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On Some Parabolic Variational Problems

with Quadratic Growth.

PETER TOLKSDORF

1. - Introduction and results.

In this work, we consider weak solutions of parabolic systems of the
type

and weak solutions of the corresponding variational inequalities. yVe prove
the Holder-continuity of the weak solutions, in the interior, and up to the
boundary and up to the initial data, if the weak solutions have Holder-

continous initial and boundary values and if the boundary satisfies the
condition (A) of Ladyzhenskaya-Uraltseva [14]. Apart from conditions on
the obstacle, we need the same assumptions for our Holder-estimates as
Hildebrandt-W idman [9] for the corresponding elliptic systems. Once one

has obtained a-priori bounds, it is rather easy to obtain existence results.

Therefore, we take the opportunity to give an existence proof for the Cauchy-
Dirichlet problem for variational inequalities and systems.

Our Holder-estimates and existence results for systems generalize those
due to M. Struwe [15], Giaquinta-Struwe [4], R. S. Hamilton [7] and W. v.
Wahl [21], in some respects. Applied to elliptic vector valued variational
inequalities, they are slightly stronger than those due to Hildebrandt-Wid-
man [10]. For vector valued and scalar two-sided parabolic variational
inequalities with quadratic growth, no corresponding results are known to
us. For one-sided scalar variational inequalities with quadratic growth,
Struwe-Vivaldi [17] obtained more general results, recently. There are also

Pervenuto alla Redazione il 14 Aprile 1983 ed in forma definitiva il 15 Gen-
naio 1986.
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new existence results for parabolic systems and parabolic vector valued
variational inequalities due to Alt-Luckhaus [1]. The variational problems.
considered by them, however, are quite different from our ones.

Another aim of this paper is to present a new and simpler approach to
the regularity of such variational problems. It is quite similar to the one
used by the author in [18] and [19], for elliptic systems and harmonic
mappings between Riemannian manifolds. This, in turn, has been inspired
by the work [2] of L. A. Caffarelli. Our regularity proofs are based on a.

Strong Maximum Principle and some refinements of the techniques due to
De Giorgi [3], Ladyzhenskaya-Uraltseva [14] and Ladyzhenskaya-Solonnikov-
Uraltseva [13] which we prove in this paper, too. Thus, our regularity
proofs are self-contained, apart from some elementary facts on Sobolev-
spaces.

A weak solution u of (1.1) belongs to the class LOO(Q) n L2(]O, T[ ; Hi, 2(Q) )
and satisfies

for all 99 E 0-(Q). Here, Q is an open bounded subset of Rn, T &#x3E; 0 and

In addition to that, we use the notations

The domain Q is supposed to satisfy the condition (A) of Ladyzhenskaya-
Uraltseva [14], i.e., there is a 0  1 such that

for all XoE aD and all R E ]0, 1]. The coefficients y,,, are measurable, with
respect to (x, t), and f is a Carathéodory-function, i.e., it is measurable,.
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with respect to (x, t), and continous, with respect to u and Vu. Moreover,
there are positive constants a and Â such that

for all Z E Q,  E RN and q c- R-Y -n and some function b c- EP(Q), where

The function g is supposed to belong to L2P(Q).

THEOREM 1. Let u be a weak solution of (1.1) and let M &#x3E; 0, a* c- R,
za = (xo, to) E Q and .R &#x3E; 0 be such that

joi- all z E QR(ZO) rl Q, and that

Then, u is Hölder-continous, in QR!2(ZO) n Q, under the following conditions.

I-st case.

In this case,

for all z E Q,,,(z,), where the constants co &#x3E; 0 ccnd fl &#x3E; 0 can be determined only
in dependence on n, N, Ä, a, a*, M, R, p and upper bounds for IblLP(Q) and
19 IL’P(Q) 
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2-nd case.

for some f unction UDEHI/2(Q), some cD &#x3E; 0 and some ,uD &#x3E; 0. In this case,

(1.11) holds for all z E QR/2(ZO) m Q and some constants c &#x3E; 0 and p &#x3E; 0 which

depend only on n, N, Ä, a, a*, M, 0, R,p, CD,!lD and upper bounds for IbILP{Q)
and Ig/L2P(Q). 

REMARKS. Our interior regularity result is sharp, because the function
u(x) = lxl-’-x is a weak solution of

for n &#x3E; 3. Here, a - a* - M = 1. This counterexample can be found al-
ready in [8]. Moreover, Struwe [16] showed that there exists a weak solu-
tion of the Cauchy-Dirichlet problem corresponding to a system of the
type (1.1), where (1.3)-(1.6) are satisfied, where the initial and boundary
data are smooth and where the solution develops a discontinuity in a finite
time.

Higher interior regularity of the weak solutions can be derived from tho
Ol’Jt-estimates due to Giaquinta-Struwe [5] and the regularity results for
linear equations.

THEOREM 2. For any function It, C- CJtD(Q) r1 Hl,2(Q) (p, &#x3E; 0), there exists

constants iz &#x3E; 0, T* E ]0, T] and a weak solution u E C,"(D X ]0, T*[) of (1.1)
which satisfies

Moreover, there are lower bounds for T* and u and upper bounds for lulc/J(D x [0,T*I)
which depend only on n, N, Â, Q, a, T,uD and upper bounds for IbILP(Q), /gL2P(Q)
and IUnlcIlD(Q).

Combining Theorem 1 and 2 and the Strong Maxinum Principle (Pro-
position 1), one obtains

THEOREM 3. Suppose that
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and let a*eR, M &#x3E; 0, flD&#x3E; 0 and UDE Cu D(Q) n HI,2(Q) such that

for all z E Q, all $ e B(0) and all r E Rn’N. Then, there exists a weak solution
u E CO(Q) of (1.1) which satisfies

REMARKS. This theorem states that, under conditions (1.16)-(1.19), the
Cauchy-Dirichlet problem corresponding to (1.1) is solvable, for all T &#x3E; 0.

Here, we leave open the question whether the solution converges, if T tends
to infinity, and whether the limit is a solution of the corresponding elliptic
system. Moreover, we do not treat the uniquess and stability problem.
Therefore, we refer the reader interested in those questions to the works
of W. v. Wahl [21], J. Jost [11] and N. Kilimann [12].

Theorem 1 and 2 are easy consequences of more general results concerned
with variational inequalities. In order to formulate them, we need some
additional notations. For any z E Q, K(z) is a closed convex nonempty sub-
set of RN and

A function u solves the variational inequality corresponding to (1.1 ) and K
if and only if

and

for all ’V E K n Hl,2(Q) and all uonnegative V c 0-(Q). For our regularity
and existence results, we need a regularity condition on K, namely, that
there are constants eK e--&#x3E; 0 and PK &#x3E; 0 such that, for every zo = (xo , to ) E Q,
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every u, e K(zo) and every .R E ]0, 1 IZKI there is a uKE RN satisfying

THEOREM 4. Let u be a solution of the variational inequality corresponding
to (1.1) and K. Moreover, suppose that

Then, the Hölder-estimates of Theorem 1 hold also for it, apart from the fact
that the bounds depend additionally on CK acnd flx.

THEOREM 5. Let a*E R, M 0, ,uD &#x3E; 0 and uDE OPD(Q) r) Hlt2(Q) be such

that

for all z E Q, all  E K(z) and all 77 E RnoN. Then, there is a solution n E CO(Q)
,of the variational inequality corresponding to (1.1) and K. Moreover,

In order to see that Theorems 1-3 follow from Theorem 4 and 5, we
need the following lemmas.

LEMMA 1. Suppose that u is a solution of the variational inequality cor-
responding to (1.1) and K. Moreover, assume that there are open nonempty
sets Uo c RN, Qo c Rn+l and a closed convex set Koc RN such that

.

Then, u solves (1.2), for all rp E O;:’(Qo).

LEMMA 2. A function u E LOO(Q) r1 L2(]O, T[; Hl,2(Q)) is a weak solution

o f (1.1) i f and only if it solves (1.23), for all v E Z°°(Q) r1 H"2(Q) and all non-
negative V E 0’; ( Q) .
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Theorem 1 is an easy consequence of Lemma 2 and Theorem 4. Hence,
let us illustrate how one derives Theorem 2 from Theorem 4 and 5 and

Lemma 1. For this, one sets

Theorem 5 provides us with a solution u E GO(Q) of the variational inequality
corresponding to (1.1) and K which satisfies (1.31). As u is continous up
to the initial data, there is a T* &#x3E; 0 such that

This, Lemma 1 and a simple partition argument show that u is a weak

solution of (1.1), in Q X ]0, T*[. The rest of Theorem 2, namely the a-priori
bounds for T* and the Holder-continuity of u, follow from the Holder-
estimates of Theorem 4.

Before we go into the proofs, let us introduce two notations. For any

eER,

Moreover, we will frequently use the following

REMARK. Let u be a weak solution of the variational inequality cor-
responding to (1.1) and K, Qoc Q be an open set and 1p E L-(Q,,) n H’,2(Q,,)
be a nonnegative function. Suppose that v E HI,2(Qo) satisfies

Then, (1.23) holds for 1p and v.

PROOF OF THE REMARK. It is sufficient to prove the remark for non-

negative functions

From (1.24), (1.25) and the assumption that .K(z) is nonempty, for all Z E Q,
one derives that there is a u*e K r) Hl,2(Q). By (1.34), there is a function
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e E °c;(Qo) satisfying

Now, we see that (1.23) holds for y and

This and (1.35) show that the remark holds.

PROOF oF LEMMA 1. Let Q, be an open subset of Q and let 1p E O:(Ql)
be a nonnegative function such that

For (x, t) c Q,, 6 &#x3E; 0 and sufficiently small 8 &#x3E; 0, we set

and note that

By (1.32), we may insert v1(x, t) together with V(x, t) and v2(x, t) together
with, 1jJ(x, t - E), into (1.23), provided that E &#x3E; 0 and 6 &#x3E; 0 are sufficiently
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small. This, (1.37), (1.38) and a passage to the limit E - 0 show that (1.2)
holds for cp.

PROOF oF LEMMA 2. Let u be a weak solution of (1.1) and pick a
v E Z°°(Q ) r) HI.2(Q) and a nonnegative 1p E Cc;(Q). For sufficiently small

8 &#x3E; 0, we insert

into (1.2). We note that

and let 8 tend to zero. In this way, we obtain (1.23). Thus, we have shown
one conclusion of Lemma 2. The other one follows from Lemma 1.

2. - Variational inequalities satisfying a one-sided condition.

In this section, we consider a solution u of the variational inequality
corresponding to (1.1) and K. In addition to (1.4)-(1.6), (1.24) and (1.25),
we suppose that

for some zo = (xo, to) E Q, some R &#x3E; 0, some M &#x3E; 0 and some uDE Hl/2(Q).
Moreover, we assume that a one-sided condition is satisfied. More precisely,

for some 3* &#x3E; 0, some b*E Lp(Q) and all z E QR(ZO) n Q. We set

LEMMA 3. There is a constant c* &#x3E; 0 depending only on n, N, A, p and
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6* such that

for all k, tl, t2, êl, ê2, rl, r2, ø E RN satisfying

where

PROPOSITION 1. Strong Maximum Principle. Choose an e &#x3E; 0 and suppose
that

Then, one of the following two statements must be true.
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(1) There is a u,, E RN satisfying

(2) There is a 6 &#x3E; 0 depending only on n, N, A, p, 6* and e

such that 
’

PROOF OF LEMMA 3. We set

and choose a nonnegative function e E C-(B,..(x,,)) satisfying

for some constant ? depending only on n. By (2.6), (2.8) and (2.10), we
may insert

into (1.23), for sufficiently small 8&#x3E; 0. We note that
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and lot E tend to zero. Thus, we obtain that

This, (1.4), (1.5), (2.4), (2.9), the properties of e and and Young’s ine-
quality imply that (2.5) is true.

PROOF OF PROPOSITION 1. In order to prove Proposition 1, we suppose
that

and show that (2.13) and (2.14) aie true, if o &#x3E; 0 is « sufficiently small ».
This proves Proposition 1, because, in the otber cases, it is true, trivially
or by Lemma 3 and 9.

In the following, c stands for a generic constant depending only on n,
N, Ã, p and 6*. From (2.17), (2.18), Lemma 3 (with 0 = 1) and the easy
fact that

one derives that
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for all 6 E [e, 1/2 ]. This, (2.16), (2.18) and H61der’s inequality imply that

It is easy to construct a function v satisfying

We set

With the aid of (2.20), the properties of v and Sobolev’s embedding theorem,
one obtains that

An approximation of u(t) by step-functions, (1.24), (1.25), (2.17), (2.18)
and (2.21) show that there are a -UO c RNI a tl E [to - R2/4, to - R2/8 ] and an
El E [0, .R2/16] such that

We may suppose that
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Lemma 3 (with 0 = 0), (2.18), (2.20) and (2.22)-(2.24) can be combined to

Now, we conclude the proof remarking that (2.13) anp (2.14) follow from
(2.16) and (2.25), if p&#x3E;0 is «sufficiently small ». This can be easily seen
when drawing the balls B,,,(O) and B(I-6.)M(b*iE.)

3. - Proof of the Hölder-estimates..

In this section, we consider a solution u of the variational inequality
corresponding to (1.1) and g and we suppose that the hypotheses of Theo-
rem 4 hold.

LEMMA 4. Assume that

and that

for all ZEQRo(zO)nQ, some uoERN, some b*ELP(Q), some Mo &#x3E; 0 and so’me
at E R satisfying

where 6* &#x3E; 0. Choose an E &#x3E; 0. Then, one of the following two statements
must be true.

(1) There is a b &#x3E; 0 and a U1E RN satisfying
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(2) There are positive constants ð and e such that

Moreover, the constants 6 and 9 occurring in (3.6), (3.8) acnd (3.9) depend
only on n, N, 27 p, a, 0, CD, 7 IZD cK, ,uK, ð*, ê and upper bounds for Mo, IbILP(Q)’ 
Ib*ILP(Q) and IgILSP(Q). In the case that QRo(zo) n (ðQ"’Qx ITI) _ 0, the constants
ð and o are independent of cD, PD and 0.

PROOF OF THEOREM 4. By the assumptions of Theorem 4, (3.2)-(3.4)
hold ior ag = a, b*==(2-M+1)-b,M,,=MandforallzcQ, (zo) n Q. More-
over, there is a ð* E ]0, 2 ] such that

We choose an - E ]0, d*/2 ] satisfying

Now, let 6 &#x3E; 0 and e &#x3E; 0 be such that the conclusion of Lemma 4 holds

and that

We determine an .Ra satisfying (3.1) and

Applying Lemma 4 repeatedly, we obtain a*, Mp, Rv and u, such that
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Moreover, by

Therefore, we can apply Lemma 4 as often as we want, in order to obtain
(3.14), (3.15) and (3.17), for all ’V EN. This obviously implies (1.11). Thus,
we can conclude the proof remarking that the dependence on the constants
is just as stated in Theorem 4.

PROOF oF LEMMA 4. In this proof, we suppose that

because, in the other case, (3.9) is true, trivially. Moreover, we may assume
that

We have to distinguish between three cases.

1-st case. For some ð1 E 10, 1] to be determined later on,

In this cause, we set

By (1.24), (1.25), (3.1), (3.22) and (3.23), there is a it,,c-R’ satisfying

and ( The assumption (1.14) implies
that

Hence, by (1.12), (1.13) and Lemma 3, the function
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satisfies the hypotheses of Lemma 8. Moreover,

Therefore, we can find a ð1&#x3E; 0 depending only on n, N, Â, p, a, CD, !-lD, CK,
PK, ð*, G and upper bounds for Mo, IbILP(Q), Ib*ILP(Q) and IgIL2P(Q) such that

If e/2 - M,: ð;:-l.Rgl, then (3.8) follows from (3.25). In the other case, (3.9)
is true, trivially.

2-nd case. For the same 6,, as above and for some ð2&#x3E; 0 to be deter-
mined later on,

where

In this case, we pick an Xl E Bð2oBJXO) () 8Q and set

Similarly as above, we find a UIERN satisfying (3.6) and (3.7) and a 6, &#x3E; 0
depending only on n, N, 29 p, 09a,’OD, I-ID,’OK, 6*1 8 and upper bounds for

such that 
’

The only difference is that one has to use Lemma 3 and 9 and (1.3), re-
peatedly, instead of Lemma 3 and 8. Just as in the 1-st case, (3.28) implies
that (3.8) or (3.9) must be true.

3-rd case. For the (?i, 6, and R1 determined above, (3.26) holds and
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In this case, we set

We suppose that there is a ’lil E RN and a a&#x3E; 0 such that

and we show that there is a U1 ERN satisfying (3.6)-(3.8), provided that
a &#x3E; 0 is « sufficiently small ». This proves the conclusion of Lemma 4, in
the third case, because, otherwise, one can apply the Strong Maximum
Principle (Proposition 1) to (u - uo), in order to obtain (3.9). By (1.24),
(1.25), (3.1), (3.22) and (3.23), there is a U1 ERN satisfying (3.6) and (3.7),
for all z E QR2(ZO)’ and

From (3.30), (3.31) and (3.33), one derives that

Now, we conclude the proof remarking that (3.9) follows from (3.6), (3.7),
(3.32), (3.34) and Lemma 3 and 8, provided that e &#x3E; 0 is « sufficiently small ».

4. - Proof of the existence result.

In this section, we suppose that the assumptions of Theorem 5 hold
and we prove its existence conclusion.

For each E Sn-l and each z E Q, there is a uniquely determined "Pe(z) e R
such that

Let (e1,)VEN be a sequence of vectors which is dense in Sn-1. For each v E N
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and each k E {I, 2, ..., v}, there is function 1pvkE C"(Q) such that

We set

We can choose the functions 1pVk, the vectors ev and the constants and uK
in such a way that the regularity conditions (1.24) and (1.25) hold also for
the sets K,. Moreover, there is a VoE N and an Mo&#x3E; 0 such that

A convolution argument shows that, for each ’V E N, there are functions

,,:pE 0-(Q) which satisfy (1.4) and (1.5), with the same constant A as the
coefficients y,,,6, and

for almost all z E Q. For P" e E N, we set

where v is an arbitrary function defined in Q and

and where Xl’ X2, ..., xR are the standard unit vectors of Rn. Moreover,
(gu) is a sequence of O;o(Q)-functions satisfying

strongly in the sense of L2P(Q). For the proof of Theorem 5, we need the
following

LEMMA 5. Pick u, to E N and a v &#x3E; Vo. Then, thet-e is a f unction u E K,



212

such that

f or all v E satisfying

Here and in the following,  , &#x3E; are the duality brackets between H-’(D)
and .go2(S2).

PROOF OF THEOREM 5. In the following, the solutions provided by
Lemma 5 will be denoted by up,e,v. It is easily checked that the functions

up,e,1’ satisfy (J.23), for y.,- y. "8, f = /,,, g = gp, all v E K, n HI, 2 (Q) and
all noiinegative V E C°°(Q) satisfying

Therefore, we can use (4.4), Theorem 4 and Ascoli’s theorem in order to
obtain sequences (vue) with the following properties. For each e &#x3E; 2, (vle)
is a subsequence of (v,- 1, e- 1) and, for each ,u &#x3E; 2 and e &#x3E; ,u, (vpc,) is a sub-
sequence of (V,u-l,Q). Moreover, for each Iz c N and each e ,- p,

in the sense of C°(Q). Inserting v = UD into (4.9), we obtain a bound for

which is independent of v ? vo . Hence, (4.12) holds also weakly in the sense
of Z2(]0, T[; Hl,2(Q)). From (4.9), one derives that
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for

If a sequence (VV) of functions satisfies

weakly in the sense of L2(]O, T[; Hl,2(Q)), then

This argument shows that up.,pEK solves (4.7) and (1.23), for f = fp.,p’
9=9,07 all veKnH-1 2(Q) and all nonnegative E C°°(Q) satisfying (4.11).
Now, we can use the regularity result of Theorem 4 once again in order to
obtain sequences (eu) such that, for each p 2, (ep.) is a subsequence of

eP.-l) and that

in the sense of CO(Q). For

an inequality similar to (4.13) is valid. Hence, (4.14) holds also strongly
in the sense of E2 (]0, T[; Hl,2(Q)). This implies that

satisfy an inequality similar to (4.13), too. In addition to that, uu solves
(4.7) and (1.23), for f = /,,, g === g/-", all v c- K r) H’, 2 (Q) and all nonnegative
tp E COO(Q) satisfying (4.11). Inserting v = u, and ip = 1 into (1.23), we
obtain a bound for

which is independent of p. Similarly as above, one sees that there is a sub-
sequence (up’) of (up) such that



214

in the sense of CO(Q) and strongly in the sense of L2(]O, T[; Hl,2(Q)). Now,
we conclude the proof remarking that this function u has all the properties
stated in Theorem 5.

For the proof of Lemma 5, we need the following

LEMMA 6. Pick a v &#x3E; vo and a f unetion hE L°(Q) . Then, there is a, junction
u c- K, n CO(Q) such that (4.7) and (4.8) hold and that

for all v E Kvn C°(Q) satisfying (4.10).

PROOF OF LEMMA 5. By Lemma 6, for each function WE CO(Q), there
is a function u = Tw c K, r-) C° ( Q ) such that (4.7) and (4.8) hold and that

for all v E Kv n CO(Q) satisfying (4.10). It is easily checked that the func-
tion u is uniquely determined. To u, we can apply the Holder-estimates
of Theorem 4. Thus, the mapping T satisfies the hypotheses of the extension
of the Brouwer fixed point theorem to Banach spaces (cf. [6; Corollary 10.21)
which implies the existence result of Lemma 5.

For the proof of Lemma 6, we pick a v &#x3E; vo and a function hE .L°°(Q)
and we introduce a further notation. Namely, for each z E Q and each
’[¿’E RN, there is a uniquely determined P(z, u’) E Kv(z) such that

Moreover, we need the following

LEMMA 7. Pick an B &#x3E; 0. Then, there is a function u 

Hl,2(Q)) such that (4.7) and (4.8) hold and that

in the sense of
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PROOF OF LEMMA 6. There is a constant cv &#x3E; 0 such that, for each z E Q
and each u’ E RN, there is a k E {1, 2, ..., v) satisfying

We pick an 8 E ]0, 1] and a k E {I, 2, ..., v}. By us, we denote the solution
provided by Lemma 7. As

the function

satisfies

in the sense of L2(]o, T[; H-I(D)), and

Inserting (V+)i as test functions into (4.22), for i = 1, 2, ..., n, one obtains a
bound for

which is independent of s. This, (4.15) and (4.20) show that there is a

constant c independent of ê such that

From this and the equation (4.18), one easily derives that one can choose
the constant c in such a way that

Moreover, by (4.24) and Lemma 3 and 8, one can choose the constant c
in such a way that
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Now, we can use the regularity result of Theorem 1 and Ascoli’s theorem
in order to obtain a sequence (Ey) tending to zero such that

in the sense of CO(Q) and weakly in the sense of L2(]O, T[ ; Hl,2(Q)) and that

weakly in the sense of L2(]O, T[; H-l(Q)). The functions ue solve

for all v E K,, n HI,2(Q) satisfying

Hence, by (4.27) and the weak lower semicontinuity of quadratic integrals,
the function u solves (4.29) and (4.15), for all v E Xv n Hl,2(Q) satisfying
(4.30). Now, we can conclude the proof remarking that LPmma 6 follows
from the above considerations and a simple approximation argument which
has to be applied to the test functions v.

PROOF OF LEMMA 7. We pick a v E OO(Q) and a a E [0, 1]. From the

theory of linear parabolic equations (cf. [20; Theorem 40.1]), we know
that there is a uniquely determined function u = Tv E L2(]0, T[; HI2
satisfying (4.7) and
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in the sense of L2(]0, T[; H-i(Q)). We choose a Un&#x3E; 0 satisfying

i TT w I I I . 

and set

for x &#x3E; 0. From (4.31)-(4.34), one derives that

for all e E ,S’n-1. Choosing r sufficiently large in (4.35), one obtains an L°(Q)-
bound for u in dependence on Ivlco«(J). This and the Holder-estimates of

Theorem 1 imply that T: [0, 1] x CO(Q) - CO(Q) is a compact and continous
mapping.

We note that

for all z E Q, all e E Sn-1 and all E RN satisfying

Hence, one can use (4.35) in order to show that

for some constant e and all a E [0, 1] and all u E CO(Q) satisfying

Now, we can conclude the proof remarking that Lemma 7 follows from the
Leray-Schauder fixed point theorem (cf. [6; Theorem 10.6]).

5. - Analytic tools.

In this section, we prove the refinements of the techniques due

to De Giorgi [3], Ladyzhenskaya-Uraltseva [14] and Ladyzhenskaya-So-
lonnikov-Uraltseva [13]. For this, we consider a nonnegative function
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satisfying

for some c* &#x3E; 0, some k* &#x3E; 0, some

for all k &#x3E; 0 and all t,, t2l El I E., r,, r2l 0 c- B satisfying

where

LEMMA 8. There is a constant c depending only on n, a and c* such that

LEMMA 9. Suppose that

(5.5) meas {z E QR/2(O): v(z) &#x3E; 0} (1 - 6) - meas QR/2(O) ,
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for some M &#x3E; 0 and some 6 E ]0, 1/2] . Then, there is an e &#x3E; 0 depending only
on n, lX, c* and 6 such that

PROOF OF LEMMA 8. A simple stretching argument shows that it is

sufficient to prove Lemma 8, for one particular R. Therefore, we may
suppose that

By g, we denote a generic constant depending only on n, a and c*. We
pick a K &#x3E; 0 satisfying

and set

In order to prove Lemma 8, we verify the recursion formula

By (5.2),

Thus, an elementary calculation or Lemma 2.4.7 of [14] show that (5.9)
implies (5.3), if K is « sufficiently large ».

For the proof of (5.9), we choose a nonnegative function V E C;o(Bri+JO)}
satisfying
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Now, we use Sobolev’s imbedding theorem and Holdcr’s and Young’s ine-
quality to obtain that

From (5.1) (with ø = 1) and (5.8), one derives that

Here, we used the simple inequality

Now, we conclude the proof remarking that (5.10)-(5.12) imply the desired
recursion formula (5.9).

Lemma 9 follows from Lemma 8 and a repeated application of the fol-
lowing

LEMMA 10..Let v satisfy the hypotheses of Lemma 9. Then, there is an
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e &#x3E; 0 depending only on n, a, c* and ð such that (5.6) holds or that

(5.13) meas {z E QR/2(0): 0  v(z)  (1 - e). M}  e. meas QR/2(0) .

PROOF OF LEMMA 10. We suppose that

(5.14) meas {z E QR/2(0): 0  v(z)  (1- e). M}  e. meas QR/2(0) ,

and show that

provided that 0 &#x3E; 0 is « sufficiently small » (in dependence on n, a, c’k and ð).
This proves Lemma 10, because, in the other cases, it is true, trivially.

By g, we denote a generic constant depending only on n, a, c* and 6.
From (5.1) (with 0 - 1) and (5.15), we derive that

o

for all a E [0, 1]. This, (5.14), (5.15) and Holder’s inequality imply that

(meas 

We set

and use (5.17) and Sobolev’s imbedding theorem, in order to obtain that

Moreover, by (5.18) and the hypotheses of Lemma 9 and 10,
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An approximation of v(t) by step-functions, (5.18) and (5.19) show that
there is a toe [- R2/2, - 6.R2 /4 ], an BoE ]0, - R2f2] and a voE RN such that

These inequalities imply that

From (5.1) (with 0 = 0), (5.15), (5.17) and (5.20), we derive that

In particular,

(5.21) meas {Z C QI-P.14(o): lv(z) I &#x3E; (1 - 6/4) - MI  g - t)l - meas Q6-R14(o) -

Now, we conclude the proof remarking that (5.21) and Lemma 8 imply
(5.16), provided that e &#x3E; 0 is « sufficiently small ».
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