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Semilinear Elliptic Eigenvalue Problems on an Infinite Strip
with an Application to Stratified Fluids.

CHARLES J. AMICK

1. - Introduction.

In this paper, we consider the semilinear elliptic eigenvalue problem

We assume that a, b : [o, 1] -~ R and F: [o, 1] are as smooth as

we need, and that a &#x3E; 0, b ~ 0 on [o,1] with b not identically zero. We
consider two cases for F :

uniformly for y E [0, 1] and A in compact sets. Here a &#x3E; 0 is an arbitrary
fixed number. We shall give quite precise conditions on A (or B) to ensure
the existence of an unbounded, connected of

non-trivial classical solutions (A, u) to (1.1)-(1.3). The particular case cr =1
in (1.4) arises in the problem for solitary waves in stratified fluids, and will
be considered in section 7.

Pervenuto alla Redazione il 16 Maggio 1983 ed in forma definitiva il 30 Mag-
gio 1984.
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Consider the problem of x-independent solutions of (1.1)-(1.2):

Nontrivial solutions to this equation do not satisfy (1.3). Set

and let w(y) denote the corresponding positive eigenfunction normalized
1

by f aw2 = 1. The eigenvalue ,u is simple, and the global bifurcation theory
o

of Rabinowitz [1] gives the existence of unbounded, connected sets ~+

and ,2- in R 1), containing (g, 0) in their closure, such that (2, m) c- -9+
satisfies (1.6)-(1.7) and m &#x3E; 0 on (0, 1). Similarly, m  0 for elements of £P-.

If we restrict attention for the moment to T’ satisfying (1.4), then one can
ask in which direction the bifurcation occurs. A simple calculation shows that

greater than zero ensures that I for all small solutions (À, ~c) E -9+.
If A  0, then I  ,u for small solutions in EP- for small solu-

tions in ~+. An important point to note is that A may be readily computed
as soon as a, b, and F are given. Indeed, the first eigenvalue ,u and cor-
responding positive eigenfunction w(y) may be computed numerically to
great accuracy, while A(y, IA) is known from (1.4) as soon is known.

Our results will depend only on the sign of A.
In this paper, we are interested in solutions to (1.1)-(1.3) which are

even functions of x, are negative or positive on S’, and have certain mono-
tonicity properties. More precisely, we shall say that (2, u) satisfies

(P+) if ~c is an even function of &#x3E; 0 on S, u E and ux(x, y)  0

on (0, 00) X (0, 1).

Here C,’(9) denotes the continuously differentiable functions on ~S which
vanish on as and at infinity. We say that (2, u) satisfies (P-) if (Â, - u)
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satisfies (P+). In [2], Kirchgässner showed that 1 &#x3E; 0 leads to a local
branch of solutions (A, u) satisfying (1.1)-(1.3) and (P-~-) with A  p. If the

sign of A is reversed, then there is a local branch of solutions satisfying (P- ).
In Theorems 1.1 and 1.2 below, we state a global version of these results.
We prove in Theorem 2.3(c) that there are no solutions of (1.1)-(1.3) satisfying
(P-E- ) or (P-) if A &#x3E; p. Therefore, it is natural to enquire about the be-
havier of W near to A = p. For p E [1, oo], the point A = p will be called
a bifurcation point of T in L21(S) n if (p, 0) is an element of the closure
of lf in ~R n Co(~S)), and an asymptotic bi f urcation point of rø if

lUkIL--(S) + -+ 00 a’S Ak -* 1’.
1

THEOREM 1.1. Assume that (1.4) holds and A = jA(y, ,u)?,v(y)2+ady &#x3E; 0.
0

(a) There exists an unbounded connected set CC in ~8 n 

and r~ p E [1, of solutions (A, u) of (1.1)-(1.3)
satisfying (P+).

(c) The point A = It is a bi f urcation point of le in LfJ(S) n for
while asymptotic bi f urcation for W occurs for all

then neither occurs.

(d) If IÄ - ,ul + is sufficiently small, then there are no solu-
tions (A, u) of (1.1)-(1.3) satisfying (P-).

(e) If (1.4) holds and Z  0, then (a)-(d) hold with the rdles of (P+) and
(P-) reversed.

COROLLARY 1.2. Assume that (1.5) holds.

then there is a branch W of solutions

(~,, u) o f (1.1)-(1.3) satisfying (P+), and a of solutions satisfying
(P-). Both branches W and ~ satisfy (a)-(o) of Theorem 1.1.

(b) If B  0 and lÂ - p I + lu 100(8) is sufficiently small, then there are
no solutions of (1.1 )-(1.3) satisfying (P+) or (P-).

If one ignores the exceptional cases I = 0 or B = 0, then Theorem 1.1
and Corollary 1.2 give necessary and sufficient conditions for a global branch
of (P-E- ) or (P- ) solutions to bifurcate from Â (in Lp(,S) n Co(S) for
sufficiently large p) ; for example, if .9 &#x3E; 0, there is a global branch of (P-~-)
solutions bifurcating from (,u, 0) while I  0 ensures there are no (P+)
solutions near to 0). We shall restrict our attention throughout this paper
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to proving parts (a)-(d) of Theorem 1.1 since (e) follows immediately upon
replacing u by - u in (1.1)-(1.3). Corollary 1.2 follows immediately from
Theorem 1.1. The motivation for this paper is twofold: a global version
of the results in [2], and a theory applicable to the problem of solitary
waves in stratified fluids.

A number of results have appeared recently for the stratified fluid

problem [2]-[4], but they are limited by assumptions on the density 
or to small-amplitude solutions, or to variational solutions. We consider
this problem in section 7 and show that Theorem 1.1 (with cr =1) is ap-
plicable for any suitably smooth density (200. The case of a discontinuous

density is considered in [8]. Although a variational approach has been used
in [3] to get large-amplitude solutions for a special class of smooth densities,
it was not shown that the solutions form a connected branch. The con-

nectedness of W is useful for proving physical properties of the solutions,
and an example of this is given in section 7.2. Although elements of T
satisfy (7.11)-(7.13), only a strict subset -q will in general satisfy condi-
tion (7.19) which is necessary for a solution to be physically relevant. The
set ~ will be defined as the maximal connected subset of W satisfying (7.19)
and containing (g, 0) in its closure. If -9 is properly contained in W, then
nontrivial elements of 8£P exist, and they will be solutions for which equality
holds at a point in (7.19). Such waves are physically relevant,
but the wave profile is not smooth at the point (0, y) [36], and so may be
referred to as «extreme waves » as in [5]-[7]. Further properties of ex-
treme waves appear in [36].

Equations such as (1.1) posed on a strip or in all of Rn have been studied
recently by a number of authors [2]-[20]. The methods vary from varia-

tional ones for large-amplitude solution to implicit functions theorems for
small solutions. The particular case of a strip has been considered in [2]-[3],
[15]-[16], [18]-[20]. Some of the results and notation in this paper (par-
ticularly the decomposition (1.10)) are motivated by recent work of Kir-
chgassner [2]. The approach here is similar to that in [20], but the tech-
niques are very different and more difficult. The case F(y, u, Â) == Alull+C1,
.A constant, is covered by the results in [20]. In section 2, we begin by
studying (1.1) with Dirichlet boundary conditions on a rectangle and

use the theory of Rabinowitz [1] to find an unbounded, connected branch ~n
of nontrivial solutions which bifurcate from a point (p,n, 0). The solutions u

are positive are even functions of x, and satisfy y)  0 on

(0, n] X (0,1 ). The eigenvalues pn are shown to converge to p as n - oo.
If one takes a bounded open set with (g, 0) E U,
then there exist (An, E Cn n 3!/ for all large n. We may assume that
An -* 1 and un - u in as n - oo. In Theorem 2.3 we show that
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and that A implies the convergence of Un in () Lp(S) r1 Co(S),
oo), to a solution (~,, ~) of (1.1)-(1.3) satisfying (P+). Section 3 is

devoted to the remaining case We prove in Theorem 3.2 that if

(lz, u) E R X Co(S) satisfies (1.1)-(1.3) and u &#x3E; 0 on S with y)  0, (x, y) E
E (0, oo) X (o,1), then u« 0 in S. Hence, if In -+ /l in Ll+,a(S)
with Iunlco(s) bounded, then 0 in El+,a(S). In section 4, we show that
this convergence is strong in lv(S) for p E [1, oo) n (y/2y oo) ; in particular,
(Ân, un) - (lz, 0) in r1 Co(~S’)). (The main tool is a decomposi-
tion of un in the form

where w satisfies (2.11 )- (2.12 ) and

We show that if In is near to p, then the dominant term in (1.10) is

and we then study the ordinary differential equation (4.18)
for vn(x). Since (~,~,, un) E au and (~,~,, un) -+ (p, 0), we must have (lz, 0) E au.
However, (~ 0) lies in the interior of U. This contradiction means that

~n -~ ~ C ,u, and so there is a solution (A, u) of (1.1)-(1.3) satisfying (P+)
on the boundary of every bounded, open set U which contains (g, 0) in its
interior. In section 5, we combine this with a standard result [5, Theorem A6]
to prove the existence of an unbounded, connected set ~ c R X n

r1 of solutions (A, u) of (1.1)-(1.3) satisfying (P+). The remaining
parts of Theorem 1.1 are proven in sections 5 and 6. Section 7 is devoted

to applying our results to the problem of solitary waves in stratified fluids.

2. - Preliminary estimates.

2.1 Notation.

For a domain S~ c R2, 7 a non-negative integer m and p e [1, oo], we let
denote the Sobolev space of functions which along with their weak

derivatives of orders up to and including m lie in The case m = 0

is written as The completion of Co (,~) in is denoted by
H’0(92). The spaces and a non-negative integer and P E (0, 1 ],
have their usual meaning. We let and denote those elements
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of and respectively, which vanish on if D is unbounded,
we add the condition that u(x, y) -~ 0 as (x, y) -~. oo in S~. The rectangle
(-1,1 ) X(0,1) will be denoted by Q.

For any c &#x3E; 0, let Se denote the open rectangle (- c, c) X (0,1 ). Finally,
a function u E is said to be a weak solution of - V. (aVu) = f in Q
for f E if

2.2 The case of bounded rectangles.

In this section, we shall study the following equation

Where a, b, and are as before, and n is a large positive integer, say n~2.
The remark after Theorems 1.1 and 1.2 allows us to restrict attention to
the case

uniformly for y E [0, 1] and bounded A. Here a~ &#x3E; 0 is arbitrary, but fixed.

Unless stated otherwise, we shall assume through the remainder of this paper that

where w(y) denotes the positive eigenfunction of the linear equation

Equivalently, w(y) is the positive maximizer of the variational problem
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We are interested in solutions (A, ~c) to (2.1)-(2.3) which satisfy

LEMMA 2.1. Assume that u E is a weak solution o f (2.1 ) which is
non-negative and not identically zero on Sn . Then

and

where g is a continuous function on I!~ X [0, oo) X (0, 1 ) with g(., 0,.) = 0.

(b) The solution (A, u) satisfies (P~-E- ) and

and

(e) If u E is a weak solution of (1.1)-(1.3) which is non-negative
and not identically zero, is an even function x, and on (0, 00) X (0, 1),
then (A, u) satisfies (P+) and (2.8) holds, with 8n replaced by S.

PROOF. (a) We sketch the proof and refer the reader to Lemma 2.1
and Theorem 2.2 of [20] for the details. If we denote the right-hand side
of (2.1) by G, then G E Lq(Sn) for all q E (1, oo), and so the estimates of

Agmon [3 7 ) give

for any integers m with (m - 1, m + 1) c (- n, n). The particular case

m = 0 and a Sobolev embedding theorem gives

where h has the same properties as g. Since u takes its maximum on x = 0

by (b) below, we have ~ h( ~,, ~) . It follows that
I

and the use of this with the interior and boundary estimates in [20] yields (2.8).
(b) Since u &#x3E; 0 in S. by hypothesis, a variant of the maximum prin-

ciple due to Serrin [38] ensures that u &#x3E; 0 in ~Sn . The remaining condi-
tions for membership in (J~+) and (2.9) follow the proof of Theorem 7.2
of [20].
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(c) The proof that u &#x3E; 0 is as before. If one differentiates (1.1) with
respect to x, there results a linear elliptic equation for uz i Since u~ c 0 on

(0,00) x(O, 1), the maximum principle [38] ensures that or uz  0
on this set. The result u &#x3E; 0 shows that the latter holds. q.e.d.

We now proceed to the existence of a global branch of solutions to (2.1)-(2.2).

THEOREM 2.2. (a) If

then fln &#x3E; 0 is the smallest eigenvalue of the equation

The eigenvalue is simple and as n - 00, given in (1’~)’

(b) There exists an unbounded, connected set ~% c R e (0, 1),
with (~C~ , 0) in its closure, of non-trivial solutions (~,, u) of (2.1 )-(2.2 ) satis-

fying (p~--E- ).

PROOF. (a) The fact that the maximum is taken in (2.10) is a con-

sequence of the compact embedding of into L2(Sn) and the posi-
tivity of a on [0, 1]. For f e let u = Gn( f ) e denote the

unique solution = f on 8n with u = 0 on 38n. Set .E =

= and let E+ = (u e -E7: ~c &#x3E; 0 on 8n,  0 on 

~~(2013~y2013l)y ~~(~yl)&#x3E;0y and ~cxy(n, -1 ), ~~(2013~l)0}y where n de-
notes the outward normal to away from the four corners. The set E-+-
is a cone with interior in E. The maximum principle plus Lemma 2 in [38]
ensures that Gn maps ~7-j- 2013~ and Gn maps non-trivial elements of the

boundary of into E-~- . Hence, Gn is a strongly positive operator in
the sense of Krein-Rutman [39], and so is a simple eigenvalue.

If u e then (1.8) gives

and so p,n &#x3E; p. Define y) = cos where w denotes

the positive eigenfunction corresponding to (1.8). A calculation yields
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whence pn -+ ¡.t as n - cxJ. Since if n &#x3E; m, equation (2.10) ensures
that the ~ are monotone decreasing.

(b) This is an immediate consequence of [1] and Lemma 2.1. q.e.d.

Since A.. - u and there is a global branch Wn bifurcating from each
(,u~, 0), one’s intuition suggests there might be a limiting branch W bifur-
cating from (p, 0). We shall show that this is so, but one must be careful.
For example, the same arguments for Theorem 2.2 give the existence

of an unbounded branch of solutions (A, u) bifurcating from (~y0) and
satisfying (2.1)-(2.2) and (jP~2013). Theorem shows that these sets do

not converge to a branch of solutions of (1.1)-(1.3) satisfying (P-). Another
reason to be careful is the following observation: the condition A &#x3E; 0 en-
sures that lfn initially branches to the left of A = but it is not obvious
that the branch crosses the = p  iz.. Indeed, for many interesting
applications (Theorem 7.2) one has an a priori bound on inde-

pendently of n, for elements of and lfn is unbounded in the positive
I-direction.

A final problem is the topology in which the limit of lfn is to be

taken. In some spaces, CC is an unbounded, connected set containing (u, 0 )
in its closure, while viewed in other spaces the point A = Iz is an asymptotic
bifurcation point. In certain physical problems (Theorem 7.2) the branch
is not even unbounded when viewed as a subset of R X 

Although the results of sections 3 and 4 would allow us to take the limit
of the lfn n Co(S) ) with p E [1, oo) n (al2, oo), we shall think
of the limit being taken in R X (Ll+a(8) n for definiteness. 

-

Let IT be a bounded open set n with (p, 0) E U.
After extending elements of rø n as zero outside 8n, I we have u E 

Since and the W. are unbounded and connected, there exist
E wn r1 a U for all large n. Without loss of generality, we may

assume that A,, ~. ~, in Ll+a(8) as n - oo. (Here - denotes
weak convergence.) The following theorem shows that I does not exceed p,
and proves strong convergence when I  p. Before proving it, we need
some auxilliary functions: for each let

Clearly, y a(o)  0, a is monotone increasing, and = 0 by (1.8). Let
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w(y; ~,) denote the positive maximizer normalized by
v

The function w(y), introduced after (1.8), is merely w(y; It) in our new nota-
tion. Clearly y w(.; Â) satisfies the equation

THEOREM 2.3. Assume that (Ân, un) satisfy (2.1)-(2.2) and (Pn+) with
for some q E [1, oo). If Ân --~ ~,, then

(a) A  P.

(b) If A  p, then there E (0, 1) and D &#x3E; 0, both depending on A
but not n, such that (x, Y) E 8n. If in

then Un -~ u in H’(8) f1 L1J(S) f1 Oo(S) for all p E [1, 00). The pair
(A, u) satisfies (1.1 )-(1.3) and (P+).

(e) If (A, u) satisfies (1.1 )-(1.3) and (P+) or (P-), then If
A  p, then u E f1 Lp(8), p E [1, and y)l D exp (- 
where D and ~8 depend on A.

PROOF. (a) Assume that
where vn is defined by

1

Note that vn is positive on (0, n), v;~(x)  0 on (0, n), and f a(y)zn(x, y) - ·o
·w(y; = 0 for all x E [- n, n]. If we multiply (2.1) by w(y; in-

tegrate over (0, 1), and use (2.11 )-(2.12 ), there results

Since the Un satisfy (~’n-~- ) and are bounded in we have



451

whence

where the constant is independent of n. Now Lemma 2.1 ensures that

and so const. Combining this with (2.14)
yields

where 1/6 = 2q and the constant is independent of n. Now A,, - I &#x3E; ~C
by hypothesis, and so we may assume that oc(Ân) &#x3E; a((I + p)/2) &#x3E; 0 for

all large n. If we use (1.4) and (2.15) in (2.13), then there exists X, in-
dependent of n, such that

for all sufficiently large n. However, standard oscillation theorems show
that a function positive on (- n, n) cannot satisfy (2.16) as n - oo . Hence,
we have a contradiction, and so 

(b) Since In - I  p, we shall restrict attention to all large n such
 (A + ~C)/2  ,u. Equations (1.4) and (2.15) ensure the existence

of X, independent of n, such that

and the constant is independent of n. Since un is bounded in 00(8n), the
quantity Un, is bounded on [- J~ X] X [0, 1], independently of n.
If we multiply (2.1) by Un, integrate over (x, n) X (o,1), and then use (1.8), 7
there results
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for all z E (X, n). - A by hypothesis, the left-hand side of (2.17)

is bounded below by a constant C, independent of n, times We

may use (2.15) and restrict attention to such large X that

for all x E (X, n). It follows that

or, equivalently,

where

If we multiply this inequality by - T((z) &#x3E;0 and integrate over (x, n),
then T~,(x) + This implies the bound

Since

and by Lemma 2.1, y it follows that

where B+0/2
Assume that Un - u in and A,, - I  It. Lemma 2.1 and equa-

tion (2.15) together give un - u in The use of equation (2.18) shows
that u,, - u in for all p ~ 1. To prove that un - u in .go(~’), we begin
with (2.8) of Lemma 2.1 which gives convergence on bounded sets. For
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the convergence in a neighborhood of infinity, we use (2.17):

and note that the right-hand side may be made arbitrarily small by taking X
large and using (2.18).

It is clear that is a weak solution of (2.1), and so
u E C2°~(~S) by Lemma 2.1. We now show that u is not identically zero,
whence (A, u) satisfies (P-i- ) by Lemma 2.1. Assume the contrary, so that
u m 0 and un - 0 in If we take x = - n in (2.17), then

by (1.4). Since u,, -* 0 in Co(~S) as n - 00, this relation is clearly impos-
sible, and so we have a contradiction.

(c) The proof of (c) follows that for (a) and (b). q.e.d.

BEMABE. The assumption that for some 

was only needed to show that 0 uniformly at infinity (cf. (2.15)).
If one drops the bound in and assumes instead that un -~ 0 uniformly
at infinity, then parts (a) and (b) hold. However, if one merely assumes
bounded in 00(8), then the proof of (a) does not hold. It is this observation
that forces us to consider solutions in R X (La(S) f1 Co(8») instead of R X 

3. - The case A _ p.

We now consider the case that A,, - u in LP(S) for some p E (1, 00),
and un bounded in Co(~). It follows from Lemma 2.1 and (2.15) that un - u
in Co(~S’) and that u E Lp(S) n satisfies (1.1)-(1.3), ~c is an even func-
tion of z, u &#x3E; 0 on S, and y)  0, (x, y) E (0, oo) X (o, 1). In Theorem 3.2
we show that such a u is identically zero. (The basis of our proof is the
estimate (3.5) which is a forerunner of certain results in section 4.) It then

follows that u~ --~ 0 in L?(S) and Un -~ 0 in and section 4 is devoted

to showing that this convergence in 2~ is strong if p is sufficiently large:
p E (1, n (al2, 

For each ÂER, let w(· ; I) be the positive eigenfunction of (2.11)-(2.12)
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normahzed by Set

Clearly 7: is a continuous function of 2 and -r(A) &#x3E; /t, 2 E R, by (1.8). The

following lemma will be needed in the proof of Theorem 3.2 and in section 4.

LEMMA 3.1. 7:(Â) &#x3E; fl f or E R.

PROOF. The maximizing function z satisfies

where P is a parameter. If = ~u, then multiplying this equation by
w(y; ,u) and integrating over (o, 1) yields

whence @ = 0 since the integrand is strictly positive on (0,1). However,
-r(A) = p and /3 = 0 in the differential equation imply that z(y) = const w(y ; p),
so that

This shows that z_--_ 0 which is a contradiction. q.e.d.

THEOREM 3.2. Let u E Co(,S’) r1 be a solution of (1.1)-(1.3) with

,1, == ft, on S, and u,, (x, y) c 0 f or (x, y) E (0, oo) x (0, 1 ). Then u == 0 in S.

PROOF. We assume that u is not identically zero so that (~,, u) satisfies
(P-~- ) by Lemma 2.1 (e). We shall derive a contradiction from this assump-
tion. Set u(x, y) = v(x) w(y) + z(x, y), where w(y) = w(y; p) has been nor-

, 1

malized by Note that v &#x3E; 0 on

for all z. Equa-
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tion (2.13) gives

The first term on the right of (3.1) is where J &#x3E; 0 by (2.4). Since

y) - 0 as ~x~ -~ oo and F(y, u, It) - A(y, for such values, we
have

where c = Ã/2, d &#x3E; 0, and X is sufficiently large.
We shall restrict attention in the remainder of this proof to If

we multiply (3.2) by - v’(x) &#x3E; 0 and integrate over (s, t), X  s  t  

there results

Similarly, integrating (3.2) over (s, t) yields

We shall prove that

If we assume this for the moment and use it in (3.3), then
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where e - 0 as s --~ oo. If we let t -~ oo, then v(s)2+~c (E/(2 -E- a~)) v(s)2+a,
whence v(s) = 0 for large s, and this is a contradiction.

The rest of this proof is devoted to proving (3.~), and we begin by showing

Define 
"

Equation (4.9)

shows that either 1~(x) -~ 0 oo (which we want) or

so that (0,00] as x --~ oo. We shall assume (3.6) and derive a
contradiction. Note that

From (1.1) and the representation u(x, y) = v(x) w(y) + z(x, y), there results

where we have used the fact that = 0 on (0, 1) by (2.11), and
we have used (3.1) to replace v". Multiplying this equation by z and in-
tegrating over (s, t) X (0, 1 ), 0  s  t  oo, gives

for all large s, say s E (X, oo).
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If a E (0, 1), then

where we have used (3.7). then

If we use these estimates in (3.9), restrict s to be large, and let t -~ oo,

there results

where C &#x3E; 0 is independent of s. Define so that CN(s) -

-N"(s) c 0, s E (X, 00). This differential inequality yields

If we combine this with (3.7), then

Now 0  y) = + z(x, y) by hypothesis. If we set z = z+ - z-

where z+(x, y) = mag (0, y)) and z-(x, y) = max (0, - z(x, y)), then

it follows that
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Hence

for all x E (- oo, 00). If we use this in (3.3), then

where e ~ 0 as s -~ oo. If we let t - oo, then

whence

If we use this in (3.11), an obvious contradiction arises, and so (3.6) is false.
Hence

Equation (3.14) proves (3.5) for a E (0, 1], and so we restrict attention
to proving (3.5) for a &#x3E; 1. Equation (4.7) gives

for 00 . Now
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for large s. Equation (3.13) gives whence

for large s. Equation (3.1) gives whence

for all large s. If we use (3.16)-(3.18) in (3.15), there results

where we have used (3.4) and the fact that a &#x3E; 1. We wish to let t -~ o0
in (3.19) and must first show that z E L2(S). Equation (3.4) gives

where 8 ~ 0 as 8 ~ oo . The use of this in (3.9) yields (3.10 ), and so z E L2(S).
If we let t -+ oo by using the second part of (3.14) in (3.19 ), then VW E Z~(~).
Standard theory then gives

for p E [2, oo), and this proves (3.5) when a &#x3E; 1. q.e.d.
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4. - The Fourier decomposition of solutions.

In this section, we assume that (Ân, un) satisfies (2.1)-(2.2) and (P.,,+),
An --&#x3E; /-z, and for some q E [1,00). The use of
Lemma 2.1 and (2.15) allows us to assume that un - u in Co(~S’). The-
orem 3.2 shows that u == 0, and so ~n) -~ (p, 0) in R Our in-

tention is to prove in Theorem 4.4 that un - 0 in for suitable p. We
shall use this result and Theorem 2.3 in section 5 to prove Theorem 1.1.

We write y) = vn(x)w(y; An) + zn(x, y), where w satisfies (2.1l)-(2.12)

and is normalized by Here

and we note that vn is an even function of x 0 on (- n, n) and
vn  0 on (0, n]. We also have

so that Lemma 3.1 may be applied to 
If we multiply (2.1) by w(y; and integrate over (0, 1), there results

Since un - 0 in as n - oo, the final term in (4.2) may be made less than

where e - 0 as n - oo . In Lemmas 4.2 and 4.3, we show that zn is small,
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in a certain sense, compared to vn ; more precisely

for any p E [1, cxJ). Equation (4.4) implies that

uniformly on (- n, n), as n - 00. The use of this estimate with (2.4)
and (4.3) in (4.2) yields

where x E (- n, n), 0 and E - 0 as n - oo. These differential inequal-
ities will be the basis of our proof in Theorem 4.4 that un -~ 0 in as

n --3- oo for suitable p. They will also be used in section 6 for considering
bifurcation and asymptotic bifurcation. We begin with some technical
results needed in Lemmas 4.2 and 4.3.

LEMMA 4.1..,Assume that un) satisfies (2.1)-(2.2) and (Pn-~-) with
Ân - p and un -~ 0 in oo . Then

PROOF. (a) We shall drop the subscript n in this proof except where
it is necessary. Since uae(O, y) = 0 for y E [o,1] and y)  0, y) E
E (0, n) X (0, 1), it follows that uzz(0, y)  0, y E [0, 1]. (In fact, one has a
strict inequality on (0, 1) by the strong maximum principle applied to the
equation for The use of this in (2.1) gives
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and multiplying by y ) and integrating over (0, 1) yields

where we have used the representation
we use Lemma 3.1, then

and the result follows from a(In) -~ a(p) = 0 as n - oo. Recall that 

gives  0.

(b) Equation (4.2) gives

-1 I 1 1.

by (3.12). q.e.d.

LEMMA 4.2. If are as in .Lemma 4.1, then

PROOF. We shall drop the n subscript on all quantities except 
If we set y) = z(x, then a calculation using (2.1) and (4.2) gives

Define. If we multiply (4.6) by Wand integrate
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over (s, t) X (0,1 ), where 0  8  t  n, there results

where we have used Lemma 3.1 and the obvious fact that

Since A. - p, - &#x3E; P, and is uniformly small on (- n, n)
by Lemma 4.1, we have

for all n sufficiently large, where C is a constant independent of s, t, and n.
Now u,,,  const by (1.4) since un - 0 in as n - 00.

This allows us to estimate as follows:

for all large n. The use of this estimate gives

for all (s, t) with 0  s  t  n and n sufficiently large. We now prove the
following result:
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If we restrict s in (4.8) to lie in (S, t), then

since M’&#x3E;0 on (S, t) by hypothesis and v’ ~ 0 on (0, n). Dividing each
side of this inequality by t - s and letting s --~ t gives (4.9).

If .lVl’ attains its supremum on then (4.9) and Lemma 4.1 give

sup M() - 0 as n - oo since un - 0 in Co(S). Since this is the desired
aee( -tt, n)

result, we shall assume for the remainder of this proof that .M (x) &#x3E; 0 on

(L(n), n) for some L(n) E (0, n). Since U E r1 00(8) and ~

const (n - x) for a-n, the quantity I is bounded for all x

near to n, independently of y. In particular, is bounded n.

A simple calculation shows that y) -~ 0 n, whence M’(x) - 0
If we restrict s to (L(n), n) and let t -n in (4.8), then

If we divide this expression by (n - s) and let s - n, there results

j~f(~) -~ M(n) = 0, which contradicts the assumption that 1~’(x) &#x3E; 0 on

(L(n), n). q.e.d.

Lemma 4.2 proves equation (4.4) for all p E [1, 2], and we now proceed
to the general case.

LEMMA 4.3. If are as in .Lemma 4.1, then

PROOF. We shall restrict attention to p E (2, oo) and drop the n sub-

script when convenient. We begin by deriving an estimate (4.10) which
will be used later in the proof. If y E 01([0, 1] X [0, 1]) with y(x, 0) =
= y(x, 1 ) = 0, x E [0, 1], then standard theory gives

where and the constant depends on r, but is independent of y. By
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rescaling, we have

if 81 :1, and y E t) X [0, 1]) satisfies y(x, 0) = y(x, 1) = 0, x E [8, t].
Let m be a non-negative integer, and set

where y) = z(x, If we multiply (4.6) by and integrate
over (s, t) X (0, 1 ), where 0  s  t  n and t - there results

where C, D, E, and F denote the last four terms on the right of (4.11).
Recall that Lemma 4.1(a) gives l#(0) - 0 as n -~ oo. Assume that ~’(~)&#x3E;0y

and lfi’(t) = 0; we shall use (4.11) to show that lVl(t) must be
small.

Ohoosing r = 2m/(m + 1) in (4.10) yields

If we apply Holder’s and Young’s inequalities to the integral for b W2m+2, then
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for any 8&#x3E; 0. If s E (S, t) and = 0, then .N.~’(t) - in (4.11),
and so we conclude by estimating the terms C, D, E, and ~’.

To estimate C and D, we note that

By using Holder’s and Young’s inequality, one easily proves the following
estimate:

Lemma 4.1(b) ensures that

where 8 -~ 0 as n --~ oo. Finally, y the assumption that .M’(~) ~ 0, x E (8, t),
gives F 0. The use of this with (4.12)-(4.15) in (4.11) yields

or, after dividing both sides by t - s,

for al l s E ( S, t ) with t - s c 1. Letting s -~ t gives
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which becomes arbitrarily small as n - oo by Lemma 4.2 and un - 0 in
as n - oo. Hence, we may assume that &#x3E; 0 for all t suffi-

ciently near to t = n, say t E (L(n), n). The argument in Lemma 4.2 shows
that M’(t) -~ 0 as t --&#x3E;- n, so letting t -+ n in (4.11) and restricting s to

(L(n), n) n (n -1, n) yields (4.16a) with t replaced by n. If we let s - n,
then

which is arbitrarily small as n - oo by Lemma 4.2. q.e.d.

REMARK. . It is quite possible that the dependence of the various con-
stants on p may allow

which is similar to Theorem 3.2 of [20] and Theorem 6.2 of this paper.
Fortunately, we only need (4.4) for our results. The proof of the following
theorem is almost identical to arguments in [13] and [20].

THEOREM 4.4. Assume that u,,) satisfies (2.1)-(2.2) and (P 11+) with
~,n -&#x3E; Iz and Un -&#x3E; 0 in Co(S) as n -~ oo. Then

PROOF. Lemma 4.3 shows that

and so it suffices to estimate vn in n, n). The use of Lemma 4.3 with

(2.4) and (4.3) in (4.2) yields

where 8 -~ 0 as n - oo. Since vn is an even function of x, we shall restrict
attention to x ~ 0. If we multiply (4.18) by - vn(x) ~ 0 and integrate over
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(x, n), there results

By evaluating the right-hand side at z = 0, it follows that

is positive at x = 0 and is monotone decreasing to a(In) at x = n.

(i) We begin with the case ~ 0. Multiplying the left-hand side
of (4.18) by - vn and integrating from 0 to x yields

The change of variables t = vn(x) gives

is monotone decreasing on (0, n) from a positive value at x = 0 to a negative
value at x = n. In particular, there is a unique X = X(n) E (0, n)
such that

If we restrict x E (X, n) in (4.19), then
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Hence

For the remaining integral over (0, X), we return to (4.18) and restrict
x E (0, X) :

If we multiply this inequality by - vn(x) and integrate over 0 to z, there
results

This estimate may be used with a change of variables in the remaining
integral:

Equations (4.17), (4.21), (4.23), and (4.24) prove part (a), and (b) follows
immediately since vn(0) - 0 as n - cxJ, q.e.d.

5. - The proof of Theorem 1.1.

(c~) Let ~= {(~, u) e R x (L1+6(s) r~ Co(~S’)) : (A, u) satisfies (1.1)-(1.3)
and (P +)} u {(~, 0)}. Theorems 2.3 and 3.2 show that (A, u) E 0))
implies A  /z. Let Zl denote a bounded, open set in R X (Ll+C1(S) r1 Co(S))
with (,u, 0 ) in its interior. Theorem 2.2 shows for all

large n, so there exist for such n. Without loss of

generality, we may assume --&#x3E; A Iz and u. - u in If A  ,u,

then un --~ ~ in r1 by Theorem 2.3. If ~, = ,u, then Lemma 2.1

and Theorem 3.2 give un - 0 in Ll+a(S) and un - 0 in Co(~S’). Theorem 4.4

shows that 0 in whence (Ân, un) E a U converges in R X 
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n Co(g)) to (g, 0) E Z~. This is impossible, and so (Ân, un) -&#x3E; (Â, u) E R
&#x3E;C n with Â  Theorem 2.3 shows that (Â, u) 0)},
and so 8 1T m (~(,u, 0))~ ~ 9~ for all bounded, open sets TJ in R X 

with (p, 0 ) E U.

Let W denote the maximal connected subset of 0)) containing
(lz, 0) in its closure. In order to show that ~ is unbounded, it suffices by
Theorem A.6 of [5] to show that ~ is closed, and bounded subsets are
relatively compact. We begin by showing that / is closed. Let (A., un) c J
converge in n Co(S)) to (2, u). If then the arguments
for Theorem 2.3(b) ensure that (A, u) e Fg((p, 0)). If ~ - p, then 0

by Theorem 3.2, whence (Ân, un) - (p, 0) Hence, ~ is closed.
In order to show that bounded subsets of / are relatively compact,

let with ~,~ ~ ~, c~u, un - u in ll+a(S) and 
If I  then the arguments for Theorem 2.3(b) give un - u in 
n If In -~ ~C, then Theorem 3.2 gives un - 0 in and un -~ 0

in Co(S). In order to show that un -~ 0 in it suffices to show that

where we use the usual decomposition y) = + zn(x, y).
Indeed, if (5.1) holds, then we are led to (4.18) on (- oo, oo), and the
proof of Theorem 4.4 then gives Un -+ 0 Hence, if - p,
and (5.1) holds, then un) - (p, 0) in n Since

0) E J, this shows that bounded subsets of f are relatively compact.
To prove (5.1), we set

and

Lemma 4.1(a) gives Mn(0) - 0 as n - oo while (4.9) shows that .D2n(xn) --~ 0
as n - oo if lVln has a local maximum at xn . In order to show that

it suffices to show that
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If we assume this is false, then (4.9) yields

for all large n.

Equation (4.7) gives

Equation (4.2) and the fact that u,, - 0 in Co(~S’) together gives

by (3.12). Hence,

and

and

where an denotes any element of 

Since - = 0, the use of (5.6) yields

for all sufficiently large s and n. Since 0 in Co(~S’), we have
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where e - 0 as s - o. The use of these estimates in (5.5) gives

for all large s since we are assuming (5.4). Here C is a positive constant and D
is a bound for const which is finite by (5.7). Assume SE (L(n), 00)
and define

Note that 0 by (5.4) and since vn  0 on (0, cxJ). Equation (5.8) yields
+ D, or, equivalently

We now show that vn(t)2Hn(t) -+0 as t - oo. An integration by parts yields

Note that
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where we have used (3.12). Equation (5.6) leads to the estimate

where we have used the fact that  1 for s  x  t. Hence,

since zn E .L2(~’) by Lemma 2.3. The use of this with (5.11) gives vn(t)2Hn(t)-+ 0
as t - 00, and so (5.9) yields

Now --~ - V - a(~,n) 00 by (5.6) while .1~~(x) &#x3E; 0 for

~ &#x3E; s by our hypothesis (5.4). Since the bound in (5.12) is independent of t,
it follows that e so that

and

Equation (5.8) gives

which is incompatible with (5.13) for large t. Hence, we have shown that (5.4)
is false, so

and this gives (5.2) as noted before.
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We now prove (5.1). Equation (5.5) and the arguments after it give

where .E is a constant, independent of large s and t. Since -~ 0 as

Ân - ¡J, we may bound const V- by E /2 for large n, whence

Since (5.4) is false, we have lim inf ()0y and the use of this with (5.7)t-+ 00 .

allows us to let t - oo in (5.14):

whence

for p E [2, oo). In the proof of Lemma 4.3 we showed that

as if the function has local maxima at Xn,.

Combining this with (5.16) gives

p E [2, oo). The use of this estimate with (5.2) proves (5.1).
Since we have shown that -f is closed in R X n bounded

subsets of f are relatively compact, for all bounded, open
sets U with 0) E U, the hypotheses of Theorem A.6 of [5] are satisfied,
and so there exists an unbounded, connected 
of solutions (~,, ~) of (1.1)-(1.3) satisfying (P+). In addition, (¡.t,0) is in

the closure of ~. 
’
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Theorem 2.3 shows 

for all p E [1, oo), and we now show that W is unbounded and
connected in these topologies. If W were disconnected in Rx(H§(8)
n Co(S)), then there would exist closed, disjoint sets Fi c R Co(~S)),
i =1, 2, such that i =1, 2. Let 

with (~,n, u~) --~ (~,, ~) E ~ in R n Co(~S)). Since A C ,u
for elements of W, the proof of Theorem 2.3(b) gives (In, un) - (A, u) in
R t1 whence each W t1 .hZ is closed as a subset of rc with
the topology induced from R X n Co(~S)). However, this contradicts
the connectedness of W in R X t1 and so W is connected in

n A similar argument shows that W is connected in
R X (Lp(8) n 

To complete the proof of (a), we must show that W is unbounded in
R n and in R t1 Co(~S)), p E [1, 00). Assume that

(Ân, un) have A. - A and + - 00 as n -+ 00, while

+ for some p E [1, oo). If A  1’, then the proof of
Theorem 2.3 give which is a contradiction. If 

then Un -- 0 in by Theorem 3.2 and the proof of Theorem 4.4 then
gives 0 in which is a contradiction. Since is embedded
into L2(S), it follows that W is unbounded in R n 00(8»).

(b) Theorems 2.3(b) and 3.2 prove (b).

(e) Let converge to (,u, 0) in Rx(Ll+0’(S)nOo(8)}.
Since 0, it follows that Â = I’ is a bifurcation point in L°°(S),
while the case p E [1, n (or/2, oo) is identical to the proof of Theorem 4.4.
The proof of asymptotic bifurcation and the case p = (y/2&#x3E;l appear in
Theorem 6.1 and the remark thereafter, respectively.

(d) Assume that there is a solution (A, u) of (1.1)-(1.3) satisfying (P-)
with 11 - &#x3E;1 -- tuloo(s) sufficiently small. Multiply equation (2.1) by u(x, y),
integrate over (- X, X) x (0, 1), and use the decomposition u(x, y) =
= Â) + z(x, y), where w satisfies (2.11) :

Since by Theorem 2.3, we have - Since
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is assumed to be small, we have

where Since on S by hypothesis,
we have

as for (3.2). The use of (5.18)-(5.19) with Lemma 3.1 in (5.17) yields

upon taking luloo(s) sufficiently small. If we let X - oo, there follows

that u = 0 in S. This is a contradiction, and so there are no solutions of
(1.1)-(1.3) satisfying (P-) if 12 - pi -f- luloo(s) is sufficiently small.

(e) Afl the arguments hold for A  0 if the r8les of (P-~- ) and (P- )
are reversed. q.e.d.

6. - Bifurcation and asymptotic bifurcation.

Let (An , un) e W with A. - p and u.. -~ 0 in One of the key steps
in the proof of Theorem 1.1 was (5.2) and (5.16):

for any p E [1, oo). This gave equation (4.18) on the whole line
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where 1 &#x3E; 0 by hypothesis. If we multiply this equation
and integrate over (0, oo), there results

whence

The proof of Theorem 4.4 holds for (6.2), and so

for all p E [1, oo). Since ~ 0 - p, equation (6.4) gives bifurca-
tion when p &#x3E; al2. For the case of asymptotic bifurcation, we must prove
the reverse inequality in (6.4).

THEOREM 6.1. Let satisfy and un - 0 in C,(S) a,?

n -&#x3E; oo. Then

and the constant is independent of n.

(b) The point A = ~u is an agymptotic bi f urcation point i f p

PROOF. (a) For large n, equation (6.2) gives
x E [0, oo), whence

It follows that

and the use of (6.3) gives

If we combine this inequality with (6.1), then (a) follows.
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(b) If p  then the right-hand side of (6.5) is unbounded as

I,,, -&#x3E; P. q.e.d.

Equations (6.4) and (6.5) give

If p = then neither bifurcation nor asymptotic bifurcation occurs.

We conclude this section with the case p = oo for (6.1); a similar result
was obtained in Theorem 3.2 of [20] for an easier problem.

and the constant is independent of n.

PROOF. We drop the n subscript in this proof. Set W(x, y) = z(x, y)/v(x),
so that W satisfies the equation (cf. (4.6))

For any r E R, set Qr = (r, r -~-1) x (0, 1) and

Equation (6.2) shows that

as ~, ~ ~u. If q e then simple calculations give the following:
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If we apply these estimates to (6.7) along with the arguments of Âgmon [37]
and standard embedding theorems, then

The function 2dy goes to zero as x goes to infinity

while (4.9) shows that ~ const v(0)2a if 0 is a local maximizer of M.

To estimate M(0), we use Lemma 4.1(a) : M(0) const v(O)a since In  p.
It follows that and so

1

The function y)4dy goes to zero as x goes to infinity
0

(cf. (5.16)) while the proof of Lemma 4.3 (equation (4.16b) with m = 1)
yields

at a local maximizer of Lemma 4.1 gives lii(0)const v(o)2a,
and so for all whence 

If we use all of these estimates in (6.8), then

by (6.3). Since r E (- oo, o) was arbitrary, the proof is complete. q.e.d.

Theorem 6.2 shows that v(x)w(y; I) is the dominant term in the de-

composition u(x, y) = v(x)w(y; A) + z(x, y) when In part (ac) of the fol-

lowing theorem, we give a precise description of the function v for A near
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to p. Part (b) is really just a restatement of the previous theorem, and is
added so that the results are in the form of Theorem 3.2 for [2].

Here V denotes the unique solution of the problem

The initial-value V (0) is given by

uni f ormly on 8 as 6,, ---&#x3E; 0.

PROOF. Define and note that

by (6.1) and (6.6), and the constant is independent of n. Since vn is mono-
tone on (0, we have and so it suffices to show that

fin converges to V on compact subsets of [0, oo). Equation (6.2) gives

where 8 - 0 as n - oo . Now

Since vn is decreasing, it follows that vn is bounded on [0, oo) independently
of n. Equation (6.10) shows the same f or vn and similarly for ~. Henee,
the vn converge uniformly on [0, 00) to a function V which satisfies (6.9).
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( b ) Theorem 6.2 gives

7. - Solitary waves in stratified fluids.

7.1 Derivation of the physical equations.

Consider a heterogeneous, incompressible fluid moving in the presence
of gravity in the region S = R X (0, 1), where the lines y = 0, 1 are solid
boundaries. In addition, the flow is assumed to be inviscid, non-diffusive,
and at rest at infinity,. We are interested in waves of permanent form which
are moving from right to left with speed c &#x3E; 0. After changing to a moving
reference frame, we arrive at the steady Euler equations:

on aS,

at infinity,

where e denotes the density, q is the velocity of the is the pressure,

g is the gravitational constant, k = (o,1) is the vertical unit vector, and n
is the unit normal to 88. The flow is assumed to be symmetric about the
line x = 0. These equations and some of those to follow may be found
in [3]-[4] and [23]-[24]. Additional references for stratified fluids are [25-[35].

The assumption that density does not diffuse means that 0.

= 0, and so Vpg = - where y is referred to as
the pseudo-stream function.

The trivial solution to (7.1)-(7.4) is q = (c, 0 ) and the corresponding
pseudo-streamfunction is

Hence, given any suitably smooth density function (loo defined on [0, 1]
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with ~~ ~ 0 on [o, 1] and &#x3E; &#x3E; 0, we can find a trivial solution
by setting = where

The corresponding pressure is

Let Y and Y denote the inverses of 1J’ and I, respectively, y so that

We demand (and this is a crucial point to which we return in (7.18))
that each streamline of V goes to ± oo and that the density e approaches
a prescribed density eoo as 0153-+::l= 00. If (e, q) satisfy (7.1)-(7.4) for some
c &#x3E; 0, then a calculation shows that VH. q = 0, where H = p gey
is the total head pressure. Hence, H is a function of only y, and there results

From equations (7.1)-(7.2) and the relation q . Ve = 0, one may derive [3 ],
[22], [24], [25], [27] ’Yih’s equation for 1p = y) :

Substituting (7.6) into this equation yields
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Note that the functions and Ware known as soon as floo is specified,
and are independent of c. The function Il is the trivial solution of (7.7)-(7.9),
and we now consider non-trivial solutions (A, Since the flow q is to be

symmetric about x = 0, the function y- will be an even function of x.

We are interested in «waves of elevation » for which y )  
in S and « waves of depression)&#x3E; for in S. We shall restrict

out attention for the moment to waves of elevation. If y) = 
- y), then g satisfies a suitable semilinear equation in S [3], [23] with

g~ = 0 on &#x3E; 0 on S, and q - 0 at infinity. Instead of this approach,
let us set y) = !~(~) 2013 y) so that (7.7)-(7.9) gives

As u - 0, the linear term on the right-hand side is

Hence our equation becomes

in S,

in S.

If we set a(y) = b(y) = - and recall that ~~ &#x3E; 0, e’ m  0
on [0,1], then (7.11)-(7.13) are a special case of (1.1)-(1.3). A solution (A, u)
satisfying (P-E- ) will give rise to a solution of (Â, of (7.7)-(7.9), where
1jJ = tp - a£u. Before applying our general results, we recall that the
function F in (1.1) was assumed to be a smooth function defined on all
of [0, 1] X lEg2. However, functions such as f(1jJ) and are only defined
as long as

and so F(y, u, I) is only defined as long as (We
say that a function ijJ satisfying (7.14) has ip lying in the physical range.)
This difficulty is surmounted by extending e_ to be defined on all of .R
with ~~ &#x3E; 0 there. The function P is then defined for all
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y E (- oo, 00) by (7.5), the inverse function by Y(P(y)) = y, y E (- co, oo),
and W as before. If the function (200 was suitably smooth on [0,1], then
the extension will be correspondingly smooth on R as will F on [0, 1] 
It follows easily from (7.10) that so that

a = 1 in (J.4). We note that Iz, A(y, ,u), w(y) and therefore the sign of Ã
(excluding the case A = 0) are determined f rom as defined on [0, 1], and
do not depend on its extension to R. Indeed, a calculation using (1.9) and
(7.10)-(7.11) yields

where w denotes the positive solution of

Here ?,u is normalized by

THEOREM 7.1. Let eoo be a suitably smooth function de f ined on [0, 1] with
: 0, 1], and eoo(O) &#x3E; &#x3E; 0. Let eoo be extended to (- 00, oo)

in any smooth fashion such that e’ oo  0 and eoo &#x3E; 0 there. Define

and let w(y) denote the corresponding positive eigenfunction:

-it

then there exists an unbounded, connected set rc in R n Co(S)) and in
R X (Lp(~S’) n p E [1, oo), of solutions (Â, u) of (7.11)-(7.13) satisfying
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(P+). In particular, u is an even functions of x, u &#x3E; 0 on S, and y)  0

on (0, oo) x (0, 1 ) .

(b) The point (,u, 0) belongs to the closure of CC in
and in R X (L~(~S’) r1 

PROOF. (a) This follows from Theorem 1.1(a).

(b) Since a~ = 1, Theorem 1.1(c) shows that I = p is a bifurcation

point in L~(~’) n for all p E [1, oo). In order to prove the result for

R n Co(~S’)), we begin by considering a sequence (Ân, un) E CC with
In - p and un 2013~ 0 in Ll+a(S) n Co(S) as n - oo. If we multiply (1.1) by

y) and integrate over S, then we arrive at (5.17) with X = oo :

Since a(In)  0, it follows from Lemma 3.1 that zn - 0 in and o( --~ 0
in as n - oo. We already known that un -~ 0 in L2(S), whence
wn - 0 in L2(R), and so un-* 0 in H’0(8).

(c) Theorem 1.1(b) gives {A: (~,, u) e W) c (- oo, p), and since is
connected with 0) in its closure, it suffices to show that A 0 0. We shall
assume that 1 = 0, and derive a contradiction. If we differentiate (7.7)
with respect to x, there results a linear equation for ’ÍjJaJ. Since y) =

y) &#x3E; 0 on S+ _ (0, oo) X (o,1), while fv,, = 0 on the

strong maximum principle yields

and

We are now in a position to use the assumption that 1 = 0. Equation (7.7)
in S, whence

since -W &#x3E; 0. The use of the estimates
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and so

If we multiply the inequality

by y) and integrate over (0, 1), then

We claim that this contradicts (7.16). To see this, we note that 1 )  0,
x &#x3E; 0, gives 1 ) &#x3E; ~~ ( oo , I) = ile_(1 ) and similarly ~(0?0)~(oo~0)
==~/~~(0). The use of this in (7.17) yields the inequality 0  0, which is
the desired contradiction. Hence, I &#x3E; 0.

We now show that p &#x3E; 1, and shall do so by assuming that p e (0, 1]
and then deriving a contradiction. Set 7:(Y) so that 

+ iw = 0 on (0, 1). Set v(y) = y and = - e’oo(y)/y so that (eoov’)’
= 0 on (0, 1). Define

and note that V(0) = 0 and V~(1) _  0. A simple calculation
yields

since ,u c 1. It follows that and this is a contradiction. q.e.d.

REMABKS. (i) A similar theorem holds for the case A  0 of waves of

depression; throughout the remainder of this paper, we assume that A &#x3E; 0
(waves of elevation).

(ii) Since A arose as g/02 in (7.7)-(7.9), the estimate 1 &#x3E; 0 in (c) is

as expected.

(iii) Since ,u &#x3E; 1, it follows that the speed c = of infinitesimal

internal solitary waves is always strictly less than Vÿ, the corresponding
speed of infinitesimal solitary waves with a free surface and with asymptotic
height h = 1 at infinity. Equation (7.24) shows that the estimate p &#x3E; 1
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is best possible. Indeed, let ~, h) denote densities with = eo,

y E [0, h - 6], = E [h + ð, 1], and e_ monotone decreasing and
smooth on [h - ~, h + 6]. Here h E (0, 1), ð &#x3E; 0 is sufficiently small, and

el &#x3E; 0. Equation (7.24) shows that h) -~ 1 on 6 - 0, el -~ 0,
and h -&#x3E; 1.

(iv) A variant of the proof that ,u &#x3E; 1 yields the better estimate

where

This is accomplished by setting and

7.2 Physically relevant solutions.

Theorem 7.1 gives a global branch of solutions (Â, u) satisfying (7.11)-
(7.13) and (P-E- ), and one can show that elements of G’ give rise to solutions
of (7.1)-(7.4). To see this, define c = ~, ~O(x, y) = ~))),

where

JET is given in (7.6). A direct calculation shows that ( 7.1 ) - ( 7.4 ) is satisfied.
A natural question to ask is whether the converse holds-if we have a
suitable solution of ( 7 .1 )- ( 7 .4 ) and define ~ = = y ) and
from the relation q = with 0) = 0, 0153E (- then

does (~, satisfy (7.7)-(7.9)~ By « suitable » we mean q is symmetric about
x = 0 and the vertical component of q is negative in the right half of the
strip. In terms of ijJ, this means that ijJ is an even function of x and
~(~~)0, (~~/)e(0y oo) X (o,1). If one looks at the formal derivation of

(7.7)-(7.9) from (7.1)-(7.4), then what is necessary is for all pseudo-streamlines
to connect from - 00 to 00 :

(7.18) for each (x, y) E ~, the level set ~(x, y) : y~(x, y) _ ~(x, y)~ is an

unbounded set going from x = - oo to x = 00.

Since we are assuming that our « suitable » solution has 1px  0 on the right-
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half strip and y) - as 0153 -+ 00, it is easy to see that (7.18) is

equivalent to

This merely says that the horizontal component of q is non-negative on
the line of symmetry. Hence, if a suitable solution of (7.1)-(7.4) satis-

fies (7.19), the corresponding (Â, if) satisfies (7.7)-(7.9), and so we can un-
equivocally identify the physical problem with the mathematical one (7.11)-
(7.13). When we speak of (2, u) satisfying (7.19), we shall mean that

P- satisfies it.

We now consider further implications of (7.19). If it holds, then

0~(0,~)~(0,1)==~(1) on [0, 1]. Since ~v-,,(x, y)  0, 
X(0,l) and as it follows that 

in S. This means that if satisfies (7.14) and so u is in the range for which
F(y, u, Â) was originally defined before extending Assume we have a

solution of (7.7)-(7.9) for which (7.19) fails to hold so that ~5~(0, Y)  0 for

some e(0,l). It follows that will have an infinite number of closed
streamlines centered about the point where takes its local minimum,
and there will be places where fluid of higher density is above that of lower
density. This configuration is presumably unstable and unlikely to be

observed. With the arguments above in mind, we say a solution (2, u)
of (7.11)-(7.13) is physically relevant if (7.19) holds. As noted before, a
physically relevant solution gives rise to a pseudo-stream function if lying
in the physical range.

Let -q denote the maximal connected subset of T in R n CO(S))
which contains 0) in its closure and such that (A, u) c- -9 satisfies (7.19).

the maximal branch of physically relevant solutions bifurcating
from the trivial solution. The set -9 is independent of the extension of 0_
outside [0, 1]. In general, 9 is a bounded subset of W; indeed, in Theorem 7.4,
we give a condition which will ensure this. The proof consists of show-
ing that with and implies 
Since (Â, u) satisfying (7.19) implies

it follows that large amplitude elements of W do not satisfy (7.19). On the
other hand, there are densities for which all elements of W satisfy (7.14)
so that fo always lies in the desired physical range. However, it is not clear
that (7.14) implies (7.19), and so the following arguments do not prove
that -9 is identical to ~. The proof of this theorem depends crucially on
the connectedness of W.
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THEOREM 7.2. Let (!ø be a suitably smooth function defined on [0, 1] with
(!m c 0 on [0,1] and Lo ,,.(0) &#x3E; (!ø(1) &#x3E; 0..dssume that A &#x3E; 0 and = 0.

Then all elements of rc satisfy

PROOF. Let eoo be extended to (- 00, oo) in any manner such that e§j  0
and 0 there. Let V denote the branch of Theorem 7.1. If we can show

that (7.20) holds, then u always lies in the range for which F(y, u, Â) is

defined before extending eoo outside [0, 1]. In particular, if (7.20) holds,
then W is independent of eoo.

Let e denote the maximal connected subset of V n Co(S) )
containing (~u, 0) in its closure and such that (A, ~c) c e has £J -_ p - 
satisfying (7.20). Since u &#x3E; 0 on S, e consists of solutions for which ip&#x3E; 0
on ~’. We shall prove that the assumption (7.20) forces 8 to be open and
closed in W, by connectedness.

We begin by claiming that all elements of W sufficiently near to (p, 0)
satisfy (7.20). Indeed, if JA - pi and luloo(s) are so small that

in 8 by (7.7). The boundary conditions ( 7.8 )- ( 7. 9 ) then give
0 in ~’. We now show that d’ is closed in ~. If un) e 6 converge

to (A, u) E W, then 0 on S and we must prove that the inequality is sharp.
Assume the contrary so that 1jj(O, y) = 0 for some y E (o,1). Since I(0) = 0
by construction, it follows that ~~(Y(y~(o, y))) = 0, whence g)) = 0.
The use of this in (7.7) yields y) _ - y~xx(o, g)  0 by (7.16). This

is a contradiction, and so y~ ~ 0 implies that 0 on S.

To show that tff is open in , we assume the contrary and derive a con-
tradiction. Let and assume that (A. E converge to

(~~) as n-+oo. Let be such that

0 &#x3E; yn) = min £Jn(0, y), and assume without loss of generality thatvc-[0,11

yn - J E [0, 1] as n -- 00. Now £J(0, y) c 0, and so y = 0 since (A, c) e J
ensures that y &#x3E; 0 on S. Clearly yn) = 0 and this leads to

However, equation (7.7) shows on (- oo, oo) x[0, 1/2A]
and since 1jJ takes its minimum zero on this set along the line y = 0, the
strong maximum principle gives ~~(x, 0) &#x3E; 0, x E R. In particular, 0) &#x3E; 0

and this contradicts (7.21). q.e.d.
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REMARK. If A  0 and e£ (1 ) = 0, then one can show that elements of CC
satisfy 0   y~(x, y)  P(1). The proof is similar to that for The-
orem 7.2, but a more delicate argument is needed to show that C is open.

It must be emphasized that the condition ell~(0) = 0 implies (7.14)
along the branch CC, but it is not known if it implies the physical condi-
tion (7.19). On the other hand, Theorem 7.2 gives a bound on for

all 

It follows that W is bounded as a subset of R X C,(S). Since W is unbounded
in R n and Â E (0, ,u), we know there are elements for which
- A and IUnIHl(S) --&#x3E;- oo as n -&#x3E; oo. Equation (7.22) shows that un is

« blowing up » in n not in a pointwise sense, but by losing its
decay rate at infinity.

THEOREM 7.3. Let (Ân, un) be (P+) solutions of (7.11)-(7.13) with Ån --&#x3E;- A

and ---&#x3E; oo as n --~ 00. Assume that independently of n.
Then a subsequence of the converge, uniformly on compact sets to a non-
trivial solution (Â, u) of (7.11)-(7.12). In addition, u &#x3E; 0 on 8, u,,  0 on

(0, x (0, 1), and u(x, y) -* m(y) as 0153 -+ + 00, uniformly for y E [0, 1],
where m is a positive solution of (1.6)-(1.7). This function m satisfies the
identity

where

PROOF. Since each un satisfies (7.11)-(7.12) and one may ob-

tain a priori bounds, independent of n, for arbitrary derivatives of 
It follows that some subsequence, which we still call ~~n~, converges (with
its derivatives) uniformly on compact sets to a solution (A, u) of (7.11)-(7.12).

Now C 0 on (0, oo) X (4,1 ) and

whence on (0, 00) X (0, 1) and uz E Ll(8). If we combine this with
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the usual elliptic estimates, then  m (y ) as ooy uniformly
for y E (o,1), where m is a solution of (1.6)-(1.7).

We claim that m(y) =A 0 on (0, 1). Indeed, since ~cn &#x3E; 0 on S, we have
m&#x3E; 0, and as a solution of (1.6)-(1.7) either m &#x3E; 0 on (0, 1) or m = 0.

If m == 0, then u - 0 as x -* + 00, so that u E Since un E 00(8),
(un)z  0 on (0, oo) X (0,1), and un ~ n uniformly on compact sets, it fol-
lows that in Co(~S) as n - oo. If In - I  ,u, then is bounded

in Ho(S) by (2.17) with x = 0 and n = o in the integrals. This contradicts

the assumption that the sequence is unbounded in Ho’(S). If In - p, then
Theorem 3.2 gives u =- 0, whence u~~ 0 in Co(~S). Theorem 4.4 gives 
bounded in which is a contradiction as before. It follows that m(y) # 0
on (0, 1).

We now prove (7.23). If we multiply (7.11) by and integrate
over (0, 1), then

The term in brackets must be constant, and evaluating it at oo shows the
constant is zero. If we let n - then

and letting x -+ oo yields

If we multiply (1.6) by m and integrate over (0, 1), then we arrive

at (7.23). q.e.d.

REMARKS. (i) Since on 8+ = (0, oo) X (0, 1), ux = 0 on ô8+, and ux
satisfies a linear elliptic equation, either 0 on S or Uae  0 on S+. The

former would give y ) = m(y) on 8, whence u would be the « conjugate
flow» solution of [27], while the latter would give rise to a solution which
behaves like a conjugate flow only at infinity.

(ii) We remind the reader that the conditions e§j (0) = 0 and A &#x3E; 0
ensure that the hypotheses of Theorem 7.3 are satisfied.
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(iii) If (P-~- ) is replaced by (P-), then the same conclusion holds
except that m is now a negative solution.

Another use of the bound (7.22) when e~(O) = 0 is to a problem studied
recently by Turner [4]. Let h, eo, 0 with oo &#x3E; oi, and h E (0, 1) and
for all small 5&#x3E;0, let b) = oo on [0, h - 3] and 6) = (!l on
[h + ~y 1]. On the interval [h - 67 h + 6]7 6 &#x3E; 0, we assume that ~o~( ~ ; 3)
is smooth and decreasing. Since Theorems 7.1 and 7.2 are applicable to

~O~( ~ ; ~) for 6 &#x3E; 0, we have the existence of unbounded, connected sets W,
of solutions (Â, u) satisfying (7.22). In [4], Turner used a variational for-
mulation for these densities, and showed that certain small-amplitude
solutions converged to a solution of the physical problem corresponding
to the discontinuous, piecewise constant density (!oo(.; 0). The natural

question is what happens to the CCð as 6 -+ 0-do they converge to a global
branch of solutions? This problem appears quite intractable until one notes
that (7.22) gives a bound on luloo(s)’ independent of (2, u) and of 6. In [8],
we hope to give a rigorous proof of this method. We also remark that if
one calculates Pð as in (1.8), then

while (7.15) yields

This number is positive if and only if f!o/h2 - e,l (1 - h)2 &#x3E; 0 which is the

classical condition one finds for the existence of solitary waves of elevation

in a two-liquid stratified fluid.

7.3 Extreme waves.

If we revert to the hypotheses of Theorem 7.1 and no longer demand
that f!~(0)= 0, then the connectedness, , of W can be used to determine the
existence of «extreme waves » in EP. More precisely, assume that -9 is

bounded in T so that 8EP # 0. If (A, u) E a-9, then (i) there exist (An , un) E
E~!Ð which converge to (A, u) and (ii) equality holds for u in (7.19) for
at least one point # c (0, :L). Since yn)  0 for some yn E (0, 1)
while is even in x and ("pn)z(x, y) &#x3E; 0 on (0, oo) X(0, 1), there is a closed
Jordan curve, symmetric about x = 0, on which 1pn is constant. The in-

terior of this curve might be considered to be a closed eddy, but we em-
phasize that these 1pn are not physically relevant solutions as (7.18) is
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violated. However, in a formal sense, we may think of (À, u) as belonging
to the boundary of EP when « continuing» past (A, u) leads to solutions

with eddies. Solutions to (7.7)-(7.9) arising from elements of 8W will be
referred to as extreme waves.

Condition (ii) ensures that y) = 0 for some ’0 E (0, 1) and since
~(0, y) = 0, y E [0, 1], it follows that (0, y) is a stagnation point in the flow
(there are no stagnation points in x  0 and x &#x3E; 0 since 1jJa;  0 and 1jJa; &#x3E; 0

in these regions, respectively). As noted in (7.16), &#x3E; 0, (0, 1),
by the strong maximum principle. If we combine these facts with (7.7),
there results that the pseudo-streamline through (0, y) is not smooth at

this point [36]. For example, if the density (200 is real-analytic on [0, 1]
(which includes the case in [3]), then a cusp is formed at (0, y). More pre-
cisely, the level curve behaves like y = ’0 - where B &#x3E; 0 and m

is a positive integer (m &#x3E; 1). If is merely smooth on [0,1], then similar
results hold for the level curves through (0, y). Full details of these results

appear in [36].
We now give sufficient conditions on the terms in (7.11) to ensure that @

is bounded in ~.

THEOREM 7.4. Let be (P+) solutions of (7.1l)-(7.13) with y)
 g(y), x E ( 00, - 00), for some continuous function g on [o,1]. Define

and assume that there exists 0 E (0, l) such that

for all y E [0, 1], A  p, and u E [0, g(y)]. Then, either

or

(b) An -+ p as n -&#x3E; oo and there exists a constant D &#x3E; 0 such that

.Z’(y, D"(v), p) = H(y, Dw(y), p) = 0, y E [0,1]. Here w(y) is the positive
solution of
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REMARKS. (i) The condition (b) is very unusual and seems unlikely
to ever hold. It says that the x-independent problem (1.6)-(1.7) has a solu-
tion -with A = ~u and m(y) = Dw(y).

(ii) If (P+) is replaced by (P-), then an analogous theorem holds.

PROOF OF THEOREM 7.4. Assume that (a) is false. We can apply The-
orem 7.3 and use (7.23) and (7.26):

It follows that

Since equation (1.8) gives A and m(y) = Dw(y). Since m satisfies

(1.6), we clearly have F(y, Dw(y), p) = 0, y e [0, 1] so that H(y, Dw(y), p)  0

y e [0, 1], by (7.26). Equation (7.23) and (7.28) gives

whence H(y, Dw(y), p) = 0, y E [0, 1]. q.e.d.

For the problem of stratified fluids, one would try to apply Theorem 7.4
with

The function .F’ is determined solely from the given function ~~. Hence, y
one can check (numerically, if need be) whether (i) (7.26) is valid and

whether (ii) the equation F(y, Dw(y), p) = H(y, Dw(y), p) = 0, y E [0, 1],
forces D is to be zero. If (i) and (ii) hold, then there will be extreme waves.

Furthermore, there will exist a solution (A, u) E rc with = u(O, ~) for
some This follows from the connectedness of V and its un-

boundedness in n 00(8»). Note that
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If we combine this with the remark after Theorem 7.3, then we see that
the condition o£ (0) = 0 prevents (i) and (ii) from both holding When A &#x3E; 0.
This is not to say that such density functions do not have extreme waves,
but rather that a method different from Theorem 7.4 will be needed to

find them.

To conclude this section, we apply our theory to a particular example:
= a2 egp (- where 0. A calculation yields

and

Equation (7.11) becomes

where

To determine w(y) and p, we solve the linearized equation

This has the solution p = + n2 ) and w is a multiple of

exp (fly/2) sin ny. We can determine the sign of A from (7.15) or we can
use (1.9). Clearly, F(y, u, Â) ~ (OC2/4) A exp (- as u -&#x3E; 0, and A(y, 1’) &#x3E; 0.

Ilence, .9 &#x3E; 0, and so we have waves of elevation. It is an easy calculation

to show that (7.26) is satisfied with

Since we know w(y) explicitly, one can check that the equation
F(y, Dw(y), p) = 0, y E [0,1 ], has only D = 0 as a solution. Theorem 7.4

can be applied to this density, and we conclude that extreme waves exist.
A different way of showing D = 0 is as follows. If D ~ 0, then we would

have a non-trivial positive solution m(y) to (1.6)-(1.7) when Â _ ,u. We
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claim this is impossible for the present problem. If we multiply (1.6) by
and integrate by parts, then

It is straightforward to show that F given in (7.30) is positive for all u &#x3E; 0.

Since o’  0, we have A for any positive x-independent solution of (7.29).
Our final example is for the density function = cos2 y. A calcula-

tion yields

and

If we set y~(x, y) = sin y - u(x, y) cos y, then (7.32) becomes

where

We claim there are no solutions of (7.32)-(7.34) with 
on 8 which are waves of elevation. Assume the contrary so that 0  y)
~ tan y on S. A calculation shows that F(y, u, 1)  0 for such u, whence

This inequality is impossible by (1.8) since A  Hence, we should have
waves of depression; indeed, since J~,~,~)~2013 ~,(1-~- cos2Y)U2 as u - 0,
equation (1.9) gives A  0. Note that Theorem 7.2 is not applicable since
1  0. We claim that there is an extreme solution, and now prove so by
assuming the contrary and deriving a contradiction. If all solutions of

(7.32)-(7.34) have y) &#x3E; 0, y E (0, 1), then 0  f (x, y) = sin y - y)
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on S. Since (A, u) is a (P- ) solution, this gives

Since we are assuming (7.37) holds along the global branch there exist
solutions (A., un) with - o as n - oo. Define

where .I’ is given by (7.36). A calculation shows that (7.26) holds for u in
this range. Since Theorem 7.4 is applicable with the obvious change from
(P-E- ) to (P- ) solutions, it follows that (b) is satisfied. In particular, there
exists a negative function m such that (It, m) satisfy (1.6)-(1.7) with A = P.
However, one can show that F(y, m, A)  0 for Â&#x3E; 0 and

and so (7.31) ensures that A for any non-trivial negative solution of
(1.6)-(1.7). This is a contradiction, and so (7.37) does not hold on all of ~.
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