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Pseudodifferential Operators and Hardy Kernels on L?(R*) (*).

JEFF E. LEWIS - CESARE PARENTI

Introduction.

We develop an algebra of pseudodifferential operators on L?(R*), 1< p << oo,
which includes H, the Hilbert transform restricted to R*, and some clas-
sical Hardy kernels. Such operators arise in the study of singular integral
equations in L?(R*) since H? = — 1 + K, where K is a Hardy kernel
operator. The algebra of operators described here, called Mellin operators
in OPX,,,, are defined via the Mellin transform. As in the case of the
Hilbert transform [Sh 1] or a Hardy kernel [FJL 1], the spectrum of the
operator depends upon the L* space on which it acts. As described in the
remarks of Section 5, there are operators in OPX,,, for all p, 1< p < oo,
which admit a parametrix in OPX,, for some values of p, but do not have
a parametrix in OPX,,, for other values of p; the parametrices in OP2),,,
for different values of p, do not necessarily agree on Cy’(R*).

E. Shamir [Sh1, Sh 2] studied the spectrum of the Hilbert transform
on L?(R+). G. 1. Eskin [E 1, E 2] has made an extensive study of operators
defined via the Mellin transform and given applications to weighted L2 spaces
and boundary value problems. In [N] J. Nourrigat has defined a class of
pseudodifferential operators on Rt defined by the Mellin transform and
studied their properties on weighted L2 spaces. B. A. Plamenevskii in [P]
has studied an algebra of pseudodifferential operators in R+x 8*—1 defined
using the Mellin transform. H. O. Cordes and E. A. Herman [CH] studied
singular integrals on L2(R*).

In Section 1 we state the properties of the Mellin transform and Mellin
multipliers to be used in the sequel. A representation for variable symbol
Mellin operators is studied in Section 2. The space of symbols, 2,;,, and

(*) Research partially supported by the National Science Foundation and by
C.N.R., Gruppo G.N.A.F.A.

Pervenuto alla Redazione il 20 Febbraio 1979 ed in forma definitiva il 15 Mar-
zo 1979.
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the space of Mellin operators, OPZX,,, are defined in Section 3; the principal
symbol ¢, is defined. The symbolic calculus is developed in Section 4. The
operators in 0P, which admit a parametrix in OPX,, are characterized
by their symbols in Theorem 5; the remarks following Theorem 5 describe
a typical situation. The index of an elliptic operator in OPZX, is studied
in Section 6. An application to an oblique derivative problem for Laplace’s
equation in a plane gector is given in Section 7.

1. — Preliminaries on the Mellin transform.

We shall deal with funections in L? = L?(R*), 1< p < oo, with the norm

I, = ( | mw);«vdm)’“’.

It will be convenient to consider functions g(x) € LY(R+) where

”g“gr‘* = (f Ig(l’)lp?)”p .

If f(x) e L*, we define f,(x) = a'?f(x) e L2(R*) and the functions F(u) =
= f(exp [— u]), and F,(u) = f,(exp [— u]), v € R. Note that

+

1ls = ol = | Fplzemy = ( f exp [— u][F(u)]”du)l/]2 )

—

If f(x) e C3(R*) we define the Fourier transform of F, as the function

+ o0 =)
1.1) Py = fexp[— g Fy(u)du = (277 joyde, EcR.
— 0o 0

The Mellin transform of a funection fe Cy°(R*) is defined as

(1.2) flz) = |a*f(x)dx, z€eC.
0
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It follows that for fe C°(R¥), f(z) is an entire function and we have the
invergion formula

1/p+ i
1 N
_ — % d
CET— W O
1/p—ioco
a+ioco
where the notation 1/2x¢ f ...dz denotes contour integration along the
a—1io0

path 2z = a 4 1§, — co<< £ < co. Integration by parts shows that
2 Lf) @ =@ and ((oga)f) @) = =)
e o g (?)= dz’ """
For 7 real, 6 > 0, we use the notation

8, s={eC: 1—0<Rez<7t+ d}.

If f is measurable on R+ and the integral (1.2) is absolutely convergent for

all z in some strip S, , we shall call the integral f(z) the Mellin transform

of f; under these conditions f(z) is a holomorphic function in S, ;. We make
the following definition.

DEFINITION 1. Let b(2) be a bounded measurable function on the line
Rez = 1/p. Then we say b is a Mellin multiplier on L* iff the map

1/p+ico
Blo) =5 [ eei@d, o>0, fec®),
1/p—ioco

18 extendable as a bounded linear operator on L».

By (1.1), F,(&) = f(1/p + i&), so that b is a Mellin multipler on L» iff
the function & — b(1/p + &) is a Fourier multiplier on L?(R)[H].

We give the following examples which will be essential ingredients in
the algebra of operators to be constructed in Section 3.

1) The Hilbert transform on L?(Rt). The Hilbert transform of a fune-
tion fe L? is defined as

1[I
(1.3) Hf(x) = p.o. =) a—y dy .
0
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Following Shamir [Sh 1] and Eskin [E 1] we can represent H as

1/p+ico .
.1—|—exp[zzuz] .

1 —2 — ©
M)Hm=%.[x%:%wﬁmm,mqu

1/p—ico

It is well known that H is a bounded operator on L?. Define the function

0(z)

1 1 ( 1+ exp [2m’z])

T1— exp [2miz] T3 1 — exp [2miz]

Then 6(z) is a Mellin multiplier on L7, 1< p < oo.

2) Hardy kernels on L*. Let k(x) be a measurable function on R*
such that for some a, b with 0 <a<b<1,

pmmmm+anmM<m-

0 0

Then for all p, a < 1/p < b, the Hardy operator with kernel k¥ is defined
on L? by

, B oo,1 x dy
(1.5) Kf(r) = f ; (g)f(y);-

Following [FJL 1], for fe Cy°(R*),

1/p+ico

(1.6) Kf(x) e k(z)f(2)dz,

~ 2mi

1/p—ioco

where IE(z) is the Mellin transform of the kernel ¥ which is defined and
holomorphic for a < Rez << b.

3) The operator T,, (a particular Hardy kernel). Let 1<p < oo
and {eC, Rel s 1/p. For fe CF(R"), define

1/p+ico
1 1 .
(1.7) Teof(e) = 5 f o 2 Tede.
1/p—ioco

The function b (2) = 1/({ —#) is a Mellin multiplier on L?, 1/p % Re(,
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and the L? norm of the operator T;, is bounded by C|Re{ — 1/p|-* (C is
independent of p). If 1/p < Re(, the kernel for 7, , on L7 is given by

bey(@) =0, O0<az<l, ky@=v*% z>1.

If Rel < 1/p, the kernel for T,, on L? is given by

k(@) =—a%, 0<ae<l, k,(@=0, z>1.

The bound for the L* norm of 7, , is a consequence of Young’s inequality.

2. — A class of bounded operators on L?(R").

We now introduce a class of Mellin integral operators on L?(R+) with
variable kernels.

THEOREM 1. Let a(x,z) be a function defined for x> 0 and z in some
strip 8,5y 1< p < co. Suppose that for all x, a(x, z) is holomorphic in S, , '
and that there is an ¢ >0 and a constant C such that

sup |a(z, 2)| <C(1 + |2|)7172,  2€8yps.

x>0

Then the operator defined by

1/p +ioco

(2.6) Af(x) = =— f r=za(x, 2)f(z)dz feCe(RY),

is extendable as a bounded operator on L.
PrOOF. Let 0 < 9, < d and let I, ; denote the contour

{z:%—{—61+i£, —oo<§<oo}u{z:}9—($1——i£, —oo< K ')}.

It Rez =1/p, by the Cauchy integral formula

a(r, z) = 2% f ag;(x_,i) ac .
Tizo,
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Using this representation for a(z, 2) in (2.6) and applying Fubini’s Theorem,
we obtain

1/p+ico
1 1 1, 1 )
Af(w)=§7?i fa(% 5)% f l":c__zf(z)dzzi)—?ﬁ f“(my 0) Tep f(x) dC -
111[1:.61 1/p—ioco Fx/p.al

An application of Minkowski’s Integral Inequality gives

[4fllo<s= | sup |a(@, O||Tenfld|| < CiéT|f]. . ge.d.
27 z>0

1-‘111'.0l
THEOREM 2. Let a(x, 2) be a function defined for x> 0 and for z in
some strip 8y, 5. Suppose that

1) a(®, 2) is continuously differentiable in R+ x 8, ; and holomorphic in z,

2) For some ¢ > 0 there is a constant C such that for all x and z

. ‘ x € 1
&7 et z)KC(J ¥ 4) ((1 + lzn“f)’

C

(2.8) x— a(z, 2) TSI

or

<

Then the operator A defined by (2.6) is compact on L».

Proor. By the proof of Theorem 1 and (2.7) it follows that the operators
f = xon(@) Af(@) and f — y;-1,0,)(@) Af(x) have small L* norm if 4 is small.
The map f — — x(d/dx) Af(x) = Tf(x) is represented by

1/p+ico a
1 -
Tf(x) = Eyr f & {a(‘r, R)g—ux % a(x, z)}f(z) dz.
1/p—ico

By (2.8) and Theorem 1, 7 is bounded on L?. From these observations it
follows that the family {Af: ||f|, <1} is equicontinuous in L?(0, N) for every N
and that

lim sup f |Af(x)|rde = 0.

N—oo |Iffp<1
|e| >N

This establishes the compactness of 4 on Lr. q.e.d.
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3. — Spaces of symbols and Mellin operators.

As a preliminary step we introduce some spaces of functions and their
Mellin transforms.

DEFINITION 2. Let T be real. If 6 > 0, by F, 5 we denote the class of func-
tions a(x) € C°(R*) such that the following property holds: for every d,,0<< §,< 4,
and every j there is a constant C = C(d,, j, @) such that

d\’ L * \
'(ch—x) a(r) | < Cx (1_}_002) .

|
By F, we denote the space of functions a(x) such that a € F, 5 for some 9.

DEFINITION 3. Let T be real. If § >0, by \"f,,& we denote the class of func-
tions b(z) which are defined and holomorphic in the strip S, ; and such that the
following property holds: for every 6,, 0 < 6, << §, and every j and k there is
a constant C = C(dy, j, k, b) such that
| k
2’ d—zk

b(z) <C

for all z€ 8, ;. By 5, we denote the space of functions b(z) such that b € 3:',’,,
for some 6.

The fact that the functions in 5, are precisely the Mellin transforms
of the funections in F, is consequence of the following result whose proof
is contained in the article of A. Avantaggiati [A, Sec. 2].

LemMA 1. If a€F,,, then its Mellin transform ae€ f,,(,. Conversely,
given be F, oy define the function

T

T+1i00

a(r) = — f x*b(2)dz, x>0.

Then a€ JF, 5 and @ = b.

We define the symbols of the class of smoothing operators to be c¢on-
structed.

DEFINITION 4. Let 7 be real. If &,6>0, by @, 5, we denote the class of
functions such that:

1) a(z,2) € C°(R* X8, ,),
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2) for all », a(x,z) defines a holomorphic function on S, 4,

3) for each &, 0 <& < e, and each 6, 0 < 6, << d, and each M, j, k
there is a constant C = C(g, 6,, M, j, k, a) such that

| oY\ (oY AN
#ez) @) e <o)

for z€ 8, ,,. .
By @, we denote the class of functions a(x, z) which belong to D, , , for some &, 0.

We recall that the function 6(z) = 1/(1 — exp[2niz]) is holomorphic in
the strip 0 < Rez <1 and that for all M and j, uniformly in the strip
0<d<Rerz<l—96d<1,

di !
3.1 lim |2 —(0(z) —1)| =0
( ) Imz—+ oo dz’ ( ( ) ) ‘
and
(3.2) im |2 0.
Imz—>— o0 ’[zj ;

It follows that 6(z)(1 — 6(2)) € f;”'l,q, for 1< p < oo.
Finally we are ready for the definition of the space of symbols of an
algebra of Mellin operators on L?(R*).

DEFINITION 5. Let 1< p < co. Denote by 2\, the space of functions
a(z, z) € C°(R*x 8, 5) for some § = d(a) > 0 and for which there is a repre-
sentation of the following form in R*X S, s
(3.3) a(@, 2) = a. (2)0(2) + a@)(1— 0() + a(2) + «(x, 2)
where

1) a (x) and a_(x) are extendable as continuous functions on R+ in
such a way that a () —a, (0) € F,,

2) a(z) € Fijn,
3) a(x, z) € Dyyp.
DEFINITION 6. For each symbol ac Xy, we define the Mellin operator

1/p +100

(3.10) Af(x) = — fx—m(x,z)f(z)dz, fe Ce(RY).
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The space of all such operators will be denoted by OPX,,. The function
a(x, 2) € Xy, will be called the symbol of the Mellin operator A. If the symbol
of the operator A is also in the class D,,,, we shall write 4 € OPP,,, and shall
call A a smoothing operator.

DEFINITION 7. If A is a Mellin operator with symbol

a(@, 2) = a,(0)0(2) + a_(2)(1 — 0(2) + a(2) + «(z, 2),

the function a(xr,z) — a(x, 2) will be called the principal symbol of A and be
denoted by o,(4)(x, 2).

From Theorem 1 it follows that if 4 € OPX,,,, then A can be extended
as a bounded operator on L?; moreover, if ¢,(4)(x, 2) = 0, 4 is a compact
operator on L*.

4. — The symbolic calculus for OPX .

We study the compositions and adjoints of operators in OPX,,.

THEOREM 3. Let A, Be OPX,,. Then AB¢e OPX,,. Moreover, if

0,(A)(@,2) = a,(2)0(2) + a_(@)(1— 6(2) + a(2)

and

0y(B) (@, 2) = b, (2)6(2) + b_(2)(1 — 0(2)) + b(2),
then

05(AB)(x, 2) = ¢, ()0(2) + c_(2)(1 — 0(2)) + ¢(2),
where

(4.1) 1) c () =a,(x)b (@)
(4.2) 2) e_(x) = a_(x)b_(x)
(4.3)  3) coz) = 0,(4)(0,2) 0,(B)(0,2) —
— a,(0)b,(0)8(2) — a_(0)b_(0)(1 — 6(2)) -

Proor. We shall first show that the composition of two smoothing
operators is a smoothing operator. Let a(x, 2), b(x, 2) € @,;, and let 4 and B
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be the corresponding Mellin operators. For fe O7(R*),

o 1/p+ico
1 5 ,
Bf(2) =fm=—1—2——m J x=vb(x, w)f(w)dwdx
1/p—ico
1/p +i

% 5(2 —w, w)f(w)dw )
1/p—io

o

where b(z, w) denotes the Mellin transform of b(z, w) in the z-variable. Thus

1/p+ico 1/p +ico
1 1 -
B = r2a( Xy 2) — — }
ABf(x) i f x=%a( , )2m b(z — w, w)f(w)dwdz
1/p—ioo 1/p—ico
1/p +ioco
=5 rve(w, )f(w)dw,
1/p—ioco
where
1/p+i00
¢(x, w) = 5 = a(r, z)I;(z — w, w)dz
1/p—ioo
0+1i00
= 1 w-va(r, v + w)b(v, w)dv .
27t ! !
0—ioc0

In the above calculations, the absolute convergence of the integrals justifies
the use of Fubini’s Theorem.

To verify that ¢(x, w) € D,, we apply repeatedly the observation that
it a(x, 2) € Dy, then
2¥4(log x)¥ (Jc i)k (é)] a(x, 2) € Dy, .
ox) \oz) " Y

We next show that if A € OPX,,, Be OP®,,, then AB € OP®,;,. Let
the symbol of 4 be

a(wy 2) = a, (0)0(2) + a_(z)(1 — 0(2)) + a(z) and let b(w,2) € Dy, .

In this case we argue as above and again use Fubini’s Theorem to obtain that

1/p+ico

ABf(x) = P a=vo(x, w)f(w)dw

1/p—ico
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where
0+ic0
1 -
c(r, w) = e f zva(r, v + w)b(v, w)dv.
0—ico

Consider, e.g., the contribution of

0+ioco

2;_:;_) f =20 + w)b(v, w)dv .
0—ico

Modulo D,,,, this integral is ¢, (x, w) where

0+ioco
(4.4) o (x, w)= a;y(zg) f z=[0(v + w) — O(w)]b(v, w)dv,
0—joo

Now

0+ico 1
e (x, w)= (%;(3—) f x—”fg% (w + tv) vb(v, w)dtdv .
0

0—ioo

To show that ¢ (v, w) € Py, we observe that for some 6> 0, it is pos-

0+ico
sible to shift the integral (1/2x1) f ... dv to either of the integrals
0—ioco
—0+ijco 04400
1 1
o e AV or i wodv.
—0—ico d—ioco

Hence z~°w" (2(0/0x)) (9/0w)*c, (#, w) is a linear combination of integrals of

the form
—0—ioco 1

(4.5) I(x, w)= 2;. f x—@+9(log m)sftm(w + to)MOO+D (1 4 t0) b, (v, w)dtdo

—0—1ioco 0

where b,(r, w) € @,,,. The integrals I(x,w) are absolutely convergent and
for w in some strip around Re w = 1/p are bounded by C|log x|°. Repeating
the argument with 6 replaced by — 6 shows that ¢, (2, w) € @,),. In the
same manner one shows that
0+ioo
1 -
— f w-’f{ah(ac)(l — 0 + w)) + a(v + w)}b(v, w) dv

27i
0—ioco

gives a function in @,,.
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The next step is to show that if 4 eOP®,, and Be OPX,, then
AB € OP®,),. Let a(x,z) be the symbol of 4 and suppose that b(x, 2) =
= b, (#)0(2) + b_(x)(1 — 0(2)) + b(2) is the symbol of B. Denote by B,
the operator

1 1/p+ioco
B+f(m):% f w—‘b+(1')0(z)f(z)clz.
1/p—ioco '
We have that
1 1/p+ico
AB+f(w) = i f x~ve(x, w)f(w)dw + Cif()
1/p—ico
where
6 0+1ic0
e(x, w) —2%? f wva(r, v 4+ w)(b,(r) —b,.(0))7(v)dv
0—1c0

and O, is a smoothing operator. Since (b (x)—b,(0))~(v)€ \%g, it may be
shown that c¢(x, w)e€ @,,,. The other terms in the composition can be
handled similarly.

As the next step we consider two operators A, B, with symbols
a, (r)0(z) and b (x)0(z). Let @ be the operator with symbol 0(z). Then

A,B, =a, ()b, (0)0? + a_(x)(Ob (2)0O)
where
b, (@) = b (@) —b.(0)eF,.

The second part can be written as

1/p+ico

1 vl z
Cf(x) = o f x~ve(x, w)f(w)dw ,
1/p—ico
where
0+ico
o(r, w) = a,(x)0(w) 7;—@ f 2700 -+ w)b'. (v)dv.
0—1i0c0

Using the argument for the integral (4.4), we have that modulo a symbol
in @y, c(@, w) = a,(x)b, (¥)0*w).

At this point we observe that 62 = (6 — 1) 4 0 so that the operator §2
contains the Hardy kernel operator with symbol 6(z)(f6(2) — 1) € F yp+ Thus
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the principal symbol of A, B, is given by
0,(4, BL)(#, 2) = a,(@)b,(@)8(2) + a,(0)b,(0)6()(6(2) —1) .

Since the composition of two Hardy kernel operators with symbols in
5 1» 18 a Hardy kernel operator with symbol in ¥ 1/»y We leave to the reader
the proof of the cases not considered explicitly and the calculation of the
prineipal symbol. g.e.d.

CoroLLARY. If A, Be OPX,, the commutator
[4,B] = AB — BA € OP®,,.

We consider the adjoint of an operator A € OPX,,. If 1/p + 1/g =1
we define A*: L¢ — L¢ to be the operator such that

(=] [=d

f Af(@)g@)do — f @) A g@dr, 1, geCeRY.
0

0

THEOREM 4. Let A€ OPX,, and 1/p +1/g=1. Then A*ec OPX,,;
moreover, the principal symbol of A* is

(4-6) GG(A*)(‘Da z) = GP(A)(w’ 1—2).

In particular if

(4.7) 0,(A) (@, 2) = a (#)0(2) + a_(x)(1 — 0(2)) + a(2),
then
(4.8) 0.(4%)(x, 2) = d+(w)0(z) + 6_(.’10)(1 - 0(2)) +ald—2),

Rez near 1/q.

Proor. We recall that the Hilbert transform H is representable as
H =i(20 —1)e OPZ%},,. Using the kernel representation (1.3) of H, we
have that H* = — H e OP2},. A calculation shows that

0(H*)(2) = 0,(H)(1—2)-

Next consider the operator Af(x) = a(®)f(x) where a(x) — a(0) € F,. Then
A*g(x) = a(x)g(x). Representing O in terms of H and applying Theorem 3
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proves the theorem for operators of the form
A=a ()0 + a_(x)1—0).

We now consider an operator A which is a Hardy operator with symbol
a(z) e y»- There is a kernel k(x)e F,, with k= a such that Af(x) =

(=]

f k(@/y)f(y)(dy/y). The adjoint A* is representable with a kernel k*(x) =
0

= (1/»)k(1/x). For Rew near 1/g we have that k*(w) = a(1—w) € F,,.
Finally we show that if 4 € OP®,;, then A*c OP®,,. If the symbol
of 4 is a(w, 2) € Dy, and f, g € O (R*), represent

1 1/p+ico 1/@+io0
- 1 .
fy)= i f y—f(z)dz  and  g(y) = 5 y~vg(w)dw
1/p—ioo 1/g—ico

Using Fubini’s Theorem, we obtain that

1/g+ico
f Ay gy = f f@) s [ amreta wgae)dwaz,
1/a—ico
where
1/p+ioo o0
c(r, w) = 2_1—m f xﬁﬂ-lf Y-+ a(y, 2)dydz .
1/p—ioo 0

Performing the change of variables 2 —1 — w -+ v, Re v = 0, we have that

0+ioco
1
e(x, w) = 3o f x=@(v, (1—w) —v)dv.
0—ioco

Using arguments similar to those for (4.4) and (4.5), we can show that
c(x, w) € Dyyy. q.e.d.

REMARK. If A e OPX,, the transposed operator ‘A is defined so that

(o]

[At@g(@) @0 = [f@) 4g(@)da, , g € OF(RY).
0

0
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Then if 1/p 4+ 1/q¢ =1, A € OPXy,. If 0,(A4) is given by (4.6) then
0o(*4) (@, 2) = a,(2)(1 — 0(2) + a_(2)0(z) + a(l—2),

Rez near 1/q.
REMARK. We observe that smoothing operators map L? into F,,.
LEMMA 2. Let A e OP®,,. Then if fe L», Afe 5,,.

ProorF. Let the symbol of A be a(x,z) e D,,. Define the function
k(z,t) by

1/p+ico

1

1/p—ico

t~*a(x, z)dz .

Then for some é > 0 and each ¢, j there is a C = C(J, 4, j, k) such that

o\i/. o0V z \¢ t \¢
(ma—x) (t a_t) k(, 1) '<ot 1/ (1 H) (1T t)

Fix £ > 0 and for fe Oy’ (R*) let

(4.9)

Af(@)= Of b (s, g)f(w%y-

The Mellin transform of A.f is a(&, 2)f(2) € §y,. Hence

1/p+ic
1 -
=5 v a(§, 2)f(2)dz .

1/p—ioco

Aef(»)

Putting £ = « we then have the representation

(o]

Afi@)= (o 2) 1) L.

I

0

r x dy
= s 2. Z ) Ty Ve .
fy (w, y)[y )] y
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It follows that x”p(w(d/dm))"Af(w) is a linear combination of integrals of
the form
[ {2\ @ dy
7) — — N 1/p -
I@) f ()" (o 5) wmron

where k,(x, t) satisfies estimates of the form (4.9). By Holder’s inequality,

()] <0(1 - x)”( f (1 = t2)6”d7t)l/qllflln,

where 1/p + 1/q = 1. g.e.d.

5. — Elliptic operators in OPZ,,, .

We characterize the operators A € OPX),, which are « elliptic », ¢.e., for
which there exists a parametrix B € OPX,,, such that AB — I and BA — I
are smoothing operators.

THEOREM 5. Let A € OPX,,, with principal symbol
0,(4)(®, 2) = a,(9)0(2) + a_(2)(1 — 6(2)) + a(2).
The following two conditions are equivalent:
1) There is an operator B € OPX,,, such that AB — I € OP®,,,.
2) The following three conditions are satisfied by o,(4)(x, 2):

inf
EeR

(5.1) inf |a, ()] >0,
>0

a,,(A)(o,1 +i5)‘ >0,
P

inf |a_(z)| > 0.

x>0

Proor. Suppose that 1. is satisfied and let
0,(B)(@, 2) = b, ()0(2) + b_(2)(1 — 0(2)) + b(2) .

By Theorem 3
0,(AB)(x,2) =1 =1-0(2) + 1(1 — 9(2)) .
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By (4.1) and (4.2) and the observation that
0,(AB)(0, 2) = 0,(4)(0, 2)0,(B)(0, 2)
we have the identities
1=a,(2)b,(2),

1= a—(w)b—(x) ’

1= 0,(4)(0, 2)0,(B)(0, 2) .
Condition 2 follows.
Conversely, suppose that 2. is satisfied. Note that for some J > 0,

inf |o,(4)(0,2) > 0.

2€81/9,0

We define an operator B with symbol

] 1 1
(5.2) bz, z) = mo(z) + m (1—6(2) + b(z),
where
1 1 1
(5.3) b(2) = o‘p(A)(O,z)_a+(O)9(z)_ (1—0(),

a_(0)

#€8,,s- It may be shown, using the properties of a, (), a_(#) and (3.1),
(3.2), that b(x,2) e Xy,. A direct calculation using (4.1), (4.2), and (4.3)
shows that B is a parametrix for 4. q.e.d.

DEFINITION 8. If A€ OPX,, and A satisfies condition 1. or 2. of The-
orem 5, we shall say that A is an elliptic operator in OPX,,.

REMARK. We emphasize that the definition of ellipticity in OPZ,,
depends on p. The following situation is typical.
Congider an operator A with principal symbol

0,(A) (2, 2) = a(x, 2) = a, (2)0(2) + a_(x)(1 — 0(2)) + a(?) .

Suppose that inf |a, ()| > 0, inf |a_(z)|> 0, and that a(z) € ?1/,, for all p,
1< p< co. Then the function u(z) = (a(0,2))~* is meromorphic in the
strip 0 < Re z << 1; moreover, in any strip 0 < d<< Rez<1—0<1, 9(»)
has only a finite number of poles. Hence for all p outside a discrete set,
N(4), A is elliptic in OPX,,. Define b(z, 2) by (5.2) where b(z) is defined
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by (5.3). Then b(z) has the same poles and residues as y(z). Then if p ¢ N(4),
b(x, #) is the principal symbol of a parametrix for 4 in OPX,,. If p, and
p2 ¢ N(4), let B, € OP,, be parametrices for 4 in OP2,,,i=1,2. The
calculation in [FJL 1] shows that for fe O7°(R*),

[ee] » d
Bpft@) — Buf) = [ 1(3) 1)
o . b

where the kernel & is given by

1py+ioo 1/pg+ico
1
k(x) = — x~*b(R)dz — — x—*b(2)dz .
(@) 271 f @) 271 )
1/p;—ic0 1/Dy—ico

If a(0,8) =0 for some {, Rel between 1/p, and 1/p,, then k(x) # 0
(see [FJL 1]).

ReEMARk. If A4 is elliptic in OPY,, and Af =0, fe L», then fe J,,.
This follows from Lemma 2.

6. — The index of an elliptic operator in OPX) .

We will relate the index of an elliptic operator in OPZ,,, to the winding
numbers of the coefficients a, ().

LeMMA 3. For v an integer define

x
x) = 2miv]——| .
@,(r) = exp ([ mvrlm T ])
Then

1) @: Rt — 8 = {|z| = 1} and the winding number of @y is v.
2) (Pﬂ(a)) —1€e 5‘_0.
3) If a(x) is a function mapping R, — C\{0} such that a(x) — a(0) € F,

and the winding number of a is v, then there is a continuous homotopy

F:[0,1]X R+ — C {0} such that

(i) F(0,x) = a(0)ps(x),

(i) F(1,x) = a(z),

(iii) F(¢,0) = a(0), 0<<t<1,
(iv) F(t,z) — a(0) € F,, 0<<t<1
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Proor. Parts 1 and 2 follow by a calculation. To prove 3, we remark
that if we replace a(x) by a(x)e_,(x) it is sufficient to construct the homo-
topy when » = 0. In this case it is well known that there is a homotopy
G(t,x) which satisfies (i)-(iii) and such that G(¢,-) e C*(R*) for every ¢
Let ¢ = 1|a(0)| > 0 and choose J > 0 such that

|G(t, @) —a(0)|]<e for 0<t<l, 0 <a<4d or (40)'< 2 < oo.

Construct a nonnegative partition of unity on R+ as 1 = a,(@) 4 oa(2) -+ os()
where oy(x) =1 if 0<w<d, ou(®) =0 if 2> 2§, ay(x) =1 for x> 67,
() = 0 for <16t and oy(®) =1 — (%) — ay(x). Define the homo-
topy F as

(61) Pty 2) = (oa(®) + xs(@)) (a(0) + t(a(@) — a(0))) + ao(@) G (t, @) .
The verification of (i)-(iv) is left to the reader. q.e.d.
As an application of the previous lemma we have the following theorem.

THEOREM 6. Let A be elliptic in OPX,, and let
(6.2) oy A)(@, 2) = a,(@)0(2) + a_(@)(1 — 6() + a(2)

Suppose that v, and v_ are the winding numbers of a, and a_. Then A as
an operator on L* has index v =v, —v_.

The proof of Theorem 6 is accomplished by a sequence of lemmas.

LEMMA 4. With the notation of Theorem 6, A has the same index as the
operator A* with symbol

(6.3)  af(z,2) = a,(0)g,,(2)0(2) 4 a_(0)g, (x)(1 — 0(2)) + a(2) .

Proor. By Lemma 3 there are homotopies ¥ (¢, ) which connect a.(z)
to the functions a.(0), () in such a way that the operators 4, with
symbols

at(w’z):F+(t7z) (2) + F_(1, .%‘(l~0 )+a

are elliptic in OPX,,. Then 4,= A and 4,=4 mod OP®,,. Hence
index A* = index A in L*.  q.ed.

LeEMMA 5. With the notation of Theorem 6 and Lemma 4, the operator A
has the same index as the operator 4, with symbol

(6.4) a(w, 2) = @(2)0(2) + (1 — 0(2)) .
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ProOF. Let A, be the operator with symbol af(z) = a#(0,2) and B,
be the operator with symbol by(z) = (ah(z))~*. Then B A} =1= A%B,
so that A* has the same index on L as the operator By A* = I 4 B (A% — A%),
Since o,(A* — A4%)(0,2) = 0, Theorem 3 yields that

0y(Bod?) = @, (@)0(2) + ¢, (#)(1 —0(2)) .
Then index (4,) = index (¢p_, B,A)= index (4%). g.e.d.

ProOF OoF THEOREM 6. It remains to calculate the index of 4, on L.
Since 0,(4,)(0,2) =1, A4, is elliptic in OPX), for all r, 1<7r< oco. If
felr, Ayf =0, then feF,,, 1<r<co. If geL%1/p+41/g=1, A¥g=0,
then ge §,,, 1 <7< co. Thus the index of 4, on L? is the index of 4,
on L2. As an operator on L2, 4, is in the algebra considered by Cordes and
Herman [CH], and its symbol ¢4,, as defined in [CH], has winding number »
and hence index ». (The particular operator considered in [CH] was
Ky, = 0 + [(log x — 2i)/(log = + 2i) (I — @)). q.e.d.

7. — Application to an oblique derivative problem in a plane sector.

Operators in OPZ,,, arise naturally in the oblique derivative problem
in a plane sector.

Let Q = {(x,y) e R*: 2> 0, y > 0}. We seek a solution of the following
problem:

Au =0 in Q

any ) (s 5 ) ) 5 ) = 1l € TR,

. 0 0 n
tim (saty) G (7,90 Bul) 5 (4, 9)) = a0 € TR,

x>0+

where «; and f; are real functions such that of(t) + f5(¢) = 1.
If @,(t), D,(t) e OF(R*) we study the single layer potential with den-
sity @, along the x-axis and density @, along the positive y-axis, namely,

u(@, y) =2iﬂf10g ((x—1) +p2) gu(t)dt
0

1 [ele]
Jrz—nflog(ac2 + (y —1)*) pu(t)dt
0

= ui(x, y) + us(x, y) .
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Then it is known [St, FJL2] that in L?(Rt),

. OUy

lim — (o, ¥) = @, (x
o ay( ' Y) @1(x)

. Ouy 1 v
lim = (4 = P.. —
SRy

y—>0+ T

7 — t‘Pl(t)‘” = He,(x),

. CUy 1 Y
901}’131-3? (ryy) = ;tfy‘———{—tz o) dt = K. g\(y) .
0

Note that K, and K, are Hardy kernel operators with kernels

1 1 1 t
en(t) == ——— d f) ==
Fal) Al M k(1) al -+t
Since k,(t) and k.(t) € F,,, 1< p < oo, we have that K, and K. are oper-
ators in OPZX,, and that

—cos ((m/2)z)
" sin (7z2)

__sin ((7/2)#)

o,(K,)(z) = and a,(K,)(z) = Sin(72)

Recall that the symbol of the operator H may be written ag

Similar formulas hold for the boundary values of the gradient of u,.
We make the following assumptions on the coefficients of the boundary
operators in (7.1):

o, (t) — a;(0), Bi(t) — Bi(0) € 5y, ji=1,2.

Then the boundary operators applied to % give functions v,(t), y.(?) € L?(R*)
where

@ 2) (‘/’1) (‘xl(t)I -+ ﬂl(t)H — ‘xl(t)Kn —|——/31(t)K1) (‘Pl)
' v \caw® K, + /K I + ft)H o)
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We write the system (7.2) as _{u = A(}f where A4 is a matrix of operators
in OPZX,,. The matrix of principal symbols is given by

op(A)(ty2)=
a1(0) cos ((7/2)2) 4 f,(0) sin ((7/2)#)

sin (7r2)

0, (1) 0(2) + v1(8)(1 — 0(2))
_ %(0) cos ((72/2)2) 4 Ba(0) (sin (w/2)2)

sin (7z)

1,(2)0(=) + @2(’:)(1 - 0(2))

where v;(t) = o;(8) -+ if5(2).

THEOREM 7. For j=1,2, let v; be the winding numbers of v,(t). Sup-

pose that
inf |deto,(4)(0,2)]>0.
Rez=1/p

Then

1) There is a matriz B of operators in OPX,, such that AB — I and
BA — I are matrices of smoothing operators.

2) As an operator on L»X L2, the index of A is 2v, - 2u,.

PRrROOF. Since of + 7 =1, the function det o,(4)(f, 2) is the symbol of
an elliptic operator D in OPX,,. Denote by F a parametrix for D and
let B be the matrix of operators

(E 0) (ocz(t)I 1 Bty H o (0) I, — /)’1(0)1(,)
B = .

0 E) \ou(0)K, —f:(0)K: oy ()] + fr() H

The symbolic calculus establishes that, modulo a matrix of functions in
D)y, 0,(A)(E, 2) 0,(B)(t,2) = I and the first conclusion is established.

Let A, be the matrix of operators whose symbol is ¢,(A4)(0, 2) and let B,
be the matrix of operators whose symbol is 0,(B)(0, 2) = [0,(A,)(?)]~2. Then
B,A, = A,By,= 1 on L*xL* so that the index of 4 is the index of
B,A = I -+ By(A — A,). The matrix of principal symbols of By A4 is

(7.3) oo(BoAd)(ty 2) =

(?) — 0z 0
vl(O)o(z)Jrvl(oj(l %)

50 g 20 (g

0 v3(0) 2(0)

By Theorem 6, the index of B, A is 2y, + 2v,.
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REMARK. For the operator 4, there are always values of p for which
det 0,(A4,)(2) = 0 for some z, Rez =1/p.
Suppose that e«,;(0) + 45,(0) = cosy; + isiny,, j =1, 2. Another repre-

sentation of o,(A4,)(z) is
. . |n 7
sin (2 — ) sin 3 22— 5 — "

sin (72) R b4 .
sin 5 2 — E—yz sin (e — y2)

Then det 0,(4,)(2) = 0 when z = (2k + 1)/3 or z = (2/7)(y, + v2) + (2k + 1).
In particular det o,(A4,)(}) = 0, and 4, is not a Fredholm operator on L3 X L3.
This is in accordance with the results of [FJL 2] for double layer potentials
for the Dirichlet problem for which the operators were not Fredholm
for p = 3.

05(Ao)(2) =
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