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Periodic and Stationary Solutions for Compressible
Navier-Stokes Equations Via a Stability Method.

ALBERTO VALLI (*)

1. - Introduction.

This paper deals with some problems concerning the motion of a viscous
compressible barotropic fluid.

The equations which describe the motion are (see for instance Serrin [16])

where 92 is a bounded domain in R3, Qp = ]0, = ]0, T[ x BQ,
0  = e(t, x) is the density of the fluid, v = v(t, x) the velocity,
b = b(t, x) the (assigned) external force field and p = p(e) the pressure,
which is assumed to be a known function of the density e. The constants p
and C are the viscosity coefficients, which satisfy the thermodynamic res-
trictions

finally, vo = vo(x) and ~Oo = eo(x) &#x3E; 0 are the initial velocity and initial

density respectively.
In the last thirty years, several papers have appeared concerning these

equations, first about the problem of uniqueness (see Graffi [6], Serrin [19]),

(*) Work partially supported by G.N.A.F.A. of C.N.R.
Pervenuto alla Redazione il 19 Maggio 1983.
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and later about the problem of (local in time) existence (see Nash [13],
Itaya [9], Vol’pert-Hudjaev [26] for the Cauchy problem in R3; Solon-

nikov [20], Tani [22], Valli [25] for the Cauchy-Dirichlet problem in a gen-
eral domain Q). Only recently the first global existence results have been
proved by Matsumura-Nishida, both in the whole space R3 and in a bounded
domain S~ (see [10], [11], [12]), under the assumption that the data of the
problem are small enough.

In this paper we are concerned with some global properties of the solu-
tions. In particular we obtain some new a-priori estimates and a stability
result which enables us to prove the existence of periodic solutions and of
stationary solutions under the assumption that the external force field is
small enough. Results of this type are essentially new. To our knowledge,
only two other results about stationary solutions have been obtained: Mat-
sumura-Nishida [11], [12] proved that there exists an equilibrium solution
e = ë(x), v = 0 when the external force field is the gradient of a time-inde-
pendent function; Padula [14] found a stationary solution when the ratio
Cllz is large enough (and, as usual, in both these papers the external force
field is supposed to be small). It is worthy of noting that in our theorems
we don’t need any assumption of this type.

The paper is subdivided in seven parts. After this introduction, in § 2
we prove the local existence of a solution of problem (1.1) (see Theorem 2.4).
The proof is obtained by a fixed point argument, and the estimates which
give the result are simpler than those usually employed (see [20], [22], [25]).
Moreover, only one (necessary) compatibility condition must be verified, that
is volô,Q = 0. In § 3 we remark that the solution is unique in a suitable
class of functions (see (3.6)), by modifying a little the proof given in [24].
In § 4 we get the global a-priori estimates for the solution. Here the crucial
points are essentially two: first, to obtain estimates which balance the linear
terms PI Va and (div w (see (4.1) and (4.2)) with each other (this idea
appeared for the first time in Matsumura-Nishida [11]); second, to obtain
estimates for the derivative in t, and not of integral type, in such a way
that we can prove that for b = 0 and small initial data the solution decreases
in t in suitable norms. This fact gives that the solution is global in time
under the assumptions that b belongs to 1’(R+; and that b and the

initial data are small enough (see Theorem 4.12). We don’t need any
hypothesis about the norm of b in L2(R+; It is clear that this is
an essential point for proving the existence of periodic solutions. Finally,
we remark that the proof of the first step is simpler than that contained
in [11], [12], and it requires less assumptions. In § 5 we prove an asymp-
totic stability result, which is an essential tool for the following arguments
(see Theorem 5.2 and Theorem 5.3). The proof is given by an energy
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method, and some results about Stokes’s problem are utilized. In § 6 we
prove the existence of a periodic solution subjected to a periodic force field
(see Theorem 6.1). It is well known from the papers of Serrin [17], [18]
that a stability result plus suitable global estimates permit the construc-
tion of the periodic solution, which is unique and stable in a neighborhood
of zero. In § 7 we show that if b is independent of t, then there exists a
stationary solution, which is obtained by taking the limit of periodic solu-
tions as the period goes to zero (see Theorem 7.1). The solution constructed
in this way is consequently stable and unique in a neighborhood of zero.

We want to remark now that some natural generalizations of our problem
present a few difficulties. For instance, in the non-barotropic case (i.e. the
pressure p = p(e, 0) is a function of the density e and of the absolute tem-
perature 0) the nonlinear terms in the equation of conservation of energy
are quadratic in Dv. By modifying a little the proof, we can still obtain
the same results of § 2 and § 3. Moreover, we can get an a-priori estimate
like (4.42), but we are not able to control the nonlinear terms in Dv to obtain
(4.49). Observe also that for a parabolic equation with Dirichlet boundary
condition it is possible to estimate in a « right way the time derivative
of the norm of the solution in and in H’(S2), while this appears
difficult (may be false) for the norm in H"(Q), k ~ 2. Hence, if we study
our problem in higher norms, in such a way that Sobolev spaces are Banach
algebras, we can control the nonlinear terms in Dv but we are not able to
obtain an estimate like (4.42).

Another generalization may be concerned with the viscosity coefficients,
which in general can be variable functions of e and 0. Also in this case
some problems appear since the second order elliptic operator in (1.1), has
now coefficients which are not regular enough to apply the standard elliptic
regularization methods. Moreover, uniqueness is obtained in classes of func-
tions which do not seem to contain the (eventual) solution.

Finally, we observe that our stability result may give the possibility
of a deeper investigation of the numerical approximations of the solution

(see for instance the recent results of Heywood-Rannacher [7], [8], [15],
concerning incompressible Navier-Stokes equations).

In this paper we assume that

and we set
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Obviously one has

We will denote the norm in (the usual Sobolev space) by for
T~ + 1 e N; the norm in T; H"(D)) by

for the norm in

for 0  T  oo. The norm in and in

C°([0, T]; X) are denoted in the same way. Moreover, it is useful to remark
for 00([0, oo]; X) we mean X), the space of continuous and bounded
functions from R+ to X.

Finally, we recall that from the classical results of Agmon-Douglis-
Nirenberg [1] one has that for k c- N the 
and are equivalent, since uA -~- (C -~- §,) V div is a strongly elliptic
system.

For reasons which will be clear in the sequel, we rewrite problem (1.1)
in a new form, by the change of variables

and obtain

Problem (1.1) and (1.7) are obviously equivalent.
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2. - Local existence.

The results of this paragraph are strictly related to the paper of Beirao
da Veiga [2], y where the author shows the existence of a solution for the
equations which describe the motion of a non-homogeneous viscous incom-
pressible fluid in the presence of diffusion. We begin by considering the
following linear problem

where

and j and F are known functions, y 0 C T  oo.

The first lemma concerns the existence of a unique solution of (2.1).

PROOF. We start by proving the a-priori bound (2.2).
Multiply ( 2.1 ) 1 by v + and integrate in SZ. One has

(here and in the sequel we will omit the conventional volume infinitesimal;
moreover the integral is understood to be extended over Sz).

Then integrating by parts the third term, we obtain
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Moreover

and choosing Eo = one has

By integrating on [0, T] and by using the estimate

one gets (2.2).
Now we can prove the existence of a solution of (2.1) by a continuity

method. We will follow exactly the proof given in [2], and we present it
here only for completeness.

First of all, if q is a positive constants, say the existence of the
solution of (2.1) is well known, since A is a strongly elliptic operator, and

consequently generates an analytic semigroup in L2(Q) with domain D(A)
= H2(Q) n 

Define

and

Set

where
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Clearly y erx satisfies the assumptions of Lemma 2.1 for each a E [0, 1].
Finally, denote by

We have seen that 0 E y. Let us verify that y is open and closed.

y is open. Let orro E y. From (2.2) we know that E £(11; Je) and

Equation can be written in the form

Since

equation (2.3) is solvable for 

y is closed. Let anEy. From (2.2) we have

Set Je is a Hilbert space, hence there exists a subsequence
’V"lc such that ’Vnlc - v weakly in Je, v e Je. Moreover one verifies easily that

and weakly in 1J; hence Tt¥nt weakly in 1J,
and (F, vo) = = T tXo v. This proves that 0

The second lemma gives some stronger estimates. From now on in

this paragraph each constant c, Ci’ Ci will depend at most py m
and .lkl, and not on T. Other possible dependences will be explicitly
pointed out.

LEMMA 2.2.

. Then the

solution v of ( 2.1 ) is such that
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PROOF. Take the derivative in t of (2.1)1. One obtains

and moreover = 0 for each t E [0, T].
Hence v = V satisfies the equation

Multiply (2.~)1 by V and integrate in Q : one gets

hence

From the embedding one has

From (2.6), (2.7) and Gronwall’s lemma we have

and integrating (2.6) in [0, T]

Now recall that

hence from (2.8) and (2.9)
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On the other hand,

and from (2.8), (2.9)

Finally (2.8), (2.9), (2.10), (2.11) and (2.12) give estimate (2.4).

Consider now the linear problem

where 0 and Go are known functions.
We obtain the following lemma:

If in addition then 4 and

PROOF. The existence of the solution follows from the method of charac-

teristics.

Moreover, from ( 2.13 ) 1 one has

and from (2.13),

Hence = 0, and we have only to prove the a-priori estimate (2.14).
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At first, take the gradient of (2.13)1, multiply by Vy and integrate in
S2. By integrating by parts the term one has

Moreover

since and = 0.

In the same way, for the second derivatives one ha,s

and

Hence by adding (2.16) and (2.18), taking into account (2.17), (2.19) and
(2.20), one gets

and consequently (2.14), which follows from Gronwall’s lemma.
We have now to show that a belongs to C°([0, T]; H2SQ)) and not only

to T; H2(S~)~. But this is easily proved by observing that the solu-
tion of the ordinary differential equation

belongs to Consequently the representation for-
mula
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gives the result. (See also the proof of Lemma A.3 and A.4 in Bourguignon-
Brezis [3] for similar calculations).

Finally, the proof of (2.15) is trivial. 0

We are now in a position to prove the local existence of a solution to
problem (1.1).

Take 0  T  oo and define

where J~i and B2 will be choosen in the sequel (see (2.23), (2.24), (2.25)).
If B1 is large enough, it is clear that RT 0 111 for each 0  T  oo: in

fact, let v* be the solution of

which satisfies

If we take

then (v*, eo- ~) for each 0  T  oo. From now on B1 will satisfy
(2.23). Consider now the map 0 defined in BT in this way:



618

where v and J are the solution of (2.1) and (2.13), respectively, y with

and pe = 
We want to prove that 0 has a fixed point in Rr for T small enough.

This fixed point will be clearly a solution of problem (1.7).
To see this, we use estimates (2.4), (2.14) and (2.15). We have easily

that

Furthermore, from (2.14) and (2.15) we have

Hence, if we take

and T small enough, we get
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Observe also that the assumptions on a imply that
hence by interpolation v E T] ; _L2(.Q)).

Finally, one has

and by well known interpolation results

Hence if T is small enough

We have proved in this way that c Rr for T small enough, say
T=T*&#x3E;0.

Now we utilize Schauder’s fixed point theorem. Clearly is convex

and it is easily seen that it is closed in X = C°([0, T*]; X 00([0, T*] ;
Hl(Q»). Moreover, from Ascoli’s theorem is relatively compact in X.
Hence we need only to prove that 0 is continuous in .X. ~ Suppose that

(vn, 8n) 1 (vn, (v, 1) in X and set (vn, - ~n), (v, a)
0(g, 6r). Take the difference between the equations for (vn, Jn) and
(v, cr), multiply by vn - v and Jn - a, respectively, and integrate in D.

By an energy argument and by Gronwall’s lemma it is easily seen that
(vn, converge to (v, a) in 00([0, T*]; L2(Q)). From the compactness
of BT*9 (vn, converge indeed to (v, a) in X. Hence 0 is continuous,
and it has a fixed point, which is the solution of problem (1.7) in QT*.

We have proved the following theorem.

THEOREM 2 .4. Let t

p E E H2(S~) n E .H2(S2), 0  m eo(x)  .M on Q. Then there

exist T* &#x3E; 0 small enough, v E L2( 0, T*; H3(Q)) r1 00([0, T*];, H2(D») with

with e E C-
such that ( solution of (1.1)

REMARK 2.5. It is useful to observe that if with

and if

then the instant T* in Theorem 2.4 depends only on S2, ~C, ~, ~O, 
and on



620

3. - Uniqueness.

A uniqueness theorem for problem (1.1) is proved in [24] (see also the
papers of Gram [6] and Serrin [19]). However our solution does not belong
to the class of functions in which uniqueness is shown to hold, since

But one can modify a little the proof of [24], and in this way it is possible
to obtain a better result.

Suppose that (v, e) and (v, j) are two solutions of (1.1) in QT, 0 C T c o0
and set, as in [24], u = 9 - v, r~ --- ~ - e, u and q satisfy the following
equations

Multiply (3.1) by u, (3.2) by jq and integrate in S~. As in [24] it is easy
to obtain

We want to apply Gronwall’s lemma. The last term in (3.3), y the second
and the third term in (3.4) can be estimated by

The other terms are of this type:
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for a suitable function g which can be easily calculated. Hence we have

Consequently, looking at the expression which gives g and at (3.5), we
conclude that we have obtained uniqueness in the class

under the assumptions p E C2, b E L2( 0, T; Z3(S~)~.
The solution obtained in Theorem 2.4 belongs to this class for T = T~;

consequently the fixed point constructed in § 2 is unique.

4. - Global existence.

We want to obtain now an a-priori estimate for [v]~; 2; ~ and [a] 2;
This will be done under the assumption that the initial data (vo, cro) and
the external force field b are small enough. The results of this section

draw their inspiration from the paper of Matsumura-Nishida [11]. However
we need to obtain better estimates than those contained there, since our
aim is to prove successively the existence of periodic solutions. In fact,
if the external force field b E L2(R+ ; with b E L2(R+ ; H-1 (S~) ), then
it looks possible to adapt the methods of [11] to obtain an a-priori esti-
mate for v and J in 1’(R+; H2(S~)). But tnis estimate seems to fail if

b E L;oc(R+; Hi(Q)) only (and b C of course), and this is

exactly the case of a periodic b. We begin with some lemmas. Here and

in the sequel of this paragraph we suppose that v and J are a solution of
the following problem
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where

and

Hence v and e = a -)- p are solutions of problem (1.1) in QT, 0  T c oo .
We suppose that v and ~O belong to the classes of functions obtained in
Theorem 2.4. Moreover we assume that aS~ E C4 and that

Finally, from now on in this paragraph each constant c, ci, ca will depend
at most on Q, ,u, p.

. 

LEMMA 4.1. One has, for each 0  s  1

PROOF. (4.7) follows at once from (2.21).
For (4.6), multiply (4.1), by Av and integrate in S~: one has

and consequently (4.6).
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Moreover, from (4.2), one obtains at once

We can obtain more interesting estimates if we add equation (4.1)1 to equa-
tion (4.2)1.

LiF,mmA 4.2. One has, for each 0  s  1

PROOF. Multiply (4.1)1 by v and (4.2)1 by a, integrate in Q and
add these two equations. Since

one has

Moreover

hence (4.9) is obtained.
By taking the derivative in t of (4.1 ) 1, (4.1), and (4.2 ) 1 one gets the

same estimates for v and 6, the only difference being in the behaviour of
the non-linear term
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We have

and consequently (4.10). 0

From the results of Cattabriga [4] on Stokes’s problem (see also Te-
mam [23], pag. 33; Giaquinta-Modica [5]), one obtains at once that:

LEMMA 4.3. v and a satisfy

Hence from (4.6)-(4.12) we obta~in, by choosing Esmall enough,

It is clear now that the crucial term to estimate is

We will see that, as in Matsumura-Nishida [11], [12], the interior estimates
and those concerning the tangential derivatives of div v follow by adding
equation (4.1), to equation (4.2)~ as in Lemma 4.2 (we can integrate by
parts and balance the term pi Va by the term ( div v) ; the estimates con-
cerning the normal derivatives of div v follow by observing that and

V div v ~ n are essentially equal on 8Q. (Here and in the sequel n is the
unit outward normal vector to 8Q). Let us begin with the interior esti-
mates. Take the gradient of (4.1), and (4.2)1, and then multiply the first
equation by x’Dv and the second equation by where 

Finally, integrate in S~ and add the two equations. By repeating the same
procedure also for the second derivatives, one obtains
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LEMMA 4.4. v and a satisfy, for each 

PROOF. One has, by integrating by parts as usual

hence (4.14).
In the same way one obtains also (4.15), y the only difference being the

behaviour of the non linear term

Let us obtain now the estimates on the boundary. We proceed essen-
tially as in [11], [12], but the proof that we present here looks simpler.
We choose as local coordinates the isothermal coordinates ~$(~, p) (see for
instance Spivak [21], pag. 460). We can cover the boundary 8Q by a
finite number of bounded open set Ws c R3, s = 1, 2, ..., L, such that each



626

point x of ~~ r1 Q can be written as

From the assumption on the map A,, is a diffeomorphism of class C3
if r is small enough. From now on we will omit the suffig s. By the prop-
erties of the isothermal coordinates one can choose as orthonormal system

(where Moreover it is easily seen that

where a = (e3)~’ el, ~ _ (e3)~’ e2, oc’ = (e3)~’ el, ~~ _ (e3)~’ e2. Hence J is posi-
tive for r small enough, and J E C2.

As = (JacA)-1 one gets also the following relations, which
will be useful in the sequel:

We can now rewrite equations (4.1 ) 1 and (4.2)1 in D): we set
for simplicity y = q, r) and we have

where
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is the entry (k, i) of (Jacll)-1 = (Jacll has the term in

the i-th row, j-th column), y and Here and in the sequel we

adopt the Einstein convention about summation over repeated indices.

To obtain the estimates for tangential derivatives, one applies DZ, ~ _ ~ , 2,
to (4.22) and (4.23), and then multiplies by and 

respectively, and integrates in Q. Here x belongs to Co (Il-1 ( W ) ) . Then

one repeats the same procedure for the second tangential derivatives. The

calculations are long and involved, but essentially are the same employed
in Lemma 4.4. One can observe however that in the integration by parts
one utilizes

and

Moreover, one has

since the matrix with entries is uni-
i i

formly strongly elliptic in U. Hence one has obtained the following lemma :

LEMMA 4.5. V and 8 satisfy, f or each 0  6  1

Let us consider now the normal derivative.

Take the normal derivative of (4.2)1 and then multiply by (j1 --~- P)/ë.
Then take the scalar product of (4.1)1 by n and add these two equations.
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In this way one gets

The term does not contain second order normal deriva-

tives In fact in local coordinates equation (4.28) becomes

and one has

where r runs only over 1 and 2.
From (4.21) we have that a3i = e3, and from (4.19) and (4.20) we get

a.lia3i = 0, = 0. Hence one obtains

where r and ~ run only over 1 and 2.
Multiply now (4.29) by JX2DaS and integrate in U. Then one obtains.

that

LEMMA 4.6. V and S satisfy, for each 0  6  1
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PROOF. After what we have already seen, we have only to consider
the non-linear term

For the second derivatives, one can proceed in the same way, and one
obtains

LEMMA 4.7. V ans S satisfy, for each 0  6  1

Finally, from (4.22) and (4.30) we have that

Hence by Lemma 4.6 and Lemma 4.7 we get

LEMMA 4.8. V satisfy, for each 0  6  1
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PROOF. One has only to consider (4.34), from which is

estimated by Then the thesis follows from (4.31), (4.32), (4.33 ) . C!

We need another estimate which is given by Stokes’s problem in local
coordinates.

Consider the equations

One can easily calculate H and .K by writing the problem in local coordinates
in Zl, and by using equation (4.1)1 and (4.2)1. Hence one gets, in local coor-
dinates :

LEMMA 4.9. V satisfies

PROOF. One has only to apply the results of Cattabriga [4] (see also
Temam [23], pag. 33; Giaquinta-Modica [5]) to problem (4.38), and obtains

By evaluating and a straightforward calculation gives (4.39).
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We are now in a position to obtain the estimate for 11 div v 11’. By adding
(4.14), (4.26) and (4.35) we obtain for each 0  6  1 _ _ ___ __ 

where [ ]k is a sum of _L2-norms concerning only interior and tangential
derivatives of order k (hence it can be estimated by 11 - Ilk)’ where I [ - ] 1,,
and are norms equivalent to the gk(S2)-norm.

If necessary one can write exactly these norms by adding (4.14), (4.26~
and (4.35), y and then by estimating the term

which appears in the right hand side of (4.35), by means of (4.26) again.
On the other hand, by using also (4.9) and (4.10), where we choose 8 = 62,
we get

In an analogous way, by adding (4.15), (4.27), (4.36) and (4.37), and by
using (4.39), y we get for each 0  6  1

From (4.11) we have that

moreover we can estimate 2 by means of (4.10), where we choose 8 = b.
In conclusion, by using also (4.41) and (4.13), and by choosing 6 small enough,.
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we have

a norm equivalent to the Hk(D) -norm. Now it is sufficient

to estimate the nor-m of f and /°. We have easily, by (4.3) and (4.4)

Define

From (4.43)-(4.46), we can write (4.42) as

that is, for each

where 

Moreover it is easily seen that

where c7 does not depend on
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From these estimates one obtains

LEMMA 4.10. Let aS~ E 04 and let v and or be solutions of (4.1), (4.2) in QT
belonging to the classes of functions obtained in Theorem 2.4. Suppose more-
over that (4.5) holds in Q, and that

Then one has

PROOF. Suppose that (4.53) is not true, and set

Clearly one has Cø9’(t) = y. Then from (4.49) and (4.50) we get

that is from (4.52) ~9(i)  0. This gives a contradiction, hence (4.53) holds.

On the other hand, from Sobolev’s embedding theorem H~(S~) ~ 
one sees that there exists a constant 6~ small enough such that, if 99(t)  e8,
then

Finally, one gets 

’ 

LEMMA 4.1,1. There exists a constant c9 such that, if
3~in D, then

PROOF. One has, from (4.1)1
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and from Sobolev’s embedding theorem

Hence, by choosing e small enough, one gets (4.55). CJ

We can prove now the existence of global solution of (1.7), under the
condition that the initial data and the external force field are small enough.

Suppose that

and

From (4.54) we have that

and from Lemma 4.11

Hence by Theorem 2.4 (see also Remark 2.5) we find a solution of (1.7)
in Qr., where T* depends only on S~, p~ C, ~~ and on the constants

which appear in (4.57), (4.58) and (4.59). Moreover a satisfies

as it is clear by looking at the proof of the existence of a fixed point in
Theorem 2.4 (see in particular (2.22)). Hence, by Lemma 4.10 we get that

and consequently, y by (4.54), y
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Moreover, by Lemma 4.11.

We can apply again Theorem 2.4, and we find a solution in [T*, 2T*], since
v(T*, x) and a(T*, x) satisfy estimates (4.58) and (4.59) as v,(x) and ao(r).

We can repeat this argument in each interval [0, nT*], n E N, and con-
sequently we obtain:

THEOREM 4.12..Let

and assume that (4.56) and (4.57) hold. Then there exist

with "

with such that (v, e) is a solution of (1.1) in Q,..
Moreover we have T(t)  i5,,, in R+, and consequently (4.58) and (4.59) hold

for each tER+.
Finally, if in addition then. one

has also that

and their norms can be estimated by integrating (4.49) in R+.

We can also remark that if [bl2 - ;,;_ + [b ]2 M;-1; - are
small enough, we have that (4.56) and (4.57) are satisfied.

5. - Stability.

Suppose now that the assumptions of Theorem 4.12 are satisfied, and
let (11) and a2) be two solutions of (1.1) in corresponding to two
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different initial data such that ~~==JT~=0. We suppose indeed that
both these initial data satisfy

where 2 ] will be specified later (see (5.22) and (5.33)).
From Lemma 4.11 we know that the corresponding solutions

and (v2, ~2) satisfy

for each t E R+, and from (4.49) we easily get that

By choosing y small enough, we can have that N and R are small as we
need. From now on we will assume that R  I.

Set now ~,v = vl- v~, ~ ~ o~, - a2. We want to prove that all the solu-

tions of (1.1) are asymptotically equivalent; more precisely, we will prove
that

First of all, we write the equations for w and q
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where

Observe also that we can write

First of all, we recall that in this paragraph each constant c, Ci will depend
at most on S2, p. Then, by following the same calculations employed
in Lemma 4.2 we get

LEMMA 5.1. One has, for each 0  E  1

PROOF. We have only to estimate the non-linear terms

By integrating by parts the first term we have

The second gives

On the other hand we have



638

hence from (5.10)

Now we want to estimate Let z be the solution of Stokes’s problem

which exists since jq = 0 for each t c R+ (see Cattabriga [4]; Temam [23],
pag. 35; Giaquinta-Modica [5]). We have that

and that

Multiply now (5.5)1 by z and integrate in S~; one has, by (5.13)

On the other hand, we have

By taking the time derivative of (5.12) we get that z is the solution of



639

and from (5.6)I, (5.9)

where

Let (V, P) be the solution of Stokes’s problem

which satisfies

Hence, be recalling that

and estimating W by (5.15) one gets

where we have used the fact that [[ vl [~ 2 c .1~, 
Then we multiply (5.14) 0  5  1 and recalling the estimate for

j)/i2013/2~i we obtain

By adding (5.11) and (5.18) and by choosing s = we get
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Now we integrate (5.19) in (0, t). Since by (5.13)

we get

We choose

and

(more precisely we choose y in (5.1) such that (5.22) is satisfied) and obtain

Set

Estimate (5.23) gives
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hence by Gronwall’s lemma and by (5.4)

Consider now

which satisfy

where

We can proceed exactly as we have already done for w and 17, and we obtain
(5.20) for wand ij, the only difference being the presence of the term

on the right hand side of (5.20). This term can be obviously estimated by-

We choose
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and we get (5.23) for wand ij, with a different constant Õ6. Hence we get
(5.25), that is 

-

and by multiplying by exp (- 2 at )

We have thus obtained

THEOREM 5.2. Let

i = 1, 2, and assume that (5.1) and (5.2) hold for i = 1, 2, with y small

enough in such a way that (5.22) is satisfied and that

where oc is de f ined in (5.31). Let ( v i , ~O i ) be the solution o f ( 1.1 ) corresponding
to the initial data (vo~~, ~OO~~), i = 1, 2. Then the difference (w, ?7) between

(vl, and (V2, ~O2) satisfies (5.32), and goes to zero (in the mean) as t --&#x3E;. 00.

More precisely, by looking at the proof, we see indeed that we have
obtained the following theorem:

THEOREM 5.3. Let (vl, and (V2, ~02) be two solutions of (1.1) in Q,,,,,
such that f o2 = ë vol (Q) and
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where Ba satisfies is the norm of immersion .’

(see (5.22)), and B5 satisfies

(see (5.33)). Then the difference (w, ?1) between (wi, and (V2’ O2) satisfies
for 

-

and goes to zero (in the mean) as t - 00.

6. - Periodic solutions.

In order to obtain the existence of periodic solutions we will follow the
approach of Serrin [17], which concerns periodic solutions for incompres-
sible Navier-Stokes equations. Suppose that the external force field is

periodic of period T, and assume that

where N is defined in (5.1) and y is chosen in such a way that (5.22) and
(5.33) are satisfied.

Let (v*, ~*) be the solution of (1.7) with zero initial data. From

Theorem 4.12 we have that 99(v*, ~*) (t) c N in R+, ~/2 c a*(t, x) -~- ~ c ~ ~O in

Q- and + ~~ a~(t) ~~ 2 c .Z~ in R+. Here and in the sequelq¡(V, S) means
the quantity in the right hand side of (4.47) in which we take v = V, a = S,
and V, x9 are obtained by equation (4.1)1, (4.2)1; moreover we can think
that the ratio is such that

Define
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We want to prove that øn and are Cauchy’s sequences in Set,
for each m, n E N, m &#x3E; n :

Since b is periodic, v and j are the solution of (1.7) with initial data

and Moreover these initial data satisfy

By Theorem 5.2 we have

that is, for t = nT,

for each m, n E N, m &#x3E; n. Hence 0,,, and are Cauchy’s sequences in
and we set

Define now

We have that 1 n ) E 1~’, and moreover

Hence we can select a subsequence (~nx, which converges weakly in
H2(Q) XH2(Q), and, by Rellich’s theorem, strongly in H8(Q) xH8(Q) (0  s 2)
to ( ~, ~) . In particular, by Sobolev’s embedding theorem, con-

verges uniformly to (Ø, T).
It is easily seen now that .F’ is closed in Z2(S~) ; we only observe that,

by using equations (4.1), and (4.2)1, one proves that in L2(Q) and
øn ~ ø weakly in L2(D).

Hence (Ø, If) E F, and from Theorem 4.12 we can obtain a global solu-
tion (v, a) which has (fl, P) as initial datum.
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We prove that this solution (v, 0") is periodic. In fact, set

Since b is periodic, v and 6 are the solution of (1.7) with initial data 0,,
and Pn. Then by Theorem 5.2

Putting t = T in (6.9) we get

Taking the limit as n - oo we have

We have thus obtained the following theorem

THEOREM 6.1. let aQ E C4, b E Loo(R+; H-1(S~)), p E 03,
moreover that b is periodic of period T and that (5.2) holds,

small enough in such a way that (5.22) and (5.33) are satisfied. Then

there exists a periodic solution (v, a) of period T of problem (4.1)1, (4.1)2 and

(4.2)1 and such that f a = (v, a) is asymptotically stable and

-unique among any other solution (,p, or) of ( 4.1 ) 1, ( 4.1 ) 2 and (4.2 ) 1 which satis-

fies (5.34) and (5.36), and such that = 0.

7. - Stationary solutions.

Suppose now that b is independent of t, b E and

where .11T is defined in (5.1), and y is small enough in such a way that (5.22)
and (5.33) hold.

Since b is periodic of any period T &#x3E; 0, by Theorem 6.1 there exists
a solution (v,, of (4.1)1, (4.1)2 and (4.2), of period 1. Moreover, it is

the unique solution of period 1 having initial data which satisfy (5.1).
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On the other hand, by Theorem 6.1 we know that there exists a solu-
tion (v2, a2) of period !, having initial data which satisfy (5.1). Hence we

must have Vl = = 0’2. Going on in this way, we see that (v,, is

periodic of any period 1/n, n a positive integer, hence of any rational period.
This gives that is constant for t E Q, and consequently by a
continuity argument we get that (v.1, is independent of t. Hence we

have proved

THEOREM 7.1. Let C4, I b E E &#x3E; 0. Assume moreover
that (7.1) holds, with y small enough in such a way that (5.22) and (5.33) hold.
Then there exists a time-independent solution (v,,, of (4.1)1, (4.1.)2 and (4.2)1
and such that = ai) is asymptotically stable and unique
among any other solutions (v, g) of (4.1)1, (4.1)2 and (4.2)z which satisfies (5.34)
and (5.36), and such that jy = 0.
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