f(z) acnd let J be any compact interval of reals which does not con-

tain 0. Then all the conclusions of Theorem 2.2 remain valid.

PROOF. Integration by parts gives

1

If we write I = ff ’(x) [e, izx - e,- izxl dx and if z = mn + iv for m an integer
o
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we obtain

Define M= max flf’(x)l: Oxll, assume v &#x3E; 0 and notice that

Equations (2.43) and (2.44) imply that (assuming v &#x3E; 0 )

Equation (2.45) implies that there is a number vo &#x3E; 0 such that if v:&#x3E;vo,

99 (mn + iv, Â) =A 0 and consequently cp(mn + iv, Â) =A 0 for I v I &#x3E; vo. Since the

equation cp(z, 1) = 0 has only finitely many solutions satisfying A E J and
IIm (z)l v,, there exists an integer such that cp(z, Ã) =A 0 for Re (z) &#x3E;2N - I
and 11m (z)) c vo and cp(mn + iv, Â) =A 0 for any integer m &#x3E; 2 N - l-, any
real v and any 2 E J.

To complete the proof, we argue more or less as in Theorem 2.2. Define
f,(x) = (I - t) I(x) + tf (:I) for l0153l:1 and f t(x) = 0 for lxl &#x3E; I and notice
that the estimates obtained above can be taken to be uniform in t for

0  t  1. In particular N can be selected so 1 - Â!t(z) =,p4- 0 for z E a Un when
n&#x3E;N. By using Lemmas 2.1 and 2.4 (recalling that Lemma 2.5 describes
the zeros of 1- Af,(z)) } and arguing as in Theorem 2.2, one can complete
the proof.

It will be useful in subsequent sections to have information about the
relative sizes of Im (z) and Re (z) when 9?(z, = 0. The following propo-
sition will be adequate for our purposes.

PROPOSITION 2.1. Let f (x) be a real-valued, even function such that f (x) = 0
for Ix &#x3E;1, f 1 [0, 1 ] is continuously differentiable and f (1 ) =1= 0. If A is ac non-

zero real number and c &#x3E; 1, then all but finitely many zeros of

sactis f y

PROOF. If z is a solution of (2.46), - z, z and - z are also solutions,
so we can assume z = It + iv is a solution of (2.46) and It &#x3E; 0 and v &#x3E; 0.



417

Integration by parts gives

If X = max {I f ’(x) 1: 0  x  1}, (2.48) implies that

Inequality (2.49) implies that for any constant B &#x3E; 0 there can only be
finitely many solutions of (2.46) which satisfy (1) 11m (z) 1: B or (2) IRe (z) I :B.
Of course this is true under less restrictive assumptions on f. Integrating
in (2.49) gives

Write 2ac = )£ ] ] f(1 ) &#x3E; 0. Except for a finite number of solutions z = p -f- iv
of (2.46) we have IAIMv-1  ac and 2a  lzl, so (2.50) gives

Suppose c is as in the statement of the lemma and v = d ln ,u for some
d &#x3E; c &#x3E; 1 ; we can assume ,u &#x3E; e = the base of natural logarithms.

Substituting in (2.51) for v gives

If we write y(p, d) = 4d2(ln p) 2- 2d, a calculation shows that

Thus if u &#x3E; p,, &#x3E; e and d _&#x3E;- c the left hand side of (2.52) achieves its minimum
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at p = po and d = c. If po is chosen so large that

equation (2.52) cannot hold for u&#x3E;,yo. Since there are only a finite number
of solutions of (2.46) with la c,uo, we have proved that (2.47) is valid

except for a finite number of z.

REMARK 2.2. By a somewhat more careful analysis one can prove that
the zeros of q(z) === 1- Âf(z) asymptotically look like the zeros of y(z) =

= I - £(iz)-i f(I )[e?z - e-iz] . More precisely, every sufficiently large solu-

tion of q(z) = 0 is a simple zero and similarly for y(z). Furthermore, given
e &#x3E; 0 with E small enough there exists a constant lVhE such that if y(z) = 0

and lzl &#x3E; Me, then there is exactly one number z, such that IZl - zl  e

and q;(Zl) = 0. Also Me can be chosen so that if q)(zl) = 0 and izii &#x3E; Me,
then Iz, - zl  e for some z such that y(z) = 0 and ]z) &#x3E; M,.

REMARK 2.3. If f (x) satisfies the conditions of Proposition 2.1 except
that f (1 ) = 0 and if f is n + I times continuously differentiable with

f(i)(1) = 0 for Ojn-I and f (n) (I) :A 0, then there is a constant c (which
no longer can be taken arbitrarily close to 1) such that inequality (2.47)
is valid for all but finitely many solutions of (2.46). The proof is essentially
the same as before except that integration by parts must be repeated + 1
times to obtain a suitable expression for ),f(z).

In the final section of this paper we shall be interested in the spectrum
of the Frechet derivative of the operator .F : C[0, 1 ] &#x3E; C[o, 1] defined by

The Frechet derivative of .F’ at u is the linear operator L : C[O, 1 ] --&#x3E; C[o, 1]
given by

We shall prove later that, for many functions it E C[O, 1], the spectrum
of L, a(L), is given by
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where u(x) is defined to equal zero for x 0 [0, 1]. However, to prove (2.55)
or to obtain more information about a(L), we need sharp information about
the location of zeros of O(z) = 4(z) - 4(- z). That information is provided
by the next few lemmas.

LEMMA 2.6. Suppose that u: R -* R is a f unction such that ul[O, 1 ] is con-
tinuously differentiable and u(x) = 0 for x 0 [o, 1 ]. If u(l-) =A 0, there exists
a -constant M such that any solution of O(z) = 4(z) - ic(- z) = 0 satisfies
JIM (z)1  M.

PROOF. Integration by parts gives

Inequality (2.57) implies that there exists a number M (dependent only
on u (-I), u (0) and A) such that if y _&#x3E;- N one has o(z) -=F 0. Since 0 (- z) =
= - O(z), it follows that O(z) =F- 0 for Iy &#x3E; .M.

THEOREM 2.4. Suppose that u: R ---&#x3E;- R is ac f unction such that u)[0, 1] is

continuously differentiable and u(x) = 0 for x 0 [0, 1]. Assume that n(l) -=F 0.

Define O(z) = 4(z) - 4(- z) and for each positive integer n define

and

Then there exists an integer N such that if n &#x3E; N and u (1) u (0) &#x3E; 0 the equation
O(z) = 0 has precisely two solutions in An (counting multiplicity) and O(z) :5z:: 0

for z E aAn, while if n&#x3E; Nand u(I) u(O)  0 the equation O(z) has precisely
two solutions in Bn and 0 (z) # 0 for z E aBn . Furthermore, if u (1) u (0) &#x3E; 0
the equation O(z) = 0 has precisely 4N - 3 solutions (counting multiplicity)
such that Re (z)I:(2N -l)n, while if u(1) qt(O)  0 the equation 0 (z) = 0 has
precisely 4N -1 solutions such that I Re (z) ) I  2Ng. If z is a solution of 0 (z) = 0,
so is z, - z and - z. If tt(x) &#x3E; 0 for all x, then z = 0 is the only pure im-

aginary solution of o (z) = 0.
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PROOF. Notice that 0(- z) _ - O(z) and 0(z) = - O(E), so one of the

claims of the theorem is trivial. Also if v &#x3E; 0 we have

and if u(x) -&#x3E;- 0 the integrand in (2.58) is nonnegative and strictly positive
at x = 1, so 0(iv) &#x3E; 0.

To prove the rest of the theorem, observe that integration by parts gives

For 0  t  1- consider the homotopy given by

The constant M in Lemma 2.6 can be chosen so that ’lpt(z) "* 0 for Im (z) &#x3E; JI
and 0  t  1. If z = ,u -f- Zv and Iv I  M, the Riemann-Iaebesgue theorem
implies that

where the limit is uniform in v such that Ivl : J;I. We now consider two
cases: (a) u(I) n(O) &#x3E; 0 and (b) u(l)u(O)O. If z = myc + iv for m an in-

teger we have

Using (2.62) we see that if z = mn + iv, m is odd and u(1)u(0) &#x3E;0

while inequality (2.63) is also valid if u(1)u(0) 0 and *1 is even. It fol-

lows from (2.61) and (2.63) that there exists a positive integer N such that
if case (a) holds and m&#x3E;2N - 1 is an odd integer one has
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Inequality (2.64) is also valid if case (b) holds and m &#x3E; 2N is an even integer.
Rouche’s theorem now implies that in case (cc) yo(z) = y(z) and y,(z) have
the same number of zeros in An (for n &#x3E; .N) and the same number of zeros
such that IRe (z) I  (2N - I)n; while in case (b), ’lfJo(z) and 1/h(Z) have the
same number of zeros in Bn for n &#x3E; N and the same number of zeros z such
that IRe zl  2N n. The zeros of yo(z) = y(z) are the same as the zeros of
O(z) except that the multiplicity of z = 0 as a zero of yo(z) is one more than
its multiplicity as a zero of O(z). The zeros of Vl(z) are simply the solutions of

One can easily check directly that equation k’-",.65) has precisely two solu-
tions zo and zi such that ---- n  Re (Zj) n. If )u(0 ) )  lu(l) I both these solu-
tions are real, and they are distinct if lu(O) I  lu(I) 1. . If u(O) u(1 ) &#x3E; 0 and

, ),u(o)) &#x3E; lit(]) I, the solutions Zj are of the form ± iv, v real; and if

u(0)u(I ) o and lu{O)1 &#x3E; lu(l)1 the solutions Zj are of the form n 4- iv. The

general solution of (2.65) is of the form Zj + 2mn, m an integer. Using
the above information, a simple counting argument completes the proof.

REAIARK 2.4. The division of the above proof into ca,se (a) and (b) is not
particularly significant. However, if one wants to describe the location of
zeros of 6(z) in terms of strips like An or Bn, some division into subcases
is necessary, because O(z) may have zeros z such that O(z) = mn, m an integer.

We shall need more information about the solutions of O(z) = 0 in order
to determine the spectrum of .L more precisely for certain classes of fune-
tioiis u.

PROPOSITION 2.2. Assume that u : R --&#x3E; R satisfies the hypotheses of T he-

orem 2.4. If u’ (x) C 0 f or 0  x I and 0  u(l)  u(o ), the equation 0 (z) ==

4(z) - û(- z) = 0 has no real solutions z with Z -=F 0 ; and if O(z) = 0 and
z =A 0, then û(z) + A(- z) is not real. If u’(x) &#x3E; 0 for 0  x  I- and if
0 u(O)  u(1 ), all solutions of D (z) = 0 are real and are simple zeros. For

each positive integer n there is precisely one zero (n such that 2nn - n  (n 
 2nn and one zero zn such that 2nn  zn  2n:r + :T; and z = 0 is the on.ly
solution of 0 (z) = 0 such that J R e (z) n.

PROOF. First assume u is monotonic decreasing and consider 0($) for
some $ &#x3E; 0. We hav e
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n-i

where a; = ;_i£i-1 u(x) sin $xdx. Just as in the proof of Proposition 1.1,
(j -151t-1

(-1)1+la,&#x3E;O and la,l&#x3E;la,+11, with at least one of the latter inequalitiec
being strict. It follows that Laj&#x3E; 0, so 0($) # 0 foi $ real and nonzero.
If 0(z) = 0 for z -=F 0, Theorem 2.4 implies that z is not pure imaginary, y
so z = ,u + iv with p =1= 0 and v # 0. Since u(z) = û(- z), we can, in

evaluating 2i(z), assume that v &#x3E; 0. A calculation shows that

The function u,(x) =,u(x)e-vx is monotonic decreasing and strictly positive
on [0, 1], so exactly the argument used above shows (since It:A 0 ) that the
right-hand side of (2.67) is nonzero. 

Next assume that u is monotonic increasing on [o, 1] and consider 0($1 ’
for $ = mn, m a positive integer. We have

where aj is defined as above. In this case we know that (-l)j+la,&#x3E;O
for 1jm and lajllaj+ll, Ijm-1, with at least one of the latter
inequalities being strict. Just as in the proof of Theorem 2.2, it follows

that 0($) &#x3E; 0 for m even and 0(I?)  0 for m odd. The intermediate value

theorem implies that for each positive integer n there exists a real number (n
with 2nn - n  n  2nn such that 0((n) = 0 and a real number zn with
2nn  zn  2nn + :r such that 0(zn) = 0. Theorem 2.4 implies that there
is an integer N such that for each integer n &#x3E;_ N, An (defined as in Theorem 2.4)
contains precisely two zeros of the equation 0(z) =0. It follows tl1at Zn
and Cn must be the only zeros of 6(z) in An and they must be simple zeros.
Theorem 2.4 also implies that the equation 0(z) = 0 has precisely 4N - 3
solutions such that IRe (z)I:(2N -l)n. However the numbers ± Zn, :1: cn
and 0 for ]-  n  N -1 already give at least 4N - 3 solutions (more if these
zeros are not simple), , so all these zeros must be simple and there can be
no other zeros. The above argument shows that every solution of O(z) = 0
with iRe (z) I  (2N - 1):r is real, and we have already proved the same
conclusion for every solution with IRe (z) I -&#x3E; (2N - 1)7r. a,

lf u satisfies the hypotheses of Theorem 2.4 and u(I ) u(0) &#x3E; 0, we know
that for sufficiently large positive integers there exist precisely two com-
plex numbers z (counting multiplicity) such that u(z) = K(- z) and 2nn - n 
Re (z)  2n7r + yr. Since these solutions are either both real or are com-
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plex conjugates, we can label the solutions Zn and ’ and assume Im Zn:&#x3E; 0
and Re (z.) &#x3E; Re (z’). Similarly, if u(l) u(O)  0 and n is large enough there
are precisely two complex solutions z such that 2nn:Re (z)  2ngr + 2n.
We can label these solutions ’n and and assume Im (Cn):&#x3E;O and Re (’n):&#x3E;
&#x3E; Re (cn). We shall need asymptotic formulas for the numbers Zn and cn.
The following proposition simply states (in a cumbersome way) that the
zeros of O(z) asymptotically look like the zeros of u(1 )(eiz + e-iz) - 2u(O).

PROPOSITION 2.3. Assume that u : R --. R satisfies the hypotheses o f The-
orem 2.4 and let zn, z, ’n and ,: be as defined in the preceding paragraph.
If u ( 1 ) u (0 ) &#x3E; 0 and if lu(O)I: lu(I) I there exists a number a with 0  a 

 (nj2) such that lim (2nn+a-zn)===0 and lim (2nn-a-zn’) = 0. If
n-- Zn

/it(l)u(O)&#x3E;O and i f lu(O)l &#x3E; lu(l) I there exists a number b &#x3E; 0 such that

lim (2nn + ib - zn) = 0 and lim (2nn - ib - z’) = 0. I f u(1 ) u(o )  0 and if
n - n--

u (0)  I u (1) 1 there exists a number c with 0  c  n/2 such that lim (2nn +
+ n + c - ’n) 0 and Jim (2nn + n - c - (11) = o . I f u(l)u(O) :0 and if

lu(O)I&#x3E; lu(l)1 I there exists d &#x3E; 0 such that lim (2n7c -E- n -i- id - Cn) = 0.

PROOF. The proof of Proposition 2.2 is actually implicit in the proof
of Theorem 2.4. We know that there is a number M such that every solu-

tion of O(z) = 0 satisfies 11m (z) 1: M. Furthermore, if z = u + iv we have
seen that

where the limit is uniform in v such that lv I M. Given 6 &#x3E; 0 it is easy
to see that there exists 8 &#x3E; 0 such that if the distance of z to any zero of

V,(z) is greater than 6, then l’lJ’l(Z) I &#x3E; B. It follows that given any e &#x3E; 0,
for n large enough the zeros zn and zn (if u(I)u(0) &#x3E;0) or (n and lll (if
u(l)u(O)O) must be within e of a zero of ’ljJl(Z). Assume for definiteness

that u(l)u(O)-,O. We have already remarked in the proof of Theorem 2.4
that the zeros of V,,(z) in An are of the form 2n;z ± a, 0  a a/2, if lu(O) I
 )u(1) ) I and of the form 2n7c ± ib, b &#x3E; 0, if )u(0) ) &#x3E; lu(I) 1. This completes
the proof in the case that zc(1 ) 2c(o ) is nonnegative; and if u(l)u(O) 0,
the argument is similar.

3. - Positive solutions of the integral equation.

In this section we shall assume that f (x) is a nonnegative continuous
function for 0 : 0153  1 and we wish to investigate the number of nonnegative
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solutions of the equation

If f (x) ==1 for 0  x I this question has been investigated by G. Pim-

bley [10] and R. Ramalho [12]. For this f(x), Pimbley claimed to prove
the existence of at least two distinct positive solutions ug and rg for 0  £  §
such that u), (x)  va,(x) for 0 c 0153 ’- 1, the map Â -&#x3E; ag is continuous for 0  2  -1
Â - rg is continuous for 0  A  2 I- and uAt). = 1);. for = 1. Building upon
Pimbley’s work, Ramalho claimed to prove that in fact for 0  A C 2 (with
f(x) = 1) equation (3.1) has precisely two solutions. Unfortunately, the
proof of Theorem 14 in [10] is wrong, and Theorem 14 plays a crucial role
in both papers. As a result, Pimbley’s paper only proves the existence of
one positive solution for 0  I  -1, while Ramalho’s argument only yields
the existence of at least two positive solutions.

Since Theorem 14 in [10] plays such an important role in [10] and [12],
it may be useful to discuss the error in its proof. If f (x) =] and it is a posi-
tive solution of (3.1), Pimbley defines L: X === C[07 11 --* X by

If 0  A j- he claims that every eigenvalue of L other than its spectral
radius is strictly less than one in absolute value. He defines

and he observes that L : Y - Y and that to prove the claim about eigen-
values it would suffice to prove

Pimbley then claims to prove inequality (3.3). Hoivever, the jump from
the inequalities on p. 121 in [10] to inequality (25) on p. 122 is not justified.
In Pimbley’s notation in his Theorem 14 he shows that
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where

Pimbley then claims (on page 122) that

while in fact all that one can legitimately conclude is that

a much weaker result. In fact, Nancy Baxter has proved in her disserta-
tion that inequality (3.3) is false for sufficiently small Â &#x3E; 0. The proof
involves showing that if v), is any positive solution of (3.1) for f (x) =E 1
different from the fundamental solution u)., then if g e C[0, 1] one has

In other words, ),v), approaches twice the delta function in the sense of distri-
butions ; generalizations of this fact will be given in a joint paper of this
author with M. Mock. In fact it is unclear whether all eigenvalues of L
other than its spectral radius are less than one in absolute value. However,
it is a corollary of results in Section 5 of this paper that if f (x) =1, for
0  x  1, 2 &#x3E; 0 and u is a positive solution of (3.1 ), then the spectral radius
of .L is its only real eigenvalue; and this fact would have been sufficient to
justify the arguments in [10] and [12].

Our basic result will prove the existence of precisely two positive solu-
tions of (3.1) for’O  2  ),, and for reasonably general positive func-
tions f (x) - Because of the previous comments this result is new even if

/(.r) == ly and in fact the result seems inaccessible if one just uses the ideas
in [10, 12].
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Our first proposition shows that the solution ui insured by Theorem 1.2
is nonnegative for 0 : A  ),,+ if f (x) is nonnegative.

PROPOSITION 3.1. Suppose that f E C[o, 1] =X is nonnegative and not iden-
tically zero and extend f to be acn even function such that f (x) = 0 for Ix &#x3E; 1.

1

Define )1.+ == (2ff(x)d0153)-1 and de f inc ac continuous map FA: X - X by
0

For Â : 2 arcd 2 -A 0 define numbers I’ and IA by

and define I - = ff (x) dx for Â = 0 . For O:Â:Â+ there is ac unique, non-
0

negative continuous function u (x) = UI;’(X) which satisfies (3.1 ) for 0  x : 1
and is such that

The function ua,(x) satisfies 

ecnd the map )1. ----&#x3E;. uA E X is continuous f or 0 : À  A+. If v(x) = vA(x) is any
other nonnegative, continuous solution of (3.1 ), then u(0153) :v;.(x) for O:0153:l.
Furthermore, if for fixed ,1, 0  A  2,, one defines wo (x ) = f (x ) for 0  x c 1
and Wn = FA (w,, -,) for n &#x3E; 1, then one hacs

and Wn --+ uA in the 0[0, 1] topology.

PROOF. Let ui(x) be the unique, continuous real-valued solution of (3.1 )
such that equation (3.7 ) is satisfied for 0  2  ),, - The existence and unique-
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ness of such a uA is insured by Theorems 1.3 and 1.4, and these theorems
also guarantee that Â - ui is continuous as a map into X. Taking $ = 0
in equation (1.6) (in Lemma 1.1) gives

and one obtains from (3.9) that

1

Since Iu).(0153)d0153 varies continuously with ), for 0   ),, and Ii approaches
0 1

+ oo as Â approaches 0 we must have f uA(x) dx = I- for A small, and
o

since I-  1+ for 0   ).+ it follows that fu,,(x)dx = IA for 0  Â : Â+.
o

We next claim that uA(x)&#x3E;O for Oxl and O:Â:Â+. It suffices to

prove this for 0  2  A+ because we know that uA(x) --+ uÄ+(x) as 2 --+ Â+.
First assume that f(x) is strictly positive for Oxl and define by

(3..11) }1 === sup {Â&#x3E; 0: us(x»ü for O:s:Â, OX1-, 1  1 +) .

We know that ui = f for ;, = 0 and A - ui is continuous, so ),1 &#x3E; 0. If

)1.1  Â+, the definition of Âl implies that uÄ1(x)&#x3E;0 for 0 c x c 1 and uÂl(0153) = 0
for some x with O:0153l. However, if 1 &#x3E; 0 and u is a nonnegative solution
of (3.1), one can see directly from (3.1) that u(x) = uÄJ0153) &#x3E; f(0153) &#x3E; 0. Thus

we have proved that uA (x) &#x3E; 0 for O:ÂÂ+, 0 c x c 1, (if we assume f (x)
is strictly positive).

Next assume only that f(r)&#x3E;0 for 0 c x c 1, take Â Â+ and define

f E(x) = f (x) -}- g for E &#x3E; 0. For small enough the equation

has by our remarks above a positive solution u = he such that
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Lemma 1.7 implies that he approaches in the Li[0, 1] and L2[o, 1] norms,
and Lemma 1.8 shows that there is a constant 1J1 independent of E &#x3E; 0

such that

The argument used in the proof of Theorem 1.3 now shows that h, ap-
proaches nA in the sup norm as e --&#x3E;0, so ua,(x) is nonnegative for 0  x  ]-.

For notational convenience introduce a partial ordering on X by Uv
if u(x)v(x) for 0 : 0153 : 1. One can see that if 0  u  v (where 0 denotes
the function identically zero) and if À &#x3E; 0, one has fFa(u)FA(v). Thus

if wn is defined as in the statement of the proposition and if Â&#x3E; 0, one has
wl &#x3E; wo = f, and induction implies that wn +1 &#x3E; wn for n &#x3E; 1. If A  2, we also
have that wo ; ui and generally

for n &#x3E;_ 0. It follows that wn(x)  uA(x)  B and wn(x) is a monotonic increasing
sequence with lim wn(x) = w(x). The Lebesgue dominated convergence

n-&#x3E;

theorem implies that

We leave as an exercise the fact that F). gives a continuous map of LI[O, I]
into itself, so (3.14) implies that

where the limits in (3.15) are taken in the Z1[o, 1 ] norm. We know that
w(x)  B for 0  x  1, so Lemma 1.8 shows that w(x) can be taken to be
continuous on [0, 1] and w satisfies (3.1). Our construction shows that

f  w ,uA, and since the integral of w must equal Ii or IA- we conclude that

We find from (3.16) that
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The integrand in (3.17) is nonnegative, so we must have nA = w. Notice

that w(x) - ’lOn(x) = hn(x) is a decreasing sequence of continuous functions
such that lim hn(x) = 0 for 0 c x c 1, so Dini’s theorem says that the limitn--

is uniform in x, 0  x  1, and lim wn = ui in the C[O,l] norm.
n-+oo

The previous argument actually shows that if va, = v is any nonnegative,
continuous solution of (3.1 ), then uA = wvA. To see this, note that

wo = f c va , and one obtains by induction that

Taking the limit as n --&#x3E; oo gives uA  vA. If wi is a nonnegative, contin-
uous solution with integral equal to IA , , then just as before we find

Since the integrand in (3.19) is nonnegative, we have ut = vA. m

COROLLARY 3.1. Let notation and assumptions be as in Proposition 3.1.
1

I f 2 = Â+ = (2 If(0153)d0153)-l, equations (3.1) has precisely one nonnegative, con-
0

tinuous solution.

PROOF. The proof of Proposition 3.1 showed that any real-valued, in-

tegrable solution n of (3.1 ) must have integral equal to IA or IA: and that
there is exactly one nonnegative continuous solution of (3 .1 ) for 02).+
with integral equal to 1-. Since Ii = Ij when ).. 2,, the proof is com-
pleted.

REMARK 3.1. The proof that there is at most one nonnegative solution
of (3.1) with integral equal to I- is implicit in Ramalho’s paper [12].

Our next proposition shows that under the assumptions of Proposition 3.1
there must always be at least one nonnegative continuous solution vz

of (3.1) for 0  A  + such that va # uA for 0  À  A.+ and À --&#x3E; v). is con-

tinuous.

PROPOSITION 3.2. Assume that f (x) satisfies the same hypotheses as in
1

Proposition 3.1 and for 0  Â  A+ === (2 If(0153)d0153)-I let i(3). be the unique pure
0

imaginary zero z of 1- 2f(z) = 0 such that (3). &#x3E; 0. (The existence of (3). is

insured by Lemma 2.3). For 0  A  Â+ let 1)). be the unique, real-valued,
continuous solution of (3.1 ) such that i(3). =z is the only solution of 1- 2 va,(z) =0
with positive imaginary part (v).(0153) = 0 for x 0 [0, 1]). (The existence of vk
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follows from Theorem 1.4). Define vA == uA for 2 = Â+. Then the map
A --&#x3E; vA is continuous as a macp of (o, ). +] into X = C[O, 1] and vA is a non-
negative function for 0 C Â : Â+.

PROOF. The proof of Theorem 1.4 shows that

Equation (3.20) shows that

so to prove that 2 --+ v). is continuous for 0  h  2, it suffices to show that

where WAI[O, 1] is continuous, wA(x) = 0 for x 0 [0, 1], and - wA E X =

== C[O, 1] is continuous for 0  ),  )1.+.
However, Krein’s lemma (Lemma 1.6) gives an explicit formula for wA(x)

for Oxl:

Since the map Â --&#x3E; (3). is continuous for 0  Â  Â+ and (3). = 0 for Â = ),+,
one can obtain directly from (3.23) that Â ---&#x3E;- 2ua, E X is continuous for

0  2  )1.+ and wi approaches the zero function as 2 approaches )A+.
It remains to prove that vi is nonnegative. First assume that f (x) is

strictly positive for 0 C x C 1 and define Àl === inf {Â &#x3E; 0: v 8 is nonnegative
for As C /t+}. We know that wi = nA for ). = )A+ and that uA&#x3E;f for 0  1  1 + .
It follows that v,+ is strictly positive on [0, 1] and the continuity of Â - wi
implies that vz is strictly positive for ), near 2+. If a41 &#x3E; 0, the continuity
of 2 ---)- vz implies that vÂ1 must be nonnegative. Furthermore v,,.(x) = 0
for some x E [0, 1], since otherwise vi will be nonnegative for Àl - e :
. On the other hand, any nonnegative solution v of (3.1) for 1 &#x3E; 0

satisfies v(x)&#x3E;f(x) for Oxl, so we have a contradiction.
It remains to show that wi is nonnegative if f is nonnegative, and it

suffices to prove this for 0  ).  )1.+. For e &#x3E; 0 define f E(x) = f (x) + s for

l0153l  1, f E(x) = 0 for l0153l &#x3E; 1, let if3A) be the unique pure imaginary solu-

tion of 1- Àjë(Z) such that (38) &#x3E; 0 (for 0  A  À(e), and let VA) be the
corresponding solution as in the statement of our proposition. We leave
it to the reader to show that lim (38) === (J). and that lim v(A) = va, (use Lem-,--0 C-0 A
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mas 1.6 and 1.7). Since v(e) is strictly positive on [0, 1], for 6 &#x3E; 0 and e small,
it follows that v,4 is nonnegative.

We shall also need a classical result from the theory of analytic maps,
of several variables. The following result is due to Jane Cronin-Scanlon [5];
a nice presentation of these ideas can be found in [11]. The reader who is
not familar with topological degree may want to ignore Lemma 3.1 below
and just accept Lemma 3.2 as a basic fact about analytic maps.

LEMMA 3.1 (see [5]). Let U be a bounded open subset of Cn, complex n
dimensional space, and let h : U---&#x3E;Cl, be a continuous map such that hlU is
an analytic map and h(z) -=F 0 f or z E a U. Then it follows that the equa-
tion h(z) = 0 has only finitely many solutions in U, deg (h, U, 0 ) &#x3E; 0 and
deg (h, U, 0 ) &#x3E; 1 2 f h(z) = 0 for some Z E U.

LEMMA 3.2. Let G be a bounded open subset of Cn and let h : G X [a, b] ---&#x3E;. Cn

be a continuous. map such that h(., 2): G - Cn is analytic for a :)1.  b and

h(z, A) -=F 0 for (z, I) E (8G) X [a, b]. Assume that h(wo, a) = 0 for some wo E G.
Let S = {(w, A) E G X [a, b] : h(w, 1) = 0}. Then there exzsts a connected sub-

set So c S such that (wo , a) E So and (w,, b ) E So for some (WI’ b) E S.

PROOF. Define A = f(w,,, a)} and B = f(w, b) E S}; A and C are closed,
disjoint subsets of the compact metric space S. Assume that there does

not exist a connected subset D of S such that D n A and D n B are non-

empty. Theorem 9.3 in Chapter I of [15] implies that there is an open
subset Q of 0 x [a, b] (open in the relative topology) such that A c S2, B r1 D
is empty, y and h(w, 1) -=F 0 for (w, À) E Q - S2. For notational convenience

define hA(z) = h(z, Â), S2,, = {z: (z, Â) E S21. The homotopy property for

topological degree implies that

On the other hand, h(wo, a) = 0 and w, c- Q,,, so

The construction of ,S2b implies h(w, b) 0 0 for w c Qb, so

The above equations give a contradiction, so the initial assumption that
there does not exist a set like D above was wrong. a

With the aid of Lemma 3.2 we are now in a position to prove our basic
theorem about positive solutions of equation (3.1).
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THEOREM 3.1. Assume that f: [o, 1] - R is n times continuously dif-
ferentiable (n&#x3E;O), f(j)(l) = 0 for O:jn and 1), f(n)(1) &#x3E; 0. Suppose also

1

that f (x) &#x3E;, 0 for 0 c x c 1. Then for 0   ).+ === (2f f (x) dx) -1 equation (3.1 )
0

has precisely two positive solutions uz(x) and v;.(0153). For Â = 2, equation (3.1)
has exactly one positive solution. The solutions uz and vz satisfy f (x)  uA(x) 
v),(x) for Oxl, the map I - ui e c[o, i] is continuous for 0 c ?, c ?,+
and ), --+v). E CEO, 1] is continuous for 0  ÂA,+.

PROOF. Assume first that fl[O,l] is continuously differentiable and

t(x) &#x3E; 0 for 0 c x c 1. Let ui and vz be as in Propositions 3.1 and 3.2,
respectively. Suppose that for some )1.0 with 0  Ào  Â+ equation (3.1 ) has
a nonnegative (hence strictly positive) solution n with u =f=. u Âo’ U=Ava..
Let S = {a: Im (a) &#x3E; 0, 1- Àou(a) === O} and for each ce e S let k(a) denote
the multiplicity of a as a zero of 1- Âoû(z). (As usual we have defined
u(x) 0 for x 0 [0, 1] ). We know that if f (x) is extended to be even and

f (x) = 0 for Ix &#x3E; 1, then

so by Lemma 2.3 1- 2,,A(z) = 0 has at most one pure imaginary solu-

tion i(3 with (3 &#x3E; o. Assume for definiteness that 1- 2,4(z) has such a
pure imaginary solution and define Z* == {a E S: Re (a) &#x3E; 0}. By using the
explicit formula given in the proof of Theorem 1.4 we find

If 1 - A,, 4(z) has no pure imaginary zeros ifl with # &#x3E; 0, v,,, is replaced
by u., in (3.27). Let m denote the number of elements in 1:, counting mul-
tiplicities, so that a is counted k(a) times. By Theorem 2.2 there exists
an integer N such that (2N -l)n &#x3E; Re (a) for a E1: and 1- lj(z) # 0 for
).o  I  I+ and for Re (z) = (2N - 1) a. By Lemma 2.4 there exists a con-
stant if such that Im (a)  M for a E 1: and such that any solution of
1- Af(z) =0 for 2,,  2  A, and Re (z):(2N -l)n satisfies Im (z)  M. Ac-

cording to Lemma 2.3, 1 - Af(z) =A 0 for 0  Re (z)  n and 0 ,Z  A,, and
Lemma 2.2 implies that there exists s &#x3E; 0 such that I- hj(z) # 0 for
(A , z) such that 0  2  ), n  Re (z)  (?N - i ) n and IIm (z)ls. With this
notation, define a set U by
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and define an open subset G of Cm by

We shall assume that the elements oc of I have been ordered in some way,
say as (aI’ ..., am) (each element is repeated as many times as its multi-
plicitly k(L-t)). Our construction shows that (aI’ a2, ..., am) E G and that
1 - ).f(z) :/= 0 for z E a U and ÂoÂ+. . Define a map h: 0 x 2 ] ---&#x3E;- Cm
by h(zl, Z21 ..., I Zm;,) == (Wl ... , I win) , where w, = 12013 ÀJ(Zj). According to

Lemma 3.2, there exists a connected subset D of G X [Ào, À+] such that

h(z, 2) = 0 for (z, A) E D, (0153, }vo) == (aI’ a2, ..., am, Ao) E D and (w, A+) E D
for some WE G.

For each element (Zl, ..., zm) ED define a continuous function Âu ==
=== W(zi , Z2, ..., Zm, A) ± C[o, 1] by defining u(0153) = 0 for 0153 tt [0, 1] and writing

we have already seen in the first section that this defines a function

U E C[o, 1], and we have shown that 2 ---&#x3E;- vz E C[O, 1] is continuous. Since

Im (zj) &#x3E;- E &#x3E; 0, equation (1.82) in Section 1 enables one to give a formula
for ),u as the convolution of certain functions with wi, and one can see

directly from the formula that 0 is a continuous map into C[O, 1 ].
We claim that ),-10(Zll I Z21 ..., zm, )1.) gives a nonnegative solution of (3.1 )

for each (z, )1.) E D. Define Oi = {(z, )1.) e D : ),-i W(z, )1.) is a nonnegative so-
lution of (3.1)}.

We know that 01 is nonempty and closed (because 0 is continuous);
however, if u is a nonnegative solution of {3.1 ), u(x) &#x3E; f (x) &#x3E; 0 for 0  x  1,
so continuity of 0 also show s that Oi is open. Since D is connected we con-
clude that Oi = D. If (w, Å+) E D, we conclude that Q == O(w, }I.+) is a non-
negative solution of (3.1) such that 1- ).+§3(z) has zeros with positive im-
aginary part. It follows thatQ=A ul, , and since uÂ+ is the only nonnegative
solution of (3.1 ) for I = )v+, we have a contradiction.

It remains to prove that there are precisely two nonnegative solutions
under the hypotheses of the theorem. As before, suppose that 0  )  2+7
that u is a nonnegative solution of (3.1 ), and that u # uA, u =A va, . Vve shall

obtain a contradiction. Extend u(x) = 0 for x 0 [0,1] and let S and Z
be as defined before. If cc is a zero of 1- 2A(z) of multiplicity k(x) we
know that a is a zero of 1- ),f(z) of multiplicity m(oc) &#x3E; k(a) (where f (a)
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is extended to be even and f (x) = 0 for Ixl &#x3E; 1 ). Let n be as in the state-

ment of the theorem. If n = 0, let f,(x) be a sequence of real-valued func-
tions such that f,(x) approaches f (x) uniformly in x for 0 c x c 1, /j[0yl]
is continuously differentiable, and f j (x) &#x3E; 0 for 0  x  I ; if n &#x3E; 1, define

f j(x) = f (x) + j_1(1- x)n-1 for 0  x  1. Extend f ;(x) to be even and equal
to zero for l0153l ( &#x3E; 1. Given e &#x3E; 0, it is an application of Rouche’s theorem
to show that there exists N &#x3E; 0 such that for j&#x3E;N and any a E ,S,
1- ÀJj(z) has precisely m(oc) zeros such that Iz -,xl  c and no zeros z with
Iz - al === ê for some a E 8 and Im (z) &#x3E; 0. We can assume that E is so small
that E discs about elements of S are pairwise disjoint and contain no complex
numbers with nonpositive imaginary part. Let Tj denote the set of zeros
of 1- 2fj(z) such that iz - ce)  8 for some a E S. Let S; denote a subset
of T; . For each (3 E Tj let mj(fl) denote the multiplicity of # as a zero of
1- 2fj(z) and for (3 E 8j let kA(3) denote a positive integer such that kA(3) 
mA(3). We can assume that it fl E 8j, - P E 8j and kj((3) = kj(- fl). Fur-

thermore we can arrange that

According to Theorem 1.4 of Section 1 there is one and only one solution u,
of the equation

such that the zeros (3 of 1- 24j(z) with positive imaginary part are pre-
cisely the elements of Sj with multiplicity (as a zero of 1- ),llj(z)) 7cj(f3).
By using the formula (3.27) and the results of Section 1 one can see that

uj --*it in C[O,l] (we leave the details to the reader).
Now assume that n === 0, so f (1) &#x3E; 0 and ,f (x) is continuous and non-

negative on [0 1 1 ]. we claim that ii(x) &#x3E; 0 for 0  x  1. wc have

so there certainly exists 6 &#x3E; 0 such that u(x) &#x3E; a &#x3E; 0 for 1- - 6  x  I and

0  x  6. We claim that u(x) &#x3E; 0 for 0  x  I - If not, define xo = inf (x &#x3E; 0 :

u(y) &#x3E; 0 for x  y  11. Our construction implies that u(xo) = 0, u(y) &#x3E; 0

for zo  y  1 and ð  0153o  1 - ð. However, because u(x) is assumed non-
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negative, we obtain from (3.1) that

Equation (3.31) gives a contradiction, so we conclude that u(x) &#x3E; 0 for

0  x  IL. Since u, approaches u uniformly in x c- [0, 1], we conclude that
uj(x) &#x3E; 0 for O c x c 1 and for j large. We also know that nj is not one of
the nonnegative solutions of (3.29) insured by Propositions 3.1 and 3.2,
because 1- ),4j(z) = 0 for some z with Re (z) &#x3E; 0 and Im (z) &#x3E; 0. On the

other hand, f j is strictly positive and C’ on [0, 1], so the first part of the proof
shows that (3.29) has precisely two nonnegative solutions in this case. This

contradiction (for n = 0) shows that the original assumption of a third
nonnegative solution u was wrong.

We have proved Theorem 3.1 for n = 0. If we can prove that if the

theorem is true for a given n &#x3E; 0 then it is true for n + 1, we will be done
by mathematical induction. Thus suppose the theorem true for n and let

f (x) be a nonnegative function such that f E Cn+1[o, 1], f?&#x3E;(1 ) = 0 for 0  I  n
and (- I )n+i f"+i&#x3E;(1 ) &#x3E; 0. As before, define f j(x) = f (x) + j-’(l - x)n. By

1

inductive hypothesis, if 0  1  A,+ === (2 If(x)d0153)-l and j is large enough,
o

equation (3.29) has precisely two nonnegative solutions. If, as before, we
suppose that u =,z-z u., U:A VA, is a nonnegative solution of (3.1) and that uj
is defined as before, we know that uj - u in the C[O, 1] norm. It then fol-

lows with the aid of Remark 1.2 in Section 1 that lim Ujk)(X) == U(k)(X)
uniformly in z = [0, 1] for 0  k  n + 1. If we can show that uAx):&#x3E;O for

0 c x c 1 and for j large enough, then just as in the case n = 0, we will have
a contradiction.

Thus it remains to show that u; (x) is nonnegative for large. Starting
from the formula

it is relatively easy to see that u(j) and
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by continuity there exists 6 &#x3E; 0 such that
Similarly, starting from the equation

one can show that

If j is selected so large that (_ 1),,lUn+,)(X) &#x3E; 0 for 1- öx:l and &#x3E;J
and if Taylor’s formula with remainder term is used at x = 1, one con-
cludes that f or j &#x3E; J

Similarly, Taylor’s formula implies that u(x) &#x3E; 0 for 1 - 6 - x  1. If one

uses the same argument used before for &#x3E;1 = 0 one can conclude that u(x) &#x3E; 0

for 0  x I - 6. Since uj(x) approaches e«x) uniformly in x c [0, 1 - 6],
one concludes that for j large enough tt,(x)&#x3E;O for 0 ,qs 1 . a

REMARK 3.1. It is important to allow the possibility /(1) = 0 in The-
orem 3.1. In fact, if the original integral equation which leads one to con-
sider (3.1) comes from a three dimensional problem by assuming radial
symmetry [3, 4], then it is necessary that f (1) = 0.

It is plausible that Theorem 3.1 is true under the weaker assumption
that f(x) is nonnegative, continuous and not identically zero on [0, 1], but
we have been unable to prove this. We would like to mention, with only
an outline of the proof, , a result which suggests that something sharper
than Theorem 3.1 should be true.

PROPOSITION 3.3. Suppose that fl[0,1] is continuo1aesly differentiable,
/(l-)=O, f(O)&#x3E;O and f’(x)----O for Ox-1. Then for 0),).,=

1

= (2 ff(x)dx)-I, equation; (3.1) has precisely two nonnegative solutions.
0

Outline of proof. First one proves that, under the assumptions on f,
any nonnegative solution u of (3.1) satisfies u(l) === 0 and u’(x) C 0 for

0----xl. According to Theorem 1.4 and Lemma 2.3, proving that (3.1)
has precisely two positive solutions for 0  2  A is equivalent to
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showing that

has no solutions z = a + ip with a &#x3E; 0 and (3 &#x3E; 0. If (3.36) had such a
solution, then taking the imaginary part would give

The function v(x) is monotonic decreasing on [0, oo), continuous and

lim v(x)  v(O). By using an argument like that at the beginning of the
X--

proof of Theorem 2.1, one shows that this implies

Notice that strict inequality may fail in (3.38) if v(x) is not continuous, e.g., if
v(x) = 1 for OXl, v(x) = 0 for X&#x3E;l. 0

we now want to consider the question of uniqueness of positive solu-
tions of (3.1 ) when ),  0. The situation here is more complicated than for
positive ),; equation (3.1) may not have a positive solution for a given A
with ), -  0. For a given f (x) our results will give only a crude idea
of the range of negative for which (3.1) has a positive solution or a unique
positive solution.

we begin with some simple lemmas.

LEMMA 3.3. Let f(x) be a continuous, real-valued function for 0 :x]
and define A = max f (x) j I for 0 c x c 1. If B &#x3E; 0 and if ), is such that

then equation, (3.1) hccs one ccnd only one continuous solution u(x) = it such
that 11 n - f 11  B (the norm is the sup norm).

PROOF. Define D = lu c- CEO I I ]: 11 u - f 11  BI and define FA: D ---&#x3E; CEO, 11 b’.v
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If u, v E D, then straightforward estimates give

Equation (3.40) shows that if (3.39) holds, FAID is a contraction mapping
with Lipschitz constant

and one has

so Fi(D) c D. It follows that Fi is a contraction mapping of .D into D and
therefore has a unique fixed point in D. N

Our next lemma is a slight modification of Lemma 3.2 to allow un-

bounded G.

LEMMA 3.4. Let G be an open subset of Cn and let h : G X [a, &#x26;) &#x3E; Cn be

a continuous map such that h(’, Â): G --+ Cn is analytic for a : À  band
h(z, Â) # 0 for (z, À) e aG X [a, b]. Given any E &#x3E; 0 assume that there exists

Me &#x3E; 0 such that any solution (z, Â) e G x [a, b - s] of h(z, Â) = 0 satisfies
Iz/:ME. Assume that h(wo, a) = 0 for some wo E G and write S === {(w, Â) E
e G X [a, b) : h(w, Â) = O}. Then there exists a connected subset So of S such
that (wo, a) e ,So and for every )1. with a : )1.  b there exists w). e G such that

(W).,Â)ESo.

PROOF. Let bn  b be a monotonic sequence approaching b and write
ac = bo. Let S(n) = {(w, À) e G X [bn, bn+I]: h(w, A) = O}. By applying Lem-
ma 3.2 and using the fact that each S"&#x3E; is bounded and hence can be con-

sidered a subset of Gn X [bn, bn+1], where Gn is a bounded, open subset of G
such that h(w, À) =1= 0 for (w, Â) E oGn X [bn, bn+I]’ there exists a connected
subset So°&#x3E; of S(O) such that (wo, a) e SoO) and (w1, bl) e So° for some WI e G.
Applying Lemma 3.2 again, there exists a connected subset So(1) of S(l) such
that (WI’ bl) e So(1)) and (w2, b2) e So(1 ) for some W2 E G. Generally, there exists
a connected subset Sg"n of s(n) such that (wn, bn) E sn-1) n sn) and

(wn+1, bn+1) e S§’+n for some Wn+I e G. Define So = {(w, h) : (w, Â) e sn) if

bn:Â:bn+l’ n:&#x3E;O}. One can check that So is a connected subset of S. We
claim that given À with a  Â C b, there exists w E G such that (w, Â) e So.
If not, we could write So as the disjoint union of two nonempty relatively
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open subsets, namely

(Ro is nonempty because (wn, bn) E Ro for bn &#x3E; Â). Equation (3.42) con-

tradicts the connectedness of So..

Using Lemmas 3.3 and 3.4 we can obtain a result concerning existence
and uniqueness of nonnegative solutions of (3.1 ) for A),  0.

THEORE3i 3.2. Assume that f : [0, 1] ----&#x3E;. R is a continuously differentiable,
strictly positive function. Let Â* c 0 be a number such that if u(x), 0 c x  1,
is any continuous nonnegative solution of

for some A with Â* : Â : 0, then in fact u(x) &#x3E; 0 for 0 : 0153 : 1. Then equa-
tion (3.43) has exactly one positive solution u for each A with ).*  h 0 and
), &#x3E; À- A,- is defined as in Lemma 1.2, Section 1).

REMARK 3.2. Notice that there is no assumption of existence of positive
solutions of (3.42) in the definition of ),,.

As we shall see later, for a given function f (x) one can give a rough
estimate of A*.

PROOF. As usual, for  A  0 , let ua,(x) denote the unique solution
of (3.43) such that 1- AiA(z) =I=- 0 for Im (z) &#x3E; 0 (where ua(x) = 0 for

x 0 [0,1]). We have already seen in Section 2 that lim ui = f in C[O, 1],A-0

so UA(x) is strictly positive on [0, 1] for 2 small and negative. We claim
that uA(x) &#x3E; 0 for ),,  2  0 and O:0153:l. If not, define A1 by

The continuity of the map Â - ui shows that uA"(x) &#x3E;, 0 for O:0153:l, and by
assumption Âl:&#x3E;Â* and uA1,(x) = 0 for some x. However, the definition of A*
shows that this cannot happen.

It remains to show that there is precisely one positive solution for

2,  ),  0 and Â &#x3E; A -. The general idea of the proof is the same as that
of Theorem 3.1, so we will be sketchy. Suppose that for Âo with A,  Ao,  0
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and }A- Âo equation (3.43) has a nonnegative solution u with n 0 uz .

Define u(x) = 0 for x 0 [0, 1] and as in Theorem 3.1 define S = {a: Im (a) &#x3E; 4,
1- 2,, i(ot) = 0} and define k(cx) to be the multiplicity of a as a zero of

1- 2,, it(z) = 0. Since any zero of 1-- 2,,4(z) = 0 is a zero of 1 2013 2,f(Z) = 0
(where f (x) is even and f (x) = 0 for .r &#x3E;1) Lemma 2.3 implies that

IRe (Lx) I &#x3E; 7r for every element of S. The explicit formula in Theorem 1.4
implies that if M = {x E S: Re (a) &#x3E; 0}, then

Just as in Theorem 3.1 , there exists an integer N &#x3E; 0 such that (2N -l)n &#x3E;
&#x3E; Re (a) for a E E and I - 2f(z) # 0 for ),o  h  0, and Re (z) = (2N - 1) n.
Since we are assuming Â- Âo, there exists e &#x3E; 0 such that 1- 2f(z) =A 0
for 2,,  A  0 and for z with I Im (z) I  E. Lemma 2.3 implies that

1- Af(z) =A 0 for z with IRe (z) ) n and for ).o  ), 0 ; and Lemma 2.4 im-
plies that if A,  2  - 6  0, there is a constant A (b) such that if 1 2013 ),f(z) = 0
and I R e (z) I  (2 N - 1) 7r then Im (z) I  A (6). We now define an unbounded
open set U by

and note that 1- ),f(z) :A 0 for z c a U and ).o  ),0.
As in Theorem 3.1, let m denote the number of elements in M, counting

the multiplicity k(a), and assume that the elements of Z have been ordered
in some way, say as (a¡,..., am). Define an unbounded, open subset G

of Cm by

and define a map h : GX[Âo, 0) -&#x3E; Cm by h (zl , ..., zm , )1.) == (WI’ ..., wm ), where
w, = 1- 2f(zi). Our construction shows that the hypotheses of Lemma 3.4
are satisfied, so there exists a connected subset D of G x [),,, 0) such that
h(z, Â) = 0 for (z, A,) = D, (xiy ..., x,., ,10) E D and if ,1 is such that /’Lo/.  0, 1
there exists z E G with (z, A)ec D.

For each (z, h) E D, z = (zl , zz , ..., zm ), define a continuous function Aw =

= Ø(z, ),) E C[o, 1 ] by w(x) = 0 for x 0 [0,1] and

Essentially the same argument used before still shows that the map (z, A) -
-&#x3E; )1.-1 l/J(z, ),) is a continuous map of D into C[O, I] ] and that ).-1 l/J(z, A) is
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a nonnegative solution of (3.43) for every (z, h) E D. It follows that for

every 2.  2  0 there is a nonnegative solution wA =t- uA of equation 3.43.
However, any nonnegative solution w of (3.43) must satisfy w(x)  f (x).
This shows that there exists a constant B = Ilfll 11 such that 11 wx 11  B for
Âo:ÂO. However, Lemma 3.3 shows that for I small enough, equa-
tion (3.43) has precisely one solution u with 11 u - f 11  B, whereas uz and uo
are both solutions with this property. This contradiction completes the

proof.

REMARK 3.3. One can also prove a version of Theorem 3.2 for functions

f (x) with /(1) = 0, e.g., f (x) = 1- x for 0 ; x c 1. However, there is a large
gap between what one can prove about nonnegative solutions of (3.43)
for such f (x) (for 1  0) and what is probably true. For instance, numerical
studies and a variety of heuristic arguments suggest that for f (x) = 1- x

equation (3.43) has a positive solution (probably unique) for every 1  0.

The results we have actually been able to prove for this function are much

weaker, and we omit them.
As an example we would like to apply Theorem 3.2 to equation (3.43)

fo-r f (x) =1. The result we shall prove was claimed by Ramalho [12],
though, as is observed in [2], there is a gap in the proof. A correct proof,
different from the one given here, was obtained by N. Baxter in [2]. Num-
erical studies in [2] suggest that for the f (x) above, equation (3.43) has a

unique positive solution for (approximately) - 2.1  1  0. The number Å-

is approximately - 2.3 in this case.

COROLLARY 3.2. The equation

has precisely one positive, continuous solution u(x) for -! : Â  O.

PROOF. Suppose that - ] ),  0 and that u(x) is a nonnegative con-
tinuous solution of (3.46). According to Theorem 3.2 it suffices to show that

u(x) &#x3E; 0 for O c x c 1. The Cauchy-Schwartz inequality implies

Equations (3.46) and (3.47) imply that
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Since 0  u(x)  I for 0  x  1, (3.48) implies that

As was observed in Proposition 3.1, we have

However, , Theorem 1.4 shows that if w(x) is any continuous, real-valued
solution of equation (3.1) for A  0, one can only have the possibility

if the equation 1 - Af(z) = o ( f (x) even, f (x) = 0 for lx I &#x3E; 1) has a pure

imaginary solution ifl, fl &#x3E; 0. The results of Section 2 show that 1- Âf(z)
has no such pure imaginary solutions if f(0153):&#x3E;O for 0  x  1. Thus in equa-
tion (3.49) one must take the minus sign and using this in (3.49) gives

If - !ÂO, the left hand side of (3.51) is nonnegative.

4. - A formula for 1- Aik (z) -

In this section we shall give an explicit formula in terms of the zeros
of 1- 1/(z) for 1- A4,t(z), where uA(x) = 0 for x 0 [0, 1],

and

Elementary complex variable theory provides a formula for 1- 24(z) as an
infinite product. We will show that the infinite product can be written in
such a way that the only unknown constants are the zeros of 1- A (z).
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First, suppose only that f (x) is a real-valued, .L1 function such that

f (- x) = f (x) for all x and f (x) = 0 for l0153l &#x3E; 1. Assume that 1- hj($) &#x3E;, 0
for all real $ and let u(x) be the unique, real-valued L1 solution of (4.1)
and (4.2) such that u(x) = 0 for x 0 [0, 1]. Define S = {# c- C - {0}:
1- - Af(fl) =0} and T= {# c- S: Im (fl)  01. It follows directly from the facts
that f (x) and u(r) have support in [-1, 1] that 1 - Af(z) and 1- Âû(z) are
entire functions of order less than or equal to one and hence (by Theorem
7 on p. 186 of [1]) of genus less than or equal to one. It follows therefore

(remembering [4.2]) that one has the formulas

One writes 2p for the (even) multiplicity of 0 as a zero of 1- A!(Z) = 0.
It is understood in equation (4.3) that the factor (1- zl{3) exp (zl{3) =

Q(z; (3) is repeated a number of times equal to the multiplicity of # as
a zero of 1- Af(,-) = 0; similarly, in (4.4) Q(z; (3) is repeated a number of
times equal to the multiplicity of (3 as a zero of 1- A4(z) = 0. Thus, if

the multiplicity of # as a solution of 1- )J({3) = 0 is k, the factor Q(z ; (3)
is repeated k times in (4.4) if Im ({3)  0 and 2 k times if {3 is real. The

infinite products in (4.3) and (4.4) converge absolutely and uniformly on

compact subsets of C (see [1, p. 186]).
Recall that if (3 is a solution of 1- ÄJ(z) = 0, so is p, - (3 and - #.

Define S2 = {p E-= S: is real and fl &#x3E; 0 or {3 is pure imaginary and
Im ({3) &#x3E; 01 and 81 == {{3 E S: Re ({3) &#x3E; 0 and Im ({3) &#x3E; 01. By grouping
Q(z; (3) and Q(z; - (3) together one obtains from (4.3) that

Because f (x) is even and real-valued, 1- Af(z) is even and this implies
that a = 0 in (4.5). By taking z = 0 in (4.5) and assuming that

1- ÂJ(O) =1= 0 one finds

If one defines T2 = {f3 E T: f3 is pure imaginary} and Tl = {f3 E T : f3 tt T2}
and if one rearranges the terms in (4.4) purely formally by grouping Q(z ; fl)
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and Q(z; - p) one obtains

where we define c by

In order to justify the regrouping of terms in (4.4), to prove that the

infinite product in (4.7) converges absolutely and uniformly on compact
sets and to make sense of (4.8), one needs to know that c in (4.8) is finite.

This follows from Theorem 2 on p. 225 of [8], which implies that

Notice that if one assumes that f 1 [0, 1] is C’ and f (1) # 0, Theorem 2.3 and
Proposition 2.1 give sharper information than (4.9). In fact Theorem 2.3

and Proposition 2.1 generalize to the case when f 1 [0, 1] is Cn+1 and

f(l)(1) =7-1 0 and again provide sharper results than (4.9).
The remainder of this section is devoted to showing that, under mild

further assumptions on f, one has c = 2 in (4.7) and, if

For simplicity we shall eventually restrict ourselves to the case fl[O,l]
is Cl and f(l) # 0, but the same formula will hold if fl[O,l] is Cn+l and

f (-) (1) - =1= 0.

LEMMA 4.1. Let f (x) be a real-walued, even integrable function such that
f (x) = 0 f or Ixl &#x3E; 1. Let)A, be a real number, such that 1 - ÀJ(e»O for all
real numbers e. If 1- Àf(O) = 0, let 2p denote the multiplicity of 0 as a

solution of 1- Af(z) = 0. Let u = uA denote the unique solution of equa-
tions (4.1) and (4.2) and let B and c be constants as in (4.7 ) . Then c is a real

number. If
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In general, if p &#x3E; 0, (i)pB &#x3E; 0, where

PROOF. We have, from Section 1, the basic formula

Furthermore, , because u(x) is real-valued we obtain

$ a real number.

By using (4.7) and (4.11) we find

By taking absolute values on both sides of (4.12), one derives that c is real
and thus B = (- 1)PB, so B is real for p even and pure imaginary for p odd.

If p = 0, the formula for B follows by setting z = 0 in equation (4.7)
If p &#x3E; 0, write the Taylor series about z = 0 for 1- 2f(z) and 1- Âû(z).
By assumption, the coefficient of Z2p is the first nonzero term in the Taylor
series for 1 2013 Af(z) and Bzp is the first nonzero term in the Taylor series
for 1- 2i(z). It follows from (4.10) that

Equation (4.13) gives the desired formula for B 2.
It remains to show that (i)pB &#x3E; 0 (which, together with (4.13), uniquely

determines B). We assume that 1- ltl(z) :A 0 for Im (z) &#x3E; 0. Taking z = ir
for r &#x3E; 0 and recalling that 1- 2i(ir) is real and lim 1- 2i(ir) = 1, we

r--

see that we must have

For (4.14) to hold for r &#x3E; 0 and r small, the corresponding inequality must
hold for the first nonzero term in the Taylor series for 1- 2i(z). Thus
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we obtain

which is the desired result. a

Our next lemma is a simple exercise in integration by parts.

LEMMA 4.2. Let f (x) be a real-valued, even, Li function such that f (x) = 0
for Ix &#x3E; 1. Assume there exist positive constants a and b such that

Then there exists a constant k such that for every real r &#x3E; 1 one has

In particular, if Â =1= 0 and e &#x3E; 0 there exints a constacnt Re such that

PROOF. It suffices to prove (4.17). For r&#x3E;l one has

Equation (4.17) follows from (4.19) if one can prove that for r&#x3E;l there

exists a constant k1 such that

A simple integration by parts shows that

and by using (4.21) repeatedly, , one obtains (4.20 ). a
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We can now obtain a lower bound on the constant c in equation (4.7).

LEMMA 4.3. Assume that f (x) is an even, real-valued, integrable function
such that f (x) = 0 f or lxl &#x3E; 1. Assume that there exist positive constants a
and b and an integer n such that if(x)l&#x3E;a(l--x)" f or 1- b c x c 1. Let A
be a real number such that 1- Af($) &#x3E; 0 f or - oo  $  oo and u(x) = ut(x)
be the corresponding real-valued solutions o f (4.1 ) and (4.2). Then the con-

stant c in equations (4.7) satis f ies c&#x3E;-’-

PROOF. Recall that T2 = {(3: 1- Af(fl) = 0, {3 is pure imaginary, and
Im (fl)  01 and PI = {(3: 1- ÀJ({3) = 0, Im ({3)  0 and # 0 Ti). Define k(fl)
to be the multiplicity of # as a solution of 1- 2f(fl) = 0 and 2p to be the
multiplicity of 0 as a solution of 1- ),f(z) = 0 (possibly p = 0). We have
seen that

It is understood that if (3 E T2, the term (1- zl#) is repeated k({3) times.
If {3E Ti and # is real the term (I - zl#) (I + zl#) is repeated -21 k(fl) times;
otherwise it is repeated k(p) times. The constant B is determined by
Lemma 4.1 and c is real. Equation (4.10) implies that if r &#x3E; 0 we have

If z is pure imaginary a calculation gives

and it is clear that, if Im ((3):0, the right hand side of (4.23) has a value
for z = ir, r&#x3E;0, which is greater than or equal to its value for z = - ir.
It follows that IP(ir)/&#x3E; IP(- ir)) I for r&#x3E;O and using this fact we obtain
from (4.22) that

(4.24) 11 - ÂJ(-ir)l IBI2r2P/P(ir)12 .

Equation (4.24) and Lemma 4.2 imply that given any 8 &#x3E; 0, there exists
Re&#x3E; 0 such that for r&#x3E;Re we have
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Equations (4.24) and (4.25) together give (for r &#x3E;Rs)

On the other hand we know that

and since 1- Âû(z)1 I is bounded for Im (z) &#x3E; 0, (4.26) and (4.27) together
imply that we must have c&#x3E;(i)(l-E). Since E &#x3E; 0 is arbitrary, we have
the desired result. a

It remains to show that c  -1. The next lemma is the crucial step.

LEMMA 4.4. Let Cl and dl be positive real numbers and for n &#x3E;, N = a posi-
tive integer, let an be a complex number such that IRe (an) I:&#x3E; Cl nand
11m (an)l:dI log (n). Define an entire functiun Q(z) by

Then there exist positive constants k1 and k2 and a positive number R such that

PROOF. A calculation shows that if an = an + ip,, and r is real

For convenience we define 8,,(r) = sn by

Notice that it suffices to prove Lemma 4.4 for a function Ql(Z) defined by
replacing the integer .N in (4.28) by a larger integer N, (because a finite
number of terms in the infinite product does not affect IQ(ir) IIQ(ir) 1-1 for
large r). Our first claim is that, possibly after increasing N, we can assume
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for all r &#x3E; 0 and for n &#x3E; N. To prove (4.32), observe that [sn(r) )  [r)#n)] .
. [r - 2 ) #n ) ] - i, so (4.32 ) certainly holds if

In particular, because of the estimate on IPnl, (4.32) will hold if 4di log (n) 
c (§) 7*. Therefore, we can assume that 10d, log (n) &#x3E;, r, and in this case we find

The right hand side of (4.34) will be less than 2 for % &#x3E; N if N is originally
chosen large enough.

In view of (4.32 ), the Taylor series for log (1 - x) gives

Using (4.35) gives

It follows that we must estimate the summation on the right hand
side of (4.36). First observe that for n large enough and any r &#x3E; 0 one has

If fl,, &#x3E;- 0, (4.37) is obvious, and if (3n  0, (4.37) is equivalent to (writing
e = V2/2)

Since IPnl c d1 log (n), (4.38) is true for n large, and by increasing N, we
can assume it true for n:&#x3E;N. Using (4.37) we have the estimate

The summation in (4.39) can be divided into two parts, those terms for
which n c r and those for which n &#x3E; r. For the first terms we have
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For the second group of terms, we note that the function (log X)(CIX2 + r2)
is monotonic decreasing for x&#x3E;r if r is large enough (2c1 log r &#x3E; (Cl + 1)
insures that r is large enough). Thus for r large enough we have

If we make the substitution x = ru in the integral I in (4.41) we obtain

Formulas (4.39), (4.40) and (4.42) give (for r large enough)

and (4.43) and (4.36) give the lemma.

We can now give our explicit formula for 1- ),4A(z) -

THEOREM 4.1. Let f(x) be an even, continuous, real-valued f unetion such
that f(x) = 0 for Ix &#x3E; 1. Assitme that f 1 [0, 1] is continuously differentiable
and f (1 ) -=F o. Let)A, be a real number such that 1 - ),f(e) &#x3E; 0 for all real
and let u(x) = uA(x) be the unique continuous., real-valued solution of equations
(4.1) and (4.2) (u(x)=0 for x 0 [0, 1]). Define T=={(3 E C - {O}: Im (fl) 0,
1- )J({3) = O}, T2 = {{3 E T : {3 is pure imaginaryl, T, = {{3 E T : {3 e T2} and
k({3) = multiplicity of (3 E T as a zero of 1- ),f(z) = 0. Then we have

The term (1 - zl(3) (1 + ziP) is repeated k({3) times for (3 not real and ik({3)
times for {3 real ; the term (1- zl (3) in the second product is repeated k({3)
times. The multiplicity of 0 as a solution of 1 - ÀJ(z) = 0 is 2p ( possibly
p = 0). If 1- Â](O) &#x3E; 0, we have B = ’Ý1-Àj(O); otherwise
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REMARK 4.1. Formula (4.44) is also valid if 11[0, 1] is Cn+1 for some

n &#x3E;I and /(’)(1) 0 0, but the proof requires establishing analogues of The-
orem 2.3 and Proposition 2.1 which we have omitted for reasons of length.

PROOF. Because of the previous lemmas it only remains to show that
the constant c in (4.7) satisfies c  -1. According to Theorem 2.3 there exists
a positive integer N such that for every integer n&#x3E;N the equation
1 - 2f(z) = 0 has precisely two solutions in Un = {z: 2na - a  Re (z) 
2na + yr}, and these solutions are not real, do not lie in 8Un and are

complex conjugates of each other. Thus let an denote the unique solution
of 1- Âj(z) = 0 such that an E Un and Im (an)  0. Proposition 2.1 in-

sures that there is a constant Cl&#x3E; 0 such that Im (a,,)  c, log (n). Define

entire functions P(z) and Q(x) by

It is easy to see that (for r &#x3E; 0 )

so Lemma 4.4 implies that there exist positive constants ki and k2 and a

positive number R such that

It follows from (4.10) and (4.45) that for r &#x3E;R

Equation (4.46) implies that

where a, b and Ri are positive constants. We have used here the fact that

I I - Af(ir) is dominated by a constant multiple of er for r large. Using (4.47)
we have
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The left hand side of (4.48) approaches 1 as r approaches + oo, so the

constant c in (4.48) must satisfy c c 2 . This completes the proof.

5. - The spectrum of a linear operator.

In the previous sections we have sought solutions u E C[O, 1] of u == F),(u),
where the operator Fg is defined by

and f (x) is a given continuous function. One can easily verify that the
Frechet derivative of Fg at u is the linear operator L : C[0, 1 ] - C[O, 1 ]
defined by

It is part of the folklore of the subject that F,, is not compact as a map
of C[0, 1] into itself (recall that a map is compact if it is continuous and

takes bounded sets to sets with compact closure); to see this just observe
that the image of S = {un: un(x) = sin n:rx, n:&#x3E; 1} under F;. is not equicon-
tinuous. However, , Ramalho [12] has observed that Fg is compact if it is

viewed as a map of C1[0, 1] into C’[O, 1] (assuming f (x) is Cl). Further-

more, by using (5.2) one can show that L takes bounded sets in C[0, 1] into
equicontinuous sets, so L is compact as a map of C[0, 1] into

itself (see [10] for details). Also, it is not hard to show that the equation (5.2)
defines a compact linear map L of L2[0, 1] into L2[0, 1] (assuming only
that U C L2[o 1]). It follows that the spectrum of .L as a map of L2[o, 1]
into itself consists only of 0 and point spectrum and that if z = 0 is an eigen-
value of L, the algebraic multiplicity of z = dim {h E L2[0, 1]: (z - .L)mh = 0
for some m &#x3E; 11 is finite. A similar statement holds for .L as a map of C[0, 1]
into itself. Note that all Banach spaces here consist of complex valued
functions.

We are interested in the spectrum of L as a map of C[0, 1] into itself,
but it will be convenient to work in L2[0, 1]. Our first lemma shows that

the spectrum is the same in either Banach space.
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LEMMA 5.1. Assume that u(x) is a continuous function and let L: L2[o, 11 ---&#x3E;-

----&#x3E;. L2[0, 1] be defined by (5.2). If z -=F 0 is an eigenvalue of algebraic multi-
plicity m for L considered as a map of L2 into itself, it is also an eigenvalue
of algebraic multiplicity m for L considered as a map of C[O, 1] into itself.

PROOF. It suffices to show that if h E L2[o 1] and (z - L)k (h) is a con-

tinuous function for some integer k, then h is a continuous function. Sup-
pose we have proved this for k = 1 and we have

for some h E L2. Then by applying the result for k = 1 we find that (z - L )k-l h
is a continuous function, and after k steps we find h is a continuous function.
Thus we can assume = 1 in (5.3). We have

so the Cauchy-Schwartz inequality implies I h(x) I  B  oo (this is true even
if u E .L2 but u is not continuous). If 0 c xl c x2 c 1, equation (5.4) implies

The continuity of u shows that given 8 &#x3E; 0, there is a 6 &#x3E; 0 such that the

right hand side of (5.5) is less than e whenever l0153I - 015321  6. This proves
that is continuous. a 

’

Suppose now that u, It c L2[0, 1]. Extend u and h to be zero outside [0, 1J,
and, as usual, if v is a function, define v(x) = v(- x). Then one can seü

from (5.2) that

The right hand side of (5.6) is defined for all x (since u and h are defined



454

for all x) and is an even function which vanishes for Ixl &#x3E; 1. It follows that

if we define h, (x) = (Lh) (x) for 0 c x c 1 and h1(x) = 0 for x 0 [0, 1 ], then
we have for all x

If u, h E L2[0, 1] and Lh = ph for some p E C, (5.7) implies

Taking the Fourier transform and evaluating at z c C gives

The right hand side of (5.9) can be written in the following form

Notice that if û(z) = it(- z) and A(z) + It(- z) # 0 equation (5.10 ) im-

plies that

In fact (5.11) will hold under slightly less restrictive assumptions. Let

0(C) = û(C) - û(- i) and suppose 9(z)=0 and z is a zero of 0 of multiplicity m.
Suppose that h satisfies (5.10) and (d/dz)j(h(z) + h(- z)) 0 for some j  m,
but that all derivatives of h(C) + h(- C) of order less than j vanish at C = z.
Then by differentiating (5.10) j times one can still see that (5.11) holds.

On the basis of the above calculations one might conjecture that the
point spectrum of L consists precisely of those points a given by (5.11 )
for which Ct(z) = A(- z). The remainder of this section is devoted to

proving this conjecture. The basic tool we shall use is the following theorem,
whose proof we defer to the end of this section.

THEOREM 5.1. Let u : [0, 1] ----&#x3E;. R be a real-valued, continuously differen-
tiable function such that u(l) # 0. Extend u(x) = 0 for x 0 [0, 1], define
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8(z) = û(z) - û(- z) and let 8 - {z E C : 8(z) = o}. For each z E S, let m(z)
denote the multiplicity of z as a solution of O(z) = 0 and let ml(z) = m(z) fort
z 0 and m,(z) = m(z) -f- 1 for z = 0. Define A by A = {xj e-x: - 1 c x C 1,
8(z) = 0 and 0  j  m,(z)}. Then the closed linear span of A in L2[-1, 1]
is all of L2[- 1, 1]. If any element of A is removed to give a set AI, the closed
linear span of Al in L2[_ 1 1 ] is not all of L2[-1, 1].

3Iost of our work will involve proving Theorem 5.1. With it we can easily
analyze the spectrum of L. WTe begin with the following lemma.

LEMAIA 5.2. Let notation and assumptions be as in Theorem 5.1. For a

fixed c E S, define V to be the orthogonal, complement in L2[-1, 1 ]of the col-
lect-zon of functions {xjeiz0153: z E S, 0  j  m1(z), z =A ± ’} = B. Then V is

 inite dimensional and dim (V) = 2m(c) if 0 or dim ( V) = m(c) + 1 if
= o. Define Ve - fg E V: g(- x) = g(x), -1 :0153: I} and Vo = Ig E TT:

g(-0153)===-g(x), - I  x  1}. Then V is the orthogonal direct sum of V,
and Vo. It’ -=F 0, dim TTe = dim V,, = mc(’) and if ( = 0, m(c’) is odd and

dim (Ve) = (l)(hi’(I) + 1).
PROOF. Define .M’ to be the closed linear span of B. Basic functional

analysis implies that dim V = codim (M), and codim (M) = dim (F) where F
is any finite dimensional subspace of L2[-1, 1] such that F n .M = 101
and F + M = L2[-1, 1]. If we take .F = linear span of ixi exp (± ix) :
0  j  m1i(i)), it is clear that the dimension of F is 2m(c’) it ( # 0 and

mI(’) it 1 = 0 (since the functions xj exp (:t: i’0153) are linearly independent).
Theorem 5.1 implies that F + .M = .L2[-1, 1] ; and if F n M contained
a nonzero element, it would follow that L2[-1, 1] would be the closed linear

span of some proper subset of A, which would contradict Theorem 5.1.

If h(x) = xi eizx, ZES, 0  j  m(z), Z-=F:t:’, so h E lVl, notice that

g(a» = h(- x) is also an element of M (because - z E S if z E S). Since

elements of .M’ are limits of finite linear combinations of such functions,
it follows that if hEM, gEM, where g(x) = h(- x).

If f E V, so f is orthogonal to every element of M, and if f 1(x) = f(- x),
then f, E V. To see this, take an arbitrary h E TT and observe that

since g(x) = h(- x) is an element of M. It follows that if f c V, then

f 1(x) = odd part of f = 2 ( f (x) - f (- x) ) is an element of V and f 2(x) =
- even part of f = -1 (f (x) + f (- x)) is an element of V. This shows that

TT = V, + Vo, and since any even function in L2[- 1, 1] is orthogonal to

any odd function, Ve is orthogonal to Yo .



456

It remains to prove the assertion about dim (Ve). Define F = linear

span {0153i exp (:t: iCx): 0 : j  ml(C)}. It is clear that if f E If, then g E F,
where g(x) = f (- x), and thus the even and odd parts of f are also elements
of F. Define F, to be the set of even functions in -F and .Z’o the set of odd
functions in F. If :A 0, one can see that dim (I’e) = dim (Fo). If C === 0,
observe that 6(j)(0) = 0 for any even integer j (O(z) as in Theorem 5.1),
so the multiplicity of 0 as a solution of 0(0) = 0 must be odd. Since m(C)
is odd for = 0 one also sees that dim (Fe) = -1 2 (m(c) + 1) for = o.

Our claim is that dim (Ve) = dim (F,). ywrite n = dim (Fe), dim (V,) = p
and dim ( Vo) = q. vV’e shall suppose that p  n and obtain a contradiction.

Let ui, u2 , ..., it, be an orthonormal basis of VI I VI I V21 ..., vq be an ortho-
normal basis of Vo and r1, ..., r,, be an orthonormal basis of Fe. If (-y-) )
denotes the inner product in L2[- 1, 1] and if we recall that odd functions
and even functions are orthogonal, we obtain (for suitable elements m, of M)

Since we are assuming that p  i?,, there are constants d1, 112, ..., dn, , not
all zero, such that

where matrix multiplication is indicated in (5.13). Equation (5.13) im-

plies that

Since the left hand side of (5.14) is a nonzero element of F, we have a con-

tradiction, and we conclude that dim (V,) -&#x3E; dim (.F’e). An exactly analogous
proof shows that dim (V,,) _&#x3E;- dim (Fo). However, we know that

so we conclude that dim (Ve) = dim (.Fe) and dim (Vo) = dim (Fo) .

With these preliminaries we can establish our main theorem.
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THEOREM 5.2. Suppose that u : [0, 1] -&#x3E; R is a continuously differentiable
function such that u(1 ) -=F 0 and for ), E R define a linear operator L: C[O, 1] &#x3E;-

--+ C[O, 1] by equation (5.2). Extend u(x) by tt(x) = 0 for x 0 [0, 1], define
O(z) = û(z) -- û(- z) ; and if O(z) = 0, define m(z) to be the multiplicity of z
as a solution of O(z) = 0. Then L is a compact map and the point spectrum
of L consists of those numbers p such that It = 2,Ct(z) and O(z) = o. If fl =1= 0
and a is in the point spectrum of L and if we write ,S(,u) = {z: O(z) = 0 and
)A,û(z) = It) and T(,u) = Iz E S(p): Re (z) &#x3E; 0 or Re (z) = 0 and 1m (z) &#x3E;, 01,
then the algebraic multiplicity of ,u as an eigenvalue of .L is finite and equals
M n(z), where n(z) = m(z) if z 0 and n(z) = ( 2 )(m(z) + 1) if z = 0.

zET(,u)

If u(x) &#x3E; 0 for 0  x  1, then ),i(O) is an eigenvalue of L of algebraic multi-
plicity 1 and )J-)el(0) is the spectral radius of L.

PROOF. The fact that L is compact is proved in [10], and Lemma 5.1
shows that we can view .L as a map of .L2[0, 1], into itself. If h is any
element of .L2[0, 1], define h on all of R by h(x) = 0 for x 0 [0, 1], define
A(x) = h(- x) and let h(z) denote the Fourier transform for z E C. If

O(C) = 0, define ’Wc by

where m1(z) is as defined in Theorem 5.1. If h E L2[o 1], define Eh = g E
E L2[-1, 1] by g(x) = h(x) for 0  x I and g(- x) = g(x). It is easy to

see that E( Wc) is just the set of even functions in L2[- 1, 1] which are
orthogonal to the set of functions

Conversely, any such even function gives rise to an element of W, by
restriction to [0, 1]. Thus Lemma 5.2 implies that dim (Wi) = n(C).

We next claim that L(W,) c wj. To see this, take h E Wc, define

h, = Lh and define both functions to be 0 outside [0, 1]. Taking the Fourier
transform of (5.7) for complex z gives
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One can 8ee from (5.16) that if

then

If ’=I=- 0 and zo - 0 in (5.16), use also have to show that

However T%(0) is odd and A,(z) + A,(- z) is an even function of z, so the

equality holds automatically.
If h E Wç and h = 0, we must have

for some j with 0 C j C m(c). Otherwise, Theorem 5.1 implies that Eh == 0.
Notice that the above inequality also holds forc === 0. Using this fact and
equation (5.10) we conclude that if .Lh = ph for some h E Wc0161 thena = ),ti()) .
Since 1V, is a complex vector space of dimension m1(c), we conclude that
A),tl()) is the only eigenvalue of LI"Hl, and that it has algebraic multiplicity
ml(c’) as an eigenvalue of LIW0161’

We have already seen that if h E .2[0, 1] is an eigenvector of L with

eigenvalue It and if (djdz)j(k(z) + h(- z)) :A 0 for some z with 0 (z) = 0 and
0 C j C m(z), then f-l===Àû(z). On the other hand, if (dldz)j(h(z) + A(- z)) = 0
for all pairs (j, z) with 0 (z) = 0 and 0 C j C m(z), then Eh is orthogonal to

{xjeizx, -Ixl: O(z) = 0, 0  j  ml(z)l and Theorem 5.1 implies Eh = 0.
Thus we have found all eigenvalues.

It remains to prove the statement about the algebraic multiplicity of
a nonzero eigenvalue of L. Since .L is compact, the multiplicity of It is
finite; and standard functional analysis implies that there exist a finite

dimensional subspace .F’ of L2[0, 1], F = {h c- L2[o, 1]: (,u - .L)m h = 0 for some
m&#x3E;0}y and a closed subspace G c L2[o, 1] such that F n G = {01, F + G =
- .L2[o, 1], L(F) c F, L(G) c G, the spectrum of LJF equals {u} and the
spectrum of LIG does not contain It. The latter conditions imply that if

O(C) = 0 and a = J-@()), then W0161 c F (because we have already seen that
the spectrum of L I W is {u}). Notice that if 0((1) = 0((z) = 0 and cl 0 + C2
then W0160t n W0161:. = {0} (because their images under E are orthogonal in
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L2[-1, 1]). Since - , tt T(p) if ’E T(p) and ) # 0, we conclude that T(g)
has only a finite number of elements, say ’1’ ’2’ ..., ’k (otherwise, dim F = oo ) .
If we define W by

we have seen that this is a direct sum, so dim (W) == I ml(c’), and We F.. 
’

leT(&#x3E;)
To complete the proof it suffices to show that W = F. Suppose not, so

there exists h E L2[0, 1] such that (p -- L)m(h) = 0 for some integer m, but
(d/dz)j(h(z) + h(- z) ) -=F 0 for z = cp and 0 : j  m(’p), 1 :p : k.

According to Theorem 5.1, there must exist zo with O(zo) = 0 such that
Zo -=F ’p for I p  k, and a smallest integer j  m(z,,) such that

As usual, h(x) in (5.17) has been extended to be 0 for x 0 [0, 1]. Define

h1 = (fl- L)(1t) and define h1(x) = 0 for x 0 [0, 1]. We claim that

where j is as in (5.17). In order to prove (5.18), observe that (writing
4t’(X) = u(- x), etc.)

Taking Fourier transforms gives

Taking the j-th derivative of both sides of (5.20), evaluating at z = zo,
and using the minimal nature of j  m(zo), one obtains

Here we used the fact that ,u =A ;,A(z,,). It is also clear that

(a vacuous condition if j = 0) -
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The above argument can be applied to h2 = (,u - .L) h,1 = (p - L)2h and
proves that

but that any lower order of differentiation in (5.22) gives zero. By induc-
tion we prove (the argument is always the same) that if hp == (fl- L)»li =
= (fl - L) hp-l, then

where j is as in (5.17). Since hm = (It -- L)rnh = 0, equation (5.23) gives a
contradiction and the original assumption that F 0 -W is wrong. It follows

that dim (F), which is the algebraic multiplicity of ,u as an eigenvalue of L,
equals dim (1ir).

It only remains to prove that if u(x)&#x3E;-O for Oxl, then p = ÂÛ(O)
has absolute value equal to the spectral radius and that the algebraic mul-

tiplicity of p in this case is 1. To see this, suppose u1, is another eigenvalue
of L. By our previous comments, ,u1 = ÂÛ(z), where u(z) = ú(- z) and we
can assume z = a + ip with B&#x3E; o. Since u is nonnegative and not identic-

ally zero we have

If fl &#x3E; 0, we clearly have u1,  la just by taking the absolute value inside
the integral sign. If f3 = 0, we can write ,u1 = (A/,))(u(z) + û(- z)) and
we have

Since a -1- if3 =F 0 (otherwise ,ul = ,u), we have a # 0 in (5-2 5), and taking
the absolute value under the integral again implies that IfJll  IfJl. -

Notice that the above argument actually shows 121it(O) &#x3E; 1}lIû(z)1 for

any z # 0 such that O(z) = 0. It follows that the multiplicity of p as an

eigenvalue of .L is just ( 2 )(m(o ) + 1), 1.here m(o ) is the multiplicity of 0
1

as a solution of 8(z) = 0. However, we have 0’(0) = ifxu(x)dx:71-- 0, so

m(o ) = 1, and the proof is complete. w 
0
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REMARK 5.1. The results in Theorem 5.2 concerning the spectral radius
of L can also be obtained by a functional analytic argument using refine-
ments of the classical Krein-Rutman theorem, and in fact such a result
is claimed in [10]. Some care, however, is necessary, since no iterate of L
maps the interior of the cone K of nonnegative functions in C[O, 1] into
itself ((Lh)(1) = 0 for every h).

We shall now present several simple corollaries of Theorem 5.2. Our

first corollary could be used in [12] to replace the use of Theorem 14 from [10]
and then would provide a correct proof of the main result in [12].

COROLLARY 5.1. Assume that u: [0, 1] -&#x3E; R is a Cl real-valued function
1

such that u’(x)  0 for 0  x  I and n (0) &#x3E; u (1) &#x3E; 0. Then ;,fu (x) dx is the
o

only real eigenvalue of the linear operator L defined by equation (5.2). If
f: [0, 1] --+ R is a Cl real-valued map such that f’ (x) c 0 for 0 c x c 1 and if
u(x) is a continuous, positive solution of (5.1) for some A. &#x3E; 0, then u’(x):O
for Oxl and u(O) &#x3E;u(l) &#x3E; 0.

PROOF. Theorem 5.2 implies that the eigenvalues of .L are the numbers
AA(z) such that tl(z) = ic(- z). Proposition 2.2 implies that Ai(O) is the

only eigenvalue which is real.
If u is a continuous, positive solution of (5.1) and f is Ci, we know that u

is C1 and

Equation (5.26) shows that u’(1)  0, so define xo  1 to be inf {x: 0  x  I ,
u’ ( y) C 0 for xyl}. If x,&#x3E;O we obtain

where we have used the fact that u’ (y)  0 for xo  y  1 and u(y - x) &#x3E; 0
for x,,  y  1. But if u’(xo)  0, we have contradicted the choice of xo, so
we must have xo = 0.

The argument used to prove the second part of Corollary 5.1 is the same
used to prove Theorem 7 in [10].

COROLLARY 5.2. If u: [0, 1] - R is C’1, u’ (x):&#x3E; 0 for 0  x  1 and 0  u(O) 
 u(l), then every solution of A(z) = û(- z) is real (u(x) = 0 for x 0 [0, 1] )
and every eigenvalues of the linear operator L in (5.2) is real.

If f : [0, 1] - R is a Cl function such that f’(x) &#x3E; 0 and f(x) &#x3E; 0 for 0 c x c 1
and if uA denotes the unique, real-valued solution of (5.1) such that 1- Âû;.(z) =1= 0
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f or Im (z) &#x3E; 0 (assuming (5.1 ) has a solution), assume that J,o  0 is such

that u;.(0153) &#x3E; 0 for Âo :)1. c 0 and 0 c x  1. Then one has u’(x) &#x3E; 0 for ,A: ,1  0

and 0 c x  1 , and every eigenvalues of the operator L associated with ua is real
for ÂoÂO.

PROOF. The first part of the corollary follows immediately from The-
orem 5.2 and Proposition 2.2.

To prove the second part of the corollary we first have to show that

u’(x) &#x3E; 0 for 0  x  -1 and for 121 small. We proceed by approximating
equation (5.1) by a more suitable equation and then using a somewhat
clumsy limiting argument. Observe that there exists E &#x3E; 0 such that for

0  b  I and -e20 the equation

has a solution u,,, = u which depends continuously on (Â, 6) and is such

that 1 -ÛÂ,ð(Z)-=FO for Im (z) &#x3E; 0 and UÂ,ð(0153)&#x3E;0 for O:x:l,-E:Â:O,
0  6  1. We leave the proof to the reader. Results of the first section

show that lim ul,,, == nA and lim === uA, so to prove that u)(s)&#x3E;0 for
6-0+ 6-o,,u2,6 A A

0 C x C 1 and - e  A,  0, it suffices to prove the same for u,,,- Since uo,a(x) =
= f (x) + 6x and f’(x):&#x3E;ð &#x3E; 0 for 0 CxCI, there exists a number q &#x3E; 0
(depending on 6) such that it" . (x) &#x3E; 0 for - 77   0 and 0 C x C 1. Define

2, = inf {-,q: 0  i7e, u ,,(x)&#x3E;0 for Oxl and for -1]:Â:O}. If
- Al  e, we must have u’,,,,(x) = 0 for some x with 0 : 0153  1; by continuity
in Â we have tt’,,,(x) &#x3E; 0 for all x with O:0153l. For convenience write u(x) _
=== uA1, ð(0153). If x is such that u’(x) = 0 we have

Since u is monotonic increasing we have

Combining (5.29) and (5.30) we find that u’ (x ) &#x3E; 0, and this contradiction
proves that we must have A,1 = - e. If we let 6 approach zero, we now
find that u’(x) &#x3E; 0 for 0  x  1 and for - ë:Â  o.
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The argument used above actually shows that if 2  0, g(x) is C’ and

g’(x) &#x3E; 0 for O:0153:l, and v is a strictly positive solution of

such that v’(0153):&#x3E;O for Oxl, then in fact v’(x) &#x3E; 0 for O c x c 1. Using
this fact we see that u)(x) &#x3E; 0 for 0 x  I and - s  J,  0. Furthermore,
if hz = ini (J,  0 : h &#x3E; ho , u§(x) &#x3E; 0 for Â:s  0, O:0153:l}, we know by a
continuity argument and the definition of Âo that uÂ2(0153) &#x3E; 0 and u),(x) &#x3E;o
for O:0153l. By the above remark we must have u/x) &#x3E; 0 for 0 c x c 1,
so continuity implies that uÂ and u) are strictly positive for À near )1.2’ and
we must have À2 = ho. m

REMARK 5.2. Notice that it was necessary to prove the existence of

ë &#x3E; 0 such that u)(x) &#x3E; 0 for - eJt  0 and 0 c x c 1 in order to define Â2: :
If f’(x) &#x3E; 0 for Oxl, the existence of such an £ is trivial and the proof
of Corollary 5.2 becomes easier.

COROLLARY 5.3. Suppose that f : [Oy 1] -+ R is a real-valued, continuously
differentiable function such thact f (1 ) # 0 (or f cacn be acs in Remark 5.1) and
that u: [o, 1] - R is a continuous, real-alued solution of

for some real 2 # 0. Extend f (x) to be even and such that f (x) = 0 for Ixl &#x3E; 1
and assume that the equation 1- ),f(z) = 0 (z complex) has only simple zeros.
Then 1 is not in the spectrum of the linear operator L defined by equation (5.2)
(for u as in (5.31)) .

PROOF. If we define u(x) = 0 for x tt [0, 1], we know that

If 1 were in the spectrum of L, Theorem 5.2 implies that Âû(zo) = 1 for
some zo such that û(zo) = û(- zo). But then equation (5.32) implies that zo
gives a zero of multiplicity at least 2 of 1- Â](z) = 0, a contradiction..

REMARK 5.3. If 1 is not in the spectrum of L, the implicit function
theorem provides a solution of 
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for values of A near A1. If f : [0, 1] --* R satisfies f’(x) &#x3E; 0 for 0  x  17
f (o ) &#x3E; 0 and f (1 ) &#x3E; o, Theorem 2.1 implies that 1- A f (z) = 0 has only simple
zeros for JL /L Å+ (2- and A+ defined as in Lemma 1.2). In this case,
it follows from Corollary 5.3 that if u(x) satisfies (5.31) for some Â == ),o =A 0,
one can analytically continue this solution on the whole interval [/AO)
if ),o  0 or the whole interval (o, A+] if Åo &#x3E; 0.

(The fact that the continued solution approaches a solution as h --&#x3E; A,+
or ), -&#x3E; h- requires some further argument).
We now turn to the problem of proving Theorem 5.1. Our approach is

a generalization of ideas used by Paley and Wiener [9, Chapter 6], and the
reader may want to compare the arguments there.

LEMMA 5.3. -Let u: [01 1] --&#x3E;- R be a real-valued, Cl function such that

n(l) 0 0. Extend u(x) = 0 for x 0 [0, 1], define 8(z) = A(z) - A(- z), define
S = Iz: zo (z) = 01 acnd define m1(c) to be the multiplicity of ( G S as a zero
of z0(z) = 0. Then the closed linear span of A = {xleizx: - I xJ, ZE S,
0  j  m,(z)l is all of L2[-1, 1].

PROOF. We apply a result in Appendix III of [8] on page 418. Define

qJ(z) = zO(z), which is clearly an entire function of exponential type. Ac-

cording to the result in [8], Lemma 5.3 is true if

where v in equation (5.33) is real and we have modified equation (11) on

page 418 of [8] to account for the fact that we are working on the interval
[-1, 1] instead of [- a, n]. To prove (5.33), we may as well assume v &#x3E; 0

(Ip(- iv)l I = IT(iv)l), and integration by parts gives

If lu(x)IM for O:0153:l, each of the integral terms is dominated by
1 

.

f Iffe’(x-’)dx  .Mv-1, and it follows that the integral terms approach zero as
o

v-*oo and lim 199(iv)le-lvl= lu(1)1&#x3E;0.lvl-OO

REMARK 5.4. We originally proved Lemma 5.3 without knowledge of
the result in [8]. The method of proof was to associate an entire function
F(z) to the set S (F(z) is defined below) and to generalize results of Paley
and Wiener [9, Chapter 6] by proving that A has closed linear span all of

L2[_ I1 1] if and only if FIR is not an element of L2 (R). The novelty was
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that the zeros of F are no longer necessarily real and distinct as they are
in [9]. One can show that FIR tt L2(R) by variants of arguments we shall
use later to show that (1/( Izl +1))FIR E L2(R). Our original argument is
more elementary than Levin’s, but for reasons of length we have omitted it.

It is convenient at this point to define the function F(z) mentioned
above. Let n and S be as in Lemma 5.3.

DEFINITION 5.1. F(z) = ZP+l n (1 - z/C) exp (zjC), where p = the mul-
Cc-s- {0}

tiplicity of 0 as a solution of O(z) = tl(z) - u(- z) = 0 and each term

(1 - (z/i)) exp (z/i) is repeated a number of times equal to the multipli-
city of C as a zero of 0 (z) = 0.

Theorem 2.4 implies that there exists an integer m&#x3E;_l such that for

each integer k_&#x3E;0 the equation O(z) = 0 has precisely two zeros a k and «k
in the strip Tk = Iz: mn + 2 ka Re (z)  mn + 2 kn + 2nl (counting multi-
plicities) and none on the boundary of Tk; «k and «k are either both real or
are complex conjugates. Furthermore, O(z) has precisely 2m -1 zeros c
such that Re (C)  mn (2m -1 = the number of integers j such that )j ) Cm),
and if C is such a zero, so are - C, - t andc. It follows that one can

write F(z) in the form

P(z) = a polynomial of degree 2m with real coefficients.

If we assume that u(I) u( 0) &#x3E; 0 and if we use the notation from the end

of Section 2, formula 5.35 becomes (writing m = 2N -1 )

A similar formula holds if u(l)u(O)  0. If u(l )u(0) :&#x3E;0, Proposition 2.3 im-

plies that lim 211n + a = zn = 0 and lim 2nn - a - zn = 0, where either
n-- n-- n

0  a  nl2 or a is pure imaginary. We shall have to determine whether
z-’F(z) IR E L2 (R) and to do this is makes sense to study the limiting case
zn = 2Y1n + a. Then we get
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Since the degree of Q(z) is 4N - 4 and the degree of (Ilz)P(z) is 2 (2N -1 ) -
-1= 4N- 3, a natural first question is whether zG1(z) E L2(R) since if this
is the case, it at least becomes plausible that z-1.F(z) E L2 (R). A similar

analysis shows that if u(l-)u(O)O it is important to analyze

where 0 a (n/2) or a is pure imaginary and see if (11(lzl +]-))G2(Z) is

an element of L2 (R). Our next lemma gives a precise formula for Gl(z) and
G2(z) and shows that zGl(z) and (lzl + 1 )-lG2(Z) are elements of L2 (R).

LEMMA 5.4. If a is a complex number and a :A 2nn, n an integer, then

where C1(z) is given as in equation (5.37). If a = 0,

If a :t- 2nn + n, n an integer, then

2uhere G2(z) is as in (5.38).

PROOF. Define f (z) = sin ( (z + a)/2) sin ((a - z)j2), so f (z) is an even,
entire function of exponential type. Basic complex variables implies
[l,p.l86] that if f (0)0

where T is the collection of zeros of f (z) and factors are repeated according
to multiplicity. Since f is even, y = 0, and grouping the terms corresponding
to a and - oc in T gives (assuming /(0) =,z::: 0)
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where PI is a subset of zeros of T such that if oc E T1, - cx 0 PI and if

a c- T, - a or a is in Ti. If a is not an integral multiple of 2a, T comprises
+ a, - a and {2nn ± a, - 2nn ± a : n a positive integer}, and using this
fact, equation (5.39) follows from (5.43).

If a= 0, f (z) has a double zero at z = 0 and hm z-2 f (z) _ - 4 .z-0 4

Equation (5.40) now follows by the same sort of reasoning used above.
To prove equation (5.41) (assuming a 0 2ma + :z for an integer m)

it suffices to observe that g(z) = cos ( (z + a)/2) cos ((z - a)/2) is an even,
entire function of exponential type and that its zeros are the same as those
of G2(z). t

Before proceeding further let us recall some elementary calculus. We
know that

where Sm --+ 0 as m - oo, y is Euler’s constant and log denotes natural

logarithm. Similarly, ,y if m is a positive integer and w &#x3E; m -1 we have

We shall use the above elementary estimates in proving that z-’F(z) E L2(R).

LEAllklA 5.5. Let u: [0, 1] - R be a real-valued, continitously differen-
tiable function such that u(l ) =A 0 and let F(z) be as defined in Definition 5.1.
Then it follows that z-’F(z) E L2(R).

PROOF. We shall restrict attention to the case it(l)u(O)&#x3E;-O, since the

proof when u(l)u(O)O is exactly analogous. Clearly we can also assume
that u(l) &#x3E; 0 . We know from Section 2 that there exists an integer N -&#x3E;-I
such that the equation © (z) = û(z) - ic(- z) = 0 has precisely two zeros zn
and zn in each strip 2n7t - 7r  Re (z)  2nn -+- n and no zeros on the boundary
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of the strip. According to our previous remarks we have

where P(z) is a polynomial of degree 2(2.N -1). Proposition 2.3 implies
that there is a complex number a such that Iim zn - 2nx = a and

n-&#x3E; 00

lim zn - 2nn == - a. Thus, given any E &#x3E; 0, we can choose an integer
N===N(e) such that IZn-2nn-ale and )zll - 21+n + a )  s for n &#x3E; N.
We shall specify e more precisely later. We adopt the convention that
zn == 2nn + a and zn = 2%n - a for 1 c n  N. With this convention, one
can see that Z-I F(z) E L2(R) if and only if

because the ratio of H(z) in (5.46) to z-’F(z) approaches one as Izl ---&#x3E;- oo.

We shall try to prove that H(z) E E2 (R) by comparing it with G1(z) in

Lemma 5.4 and proving that IH(z)lclzl-P for lzl&#x3E;-I, where c is some con-
stant and p &#x3E; 1. Since we are assuming e(1) &#x3E; 0 and u(O) &#x3E; 0 the proof
divides naturally into two cases.

Case 1. Assume u(1) &#x3E; u(o)&#x3E;0. Ilropositioii 2.3 implies in this case

that 0  a (n/2) and that Zn and zn are real for n large enough. Thus by
selecting N large enough we can assume 2n7r + a -- E  zn  2n:r + a + E
for n &#x3E; N and hence, by the convention that zn = 2%n + a for InN,
for all n. Similarly, we can assume 2nn - a - 8  z[  2nn - a -E-- E for

n &#x3E; N and define zn = 2nn - a for 1 C n  N. Of course z,, and z’ are only
zeros of O(z) for n &#x3E; N. We shall specify - later.

It suffices to estimate H(z) for z&#x3E;n since H is odd and entire, so as-

sume 2m7r - n  z  2mn + n, Where m is a positive integer. As a first step
define polynomials Pl(z) and P2(z) by

If we assume c  nl2, our construction insures that (z/Zn)2 &#x3E; 1, so we find
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If we use (5.47) and (5.48) and do some algebraic manipulation we find

Standard estimates using the power series for log (I + w) when Iwl  1 imply

Using (5.50) we find that

It is clear that R(z) is bounded by a constant Cl independent of m, z, s  :Y/2
and &#x3E; 0.

In order to estimate the various summations in (5.51), first recall that
one can easily obtain from (5.44) that

where y is Euler’s constant and lim q,, = 0. Using (5.52) and the assump-
V--

tion E  n/2 one finds that

-Nvl,iere c, is a constant independent of E  a/2, m, z and a&#x3E;0. Similarly ,
using (5.45) one finds that
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where w = m - (a/2n) - ( 2 ) and C3 is a constant independent of s  nj2,
z, m and a n/2. Using (5.53) and (5.54) and the assumption that 2mn-
- n : z we find that

where C4 is a constant independent of E  nl2, a ,7/2, z and m. Equa-
tions (5.51) and (5.55) imply that

00

The next step in the proof is to estimate f (1- (ZJzn)2). Since we
n=m+l

are assuming z:2mn + n and e  yr/2y one can see that z/zn C 1 and one has

If we define

a calculation shows

Just as before one finds that
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Just as before we find that

where d1 is a constant independent of 8  (:Y/2), a  nl2, z and m. In ob-

taining (5.60) vve have added and subtracted I/na from the terms in the
infinite series and regrouped terms. If we recall that a &#x3E; 0, we can see

that there is a constant d2, independent of z, m, etc., such that

Since &#x3E; 0 and z:2mn + n we have

where c = log 2 + 2 y + !em, Y = Euler’s constant, sm is an in (5.44) and
lim eN = 0. Equation (5.62) implies that

Using (5.61) and (5.63) we find that

where d4 is independent of z, m, etc. (as long as z, M, E and a satisfy the
usual constraints). Combining (5.56) and (5.64) we find that
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Essentially the same analysis as that above yields

If we combine (5.65) and (5.66) and use the formula from Lemma 5.4 we
find (setting 6 = 28/:z)

In equation (5.67) Cg denotes a constant independent of z, m, etc. and

(2m-l)nz(2m + l)n. If we use the fact that (2m -1 )n:z: (2m +l)n,
so that Iz-z,,,In and lz-z’,,In a computation and some obvious esti-
mates yield

where c9 is independent of z, m, a and B. If we write z = 2m:T + 10, with

w "n, we find that the right hand side of (5.68) equals

Since 1p(w) extends to a continuous function on [- n, n], vve conclude that
there exists a constant clo, independent of z and m such that

Using this estimate in (5.67) we obtain (for an appropriate constant cll
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and for ]z ) &#x3E; n )

It follows that if ~yz;/8, the right hand side of (5.70) and hence z-1.I’(z)
are elements of L2(R). Notice that we have actually proved that if zn and z:
are (eventually) real numbers with

lim sup IZn - 211:r - a and lim sup lz’ - 2hn - a I C and if 0  a  - ,
n--&#x3E;oo 8 n--oo 

n 
8 2

then the right hand side of (5.70) is in L2(R). The condition on a is not

strongly used; for example, if a = 0, one can prove the same result by
using equation (5.40) in Lemma 5.4.

Case 2. Assume 0  u(I)u(0). The proof in this case is similar

to that in Case 1, although some details are different because zn and zn
need not be real. We know that lim (zn- 2nn- ib) = 0 for some b&#x3E;0,

n--

lim (zll - 2nn + zb) = 0 and zn z’ if zn Or Z’ is not real. Just as in case 1,n-- n ’ n n 

for purposes of proving zH(z) E L2 (R), we can assume IRe (zn) - 2nnl  E

and Im (zn ) - b  s for all n &#x3E;I and similarly for zn . Furthermore, if b &#x3E; 0

we can assume that none of the zn or zn is real. The number c &#x3E; 0 will be

specified later but will always be assumed less than yr/2.
As before, assume that (2m - 1) a  z  (2m + 1) a. We leave as a cal-

culus exercise that if m &#x3E; m,,, where mo depends only on b, then for n &#x3E; m + 1

Since we only have to estimate H(z) for z large, we can assume that m &#x3E; m,,.
We proceed as in case 1. We define

and seek to estimate IP,(z)P,(z)-Il (assuming (2m - 1);rz (2m + 1),7).
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If we define s,1 = 2n,x + ib-zn, so IEn!:Ý2E, a calculation yields

Taking the logarithm of (5.72) and making some simple estimates gives

where k, is a constant independent of z and m. To obtain (5.73) we have
used equation (5.52). We obtain from (5.73) that

A similar formula holds if zn in (5.74) is replaced by zn, so we obtain

The constant k, in (5.75) is independent of z and m.
It remains to estimate

by comparing it with
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If we use equation (5.71) and simplify we find

To estimate S1, and S, it is natural to take logarithms and use the Taylor
series for log (1 + w) when Iwl  1. If we do this for Sl (z ) we find

Each of the functions T,(z), 2  j  4, has absolute value dominated

by a constant independent of z and m. For example, if we write

Il = iO/(2na + ib - z), so la  1/2/2 (since e  nl2 and 12nn + ib - zj I &#x3E; n)
we have

Using (5.78) we see that

where k4 is a constant independent of z and m. A similar argument applies
to T2(z) and T4(z), so we conclude that there is a constant ks, independent
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of z and m, such that

To estimate Tl(z) we proceed as in case 1. We have

A simple calculation shows that

where k, is a constant independent of m, z aiid -  :r/2. A similar calculation
shows that

where k7 is a constant independent of z &#x3E; I and m. We have used equa-
tion (5.44) to show that

is dominated by a constant independent of m.
To estimate the remaining term in T,(z) observe that
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By using (5.52) and (5.44) we see that

where k,, is a constant independent of m and z. If the estimate (5.84) is
used in (5.83) one obtains

.If we combine (5.81), (5.82) and (5.85) we obtain an estimate for T,(z),
and equation (5.80) then implies

An analogous argument proves that 1$,(z)lk,,,IzIOI-,, so 1ve obtain from

(5.76) that

Combining inequalities (5.75) and (5.87) yields

The constant k13 in (5.88) is independent of z, m and E  yr/2.
The remainder of the proof closely parallels case 1. Define 6m(z) by

If we recall that (2m -1)nz: (2m + 1) n, a calculation shows that



478

where k14 is independent of z and m. If b &#x3E; 0 and if we use (5.88) and (5.39)
(with a = ib) and the above estimate we find

The constants k and k’ are independent of z and m. An examination of (5.89)
shows that there is a different constant k, independent of z and m, such that

for Izi large enough. Thus to insure z-’F(z) E L2(R) in this case it suffices
to assume a  12.

The above proof has to be modified slightly in the case b = 0, since then
one must use (5.40) instead of (5.39). We leave the details to the reader..

We need one more lemma in order to prove theorem 5.1.

LEMMA 5.6. Let u: [0, 1] - R be a real-valued, continuously differentiable
f unction such that zc(1 ) # 0 and let F(z) be as defined in De f inition 5.1. Then

given any e &#x3E; 0, there exists a constant Ce &#x3E; 0 such that

PROOF. By relabelling the zeros of F(z) one can write

where IWn - nnl :L and L is a constant independent of n. Notice that

the zeros of I’(z) are now regarded as indexed by all positive integers in-
stead of just the even integers. It follows from equation (5.91) that
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However, the same calculation used on the bottom of page 86 and the top
of page 87 in [9] shows that given s &#x3E; 0, there is a constant Ce such that
the right hand side of (5.91) is dominated by CE egp ( (1 +s)/zl). In par-

ticular, we have

The argument in Lemma 5.5 actually showed that z-1.F’(z) approaches zero
as z approaches ± oo through the reals, so by increasing CE we can assume

Since we have already shown (equation (5.92)) that z-1.F’(z) is of exponential
type, the Phragmen-Lindelof theorem implies that

which is the desired inequality when Im (z) &#x3E; 0. Since z-’F(z) is odd, we
obtain (5.90) for general z from the case Im (z) &#x3E; 0.a

We are finally ready to prove Theorem 5.1.

PROOF OF THEOREM 5.1. We have already seen (Lemma 5.3) that the
closed linear span of A is L2[-1, 1]. If Al denotes A with one element,
say 0153jet;x, removed, we have to show the closed linear span of Ai is not all
of .L2[-1,1]. Define O(z) by

Clearly O(z) is an entire function and lim Ø(z)(z-lF(z) )-1 = 1, so Lemma 5.5lzl--
implies that OIR is in L2 (R) and Lemma 5.6 implies that IØ(z)1 :
 Ce exp ( (1 --E- e) I Im (z) 1) for every E &#x3E; 0. The Paley-Wiener theorem im-
plies that O(z) = f(z), where f E L2(R) and f (x) has support in the interval
[- l, 1]. But this means f E L2[ -1, 1] and f is orthogonal to every element
of A1, so the closed linear span of A.1 is not all of L2[- :L, 1]. a

REMARK 5.5. In all of our previous work we have assumed that

u: [o, 1 ] - R is C’ and u (1) =A 0. Analogues of Theorem 5.1 and 5.2 hold if

u:[091]--*R is Ck, k&#x3E;l, u(j)(l) = 0 for Ojk-I and U(k-1)(1) =1= 0 ;
however, the proofs are not completely mechanical extensions of the

previous work, and for reasons of length we have restricted ourselves to
the case u(l) =1= O. In any event, if u: [0, 1] --&#x3E;. R is only continuous and
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L: C[0, 1] -&#x3E; CLO, 1] is defined by equation (5.2), a simple limiting argument
(using Theorem 5.2) shows that every complex number = )wû(z), where
A(z) = A(- z), is in the spectrum of .L. The difficulty is to determine

whether there are other eigenvalues and to find the algebraic multiplicity of p.
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