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A Regularity Result for Polyharmonic Variational
Inequalities with Thin Obstacles (*).

BERNHARD SCHILD

0. - Introduction.

In this work, we consider the polyharmonic variational inequality for
m = 2, 3, 4,....

Find u e K such that

Here K stands for a closed convex subset of g -~- .~o ~2(S~), g E .g’~~~(S~),
f E (p &#x3E; n/(2m - 2)), where Q c Rn (n &#x3E; 2, 2m c n + 2) is a bounded

domain, denotes the dual pairing of .Ho ~2(S2) and H-m,2(Q). It is

well-known that (VI) has a unique solution u provided that K 0 0.
Now let Q’ be a k-dimensional C2-surface (k ~ n - 2m + 3) with Q’ c Q,

8Q’c aS2. Then for a thick obstacle ’:fI E C2(D) and a thin obstacle W’e
E we define

Let u be the solution of (VI) for K = K,, or K = K # 0. In § 1, § 2
we prove that

(*) Supported by the SFB 72 of the Deutsche Forschungsgemeinschaft.
Pervenuto alla Redazione il 21 Marzo 1983.
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moreover,

In the biharmonic case our results for the thick obstacle have already been
proved by Frehse [2], [3], [5], and Caffarelli and Friedman [1]. Concerning
the thin obstacle case, no regularity properties are known to us except
for of the tangential derivatives (Frehse [4]).

Our proof of the .Hio°-regularit rests on an inequality of type

This is valid for the fundamental solution E of the polyharmonic operator
(- 4 )mE = b (b Dirac measure). Note that our regularity results

are no longer valid for k  n - 2m + 3. This follows immediately from
the theory of Riesz potentials resp. logarithmic potentials and the repre-
sentations in our proof.

Finally, in § 3 we give a counterexample for higher regularity in the
biharmonic case in two dimensions. We construct a thick obstacle problem
with a quadratic polynomial V and boundary data g E where the

solution u of (VI) with K = Kr satisfies u 0 H§j§°(Q) and the set [u = ll*]
is a line segment compact in S~. In this connection we also mention a counter-

example of Caffarelli and Friedman [1] showing that no a priori estimate
of the modulus of continuity of the second derivatives in terms of the data
holds. But this example is a one-dimensional problem generalized for higher
dimensions, y therefore the third derivatives are bounded.

Our example has a special meaning for a result of Kinderlehrer, Nirenberg
and Spruck [6] on the regularity of the free boundary [u = W] for the bi-
harmonic thick obstacle case in two dimensions. They need an assumption
which includes the local boundedness of the third derivatives of the solu-

tion u in order to obtain that the set [u = PJ is locally contained in a smooth
curve. So our example shows that the free boundary can be contain-

ed in an analytic curve in those cases where their assumptions are violated.
One should note that some additional regularity always holds for the

solution u of a one-sided obstacle problem provided f is at least a measure
on Q. Using the fact, that ,u : _ is a measure Frehse

proves v2m-l U E for arbitrary 6 E (0,1) in [4], [5J.

The author wishes to express his gratitude to Prof. J. Frehse for sug-
gesting the thin obstacle problem and for support, and Dr. P. Tolksdorf

for a revision of §2.
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Notations.

By « C », we always mean a generic constant which may vary with the
context possibly depending on the dimension n, the degree of polyharmo-
nicity m, the bounded domain and the surface and being independent
of further quantities. E denotes the fundamental solution of (- 4 )m, for

k

the explicit formula see the appendix. By L1k we denote the

k-dimensional Laplacian. i =1

The integration ~’ runs over Rn if not otherwise indicated. Furthermore,
let w be a lower semicontinuous function on v ~ 0 a positive (Borel) meas-
ure on Rn with compact support supp (v). Then one can always take the
integral fwdv in the extended sense, that means with possible value oo.

Therefore is a well defined lower semicontinuous

function on Rn. We use integration in the extended sense only in those
cases, where a possible infinite value is indicated.

The mollifier oj, 8-n . 0) /8), ~:=c’exp(l/(~p20131)) for 
for where c&#x3E;0 is a properly chosen constant, has well-known

properties. Here we only state that pointwise on l~n (~ ~ 0),
if w is superharmonic on Rn. For a proof see [1].

As usual, 1 ;p  00, ess 

denote the norms of the Lebesgue spaces, where we use the notation 1B ]] ~,~ ,
if the norm is taken over a set A other than S~.

denotes the Sobolev space of functions with distributional

derivatives in up to order m and provided with the norm 
7l2

Y IIViWBBp. If the norm is taken over an open set A other than SZ,
z=o

we use the notation II II.,.,A. The space of functions w with 
for any open set Qocc Q is denoted by H’,’(D). Finally, Hr/’’D(Q) C 
is defined as the closure of with respect to II. B1 m,p. For elements of

Sobolev spaces it is possible to define inequalities on lower dimensional
surfaces; for the definition see [9].

1. - Regularity results for the thick obstacle problem.

In this paragraph we prove the regularity results for the thick obstacle
problem, which are already known in the biharmonic case. Our main

intention is to make the reader familiar with the methods of proof and the
utilization of some auxiliary statements. A suitable adaption replacing
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resp. changing some of these arguments will lead to similar results in case
of a thin obstacle in § 2.

Now let u be the solution of ( VI ) with lf~ = Kp =f=. ø,

p&#x3E;~/(2m20132).
We prove and besides when

2m == ~ + 2.

First, we want to study the local behaviour of u. Therefore let Q

be arbitrary and choose 0  ~O  2, so that 

In our notation the center of a ball will always be x°, if not otherwise

indicated. Furthermore, ig e 0r;(B2g) is a local cut-off function associated
with XO with the properties

The following remark, which is a well-known fact in the theory of

variational inequalities with one-sided obstacles, is crucial for our further

considerations.

REMARK. /~ :== measure ~u ~ ~.

PROOF. For we have Inserting 
in (VI) yields - ,u, ~p~ c 0, that is a positive
distribution and hence a measure.

Now we set

where /Ãe is a positive measure on Rn. In the following lemma we split u,
- 4u into a potential and a regular function on Using this representa-
tion it is possible to apply well-known principles of potential theory.

LEMMA 1.1. i) x E Q the f oltowing functions are well defined
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ii) ;u- and admit the splitting

with

iii) u, - Llu are lower semicontinuous on Q.

Because of in 9)’(B,,) ( s - 0) , the following statement holds

COROLLARY 1. Let a be a multiindex with c 2m -1. Then

PROOF. Suppose that m is even, the case of odd m can be treated in
the same way. The assumption f E .,Lp(S2) implies that (- is a measure

on Q, a measure on W, so we have at least 
c- This fact holds because of 1.11-n* and the

estimate ‘Gm~n’ ~ ’ ~1 n on Bi(O), i = 0, ..., 2m -1. After integration
by parts and application of Leibniz’ rule, we obtain on account of 0

on ’&#x3E;I,

where

and for i = 1.2 holds

So we can conclude that
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Using Holder’s inequality one shows that

For this well-known fact from the theory of linear integral operators we
refer to [10, p. 40, p. 127]. Now we set

and our construction yields

and le has all required properties.
Because 2013zj/p is continuous or superharmoniCy assertion i)

follows for so we have proved assertion ii). Further, is

arbitrary, and assertion i) holds on Q. Finally, assertion iii) follows from
the representation in it)..

COROLLARY 2. In case of x EQ the following 
are well 

and admit the splitting

For the proof we need the following remark.

REMARK. implies g((Z)) = 0, 

PROOF OF THE REMARK. Without loss of generality we assume

2m  n + 2, x e Be . For ( &#x3E; 0 we have, using (1.2),

that means pg (85(r))  C . 4E * pg(r) . (n+2-2’n. Letting’ -+ 0 we obtain
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PROOF OF COROLLARY 2. For we have the estimate

and further * c~~(x - ~ ) -&#x3E; pointwise on RB - {x} (8 - 0),
where the estimate and the convergence is Pe-a.e. because of the remark.

Now Lebesgue’s theorem on dominated convergence yields * 

-~ * Pe pointwise on B2e (E ~ 0). Note that because of 
and the remark aij E * u, is well defined. From (1.4) we infer the asser-
tion..

CONVENTION. For simplicity we shall assume f --- 0 in the sequel. Using
the fact E * f n C~(~’~) we can introduce (vI) with f = 0 and K with
g : = g - E * f. Then one easily shows that ft = u - E * f is the solution

o f (vI) with K = where P:= P - E * f.

In the following lemma we study the behaviour of u on supp (fl).

LEMMA 1.2.

PROOF. Let x E Q - [~ = that means d : _ (u - ~) (x) &#x3E; 0

Because of lower semicontinuity for a a &#x3E; 0

Choose where g~ &#x3E; 0 on Ba/2(X). After

inserting the e Ky in (VI) we obtain (/~ ~ 2013 (u - cp)
== ,u, 0y that means = 0, r w supp (). N

Now we state an adaption of the well-known continuity principle of

potential theory.

LEMMA 1.3. i) ïi continuous on 

ii) Z)~ continuous on implies 

PROOF, i) Because ïi is always continuous for 2m &#x3E; n we assume

Using (1.1) of lemma 1.1 twice we have
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Therefore the assumption u continuous. on supp (p) implies B * u~ continuous
on In order to proceed we need the following principle.

HEREDITY PRINCIPLE [10, p. 229]. Let be positive Borel

measures on Rn with compact support, x arbitrary. Then the continuity
of E * v, in x implies the continuity of E * vl in x.

From 0 c,ue we infer that E * is continuous on supp and

we can apply the continuity principle.

CONTINUITY PRINCIPLE [7, p. 365]. Let v &#x3E; 0 be a positive Borel meas2cre
on RÐ with compact support. Then E * v continuous on supp (v) implies
B * v E 

So we obtain E * and therefore U E OO(Bfl/2). Because XO E Q

is arbitrary the assertion follows.

ii) can be proved like i) after replacing E 

The following is an immediate consequence of lemn1a 1.2, 1.3 on account
of ’If E CO(D)

LEMMA 1.4.

Now we study the behaviour of 4u on supp(p) and show the estimate

LF,mmA 1.5.

PROOF. Let XCE [it = supp (fl), and for simplicity of notation

assume XC = xO. We apply Green’s formula for BR, 0  R  e, on

(~2013!F)~~~~&#x3E;Oy where ~(’?’)&#x3E;0 denotes Green’s function of BR, d~’R
the (n - I)-dimensional surface element of ,~R = ôBn. For small e &#x3E; 0

we have

Lower semicontinuity of

Letting s - 0 and observing
we infer from Fatou’s lemma on account of
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Because of 6(’, ’) &#x3E;0 for B &#x3E; 0 we find XR c- BRwith 
Choosing a sequence of such x" : = XB(X), R(x) - 0 (x - oo), the

lower semicontinuity of - 4u leads to

Since arbitrary, the assertion follows. N

In order to employ lemma 1.5 we state an adaptation of the maximum
principle of potential theory by the local estimate

LEMMA 1.6.

PROOF. We can assume oo and obtain from (1.2) of

lemma 1.1 that 

Now we need the following maximum principle.

MAXIMUM PRINCIPLE [7, p. 365]. Let be a positive Borel measure
on W with compact support, A ER. on supp (It) implies
- LIE * v c On. A on Rn, where 0 is a constant depending only on the
dimension n.

Therefore because of 0 we get the estimate

and finally

Inserting lemma 1.5 in lemma 1.6 yields

LEMMA 1.7.
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COROLLARY.

In the following lemma we show that a local bound for 4u gives a local
bound for all second order derivatives.

LEMMA 1.8.

PROOF. On account of (1.2) the assumption implies
Let a be a multiindex with the estimate 

on gives, using (1.4)

COROLLARY. id E implies u E 

Again using tools from potential theory we can deduce local square
integrability of the m + 1-order derivatives from locally bounded du.

LEMMA 1.9. 

PROOF. The following notation is useful for our further considerations.
We set

From potential theory one knows the following formula giving the con-
nection of potential and energy of a measure for 0 C ~8 ~ n/2 [7, p. 80],

On account of (1.2) the assumption implies 
and we notice · Let a be a multiindex with
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From (1.4) of lemma 1.1 we obtain the assertion.

COROLLARY. implies 

Combining the corollaries of lemma 1.7, 1.8, 1.9 yields

THEOREM I,I. Let u be the solution of (VI) with lE~ = Kif. Then

In the following we want to study the case of 2m = n + 2 in order
to get the continuity of the second derivatives. The essential steps are
contained in two lemmata.

LEMMA

PROOF. i) From the remark after lemma 1.1 we know that u E 

implies = 0, x ERn, and moreover because of aije E {01)
nZ°°(R") that The 2. corollary of lemma 1.1 gives the
assertion.

ii) can be proved like i). iii) follows from i), ii). Combining i), ii), iii)
yields iv) . ·

The following lemma shows the continuity of L1u on supp (,u) .
The recursive technique is due to Caffarelli-Friedman [1].
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LEThDIA. 1.11. Let 2m = n + 2, XOE supp (,u) . Then for a sequence
with xxe supP(p), XO (x -&#x3E; oo) holds

PROOF. Using the invariance of under rotations we can assume

after changing our coordinate system that = 0, and for a subsequence
x"°-1, -+ e1 holds, where e} denotes the first unit co-

ordinate vector. This subsequence will be used later in the proof. Thanks
to lemma 1.10 ii), iii) it suffices to show that

Now we set z : _ u - P, Ze:= and observe from lemma 1.10 that
- -E- is lower semicontinuous for i = j, continuous at 0
for i =~= j, i, j = 1, ..., n. On account of If E C2(Q) the assertion of lemma 1.11
follows from the validity of

which we state in two parts.

PART I. W e show

From

h &#x3E; 0, p &#x3E; 0, we infer from Lebesgue’s theorem on dominated convergence
for e -~ 0 on account of = = 0 that

On this account for h &#x3E; 0 there exists x’e Bh(o) with 
Choosing a sequence of such for h(v) ~ 0 (v ~ oo) we obtain, by

lower semicontinuity 
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In the same way we Finally the assertion of part I

follows by the lower semicontinuity of - 011 z.

PART II. We 

Let us consider the subsequence ix" 1"-, = 1 again and let x : = x’. We

may assume that x’ &#x3E; 0, x E N. Furthermore, y we set

At first we show

Integration by parts yields the following identity.
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Letting 8 -~ 0 we can apply Lebesgue’s theorem on dominated convergence
and replacing a1ze, by = 1, ..., n, we arrive at the follow-
ing estimate

Inspecting the terms on the right hand in the above inequality we observe
that continuity at 0 implies max oge OliZ - 0 (x - 00). Furthermore, the

2-i-n B,,

fact xx - e1 ( x - oo) implies max - (0). The last

term of the sum vanishes because 01Z(0) - alz(x.%) = 0. Therefore we

can conclude that a(xl) - 0 (x - cxJ).
Using (1.2), (1.5) we decompose - 3nz on B~(0) in a suitable way,

Here w, is superharmonic on B~(0), and w2 is continuous at 0. Furthermore,
we have wi -~- ~2~2013 A &#x3E; - o0 on Be(0) , A &#x3E; 0.

Choosing x large enough and setting s := x’ we obtain (2n + 1) ~ s  e
and for y E Bs(0)

Therefore

is a constant, 0  a  1, independent of s and y E Now we estimate



101

the integral mean of Wl + w, over balls from below for y E 

Because wi is superharmonic on .B~ we infer from the above estimate for
the mean values a pointwise estimate

where for the modulus of continuity q(t) == osc . w2 tends to zero for

t - 0 + on account of the continuity of w2 at 0. Let a  a’C 1, be a
fixed constant and assume x sufficiently large that 100(s) I + q(s)  (a’- A,
then

and the above pointwise estimate yields

Furthermore, we can assume for our chosen subsequence that for the

above x holds x = 1, and the sequence ~x"~~° 1 satisfies

We are now in the position to improve the pointwise estimate for every
smaller ball around 0 and establish that

The proof works by induction. For x = 1 the assertion has already been
shown and we have to treat the step from x to x + 1.

Therefore, let us assume that the assertion is true for a x E N and set
s : - Because of the inclusions
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the assumption for x gives for the mean values

and the pointwise estimate

Thus the improved pointwise estimate is valid and letting x - oo we obtain

and the assertion of Part II is proved.

Therewith our arguments are complete to show

THEOREM 1.2. Let 2m = n + 2 be the solution of (VI) with K = Kv.
Then U E C2(,Q).

PROOF. We know from lemma 1.11 that 4u is continuous on 

The application of lemma 1.2 ii) gives From lemma 1.10 iv),
the assertion follows.

2. - Regularity results for the thin obstacle problem.

In this paragraph we present the regularity results for the thin obstacle
problem. We obtain the same regularity of the solution as in the case of
a thick obstacle provided the obstacle is given on a surface of sufficiently
high dimension. Approximating with solutions of suitable thick obstacle
problems we establish uniform local bounds for their Laplacian, using the
methods of § 1 except the way of estimating the Laplacian on the coin-
cidence set. During the approximation, uniform local bounds can only be
derived for the sum of pure second derivatives in tangential directions with
respect to the obstacle, for the so-called tangential Laplacian. The crucial
fact in our proof is the possibility of giving a local estimate for the Lapla-
cian of the approximate solution by its tangential Laplacian and the
gm,2-norm. We deduce this property from a corresponding inequality of
the derivatives of the fundamental solution E.
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Now let u be the solution of (VI) with lE~ = °,

where Q’ is a k-dimensional C2-parametrized surface with k&#x3E;n
- 2m -f- 3, C2(Q’), g E Hm,2(Q), i E L"(S2), p &#x3E; nj(2m --’ 2).

In order to avoid unnecessary confusion in the proof we make the fol-
lowing additional assumptions. We require the existence of a C2_diffeomor-

 : TT S, where V eRn is compact convex and sym-
metric with respect to R k furthermore ~‘ : _ is a parame-
trization of S2’: V r1 ~ S~’.

By x - (x’, we denote the preimage of l/J, by x’,
:= x" being the projections. Our additional assumptions are always

satisfied locally and can be dropped, if one states the auxiliary steps
in a suitable manner.

Now we want to construct local bounds for the second derivatives of u,
in particular for the Laplacian, and approxirnate u by the solution uo of (VI)
with Here are suitable thick obstacles such that

Hm,2(Q), {6’1 is a sequence converging to 0. For the approximating
solution u6 all the results of § 1 are valid and using the notations from § .1
we write in particular p6 := (- d ) m ua - f , on B~ .

Let S2’ be arbitrary as in § 1. In order to obtain an uniform bound

for 4uo on it suffices, by lemma 1.6, to give an uniform upper bound
for - d ua on supp But during the approximation we can only
give an upper bound for an expression not involving all the pure second
derivatives.

In the case of S~’ being a -dimensional hyperplane we can give an
_ 

k

upper bound for on supp By L1k:= ! aii we denote the
«= i

k-dimensional Laplacian. The crucial step is now a local estimate of the

Laplacian of the approximate solution by its k-dimensiona,I Laplacian
which we derive from the corresponding inequality of the derivatives of the
fundamental solution E; for the elementary calculations see the appendix.

PROPOSITION 2.1.

REMARK. 0 f course we  n -f- 2 in the above propogition, and
we have C~ = 0 unless 2m = n + 2.

At this point we can give a short description how to proceed if Q’ is
a k-dimensional hyperplane, that means 
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Then we set ~(~)=~(~)2013~j~ ~=(~~)e.O and notice that

]] 4 ~ ll’4 ]] ~ = After proving the lower semicontinuity 
Green’s formula in Rk gives

Using proposition 2.1 we show that

After inserting ( 2.1 ), (2.2) in lemma 1.6 we finally obtain an uniform bound
for on and establish 4u ELOO(Be/2). Then ~Te can proceed as in § 1.

In the more general case we have to replace the k-dimensional or tan-
gential Laplacian in (2.1) by another differential operator which is a per-
turbation of the tangential Laplacian.

Therefore we need the following auxiliary result which states the exist-
ence of a suitable parameter transformation.

PROPOSITION 2.2. For there regular linear affine
transformation 6~ : ~ V such that

i) ~(0) = o-, ($),

ii) 0j leaves the x"-variables fixed.

iii) The vectors Q~,i : = I i = 1, ... , k, form orthonor-

mal system of tangential vectors with respect to S2’ at ~.

iv) i E Rn), f i = 1, ..., k.

PROOF. Let 0() = $ E S2. The successive application of the Gram-

Schmidt method on fai ()2=1 yields an orthonormal system lqilk , of
tangential vectors with respect to {2’ at $. Now we have for the Jacobian
matrix J4~(1) = (al ~(~), ... , an ~(~)) the decomposition .

where the matrix A~ is regular and consists of two nonvanishing
blocks, the first being a regular matrix the second being the (n - k)-
dimensional identity matrix. Hence, the inverse of the same structure.

Identifying matrices with the associated linear mappings we observe,
that A, do not change the x"-variables. If we set :=A() =A(-I()),
we have ’’= 0 recalling So the translation T+,,z
T + 1 =(1li) : = fii --E- , is only a translation with respect to the x’-variables.
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Now we arrive at the identity

where by construction
properties.

has all the required
0

Completing the orthonormal system ~Q~,i~k-1 to an orthonormal base
of the Rn we get the matrix

Identifying Q~ with the associated linear mapping we obtain

COROLLARY.

Furthermore, we notice that is a C2-equivalent parametrization of S2’
with respect to 0, where 8~ : = 

Using Q~ we can express tangential derivatives with respect to f2’, for
example the tangential Laplacian 4 t on D’ by

Unfortunately we can neither give an uniform upper bound of on

supp (,ua ~ S~’ ) , nor a suitable extension of L1 t on Q.
Therefore for each $ c- S2’ we introduce a linear differential operator L,,,.

on C2(S~) using the transformations 6~ of proposition 2.2, whose principal
part satisfies Lfl, ~ = - 4 1,1 . We set

and compute for x 

The coefficients bi,t;E are linear combinations or products of
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the components of V2 W, B!2()ç, where

i, j = 1~ ..., n. In case of a k-dimensional hyperplane Q’ the above oper-
ators are reduced to

Now we infer from proposition 2.1 has the same dominating
property 

PROPOSITION 2.3.

PROOF.

Because we choose fixed for our further considerations as

in § 1, we suppress the dependence on $° and simplify the notation as fol-
lows

especially

Now we are in the position to give local estimates for d u.
Especially we have uniform bounds for 4u6 on where we have to

choose e &#x3E; 0 sufficiently small. Therefore we construct suitable thick

obstacles and set

Note that we use here the assumption that V is a convex set, symmetrical
with respect to and the same holds for 0-’(V) because 0-1 is
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linear and does not change the x"-variables. From this definition we derive

and further, because of

Recalling the definition of inequalities in Sobolev spaces we know that
the set consists of all limits v E g -E-- .8~0 ~2(.~) of sequences

’

(q~)§§fl_~, .5~~, Hm,2(Q) (x -~. oo), and there-
f ore we have

As a consequence Ka 0 follows for sufficiently small ð &#x3E; 0 because of

K~, 5~ ø. Let ua denote the solution of (VI) with K = 5~ ø. Common

arguments about minimal sequences well-known in the direct methods in
the calculus of variations show that

(3’) being a sequence converging to 0. Theorem 1.1 gives 
thus employing the 2.corollary of lemma 1.1 we can define by

where we have term by term

The following lemma extends lemma 1.1 iii).

LEMMA 2.1. is lower semicontinuous on Be for o &#x3E; 0 sufficiently
small.

P400F. Lemma 1.1 gives = .LE + on Be. We have to

show, for sufficiently small ~O &#x3E; 0, that LO E(x - y) is lower semicontinuous
on B2e X B2e for z - y, x, y E B2e, and this is true if L°E(x - y) - oo (x - y) .
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But using (2.3) we have

Therefore the assertion follows from proposition 2.3. s

Employing the lower semicontinuity, we are now able to give an uniform
upper bound for on supp 

LEMMA 2.2.

supp 

PROOF. Let supp Wo0(£°) = x,.
When 2m  n + 2 we apply Green’s formula to

where (3iC’, £C"). By definition we have

and in virtue of lower semicontinuity we obtain

as in the proof of lemma 1.5. When 2m = n -f-- 2 we observe that

(u6 - which is twice continuously differentiable by theorem 1.2,
has a minimum at x~’ and the same result follows..

In the next lemma we utilize proposition 2.3 and get

LEMMA 2.3. 2013Z~~2013(2m--2)’zt~-{- Be.

PROOF. With = we infer from pro-

position 2.3 using lemma 1.1 that
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The following lemma gives a local bound of

LEMMA 2.4.

sufficiently small. 
’

PROOF. Because of

we have, for e &#x3E; 0 small enough,

From lemma 1.1 then follows

Now we can give the following upper bound for on supp 7

LEMMA 2.5.

for e &#x3E; 0 sufficiently 

PROOF. Using successively lemma 2.2, 2.4, 1.8 and (2.3) we obtain

Combination of the last result and lemma 2.3 yields

2.6.

on supp (

sufficiently small.
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By inserting lemma 2.6 in lemma 1.6 we obtain

LEMMA 2.7.

for e &#x3E; 0 sufficiently small.

C OROLLAR’Y.

and further 

From the corollaries of lemma 2.7, 1.8, 1.9 we infer

THEOREM 2.1. Let u be the solution o f (VI) with K = Ktpl. Then

In case of 2m = n + 2 we show again the continuity of the second
derivatives of u and need the following modification of lemma 1.11.

LEMMA 2.8. Zet 2m = 1 --f- 2, $°e supp (,u). !1’hen for a sequence {$’I’ 1
with supp (/z)-, ~x --+ ~o ( x -~- oo) holds

PROOF. We adapt the proof of lemma 1.11 to the new situation and
assume ~O = 0. Using the fact the assertion of lemma 1.2 holds

and therefore Thus we have for a subse-

quence (J’~’)§T=1

where e, is a tangential unit vector with respect to S~’ at ~°. After rotating
the coordinate system we can assume that Qi = ei, i =1, ..., 7~ and more-
over Because of ai(4)00)(O) = Qi = ei, i = I , ..., k, the corresponding
sequence ~x"~~x =1, also satisfies 

n

Pre,. ei we construct a C2 -diff-comorphism~~ 

~: B~(0) ~ U(O) = U(~0) of an open neighborhood U(O) for r &#x3E; 0 suf-

ficiently small on account of = ei, i = 1, ... , n and 1vrite 4) = ø.
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Recalling that u E .H~i ~°°(S~), from the 2. corollary of lemma 1.1 we deduce
the existence of

where differentiating term by term yields

Here vic- C°(Br(0)) and further 0 (1 -+ 0), because

i = 1, ... , n~. Now we look at the proof of lemma 1.11 and setting

we observe that

implies

As in part. I, II of the proof of lemma 1.11 one shows

For this we set ze:= where by definition follows

pointwise on -

Furthermore, we notice that -a,, z consists of a sum of a lower semicon-
tinuous function and functions continuous at 0, a1i z consists of a sum of
functions continuous at 0, i = 2,..., n.
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In part II one has to give a suitable decomposition of - in a sum

of a superharmonic function wi and a function w2 continuous at 0. Consider-

ing the term a,, on (1.5) of lemma 1.10 and (1.2) of

lemma 1.1 yield

and further, for x E 0-1 (B,,,($O)) c Br(O), e &#x3E; 0 sufficiently small,

Here ,u~ denotes the image of fle with respect to 
Now we have w,,: == - cn. Jloglx - yl superliarmonically on Br(O)

continuously at 0. Setting

which is continuous at 0 we can conclude as in lemma 1.11 and obtain the

assertion of lemma 2.8.

Replacing lemma 1.11 by lemma 2.8 we repeat the proof of theorem 1.2
and obtain

THEOREM 2.2. Let 2m = n + 2 and u be the solution of (VI) tvith K -- 
Then U E 02(Q).

3. - A counterexample for higher regularity of the solution of the obstacle
problem.

In this paragraph we construct an obstacle problem for the biharmonic
case in the plane, m = n = 2, where the obstacle T’ is a quadratic poly-
nomial, f = 0, and the boundary data g E We show that the solu-

tioia u of (VI) with K = Kw satisfies u í and notice that the coin-

cidence set [~ _ consists of one line segment compact in S~. The same

construction works for all cases 2m = n + 2, and one can cover the cases
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2m  n + 2 by introducing the so-called dummy-variables, where of course
the set [u = P] is no longer compact in Q. Our construction relies heavily
on a property of the logarithmic capacitary potential of a line segment
stated in lemma 3.1 separately. The crucial observation leading to the
assertion of the lemma is taken from an auxiliary result of Lewy’s paper [8].

Now we set [0, and inspect the following potential care-
fully at the points (o, 0), (1, 0).

LEMMA 3.1. be the logarithmic capacita1ry potential with
has but 

PROOF. For the existence of the capacitary potential -log * v with
on S~o , w here positive measure, see

[7, chap. II, 9 4]. Note that what we call capacitary potential is there
called equilibrium potential. (i)

The continuity of -log * v on follows from the fact that each point
of S~o is regular in the sense of the Dirichlet problem for the Laplace equation.
This is true in particular for the points (0, 0), (1, 0). But we show that

the gradient IV log * vi is unbounded in a neighborhood of (o, 0), and because
of symmetry the same is true for ( 1, 0 ) . The proof works by contradiction.

Let us assume that Then because of

the restriction a, log * must be bounded on a neighborhood of 0 in R-.
But we show that our assumption leads to

and therefore to a contradiction.

Setting the assumption gives 
On account of we have and

on (-00, 0 ) writing x = x1

Thus ~,u’ is strictly convex on (-oo, 0) and further dldx w’ &#x3E; 0 strictly

(1) Note that log * v E Lfuc(R2) because of the maximum principle.
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increasing on (- oo, 0). From the mean value theorem it follows on ac-
count of w’E the existence of the derivative from the left at 0,

and hence the integrability of y-1 with respect to v which is crucial later
in the proof. Since w’ = 1 on ,~o , 2~’ has a derivative from the right at 0,

Now we show by Lewy’s conclusions [8] that

is not possible.

For our considerations we need the following auxiliary function

and we observe the properties

By averaging the difference quotients we obtain the following representa-
tions of the one-sided derivatives, recalling that
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Subtraction yields

recalling that supp (v) c [0, oo) and v(~0~) = 0 on account of - log ~ 0)
- 1  oo. Considering the function F E 

we notice that moreover GL°°(0, oo) because of

Setting s := y/t for fixed y &#x3E; 0 we obtain

and the theorem on dominated convergence yields
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So the assumption implies a_ - c~+, but we have also

ac+ = 0  a- 00, and this contradiction leads to a- - 00. Thus lemma 3.1

is proved.

Now we give a sufficient condition that a function W E is the

solution of an obstacle problem.

LEMMA 3.2. Let w E g -~- .Ho ~2(S~) r1 C°(f2) such that ,u w : _ (- d )m w - f
is a positive measure, s-app(,u,,) cc S2. If for E C°(SZ) we have 
and P = w on supp (flw), then w is the solution of (VI) for K = Kv.

PROOF. Let VEK’l’ be arbitrary. By definition of inequalities in Sobolev
spaces there exists a sequence such that E C-(D) 7 gg,, &#x3E; W on Q,
gg,,--&#x3E;-v in (x -~ oo) . Choosing x ---1 on a

neighborhood U of and setting we

have v,, --&#x3E;- v in Hm,2(Q) (x -* 00), and because of V"E C°( U) that

This yields

where (’y ’) denotes the scalar product in L2(Q). Letting the right-
hand side of the inequality becomes arbitrarily small.

Hence the assumption of lemma 3.2 follows because w E Ky, is trivial.

EXAMPLE 3.1. Let n = m = 2, ,~2 := B2(0), and f = 0. There exists

a quadratic polynomial T’ such that the solution u of (VI) with l = Kw sat-
isfies u 0 and [u = PJ cc S is a line segment.

CONSTRUCTION. We consider E * v, v the capacity measure from lemma 3.1
and have - 4E * v = - c ~ log~ ’VE C°(IE~2). Furthermore we are in the situa-
tion that all lemmata of § 1- are available, which are independent of the

obstacle, and obtain by lemma 1.10 iv) that

Now we have to construct a suitable obstacle P. Therefore we inspect
the restriction b’:= and infer from the identity
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for the second derivative

Because - log * v is the logarithmic capacitary potential with respect to QI 0
we have

and moreover by the maximum principle on account of co &#x3E; 0

Thus b’ coincides with a quadratic polynomial P’ with respect to the x,-
variable on D’ 07 y where P’ = c2 . In order to identify the linear term
of P’ we notice that b’ is symmetric with respect to 1, hence

On account of (3.1) we have d2jdx;P’ on R, and infer from
the mean value theorem

Defining the quadratic polynomial P,

Q. We notice that 

because of symmetry. Thus, again the mean value theorem gives

Choosing X E z - 1 on U(,~o), set

and notice that . By construction one has

where ~:=zt~~~==~&#x3E;0 is a positive measure with supp
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Therefore, we know from lemma 3.2 that solves (VI) with 
that means E * v = ~c in our terminology. The construction is complete. (2) .

4. - Addendum.

1) The regularity of the solutions of polyharmonic quasi-variational
inequalities has been studied in [11], y where we have stated our regularity
results for the first time giving a proof different in some details.

2) Obviously we can obtain theorem 1.1, 2.1 under the assumption
that P E OO(Q) resp. P’ E r1..8io°(S’) by a suitable approx-
imation. Furthermore, the assumption f is sufficient to obtain

all our results.

3) On account of the lower semicontinuity of the solution which is
stated in lemma 1.1 independent of the obstacle, all results remain true

under the assumption resp. .8‘i ~°°(S2o), 2 where Sdo c S2
is an open set, ~o:= S2’0 Qo, and

Therefore, T resp. T’ admits the natural extension

4) Another application of our methods yields H2,’-regularity of the
solution in case of a thick under the assumption that
- oo in the sense of distributions, k ~ n --- 2m + 3. Correspond-
ing result« can be proved in case of thin obstacles.

5) We state theorem 2.1, 2.2 for Q’ being a k-dimensional C2-surf ace
with 7~ ~ n - 2m -~- 3. Of course this assumption includes com-
pact k-dimensional C2-surfaces S2’cc S2 with ø. Using our methods
of proof one can also show the regularity results for k + 1-dimensional
compact C2-surfaces Q’ccS2 where the boundary aS2’ is a k-dimensional

C2-surface.

6) Finally, we arrive at the case of a two-sided thin obstacle. Recalling
that the maximum principle of potential theory is only valid for potentials
of positive measures, it is natural to treat two-sided problems only for
biharmonic variational inequalities where we can use the maximum prin-
ciple for harmonic functions. Now we consider the two-sided thin obstacle

(2) Finally, lemma 3.1 shows that that ·
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problem in two dimensions. We assume that S2’ is a C4-curve with 3Q
where the case of Q’ cc Q being a closed curve is included. Now let u be
the solution of (VI) with K = ~ ø,

where If’, C2(Q’), f2. Elaborating our methods of proof
we show in [12] that

Immediately the conclusions leading to theorem 2.2 yield

In order to obtain C2-regularity even on a neighborhood of [ Il’ = r’] cc S2y
we have to assume the following regularity condition

(D) All points of [T" - 2’’’] are regular relative to Q - [T" = 2’~’] with re-

spect to the Dirichlet for the Laplace equation.

Under the assumption (D) we show in [12] by techniques which are different
from the proof of theorem 2.2 that

5. - Appendix: The formula of the fundamental solution of (- 4 )°’ in Rn.

Let E : _ be the fundamental solution of (- L1)m in (-L1)mE== 0,
6 Dirac measure. We give the explicit formula for and the derivatives

up to the second order. Considering E, only for n, m ~ 2, 2m ~ n + 2,
we have four different cases. By c~ ~ &#x3E; 0, we denote constants depending
only on n, m.

1) case:
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2) case:

3) case:
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4) case : 

Note that for n &#x3E; 2 Em,n is superharmonic in case of 2m ; n, con-
tinuous in case of 2m &#x3E; n.

Added in proof.

1 ) To 6) of the Addendum: In case of a two-sided thin obstacle let us now replaec
the assumption (D) by the stronger one

where Q( c ~~’ is a nondegenerated subcurve with endpoints ~i~’~, ~i,2 CQ,, i = 1, ..., io.
Further we assume W’, 2’’’E C4(fll) and the monotonicity condition (M) that for
z=1,...,io, . 1, ..., j=1,2,

(M) d4/dS4 is (not necessarity strictly) increasing resp. decreasing on a nezgh-
borhood of i 3

where s denotes the arc length of .Q’. Then under the assumptions (.F’) and (M)
we show in [12] carefully analysing the behaviour of 4u on a neighborhood of

= r’’] cc SZ the stronger result
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The work [12] will appear in the series « Bonner Mathematische Schriften », Bonn

(1984).

2) For a general discussion of thin obstacle problems see the recent book of
A. Friedman, Variational principles and free-boundary problems, York, Wiley
(1982).
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