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Elliptic Differential Operators on Noncompact Manifolds.

ROBERT B. LOCKHART - ROBERT C. MC OWEN

0. - Introduction.

Suppose A: C°°(E) - Coo(F) is an elliptic differential operator with Coo-
coefficients and order m between sections of two vector bundles E and F
of the same fibre dimension over a C°°-manifold X of dimension n. If X

is compact then it is well-known that on Lp-Sobolev spaces

is Fredholm for every 1 C p C oo and (the nonnegative integers).
If X is noncompact, the ellipticity of A is no longer sufficient to ensure
that (0.1) is Fredholm. Even when X = dim E = dim F = 1, and the
coefficients of A are bounded on R" with all derivatives vanishing as

Ix( - 00, an ellipticity condition on A is required at infinity; for example
if denotes the total symbol of A, and

for all ~ E and x E where K is some compact set, then (0.1) is

Fredholm.

This type of result has been obtained by many authors (generalized
to pseudo-differential operators in Rn by Beals [4], Cordes and Herman [9],
Illner [12], y Kumano-go [15], and to certain manifolds by McOwen [21] and
Rabinovic [25]). Unfortunately, it does not apply to the Laplacian or any
constant coefficients, homogeneous, elliptic operator

Pervenuto alla Redazione il 30 Aprile 1984.
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in R" since (0.2) fails to hold. However, y Nirenberg and Walker [24] were
able to show that (0.1) at least has a finite-dimensional nullspace for per-
turbations of such operators of the form

where A is elliptic and the satisfy

for all 

This work suggested replacing (0.1) by the mapping

where dxe denotes Euclidean measure, and dxe) if u E 

and

The authors of the present article showed in [16] and [22] that (0.5) is

Fredholm whenever: 6 &#x3E; - n/p and 6 + m - n/p’ 0 N, or 6 c - n/p and
- 3 - N. In fact, these results are true for « classically elliptic &#x3E;&#x3E;
systems (cf. [22]), and were later generalized to systems « elliptic in the
sense of Douglis-Nirenberg » in [17] (cf. Section 9 in this paper). Partial
results along these lines were found in [5] and [8] (1).

In this paper we study a much larger class of elliptic operators A:
C°°(E) 2013~ over a non-compact manifold X which, outside of a com-
pact set, has topologically .L cylinders Q, X (1, oo) where Ql is compact.
For the purposes of this introduction, we will assume .L =1, 
and the local coordinate cv on S~ will be treated as if globally defined on ,~.
(See Section 1 for a rigorous treatment.) To define Sobolev spaces on X

we must specify a measure. It is natural to take dx to be a positive 000
measure on .X with dx = r-1 dr dcv in SZ X (1, oo), where r denotes the

coordinate in (1, oo) and dc~ is a positive C°° measure on D. We then

(1) We have recently been made aware of earlier and more general results in l~n
by Bagirov and Kondrat’ev [28] which are very similar to those in Section 9 below.
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define W$ a(~Y) to be the space of such that

Note that if X = Rn and r = Ixl then

- 

Now suppose A : C°°(X ) ~ C°°(x) is elliptic of order m and define

A = em A where e E is positive with p = r for r &#x3E; 1. Assume that

for r &#x3E; 1

satisfies

for all h + and q + where the are functions on S2

defining the operator

which satisfies the ellipticity condition

for and (2, ~) E R-BfO) - (For example, if X = Rn, Q = and

A is of the form (0.3) then (0.7) is just the expression for A. = rmAoo in
spherical coordinates, and (0.6) expresses (0.4).)

Under these hypotheses,

is bounded for afl 3 E R. One purpose of this paper is to determine when

(0.9) is Fredholm and provide some information on its Fredholm index, ia (A ) .
As we shall see, the behavior of (0.9) depends on the asymptotic be-

havior of A as r &#x3E; oo, i.e., on the operator (0.7). To be more precise, for
2 e C consider the elliptic operator on Q
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Using the results of [2], the operator H:+m(Q) -&#x3E; H§J(Q) is an iso-

morphism for all À e where C~ is discrete and finite in any complex
strip furthermore, for there are linearly
independent solutions of

in z = In r &#x3E; 0 of the form exp z) where p(w, z) is a polynomial
in z with coefficients in C-(S2). Let 5)..4. = (3 = 1m Â E E e..4.} and, for
6:t, 6, E with 6,  U2 , let

The results of this paper (cf. Theorem 6.2) assert that (0.9) is Fredholm

if and furthermore, if 61, ~2 E lE~B~~ with ~1 ~ ð2 then
the change in the Fredholm index is given by

Of course (0.9) is Fredholm if and only if

is Fredholm. In particular,

is Fredholm if and only if

(0.13) C~ contains no Â with 1m f3 == 0 .

However, if we use the change of coordinates z = In r for r &#x3E; 1 then (0.12)
becomes analogous to (0.1) :

where H§(X) denotes the u E such that
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But CA is determined by hm, so (0.13) can be considered as an ellipticity
condition on A at infinity required for (0.14) to be Fredholm, similar to
(0.2) for (0.1) to be Fredholm.

This paper also deals with boundary-value problems on X by considering
(A, B) : X Coo(GIT) where E, F, and G are vector

bundles over X = X+ u X- where X::f: are Coo-manifolds with boundary
8X+ = T (not necessarily connected), X- is compact, X::f: contains the

L cylinders ,~l X (1,00), A : is elliptic, and B : Coo(EIX+)
- is a boundary operator which satisfies the Lopatinski-Shapiro
conditions on .1~. Again for this introduction let us assume that L = 1,
E = X X C = F, and locally Bu = (B, u7 ..., Bm/2U) where order = m;

 mz = order (A). If A satisfies (0.6) in r &#x3E; 1 then the results of this paper

(cf. Theorem 6.3) show that

is Fredholm if and only if 6 E 7 where Ð.A. is the same discrete set as

before (which depends only on the asymptotic operator lm). In fact the

Fredholm index i,,(A, B) of (0.15) changes exactly as in (0.10) : if ðl, ~2
E with 31  ~2 then

Thus (0.10) and (0.16) assert that (0.9) and (0.15) have Fredholm indices
differing by an integer independent of 6, a fact observed for L1 in Rn in [20].

The paper is divided into two parts. In the first part we analyze opera-
tors A: -7- OOO(F) between sections of vector bundles E and F over
a manifold X with one cylindrical end. If the vector bundles decompose
as direct sums then we can take the generalized notion of ellipticity pro-
vided by Douglis and Nirenberg [10]. To determine when these operators
are Fredholm on the appropriate weighted Sobolev spaces we follow [1], [3],
[14], y and [18]. To determine how the index changes with 6 we construct
multiple layer potentials using a Fredholm inverse. The formula (0.10) is

obtained in two steps: i) using multiple-layer potentials to show 

.-- ia 2 (~. ) = dim where Kt(A) == ju E ~s + m, ~ (~ + ) : Au = 0
in X+ _ and ii) using classical asymptotic expansions in

X+ = to show dim 52). Similarly the for-
mula (0.16) is obtained by comparing ia(~, B) with i,,(A). Finally, we
show that the exact value of za(A) can be determined when A has self-

adjoint principal part.
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In the second part of this paper we give some generalizations and
applications of the theory. If the manifold X has multiple ends, then we
may introduce separate weights on each end and again obtain Fredholm
theorems and a change of index formula. This is done in Section 8. In the

final two sections we apply our results first to X = Rn with Euclidean
measure to generalize the results of [16], [17], [19], [20], and [22], and

secondly to manifolds with conic singularities to discuss when L2-harmonic
forms a e closed and co-closed. (The latter application is not much more
than an interpretation of the calculations of Cheeger [6] in terms of weighted
Sobolev spaces.)

Finally, y we should mention that R. Melrose and G. Mendoza [23] have
independently obtained similar results for p = 2 generalized to pseudo-
differential operators.

I. ANALYSIS ON MANIFOLDS WITH ONE CYLINDRICAL END

1. - Notation and results for translation invariant operators.

Suppose X is an n-dimensional noncompact C°°-manifold without bound-
ary containing Xo, a compact submanifold with boundary satisfying

where S = aXo is an (n -1)-dimensional compact C--manifold. We choose
a positive smooth measure on S~ which we denote by dcv.

Given a vector bundle E over X, d = dim E, let C°°(E) denote the
smooth sections of E and Co (.E) denote those sections with compact sup-
port. Using a finite cover SZI, ..., S~N of coordinate patches for S~, let

X, = X (0, oo) and extend this to a finite cover ..., XN+M
of coordinate patches for X. If u E has support in X,, let ..., ud
denote its components in some fixed trivialization of and for

1 c ~  oo and s e N (the nonnegative integers) let

where we use measure if v = 1, ..., N. Letting rpl, ..., denote

a C°° partition of unity subordinate to the cover Xl, ..., XN+M we define
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a norm on by

and let denote the closure of in this norm. We can generalize
these spaces by adding a weight at infinity, namely we replace (1.1) by

where 6 e R and v == 1, ..., N. We denote by the closure of 

under the norm

Next suppose F is another vector bundle over X of the same fiber

dimension d = dim E, and suppose .g. : C o (E) --~ Co (~) is a differential

operator of order m with C°°-coefficients. We require .~. to be translation

invariant (with respect to the fixed trivializations of and in

z &#x3E; 0. If d = 1 this means that

where v = 1, ... , N and A m-a(w, D w) is a differential operator of order

m - q in For d &#x3E; 1 local coordinates define A as a d X d matrix

of differential operators of order m, each of which must be of the form

(1.5). Clearly A extends to a bounded operator

We are interested in those cases when this operator is Fredholm.

If the vector bundles E and ..F decompose into direct sums

we can generalize (1.6) following [10] and [11]. Let t = (t1.... , tJ) and
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s = (81’ ... , S1) be sets of nonnegative integers and define

A differential operator A : 00-(B) - decomposes into A Z j : a§°(E )
-~ Co (.F’i). If each Aij is of order t, -8i (where tj - si c 0 implies Aij - 0)
then (t, s) is called a system of orders for A. Since (t, s) may be changed
by adding a constant to each term, we may assume that each tj &#x3E; 0.

Assuming that A is translation invariant in z &#x3E; 0 (i. e. each Aij is of the

form (1.5) with m = t j - s i ) we find that

is a bounded operator, and again we are interested in whether it is Fred-

holm or not.

For each nonzero covector (x, ~) the principal symbol of A is a linear
mapping on the fibers, ~): Ex -~ I’x, and is obtained by replacing
each with its principal symbol (matrix). In local coordinates

the determinant ~) = det A~(x, ~) is a homogeneous polynomial of ~.
We say A is elliptic with respect to (t, s) if .L(x, ~) ~ 0 for any nonzero (x, ~) ;
this requires that L(x, ~) has even homogeneity degree 2p if n &#x3E; 3, which
we also assume if n = 2. In the next section we prove the following.

THEOREM 1.1. I f A is elliptic with respect to (t, s) and it is translation

invariant in z &#x3E; 0, then there is a discrete set DA c R such that (1.9) is Fredholm

if and 

NOTATION. For ð let i,,(A) denote the Fredholm index of (1.9).
As in the introduction, the set ÐA is described by taking the Fourier

transform of the equation

to obtain a « generalized eigenvalue problem)) f or 2 

The results of [2] show that the eigenvalue problem has a nontrivial solu-
tion for A E C, where C, c C is a discrete set which is finite in any com-

plex strip 1m Â  ê2. If 2 E C, let d(2) denote the dimension of all

solutions of (1.10) of the form
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where z) is a polynomial in z with coefficients in C-(EIQ). Then

and, for 01, DA with c~l C ~~ , let

In Section 5 below we show that I«A) changes as 6 crosses points in I)A
as follows.

THEOREM 1.2. If the hypotheses of Theorem 1.1 are satisfied and ~,~, ð2
with ðl  ~2 , then

In order to consider the boundary-value problems let us introduce

some additional notation. Let T be an (n -l)-dimensional compact C°°-

submanifold without boundary which is contained in llo , the interior of Xo .
Let X = X- U X+ where and X- is compact. Consider the re-

strictions of E and F to X:I::, and and let and be

the smooth sections of 2~ and respectively with compact support in X±.

(Note that since r c Xx, sections in and need not vanish

on but all derivatives extend continuously to .1~.) Define -W",6(EI) as
the closure of 0-(E:’:) in the norm (1.4) (with ... , XN+M chosen so
that ..., XN+M forms a coordinate cover of ~~).

Suppose G is a vector bundle on F with dim G = ,ud and which decom-
poses as

We further suppose that B : Co (E+ ) -~ C°°(G) is a differential boundary
operator of order (t, r) where r = (rl, ..., i.e. each B~: 
is of order  tj - rk. Hence if we let

where denotes the standard Sobolev space (since r is com-
pact), y then

is a bounded operator.
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The desired behaviour of (1.12) near 1~ is partly expressed by the a
priori inequality

where u E Co (.E + ) vanishes for and for all j. Since the weights
are only felt as z -* oo, the inequality (1.13) will hold if (A, B) satisfies

the standard elliptic or Lopatinski-Shapiro conditions (which may be found
for example in [1]). These conditions also imply the existence of a (right)
parametrix

which extends to a bounded map

and satisfies (A, B) P = I -~- ~S where S: Co (.F+) X C°°(G) -~. X C°°( G)
is infinitely smoothing. We define (A, B) to be elliptic with respect to (t, s, r)
if (1.13) holds and the parametrix (1.14) exists. In the next section we

prove the following

THEOREM 1.3. If A satisfies the hypotheses of Theorem 1.1 and (A, B)
is elliptic with respect to (t, s, r) in X+, then (1.12) is Fredholm if and only
if 6 E 

NOTATION. For 6 E let i,,(A, B) denote the Fredholm index of
(1.12).

The following result, giving the relationship between 16(A) and ia (A, B),
is proved in Section 4.

THEOREM 1.4. If the hypotheses of Theorem 1.3 are satis f ied, then, for
all 6 E R"’ÐA, I i,§(A7 B) = ia(A) + i where i is independent of ð.

Combining this with Theorem 1.2 we obtain:

COROLLARY 1.5. If the hypotheses of Theorem 1.3 are satisfied and ~1, 6,
with ðlð2 then B) = N(6,, ~2).

REMARK 1.6. It may be observed that the boundary value problem
(1.12) makes sense without requiring that A be the restriction to X+ of
an elliptic operator defined on the manifold without boundary X. In fact

the proof in Section 2 does not require the extendability of A to X, so
(1.12) is Fredholm for 6 E RB 5)A (note 5)A only depends on A IQ X R+). The
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change of index formula in Corollary 1.5, however, requires the comparison
in Theorem 1.4 of the index of A with that of (A, B) provided by the
multiple layer potentials in Section 3. If A is not known to extend to such
a manifold X then another comparison must be used. Let us mention 2

possibilities. First, if A extends to an elliptic operator on the double 2X+
of X+, then 16(A, B) may be compared with the index on 2X+ discussed
in Part II of this paper. Second, if a Dirichlet problem exists for A in
S2 x R+, then this may be used for comparison with ia(A, B). In each of

these cases the B ) - B) = N( 8~ , ~2 ) is obtained, how-
ever a rigorous treatment of each requires reformulating the multiple layer
potentials using a different Fredholm inverse; so we shall not discuss this
generalization further.

2. - Fredhohn theorems.

Let I = S2 X R be the full cylinder and suppose

are vector bundles on X with the same fiber dimension. Suppose

is a translation invariant differential operator of order (t, s) which is elliptic
with respect to (t, s). Then .A defines a bounded operator

where the weights in and are extended over all 

namely replace X" in (1.3) by 1, = XR, let qi, ..., 92,v be a partition
of unity subordinate to Qi, ..., and omit the summation N + 1 c v
 N + ~YI in (1.4).

Ellipticity and analiticity in A may be used as in [2] or [3] to show that

is an isomorphism (onto) whenever A E Let BA(A) denote the inverse
of (2.2), and for f E let
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If 6 E then, as in [14] and [18], the operator

extends to a bounded operator which inverts (2.1). Hence
(2.1 ) is an isomorphism 

Returning to the vector bundles E and ~’ over X, we double their restric-
tions to S~ X R+ to define B and F on X.

The a priori inequality

is established for all ð E R by standard parametrix techniques. Though
useful for establishing regularity of solutions, (2.4) cannot be used for

Fredholm theory as W~(JT) 2013~ is not a compact map (X is non-
compact). To derive an appropriate inequality for Fredholm theory let

Xl _ Xo U ~(c~, z): 0) E Q, 0  E Co (X1 ) with g~z = 1 on Xo, and
let g~2 = 1 - g~l. we apply (2.4) to obtain

and, thinking of A and f!J2 as defined on X, for 6 e 

since (2.1) is an isomorphism. Combining these we find that for 6 E 

where But and [g~2, A] are compact 

--~ Ws ~(.F’), and is compact (since t~ &#x3E; t~), so (2.6)
implies that (1.9) has finite-dimensional nullspace and closed range.

To show (1.9) has finite codimensional range let .P1 be a parametrix
for A in let "PI E with yi =1 on supp qJI, and let "P2 E with

supp "P2 c Q X and ~2 = 1 on supp qJ2 . Define
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by

Then AT = I + K where K : W~l,)6(F) --&#x3E; Wv6(F) is compact, so 
has finite codimension, implying the same for Thus 6 E 

implies that (1.9) is Fredholm as claimed in Theorem 1.1.

On the other hand, if 6 then pick E &#x3E; 0 so that

C°°(X ) with ( &#x3E; 0 on X and ) = ez for z &#x3E; 1. Then ’(1: 

-~ Wt, a_ ~.(E) and -+ W$ a_ 6(F) are isomorphisms for every
(1 Define the 1-parameter family of operators A(T) == for

-1 c z c 1. Then A(2) : Wt a(E) -~ Ws a(~’) is Fredholm if and only if

A : Wt a_.~~(E) ~ is Fredholm and the indices are equal. Thus

if (1.9) were Fredholm, then would be a 1-parameter family of Fred-
holm operators so i~ _ ~ (A ) - ia + ~ (A) = ia (A (-1 ) ) - ia (A (1 ) ) = 0. But since

N( ~ - £, ~ -~-- E ) ~ 0 this contradicts the change of index formula in The-
orem 1.2 (proved below). This completes the proof of Theorem 1.1.

If we replace (2.5) by (1.13) and the interior parametrix P1 by the para-
metrix (1.14) for the boundary problem, the same arguments show that
(1.12) is Fredholm if and only if 6 E as claimed in Theorem 1.3.

3. - Multiple layer potentials.

In this section we assume (1.9) is elliptic with respect to (t, s) and let

For u, E let Ru = ..., uj) where R; u; denotes the Cauchy
data of order  m j for u j on 1~. Letting

-we obtain a bounded map for any 3 e R

(note that for each j). In fact, choosing a normal coordinate v near r
~o that. forms a neighborhood of r
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in X with (y, v) e X± if ~ v &#x3E; 0, we may let R(v) u denote the Cauchy data.
on and define

to obtain bounded maps for any 6 E R

(here and below we let = since X- is compact).
Let Na(A) denote the nullspace of (1.9) and define

We also consider the nullvectors for A in X±:

Finally we define their restrictions to 1~’:

which are subsets of 

Choose Hermitian structure on the B, and F; which are « translation-
invariant)&#x3E; with respect to the trivializations in ,~ X (0, oo). (This means,.
for example, that if X (0, 00») with z) and w(ro, z) inde-
pendent of z E (0, oo), then z), w(ro, is independent of z E (0, oo)..
This is easily done using the partition of unity pi, ..., in Section 1.)
These induce translation-invariant Hermitian structures on E and F which

we denote ( , )~ and  , ~ F respectively. If where p’=
p/(p -1 ), then

defines a continuous linear functional on where d~ is a positive CC»-
measure on X with dx = in This suggests letting ~D~g, _ a (-F’~
denote the dual space of W$ a(~’), so Similarly we-
define W?§ o(E) as the dual space of using  , )~.
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We define the adjoint of A using these Hermitian structures: for
-u e and v E define by

Then A* : - is a differential operator which is translation

invariant in z &#x3E; 0 and elliptic with respect to a system of orders (8*, t*)
satisfying Using (3.2), A* also defines a continuous map-
ping

For u E and v E we may integrate by parts near r to find

where A is a matrix of differential operators Checking
the orders involved we find that

is a bounded map, where however, unlike the
situation in [27], (3.5) need not be invertible. Let Ru denote the Cauchy
data of order so

is bounded provided I E N satisfies

,Since we see that

is bounded provided (3.6) holds, and in this case we may express (3.4) as
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where U E . , and Notice that v E C§°(F)
with 0 implies ,, dx - 0 so supp U) c F.

JL

Now let us fix l EN satisfying (3.6); in particular we have and

I &#x3E; t; for all i and j. Since A* is elliptic with respect to (s*, t*) we have

bounded for all 5 E R. By elliptic regularity the nullspace of (3.3) equal
that of (3.9) which we denote by Np ~a (A* ) . Define

which is clearly a closed subspace of of finite codimension. The

following is an immediate consequence of (3.8).

PROPOSITION 3.1.

Next we construct a specific Fredholm inverse Qa for (3.9). Fix

and let ..., uM, ..., be a basis for with ..., uM

linearly independent on X- and ... =u 1~,~X- - 0. Thus we have-
if linearly independent linear functionals on 

so let us choose gl , ..., C~(~7 ) satisfying

where ðij denotes the Kronecker b. Similarly w ..., 

so that

Egtending gi by zero to all of X we may consider and let

be their linear span. Let V be a linear complement of
in 1~’i s,_a(F), i.e., Wi ~ s,_a(-~’) = .N~~~(A*) O TT. Then (3.10) and

(3.11) show that the gi are linearly independent mod A*(Vl’, so W is a

linear complement of A* ( V ) in i.e. 
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Now define

where V and W E W. Notice that if g E and

then

where II denotes the projection along V onto Np~a (A.* ) . Furthermore, the

adjoint is bounded. Thus the composi-
tion satisfies

for provided (3.6) holds.
if I then for any v E C~(F)

Taking v supported in X:I: we find that = 0 in X:I:. For

l7 E define the multiple layer potentials

PROPOSITION 3.2. If 6 E and then M.1 U is in

satisfies AM,6± U = 0 in X:f=, and 
’

PROOF. By (3.14) and elliptic regularity we need only to verify the
estimate. Let y E 1 near 1~. Then by (3.14)
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where C~(F) with fu == 0 near .1~. Now A admits a parametrix T : C-(F)
- C°°(E) such that each Tji is a classical pseudo-differential operator
(cf. [11 ] , y Lemma 1.0.2’). Thus we may write

Since TA - I is infinitely smoothing this implies

where f ~ E OOO(F). However, by [11], Theorem 2.1.4, the limits 
exist and define pseudo-differential operators on .1~ so that

Using (3.16) this implies the limits exist and

By standard parametrix techniques we have the o a priori » inequality

for all (cf. (2 .4 ) ) . Letting t’= t -l where satisfies (3.6) and

applying (3.18) to u = Mt U, the desired estimate for Mt follows from
(3.13) and (3.17). A similar argument applies to completing the proof.

The next two propositions show to what extent we can recover null-
vectors in X::i: from their Cauchy data.

PROPOSITION 3.3. Suppose u E .ga (A). Then on X + we have u - 
e and on X - we have = 0.

PROOF. For g E (3.8) and (3.12) imply

But g,= 0 on X+ f or and f or so
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with

in -y~(~i). Taking 9 in (3.19) with support in X:I: proves the two statements
of the proposition.

PROPOSITION 3.4. Suppose ’U E g-(A). Then on X- we have u +
and on X+ we have where 

PROOF. For 9 E we find as in the preceding proof

But now gi - 0 in X- f or so we may let

to find

Again, taking g in (3.20) with support in X:l: proves the proposition.
These propositions imply the following relations on the Cauchy data.

COROLLARY 3.5. I f U E H,,+ then U = R+ M) U. E .H- then

where U E .N$ ( A ) . ~
Now consider two weights so that .

COROLLARY 3.6. Suppose, a1, ~2, E and ðl  ð2 . If U E
then A

PROOF. By Proposition 3.2,
Proposition 3.3 with ð = 31 to u :

PROPOSITION 3.7. Suppose and ~1~2. Ij !7 

then U = R+u where u E g i is of the f orm u = UI + ’U,2 with

and
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PROOF. Both U and Mt U are defined and U =1~+ ~Vlal U~1 by Corol-
lary 3.5. Let so by Proposition 3.1 we have U2 E

We claim that

If this is true, then letting ul = E (by Proposition 3.4)
and u2 = (by Proposition 3.2) we find that u = Ul + U2 sat-
isfies

proving the proposition.
The first equality in (3.21) follows from Corollary 3.5 since 

Now for v e use (3.14) to obtain

But by Proposition 3.3, and by (3.8)

since AMg = 0 in X - . Thus ,uA ( U2 ) = 2013~(~’ Mg and applying ~ 1
to this equation establishes the second equality in (3.21) and completes
the proof.

4. - Proof of Theorem 1.4.

Theorem 1.3 implies that 

has closed range of finite codimension and

is Fredholm. We begin with the following

PROPOSITION 4.1. If 6 E RUDA then the codimension of (4.1) is equal to
dim N~~~(A*).
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PROOF. Let v1, ..., vM, ... , vN be a basis for I with ..., VM line-

arly independent on X and hence 1
forms a basis for We have .~ linearly independent functionals
on

so let us choose f,, ... ~ 1M E such that

Since X- is bounded we may find an extension operator 6 which is bounded
from Ws a (I’ + ) to W$ ~ (.F’ ) . Thus the operator Ext defined by

is bounded from ~P$ a(F+ ) to and satisfies

Thus ,~==0for~+l~~~ implies we can solve Au = Ext (f)

for u and hence Au = f in X+. Conversely, if Au = f in X+
then for. dx = 0 since Rv~ = 0. Since

dim.
.A..

this proves the proposition.
We now wish to investigate the index of (4.2) and how it changes

with 3. Let 31  ð2 so that KI (A) c K’ (A). The commutative diagram

implies that is finite-dimensional.
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PROPOSITION 4.2. I f ð2 E with ð2 then

(4.3) dim ~ I -dim. - dim : -’

PROOF. Let ~’ and Then

(4.4) dim J = dim J -f - dim - dim

By Proposition 3.1, J c I so let d 2 = , and write

’"

Pick a basis where

and . so that L = dim J -dim_ and

if = dim dim The functionals

are linearly independent on For the f/Ji vanish on J
but are linearly independent for L c i ~ M, with nullspace equal to ~2 .
Hence

(4.5) dim . -dim -dim dim 5

If then so

On the other hand, by Proposition 3.7,

so

Since J2 is isomorphic to we find

(4.6) dim J2 = dim . - dim .

- dim .dim dim. . dim ~ -I’

Combining (4.4), (4.5), and (4.6) yields (4.3).
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REMARK 4.3. Notice thet Proposition 4.2 only involves the boundary
operator B to establish: .

Thus formula (4.3) holds whenever (*) is known.

PROOF of THEOREM 1.4. Note that 16(A, B) is just the index of (4.2)
minus the codimension of (4.1). Thus, invoking Propositions 4.1 and 4.2
we find as to be shown .

5. - Proof of Theorem 1.2.

Let X+ = Q x R+ and recall that solutions of (1.10) admit asymptotic
expansions in terms of exponential solutions of the form (1.11). In par-

ticular, suppose 6111 with and let Â1, ..., AN denote the
points of C, satisfying ðl  ~2 . For we can find u,,, ..., uN
of the form (1.11) such that

(cf. [2], [14], [18]). Thus dim N(31 , a2). Since the reverse

inequality is clear we find

Now, since ~+ = S~ X ~+, we have N§’(A) = (0) = Nf§(A*) for any
ð E R. Indeed, if let with ~1 c ~, so We

may extend u to Y= by letting z) = 0 if z C 0. Since (2.1)
is an isomorphism we must have u = 0. (The same proof works for 
Thus we may use Remark 4.3 to conclude

Combining this with (5.1) completes the proof.

6. - Perturbations of translation invariant operators.

In this section we consider an elliptic operator ~.: which

is a perturbation of an elliptic operator A~: C°°(E) - which is trans-
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lation invariant in z &#x3E; 0 as treated in the preceding sections. If A is elliptic
of order and d = dim (E, F) = 1 then in each coordinate patch lkr
(v = 1, ..., N)

Suppose the coefficients z) satisfy

f or h + and q + where f{Jv (v = 1, ..., N) denotes the par-
tition of unity introduced in Section 1. Then

for 11 ... , N; so

is bounded.

In fact we assume that the coefficients of A are C°° on X, and that for
all v = 1, ..., N, q + and h + 

uniformly in úJ E supp qv. The purpose of this section is to compare the

maps

As we shall see, these maps are Fredholm for exactly the same values of 6,
and moreover their Fredholm indices agree up to a constant independent
of 6.

More generally, suppose (1.7) holds, ..~.: C°°(E) - C°°(.F) and A.,,: C°°(E)
- C°°(F) are both elliptic with respect to the system of orders (t, s), and A. is
translation invariant in z &#x3E; 0. In each Xv the coefficients of Âij and 
are matrices; if the corresponding matrix entries satisfy (6.5) for all q + [

and Ihi -~- ~ i then we say A is asymptotic to and write
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A - Again we wish to compare

We shall prove the following.

THEOREM 6.1. The maps (6.7) and (6.7)~x&#x3E; are Fredholm for exactly the

same values of 6 and their Fredholm indices differ by a constant independent
of 6.

PROOF. Suppose (6.7)00 is Fredholm. Let C°°(X) with 
XR = (S~ X [0, R]) and supp CPR Using (6.2) and the openness of
the Fredholm group, we take R &#x3E; 0 so that A ~ = A_ + (1 - 
is Fredholm for 6, and = Notice that A~ = A for z &#x3E; 2R.

Let P, be a parametrix for A in X4R, P2 be a Fredholm inverse for A~:
and 

’

where on supp (fJ2R’ ’2 = 1 on and

"P2 = 0 on X . Then T defines a Fredholm inverse for A, so (6.7) is Fred-
holm. Let ÐA _ 2)~ as in Section 1.

Now suppose ~1, ð2 E R"’" Ð A with ð¡  ð2 and choose RI so large that for
we have elliptic and

Letting X+ = S~ x (2R, oo) we can apply Proposition 4.2 and (5.2) to con-
clude

So the indices of .A. and differ by a constant independent of 6. In par-

ticular, since changes as 6 crosses a point of 3)~ I we can see that A
cannot be Fredholm for 6 This completes the proof.

As a corollary we see that Theorems 1.1 and 1.2 remain true for such

perturbations.
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THEOREM 6.2. If A is elliptic with respect to (t, s) and A - Aoo where
is elliptic with respect to (t, s) and translation invariant in z &#x3E; 0, then

(6. 7 ) is Fredholm if and only if 6 E ( ~~ _ Moreover, if ~2
E with ðl  ~2 then i6,,(A) - = N(6~,, ~2).

Similarly we find that Theorems 1.3 and 1.4 and Corollary 1.5 remain
true for perturbations.

THEOREM 6.3. If A satisfies the hypotheses of Theorem 6.2 and (A, B)
is elliptic on X+ with respect to (t, s, r), then

is Fredholm if and only i f 3 E Moreover, i f ð2 E with

, then z

7. - Some index theory.

We collect here some easy results on the stability of nullspaces and the
index, and show how to compute the index of an operator whose principal
symbol is self-adjoint. Throughout this section A denotes an operator
satisfying the hypotheses of Theorem 6.2. Thus (6.7) is bounded for all

6 E R, and Fredholm for 6 E with Fredholm index = dim 

- dim N~ ~a (A* ) where

is defined with respect to the Hermitian structures of Section 3:

for u E and v E ~

LEMMA 7.1. It the closed interval , then

and .

PROOF. Theorems 1.2 and 6.2 shows Now

and so

dllnj -dim. and dim -dim-
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Since

we conclude that. and -’

For the next lemma note that I ’ means t

LEMMA 7.2. There is a continuous embedding

i)

ii) and either

iii) ; .- with 4

iii) ) with i

PROOF. By the classical Sobolev embedding theorem it suffices to con-
sider

for v = 1, ..., N and j = 1, ..., J. In case iii) we use the classical embed-
ding theorem (with measure exp dill dz) and the embedding

to conclude (7.2) is continuous.

In case iii)’ we use Holder’s inequality to show

Since p &#x3E; q and this shows that (7.2) is continuous whenever tj = 0,
and the general case follows by replacing u in (7.3) by 

Notice that Ð..4 does not depend on p, and the notation suggests
that the index does not depend on p. We now see that this is indeed the
case, but for the moment let p) denote the index of (6.7).

LEMMA 7.3. E and 1 C p, q  00 then N§(A ) and
16(A ; p) = q).

PROOF. Assume p &#x3E; q. Choose s &#x3E; 0 so that [3, 3 + s] c By
Lemma 7.1 we find .Na (A ) = and by Lemma 7.2 (with t = t and
iii )’ ) we find Similarly, since q’ &#x3E; p’
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we have - Hence, since

dim. I and 16(A ; q) = dim - dim : ~’

we have that q) and we have equality if and only if 
i and. Thus we need only to show that p)

To do this we first approximate A in the operator norm by A with
Coo-coefficients such that p) == ia (A. ; p), q) = p) and in

each Xv (v = 1, ..., N) the coefficients satisfy

uniformly in a) E supp qJ", for all h  oo. By elliptic regularity, Na(A)
is also the nullspace of

and s==s+l for lEN. In particular with 
we find so Similarly 
c Thus ia(A; q). But this means q) which
completes the proof.

Now suppose A = Ao + JLi where Ao is the principal part of A and A1
has lower order (i.e., each involves only derivatives of order strictly
less than Consider the homotopy through elliptic operators satis-
fying the hypotheses of Theorem 6.2 : for O~T1. The

points in ~A~Z) vary continuously in T and the index is constant

in For each fixed 7: we have

the change of index formula, so theoretically we can compute from

If A : C°° (E) - and Ao = A/§ then we can apply the following
to determine 

THEOREM 7.4. Let A : satisfy the hypotheses of Theo-

rem 6.2 and be A = such (6.7 ) is Fredholm
for F&#x3E;~~5~&#x3E;0. Then

In particular, if (6.7) is Fredholm = 0 then io (A ) = 0.
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PROOF. Taking p = 2 the formula (7.5) follows from Theorem 6.2 and
the calculation

II. GENERALIZATIONS AND APPLICATIONS

8. - Manifolds with multiple ends.

In this section we suppose that X has multiple cylindrical ends at infi-
nity. More precisely, y X contains an open submanifold io whose closure
in X, is compact and satisfies: is a disjoint union I

III-.&#x26;.

where each Qz is an (n - I)-dimensional compact C--manifold without
boundary. We also suppose that we are given 2 vector bundles E and F
over X and a differential operator of order (t, s), A: Co (.E) -~ 0’(F),
which is translation invariant in each end XR+. (As before, t and s

may be vectors if E and .F decompose into direct sums.)
We may define weighted Sobolev spaces with different weights on each

end. Let po, ..., P L denote a C°°-partition of unity with supp 9go com-
pact and supp pz c Qi for 1 =1, ..., L. For 6 = ( a (1 ), ... , 6 (L)) E RL let

be the closure of under the norm

We find that

is a bounded operator.
Now assume that ..A is elliptic with respect to (t, s). Let A (1) == AIXt i

and CA(l) c C denote the « generalized eigenvalues» as defined in Section 1.
Let 5) A(l) Ae and for E CA(,) denote the dimen-
sion of «exponential solutions &#x3E;&#x3E; (1.11) in .~l with exponent A(l) by

Define DA = 16 = (6(1)7 ..., (Z)) : for at least one Z, = Im I(1)



438

where E and for ~1, ð2 E with ð1 : ð2 (i.e. for

every 1) let

(If .L &#x3E; 1 then ÐA is no longer discrete but rather a union of (L - l)-dimen-
sional hyperplanes in 

With these definitions we can state the generalization of Theorems 1.1
and 1.2 :

THEOREM 8.1. If A is elliptic with respect to (t, s) and is translation

invariant in each then (8.1 ) is Fredholm if and only 
If ðl, with then the change in the Fredholm index of (8.1)
is given by

Similarly we may generalize Theorems 1.3 and 1.4 by considering .1~,
an (n - I)-dimensional compact C°°-submanifold without boundary, which
is contained in Xo and such that 1 = 8X+ where X = X+ U X- and X-
is compact. If G is a vector bundle over T, and B : 
is a boundary operator of order (t, r), then we may consider the bounded
operator

If we define (A, B) to be elliptic with respect to (t, s, r) exactly as before,
then we obtain :

THEOREM 8.2. If A satisfies the hypotheses of Theorem 8.1 and (A, B)
is elliptic with respect to (t, s, r) in X+, then (8.2) is .Fredholm if and only if
ð E 1 f ð2 E with ~1  62 then the change in the Fredholm
index of (8.2) is given by

These 2 theorems are proved exacly as in Part I (where L = 1) : for

example, to prove Theorem 8.1 let X+ = XBXo and use multiple layer
potentials to show ial(A) - i,,~(A) = dim (J~(~.)/J5~(~.)), and then asymp-
totic expansions to equate this with N(6,, 62)-
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9. - Elliptic systems in RB

Suppose A = (A ij) is an N X N system of operators in Rn which is uni-
formly elliptic (in the sense of Douglis-Nirenberg) with respect to the

system of orders t = (tl , ..., tN) and s = (si , ..., sN). Letting

we make the following assumptions on the coefficients aa : for each i, j, ot
we have aa E 08i(Rn) and there is a continuous function h’i on the unit
sphere 811-1 such that in spherical coordinates

we have

for all Let us define

where the factors on the right are defined as the closure of C~(R") under
the norm

Then .A defines a bounded operator

and we may ask: when is this map Fredholm., and how does its index depend
on 6?

In the case

it was shown in [17] that if A is elliptic with respect to (t, s) then (9.3) is
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Fredholm whenever 6 E where

that is exactly when the operator

is Fredhohn where

(In fact, it was claimed in [17] that the index of (9.3) agrees with that
of (9.6) but this is not correct; cf. [17a].)

In order to prove a similar result for the more general coefficients

(9.1), let be an elliptic operator with C°°-coefficients satisfying

for ~x~ &#x3E; 1. Then

is a bounded operator. Let C°°(Rn) be a positive function satisfying
= r = if &#x3E; 1, and let

Thus, multiplication et: defines an isomor-

phism and we may replace (9.3) and (9.7) by

In 1 we may write in spherical coordinates (locally for
úJ E Sn-1) as
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where ellipticity implies

for I with Let

These operators may be put into the framework of Part I as follows.
Let X denote the manifold obtained by gluing together the half-sphere
Xo = Sn - {(0153l, ..., X"-" z) E z  0) and the half-cylinder Sn-1 x R .
With a regularization along the seam we may assume X is 000. Let

0: be a diffeomorphism such that z &#x3E; 0 implies 0((o, z) = r)
where r = ez. Then A and can be realized as operators on E = X xCN,
and (using dx = rn-l dr dw - we find that (9.3) is equivalent to

where 3 = 6 + But the results of Part I determine that (9.11) is

Fredholm if and only if 3 E RB5),i and the change of index is given by
.~(~1, j,) for ~1 C ~~ with ~1, ~2 E l~B~~. Letting

and

we find

THEOREM 9.1. If A = is uniformly elliptic in with respect to

(t, s) and satisfies (9.1 ), then (9.3) is Fredholm if and only if 6 E 
Moreover, if ~~ E with ð1  ~2, then i,(A) = N(bi (2).

COROLLARY 9.2. Under the hypotheses of Theorem 9.1, (9.3) is Fredholm
if and only i f (9.7) is Fredholm, and their Fredholm indices differ by a con-
stant independent of ~.

We can similarly apply the results of Part I to the study of boundary-
value problems in exterior domains. Namely, suppose U- is a compact
domain with C°°-boundary r = a U- and let U+ be the closure of 
Let
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where W", -tj(U+) is the closure of under the norm (9.2). Sup-
pose r = (r1, ..., v) is a set of positive integers (where 2p is the degree of
the characteristic (t, s) determinant of A), and suppose B = is a

p xN system of differential boundary operators, where Bkj is of order

and has coefficients in Crk(h). Let

so

is bounded. Using the above techniques we transform this to

where E+ = ~+ _ and G = Y X Ctl, Y = 0-’(F). Clearly
(9.12) and (9.13) are equivalent, so we may use the results of Part I (e.g.
Theorem 6.3) to determine when (9.12) is Fredholm and a formula for the

change in the Fredholm index.

10. - On Hodge theory for Riemannian manifolds with conic singularities.

Suppose that .X is an orientable non-compact n-dimensional Riemans
nian manifold which topologically is as in Section 8. As vector bundle-

we take Ak = Ak (T* X) and let d: - be the exterior deri-

vative. The metric g induces a pointwise inner product  , &#x3E; as well as a

measure on X. For u E let

and denote the closure of in this norm by L2(Ak). Define the

L2-harmonic forms by

where
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is the Laplacian and

is the coderivative. (Elliptic regularity implies u E is 000.) On the other
hand, denote the L2-forms which are closed and coclosed by

If X is complete then it is well-known (cf. [26]) that

just as in the C°°-compact case. On the other hand, (10.1) may fail to hold
if X is incompZete. For example, if

where h is a metric on Q, then the metric completion is a compact space
with a conic singularity at r = 0 (which is also the (end)&#x3E; of X). In [6]
and [7], Cheeger has proved a Strong Hodge Theorem for such singulari-
ties which may hold even when (10.1) does not (cf. [7], p. 317). In this

section we investigate when (10.1) holds for (10.2).
We must introduce weighted Sobolev spaces of forms for manifolds as

in (10.2). If u is a k-form on X write 1) _ (cprk-l) drav + 
where are functions and v and w are respectively k - 1 and k forms
on ,~. Then in S~ X (0, 1) we find = + denotes

the pointwise norm on Q induced by h. In terms of a local orthonormal

basis of 1-forms T,, ..., T.-i in a coordinate chart ,Sw of Q, let X y = ,S2v
X (0, 1) and form a basis for by taking wedge products from {dr,
rri, ... , r~n_l~; if u is a k-form on Xv then

where ~1, ..., denote the coefficients in this basis and [k] = (~). This

provides the trivialization with which to define Ws a(ILk) as in Section 1:
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A calculation shows that for all ~ 

are bounded operators. Hence

and

are also bounded for afl b E In the above trivializations

of A X, and is a system of differential operators involving
derivatives on Sw and r(alar). Thus

and we may apply the theory in Sections 1 and 2 to obtain the a priori
inequality

and that (10.3) is Fredholm if and only if 6 E where D£ is a dis-
crete set.

Recall the Stokes formula

which holds for and hence by closing whenever
With this observation we easily prove the

following.

THEOREM 10.1 I f (10.3) is Fredholm for all 20131~0 then (10.1) holds.

PROOF. If u E Je~ then U E by (10.4). Now in general 
c W2,o(llk) (since the weights are controlling growth at 0), however, since
(10.3) is Fredholm for - 1  b  0 we can conclude that UE W2,-1(ll.k). But
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then we can apply (10.5) as in the C°°-compact case

to conclude that du = d*u = 0.

Following the calculation in [6] it is easy to see that 5)k n [-1, 0) # 0
can only occur when a L2 -harmonic form on ,~ X (0, 1) exists of the form

or

where wand v are respectively coclosed and closed eigenforms for the

Laplacian Llh on Q with eigenvalue ft, and = ock = 1 -~- 1~
-~/2, vk(~CC ) _ (ak -f - ~CC ) 2 .

Since

we see immediately that Ð~(1[-l,O)==Ø if v~(p), vk_2 (,u ) ~ 1; in particular
if ~-2013~/2~:1~&#x3E;1. Otherwise, the condition ~n[20131~0)= 0 may hold

is sufficiently large. Let 0~~~... denote the eigenvalues
for d on Ak(Q), where p§ is the smallest eigenvalue and K1 is the smallest
positive eigenvalue (i.e., p§ = 0 or p,~ = ~~). It is easy to verify the fol-
lowing.

THEOREM 10.2. Suppose n is an even integer. I f k - ~/2 =7~ ji 1 then
~~[20131~0)=0 and (10.I) hold. If k - n~2 = -1 and 
k - n~2 = 1 and ,uo-1 ~ 1, then again ~a n [-1, 0~ = ~ and (10.1 ) hold.

For n odd the same calculation shows that if and

,uo ~ 4 then Ð~ n [-1, 0) _ 0. In fact, when 1~ - n~2 = - 2 (resp. + )),
~eD~r~[20131?0) corresponds to u~ (resp. with 0~~~: But for

p, = 0, is harmonic so 0 (similarly for u4 ). Thus

we obtain

THEOREM 10.3. Suppose n is an odd integer. If
then ~a n [-1, 0) _ ~b and (10.1) hold. If k - n/2 = - -a and ,uo ~ 4, or

if 7~ - n~2 = 2 and Itk- 1 &#x3E; 1, then again ~‘~.. a n [-1, 0) = 0 and (10.1 ) hold.
If k - n/2 == ::!: 1 3 then (10.1 ) holds (although aDa n [-1, 0 ) = 0
may fail).
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These three theorems generalize immediately to manifolds with a finite
number of conic singularities by appealing to Section 8: the conditions
,on 6 and in each theorem must then be imposed on each end of X.
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